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Abstract

This supplemental appendix presents more general theoretical results encompassing those reported
in the paper, their theoretical proofs, and other technical results. In particular, it presents a new strong
approximation result for residual-based empirical processes leveraging and extending ideas from Cattaneo
and Yu [2025].
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SA-1 Setup

This supplemental appendix considers a generalized version of the problem studied in the main paper: the
location variable X; is d-dimensional with d > 1 and support 2 C R, and the boundary region % is a low
dimensional manifold with “effective dimension” d — 1. The special case considered in the paper is d = 2,
that is, X, is bivariate and 9% is a one-dimensional (boundary) curve.

Assumption 1 from the paper is generalized to the following.
Assumption SA-1 (Data Generating Process). Let ¢t € {0,1}.

() Vi), X)), ..., (Yu(®), X)) are independent and identically distributed random vectors with X =

Hle[al,bl] for —co < a; <by<oo forl=1,---.,d.
(ii) The distribution of X; has a Lebesgue density fx(x) that is continuous and bounded away from zero
on .

(iil) pe(x) =E[Y;(1)|X; = x] s (p + 1)-times continuously differentiable on X .
(iv) o?(x) = V[Y;(t)|X; = x] is bounded away from zero and continuous on I .

(v) supyxeq E[|Yi()]*T|X; = x] < 00 for some v > 2.

We partition & into two areas, o; C R? with ¢ € {0, 1}, which represent the control and treatment regions,
respectively. That is, & = oy U 1, where oy and &, are two disjoint regions in R?. The observed outcome
isY; =1(X; € #)Y;(0) + 1(X; € &1)Yi(1). The “boundary” now becomes B = bd(y) Nbd(f1) denotes
the boundary determined by the assignment regions &, t € {0,1}, where bd(&;) denotes the topological
boundary of o/;. As in the paper, we assume that & belongs to o/, that is, B C & and B U oy = .

The multidimensional generalization of the three causal parameters studied in the paper are:

1. Boundary average treatment effect curve (BATEC):

7(x) =E[Y;(1) - Y;(0)|X; =x], x€BCRTL

2. Weighted Boundary average treatment effect (WBATE):

o faew0dn (x)
WBATE f‘%w(x)dﬁdfl(x)

3. Largest Boundary average treatment effect (LBATE):

7(x) = sup 7(x).
xERB

More generally, this supplemental appendix also considers the derivatives of the BATEC parameter:

0 = i

x) - (x),  x€B,
where, using standard multi-index notation, v = (vy,...,1v4)" € Ng with |v| = v; +... + vy < p and
ugu)(x) =09 - 9"y (x) for t € {0,1}.

The treatment effect estimator process along the boundary (submanifold) is

(?M (x) = 2 (x) - i (x) 1 x € 93),



where ﬁ§“>(x) = eayat(x) for t € {0,1} with

Bt(x) = argmin E,, {(YZ —r,(X; — X)Tﬂ)2Kh(Xi —x)1(X; € o), X € AB,
BeRPp+1
with p, = %T;’!)! , rp(u) denotes the pth order polynomial expansion of the d-variate vector u = (uq, - - - Jug)

Kp(u) = K(uy/h,--- ,ug/h)/h? for a d-variate kernel function K (-) and a bandwidth parameter h.
We impose the following assumption on the d-variate kernel function and assignment boundary (subman-
ifold) A.

Assumption SA-2 (Kernel and Boundary). Lett € {0,1}.
(i) B is compact (d — 1)-rectifiable, with H?~1(B) positive and finite.
(i) K : R? — [0,00) is compact supported and Lipschitz continuous or K(u) = 1(u € [-1,1]%).

(ili) There exists a set U C R?, such that K(u) > k> 0 for all u € U, Amin( [, rp(2)r,(z) " dz) > 0, and
lim il’lfhio iIlfxe@ fU K(u)]l(x + hu € .Q{t>dll Z 1.

Note that in case d = 2, if we assume & is a rectifiable curve, then Assumption SA-2 (i) holds.

Under the assumptions imposed,

B,(x) = H'T, E, [r,,(xif; X)Kh(Xi —X)YA(X; € szft)],

where H = diag((h“")og‘v‘gp) with v running through all %ﬁ multi-indices such that |v| < p, and

Fun = (55 (55) it 0105, < ),

where its population analogue is

X, — X; —x\T
]__‘t7x:]E[I'p( 3 X)I'p( 3 X) Kh<Xi—X)]1(Xi€<Q¢t)}.
Note that He]—_s_,/H*H2 = HeL_,/H*Hoo = h~I¥I. In addition, define
Qt,x = ]En |:I'p ()(Zh_x> Kh(Xz — X)]].(XZ S *Qit)uz:| s

where u; =Y; — []].(Xl € .Q{())/.Lo(xi) + H(Xz S dl)ul(Xi)] =Y, — ]E[Y”Xl]
For x1,x2 € @ and ¢t € {0, 1}, we introduce the following quantities:

Xi_xl XZ‘—XQ
)l

~ T
Stxime = WEn 1 ) Kn(Xi =% Kn(Xi = x2)2 (018 () L(X; € o)

h h
Xi — X Xz — X T
St = hE 1y (T iy (T2 ) K (X — 30 Kn (X = x2)0f (X)X, € o),
~ 1 ~—1 ~ ~—1 ~u ~ ~
QE:;)LXZ = WeL-urt,xl Etxhxzrt,xzel-‘ruv Qgcl),xz = Q(()l;zl,xz + legl,xzﬁ
(v) _ 1 T —1 —1 v) _ oW (v)
Qz57>€17X2 - Wel+urt,x1 2t7x1,xzrt,xQel+V’ qu),xQ - QO,xl,xQ + Ql,xl,va

where &(x) = Y; — rp(X; — x) T[1(X; € 0)By(x) + 1(X; € o1)B,(x)].



Finally, to ensure that various weighted integral functionals on submanifolds (over the assignment bound-

ary %) are well-defined, we impose the following conditions on the weight function.

Assumption SA-3 (Weight Function and Boundary). Letw : B — R with sup,¢ 4 |w(x)| < 00, infxeg |w(x)| >
0, and [, |w(x)|dH* ! (x) < oco.

SA-1.1 Notation and Definitions

For textbook references on empirical process, see van der Vaart and Wellner [1996], Dudley [2014], and Giné
and Nickl [2016]. For textbook reference on geometric measure theory, see Simon et al. [1984], Federer [2014],
and Folland [2002].

(i) Multi-index Notations. For a multi-index u = (uy,...,uq) € N, denote |u| = Z?zl ug, ul = TL  uy.
Denote r,(u) = (1, ug,...,uq,ui,...,u3,...,uf,...,uf), that is, all monomials uf" ---uj® such that
a; € N and Z?Zl a; < p. Define e;4, to be the pg = %‘;‘ﬁ)l—dimensional vector such that eLl,rp(u) =

u” for all u € R% and |v| < p.

(ii) Norms. For a vector v € R¥, |[v] = (35, v2)/2, ||v]leo = max;<i<g |[vi|. For a matrix A4 € R™*",

[All, = supjx; =1 [|4Ax][l,, p € NU {oo}, and Amin(A) denotes its minimum eigenvalue. For a function
f on a metric space (S,d), || fllcc = Supyeq |f(x)|. For a probability measure ) on (&,.%) and p > 1,
define | f[lg, = (fs |f|PdQ)'/P. For a set E C R?, denote by m(E) the Lebesgue measure of E.

(iii) Empirical Process. We use standard empirical process notations: E,[g(v;)] = 237"  g(v;) and
Grlg(vy)] = ﬁzzlzl(g(vi) — E[g(v;)]). Let (&,d) be a semi-metric space. The covering num-
ber N(&,d,e) is the minimal number of balls B,(e) = {t : d(t,s) < €} needed to cover §. A P-
Brownian bridge is a mean-zero Gaussian random function W,,(f), f € Lo(Z,P) with the covariance
E[Wp(f)Wr(g9)] = P(fg) — P(f)P(g), for f,g € Lo(XL,P). A class F C La(Z,P) is P-pregaussian if
there is a version of P-Brownian bridge Wp such that Wp € C(F; pp) almost surely, where pp is the
semi-metric on Ly(Z', P) is defined by pp(f,g) = (|f —gllf o — (] f dP— [ gdP)*)'/2, for f,g € Lo(X, P).

(iv) Geometric Measure Theory. For a set E C X, the De Giorgi perimeter of E related to X is £ (F) =
TVig,},9- For d € N and 0 < m < d, the m-dimensional Hausdorff (outer) measure is given by
H™(A) = limg o H7(A), A C R?, where for each § > 0, H5(A) is defined by taking $H5(0) = 0, and

for any non-empty A C RY, §7(A) = #2/3_1) inf Z;’;l(diam(C’j)/Q)m, and the infimum is taken

over all countable collections C,Ca,--- of subsets of R? such that diam(C;) < 6 and A C U3, Cj.

Integration against £ is defined via Carathéodory’s Theorem following the classical measure-theoretic

literature. The Hausdorff dimension dimg(A) of A is defined by dimg(A) = inf{t > 0 : H’(A) = 0}.

A set A C R? is said to be k-rectifiable if A is of Hausdorff dimension k, and there exist a countable

collection {f;} of continuously differentiable maps f; : R¥ — R? such that H*(E \ U, f;(RF)) =

0. B is a rectifiable curve if there exists a Lipschitz continuous function + : [0,1] — R such that

B = ~v([0,1]). We define the curve length function of B to be £(B) = sup,¢p s(m,7), where IT =

{(to,t1,...,tIN) : NeN,0<ty <t1 <...<ty <1} and s(m,7vy) = Zﬁo [lv(t:) = y(tigr)|ly for m =

(to,t1, ..., tN).

lan] _ 0, a, < b, if there exists

lon] ™ ~

some constant C' and N > 0 such that n > N implies |a,| < C|b,|. For sequences of random variables

(v) Bounds and Asymptotics. For reals sequences a,, = o(b,) if limsup

an = op(bn) if plim,,_, o 3> =0, [an| Sp |bp| if imsupy,_, o limsup,,_, . P|§=| = M] = 0.



All limits are taken such that h — 0 as n — oo. Most of our results hold with A fixed but small enough,

but we do not make this distinction explicit to avoid overly-complex statements.

SA-1.2 Mapping Between Paper and Supplement

The results in the paper are special cases of the results in this supplemental appendix as follows.
e Theorem 1 in the paper corresponds to Theorem SA-1 with d = 2.

e Theorem 2 in the paper corresponds to Theorem SA-2 with d = 2.

Theorem 3 in the paper corresponds to Theorems SA-3 and SA-6 with d = 2.

Theorem 4 in the paper corresponds to Theorem SA-7 with d = 2.

Theorem 5 in the paper corresponds to Theorem SA-8 with d = 2.

Theorem 6 in the paper corresponds to Theorem SA-10 with d = 2.

SA-2 Preliminary Lemmas

Let X = (X/,---,X), and recall that ¢ € {0,1}.

Lemma SA-1 (Invertibility). Suppose Assumption SA—1(i,ii) and Assumption SA-2 hold. Then fort = 0,1,

liminf inf Apin (T x) > 0.
h—0 xEAB

Lemma SA-2 (Gram). Suppose Assumption SA-1(i,ii) and Assumption SA-2 hold. If % = o(1), then

~ log(1/h) -1 log(1/h)
31615 HI‘f,,x - Ft,xH Se Tond }S(lelgg Hl"t’x — I‘mch Sp Tohd

and if further h = o(1), then 1 <p infxcg Hf“‘” < SUPyeg Hffo <p 1.

Lemma SA-3 (Stochastic Linear Approximation). Suppose Assumption SA—1(i,ii,iv,v) and Assumption SA—
2 hold. Suppose % = o(1), then

loa(1/h) _ log(1/h)
d + 1to ’
’I?,]’L n2+v hd

sup |Qex| Se
XERB

and if further h = o(1),

log(1/h) (\/log(l/h) N log(l/h)).

sup |/7§V)(X) - E[ﬁgy)(XMX} - elT+uH_1FZiQt,x’ Se h_u\/ nhd nha 1y hd
n2+v

xXERB

Lemma SA-4 (Covariance). Suppose Assumptions SA-1 and SA-2 hold. If % = o(1), then

+hPH,

S log(1/h) | log(1/h)
5 — <
x:}:};gg Hzt,xlaxz Et7x17x2 || ~P nhd + n2iv hd



sup [, — O, | o (unt2ly ([ OECED) OB ),

X1,X2 v
X1,X2€R nhd n2+v hd

and

sup ()2 — ()| e W( log(1/h) , log(1/h) hpﬂ).

XERB ’ nhd nz+v hd

Lemma SA-5 (Bias). Suppose Assumption SA-1(iii,iti) and Assumption SA-2 hold. If % = o(1)
and h = o(1), then

sup |E (V) (x)[X] — N§U)(X)| <p thrlqul,

XERB
implying
sup (B[ 9)[X] — i (x) — B = op (w171,
with SUPyc g |B(U) t(l;)| <p %, and hence Supycg \Et(;)| Sel.

SA-3 Boundary Average Treatment Effect Curve

SA-3.1 Point Estimation and MSE Expansions

Theorem SA-1 (Convergence Rates). Suppose Assumptions SA—1 and SA-2 hold. If log 1/h) =o(1) and
h=o(1), then

1 1
+ 14w

=~(v) _ ) =l
|7 (x) = 7™ (x)| <p b ( =t =

+ hp“)

forx e RB, and

~ _ log(1/h) = log(1/h)
®) (x) — +®) (x)| <» h— 1! Bt
sup [7) () = 7 ()| S (V=4 i r )

The conditional mean-squared error (MSE) is
MSE, (x) = E [(?M (x) — 7 ‘x}
for x € B, and the conditional integrated MSE (IMSE) is
IMSE,, = /gg MSE, (x)w(x)d$H?~*(x),

where w(x) satisfies Assumption SA-3. To state the MSE expansions, we introduce some more notation for

the leading bias and variance:

(w)
B =B¥) —BY), BY =el,ril 3 X
|w|=p+1

sl (57) (F77) i )



where
V) =V v v = el T7IS, o Titery, = nh® QM)

Theorem SA-2 (MSE Expansions). Suppose Assumptions SA-1, SA-2 and SA-3 hold. If % =o(1)
and h = o(1), then

MSE, (x) = (h+1-IB())? & V) + op(R2PH272V1 4 pmlpmd=2vl)

nhat2|v|
forx e A, and

1

— +1-lv p(1))?
IMSE,,—/@[(}#’ BY) + —am

Vx(u):|w(x)d‘6dfl(x)+Op(h2p+272|u\ +n71h7d72\u\).

Theorem SA-2 can be used to develop (feasible) bandwidth selectors. If é,((y) # 0, the asymptotic MSE-
optimal bandwidth is

1
(d+ 2w Vi) 1) i

hmse,p p(x) = ”
3 (2p+2 —2w|)(BY)2 n

for x € A. Similarly, if f@(B,(("))Qw(x)de_l(x) # 0, the asymptotic IMSE-optimal bandwidth is

(a2 [ a1 T
IMSE,v,p — (2]7 +2- 2|I/|) f@(B,((V))Qw(X)ded_l(x) n .

In practice, the the unknown bias and variance quantities can be replaced with (consistent) estimators
thereof. For example, BY) = E%V,z - E((JV,Z with

L A M |
|w]=p+1

where the unknown functions ,ugu)(x) can be estimated using higher-order local polynomial estimators, and

V) = V) + V%) with

o0 _ T plg ol
Vvt x e1+ur zt X XFt x€1+v;

which corresponds to a standard variance estimator (which is also used for asymptotic inference as discussed
below).
Finally, notice that the pointwise convergence rate and MSE expansion can be obtained under the slightly

weaker side rate condition nh% — co. We do not make this distinction explicit to simplify the exposition.



SA-3.2 Distributional Approximation and Inference

Let W = ((X{,Y1),---, (X, Y,)), and recall that t € {0,1}. For |v| < p, define the feasible t-statistic

70 (x) — 1) (x)
Vo

The associated 100(1 — a)% confidence interval estimator is

~v) ~(v o ~(v ow
i) (x) = [T< (%) — gar /ALY, 7 ><x>+¢a\/ﬂ;,i],

where ¢,, denotes an appropriate quantile depending on the desired confidence level « € (0, 1), and coverage

T (x) = X € B.

objective (pointwise vs. uniform over &). The following theorem establishes pointwise asymptotic normality
and validity of confidence intervals. Let ®(-) be the cumulative distribution function of a standard univariate

Gaussian random variable.

Theorem SA-3 (Confidence Intervals). Suppose Assumptions SA-1 and SA-2 hold. If nh? — oo and
nheh2P+1) — 0, then

sup [P(P" (x) < u) — ()| =o(l), xe,
u€eER

and

PrWx) el x) =1-a+o(l), xec%,

provided that ¢o = inf{c > 0: ]P’(|2| > ¢|W) < a} with 2|W ~ Normal(0, (AZ,(:',)c)

For uniform inference, we rely on a new strong approximation result established in Section SA-6. First,
we simplify the statistic ’T(U), which is not directly a sum of independent random variables. Let

—( X, —
T (x) = Ea [ (@) 2e , H [1(X; € ah)TTL — 1(X; € )Tk rp (S5

X,X

Kp(X; — X)ui:|a
where recall that u; = Y; — Zte{o,l} 1(X; € o) (X;) = E[V;X,].

Theorem SA-4 (Stochastic Linearization). Suppose Assumptions SA-1 and SA-2 hold. If % =o(1)
and h = o(1), then

sup [T () = T (x| < hp+1\/m+\/m< log(1/h) log(l/h)).

XERB nhd n5$5hd

We can now exploit the linear structure of (T(V)(x) 1 X € &), that is, an average of i.n.i.d. random vectors.

Define the following functions indexed by x € %:

gx(w) = 1(u € o)A (u;x) — L(u € )4 (u;x), ued,



and

%(V)(u;x) = n_l/Q(QSc‘f ) 1/2e1+uH_1F;irp <H;X> K (u - x), ueZ, te{0,1}.

Define the associated class of functions & = {gx : x € B} and & = {Id}, where Id(x) = =, for all z € R.

Then, the residual-based empirical process is

n

Ro(g.r) =023 [g(X)r(¥) - g(XOEF(V)X]],  geFren

i=1

and therefore
T (x) = Ru(gx,1d),  x € B.

Leveraging ideas in Cattaneo and Yu [2025], Theorem SA-11 gives a new Gaussian strong approximation
that can be applied to our current setup. Specifically, our new theorem allows for polynomial moment bound
on the conditional distribution of Y;|X;.

Theorem SA-5 (Gaussian Strong Approximation: T(V)). Suppose Assumptions SA-1 and SA-2 hold, and
that there exists a constant C' > 0 such that for t € {0,1} and for any x € RB, the De Giorgi perimeter
of the set By x = {y € & : (y —x)/h € Supp(K)} satisfies Z(Erx) < Ch?~t. If liminf, o lzgz > —00

and nh? — 0o as n — oo, then (on a possibly enlarged probability space) there exists a mean-zero Gaussian

process Z®) indexed by B with almost surely continuous sample path such that

1 v 1
1\ 7w 1 \2
(v)

where < is up to a universal constant, and Z"*) has the same covariance structure as T ; that is,
Cov[T™ (x1), T (x2)] = Cov[Z®) (x1), 23 (x3)] for all x1, %3 € B.

e

E[ sup ‘T(V)(x) AL (X)” < (logn)
XERB

Theorem SA-5 can be used to construct confidence bands for (1) (x) : x € B). Let (2(“)(3() :x € B) be

a (conditionally on W) mean-zero Gaussian process with feasible (conditional) covariance function

O,

Cov [Z(y) (Xl), Z(U) (XQ)’W} = Y e
Qg(lﬂxl QSKIQXQ

X1,Xo € AB.

Theorem SA-6 (Confidence Bands). Suppose the assumptions and conditions in Theorem SA-5 hold. If

liminf,, iggz > —00, % o(1) and h?™1v/nhd = o(1), then

sup ]P’(sup ’T (x)| <u) —P(sup‘é\(“)(x” Su‘W)’ = op(1)
u€R XERB XERB

and

~(

IP’[T(”)(X) c Iau)(x), forallx € %’] =1-a+o(l),

provided that ¢o = inf {¢ > 0: P(supy,cg |2(U)(X)’ > c’W) <a}.



SA-4 Weighted Boundary Average Treatment Effect

Without loss of generality, we set f% b)d$H?%~1(b) = 1, and the parameter of interest is the (weighted)

average treatment effect along the boundary:

TWBATE:/ T(b)w(b)dﬁdil(b)’
R

where the weight function w : & +— R satisfies Assumption SA-3.

The (weighted) boundary average treatment effect estimator along the boundary is
TUBATE = /gg ?(b)w(b) dﬁdil(b)’
Our first lemma in this section studies the conditional bias of Tygare. Let
Bygare = B usate — Bo,uate, By ypate = /% Bt(f’,}w(b)dﬁd*(b),

for ¢ € {0,1}.

Lemma SA-6 (Bias: WBATE). Suppose Assumption SA-1(i)-(iii), SA-2 and SA-3 hold. If log 1/h =o(1)
and h = o(1), then

E[Tupate| X] — Tupate = h? ! Bypate + op(hPT1).
The next lemma studies the conditional variance of Typyre, and a plug-in estimator thereof. Let
Queate = 1 usate + o,uBATE, Q4 wBate = / / ngbl b, W(b1)w (b2)d$H* ' (by)d$H* " (by)
and
Queate = ﬁ1,w13ATE + QO,WBATD ﬁt,WBATE = /93 /9? ﬁi?ﬁl,mw(bl)w(bg)dﬁd‘l(bl)dﬁd‘l(bz),

for t € {0, 1}.

Lemma SA-7 (Variance: WBATE). Suppose Assumptions SA-1, SA-2 and SA-3 hold. If log(l/h) = o(1)
and h = o(1), then

V[7upare|X] = Queare + Op (hd*l W) = Queate + 0p((nh) 1),
where
(nh)™" < Qupare < (nh) ™!
If, in addition, :)fil/:(z =o(1), then

V[ Tumare| X] = QWBATE + op((nh)™1).

10



Theorem SA-7 (MSE Expansion: WBATE). Suppose Assumptions SA-1, SA-2 and SA-3 hold. If
10551;1/:3 =0(1) and h = o(1), then

E[(Tusate — TWBATE)2|X] = Queate + h2p+23v2:BATE + OJP’((nh)il) + OP(h2p+2)-
MSE-optimal bandwidth selection follows directly from Theorem SA-7.

For inference, we consider the feasible t-statistics

T _ TWBATE — TWBATE
WBATE — —  /—— -

\/ QWBATE

Theorem SA-8 (Asymptotic Normality: WBATE). Suppose Assumptions SA-1, SA-2 and SA-3 hold. If
% = 0(1) and nh?*3 = o(1), then

sup |P(Typare < u) — ®(u)| = o(1).
u€ER

SA-5 Largest Boundary Average Treatment Effect

Consider the maximum treatment effect over the boundary, defined by

TLBATE = SUp T(b)-
be%

Theorem SA-9 (Convergence Rate: LBATE). Suppose Assumptions SA-1 and SA-2 hold. If % =
o(1) and h = o(1), then

N log(1/h log(1/h
’TLBATE —TLBATE| <p g(1/h) + g(1/h) + hPTL

nhd e pd

~

Recall from Section SA-3.2 that (Z(x) : x € %) is a (conditionally on W) mean-zero Gaussian process
with feasible (conditional) covariance function

= = Qx x
Cov [Z(xl), Z(XQ)‘W} -y x e B

Qxl s X1 Qx2 s X2

Consider the confidence interval given by

/I\(x,LBATE = {SUP (?(b) - Qa’\/ Qb,b), sup (?(b) + Ga ﬁb,b)] ,
beAB beAB
where ¢ = inf {¢ > 0 : P(sup,cg |2(x)| > ¢|W) < a}.

Theorem SA-10 (Confidence Interval: LBATE). Suppose the assumptions and conditions in Theorem SA-5
hold. If liminf, e 1222 > —c0, logn)® o(1) and h?*1v/nhd = o(1), then
ogmn n2+v phd

P[TLBATE € /I\a,LBATE:| >1—a+o(l).
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SA-6 Gaussian Strong Approximation

We present a Gaussian strong approximation theorem, which is the key technical tool behind Theorem SA-5.

The theorem builds on and generalizes the results in Cattaneo and Yu [2025]. Consider the residual-based

empirical process given by

Rufoor] = 2= 3" [ote)rs) ~Blocorwll].  ge@.re

where & and & are classes of functions satisfying certain regularity conditions.

SA-6.1 Definitions for Function Spaces

Let & be a class of measurable functions from a probability space (R?, %(R?),P) to R. We introduce several

definitions that capture properties of .

(i)

(i)

(iii)

(iv)

F is pointwise measurable if it contains a countable subset & such that for any f € &, there exists a

sequence (g, : m > 1) C & such that lim,—, o0 gm(u) = f(u) for all u € R%.

Let Supp(%) = Uges Supp(f). A probability measure Qg on (R?, B(R?)) is a surrogate measure for
P with respect to & if

(i) Qg agrees with P on Supp(PP) N Supp(F).
(ii) Qg (Supp(F) \ Supp(P)) = 0.
Let @z = Supp(Qg).
For ¢ =1 and an interval ¥ C R, the pointwise total variation of # over .# is
P-1
PTVy , = sup sup sup » _|f(aiy1) — flai)l,
feF P>19pes [

where Pp = {(a1,...,ap): a1 <--- < ap} denotes the collection of all partitions of 7.

For a non-empty € C RY, the total variation of F over € is

TVg g = inf sup sup u) div(¢)(u)du ’
sae=, nf swp sup | (w)div(o)udu/[ o]

where O(%) denotes the collection of all open sets that contains €, and Z,(%) denotes the space of

infinitely differentiable functions from R? to R? with compact support contained in %.

For a non-empty € C RY, the local total variation constant of # over €, is a positive number Kz &

such that for any cube @ C R? with edges of length ¢ parallel to the coordinate axises,

TVg one < K gl? L.

12



(vi) For a non-empty € C R?, the envelopes of & over & are

Mgz ¢ = sup Mg ¢ (u), Mg #(u) = sup | f(u)], uceg.
uce feF

(vii) For a non-empty € C RY, the Lipschitz constant of & over € is

L9;7% = Sup Sup M.
fEF ui,u2€%€ ||U-1 - U—2||oo

(viii) For a non-empty € C RY, the Ly bound of & over € is

Eg g = sup/ |f|dP.
@

feF
(ix) For a non-empty € C RY, the uniform covering number of & with envelope Mg ¢ over € is

Nz 5 (0, Mg ¢) =sup N(F, ||| .2, 0 [Mzsll,,),  0€(0,00),
m

where the supremum is taken over all finite discrete measures on (%, %B(%)). We assume that Mg ¢ (u)

is finite for every u € 6.

(x) For a non-empty € C R, the uniform entropy integral of & with envelope Mg ¢ over € is

5
Jo(6,F, Mg ) = / \/1 +logNg ¢ (e, Mg % )de,
0

where it is assumed that Mg & (u) is finite for every u € .

(xi) For a non-empty € C RY, & is a VC-type class with envelope Mg & over € if (i) Mg & is measurable
and Mg &(u) is finite for every u € €, and (ii) there exist cg ¢ > 0 and ds & > 0 such that

Ny &(e, Mg g) < cg ge "¢, e € (0,1).

If a surrogate measure Qg for P with respect to # has been assumed, and it is clear from the context, we
drop the dependence on € = Qg for all quantities in the previous definitions. That is, to save notation, we
set TVg = TVg g, , K& = Kz .05, Mg = Mz ., Mx(u) = Mg g, (1), Ly = Lg g, and so on, whenever there is

no confusion.

SA-6.2 Residual-based Empirical Process

The following theorem generalizes Cattaneo and Yu [2025, Theorem 2] by requiring only bounded polynomial

moments for y; conditional on x;.

Theorem SA-11 (Strong Approximation for Residual-based Empirical Processes). Suppose (z; = (xi, ;) :
1 <i < n) are i.i.d. random vectors taking values in (R¥1, B(RIHL)) with common law Pz, where x; has
distribution Px supported on X C R%, y; has distribution Py supported on ¥ C R, SUDycq E[ly;[*T|x; =
x| < 2 for some v > 0, and the following conditions hold:

13



(i) € is a real-valued pointwise measurable class of functions on (R, B(R?),Px).

(ii) There exists a surrogate measure Qg for Px with respect to & such that Qg = m o ¢g, where the

normalizing transformation ¢z : Qg +— [0,1]? is a diffeomorphism.
(iil) & is a VC-type class with envelope Mg over Qg with cy > e and dg > 1.
(iv) R is a real-valued pointwise measurable class of functions on (R, Borel(R), Py ).

(v) R is a VC-type class with envelope Mg 9 over ¥ with cgy > e and dg gy > 1, where Mgy (y) +
PTVg 1yl 1y)) < V(L +y|) for ally € ¥, for some v > 0.

(vi) There exists a constant k such that |logs Eg| + |logy TV| + |logy Me| < klogyn, where the constant
TV = max{TVg, TVex oy, a0, } With %a = {0(,r,7) : 17 € R, 7 € (0,00]}, and 0(x,r,7) = E[r(y;)1(Jy;| <
T)x; =x%] forx e Z.

Define the residual based empirical process
1 n
Ry(g,7) = 7n Zg(xi)(r(yi) — Efr(y:)[xil), gey,reR
i=1

Then (1) on a possibly enlarged probability space, there exists a sequence of mean-zero Gaussian processes
(ZE(g,r): g € €,r € R) with almost sure continuous trajectories such that:
e E[R.(g1,71)Rn(g2,72)] = E[ZF(g1,71)ZF(ga,72)] for all (g1,71), (g2,72) € € X R, and

o E[ HR" — Zﬁ”?x@] < Cvdlog(cn)pp,

with

v _ v/ M M E 1;2
p = /AToglen) £ (VI E) 4 Mg~ 54E 4 2 YRR
n T,

where C' is a positive universal constant, c = cg + cg,y +k, d = dgdg yk, and

L {(CizM%HTVdE?)U(MH) (c‘f/Qcg/QMgTVd/QEng/Q)1/(d+2)}
n nl/(2d+2) ) nl/(d+2) ?
d—1 1
ci=dsup || o;(Vog(x)), Cog=Sup —=——, L = max{Lg, Ly x%y.04 J;
xeégjzl—ll ]( ( )) xE0y O'd(V(ZSg(X)) { XU, x}

and (2) if R is a singleton, then we can replace TV and L in the previous conditions and statements by
TVsing = max{TVg, Ve, a,}, and Lgn, = max{Lg,Lyxv, a,}, respectively, with 7 = {0(-,r) : r € R},
and 0(x,7) = E[r(y;)|x; = x| forx € X.

Remark SA-1. The class %% comprises truncated conditional means at all truncation levels. Its Lipschitz
and total-variation constants can be bounded, for example, if f(y | x) is Lipschitz in x uniformly over (x,y)
in the support of (x;,y;). When & is a singleton, it suffices to assume regularity only for ¥, the class

containing the (untruncated) conditional mean functions, which is easily justified.
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SA-7 Proofs

SA-7.1 Proof of Lemma SA-1

Assumption SA-1 (ii) implies

Ty = E[rp(xih_ X)rp(xih_ X>TKh(XZ- —X)L(X; € o)

:/M rp(u;X)rp(u;X)TKh(u—x)f(u)du

:f(x)/d rp(u;X)rp(u;X)TKh(u—x)du—ko(lL

where in the last line we have used fﬂt(“—;x)"Kh(u —x)du = O(1) for any multi-index v from standard

change of variable argument.
I. Polynomial Representation of Minimum Eigenvalue

For simplicity, call

. u—x u—x\ '
Stx = lim Sux(h),  Sux(h) = /M r (5 ) (S5 ) Kn(u—x)du.
A change of variable gives
Six(h) = /rp(z)rp(z)TK(z)]l(x + hz € dy)dz.

Let a € RP», where p, = (de!r;f)!)!' Then the equivalent representation of minimum eigenvalue gives

Amin (S¢x(h)) = min /(aTI‘p(Z))QK(Z)]].(X + hz € dy)dz

llall=1

> Kk min /(aTrp(z))2]1(X+ hz € d;)dz, (SA-1)
U

lall=1
where in the last line we have used K (u) > & for all u € U.
II. Mass Retaining Ratio in Treatment/Control Region

Denote Ej(x,t) ={z € U : x+ hz € &;}. Assumption SA-2 (ii) implies there is some upper bound A > 0
of K(-). Hence for ¢y = 1/2 liminf, o infyeg [;; K(u)l(x + hu € #/;)du, we have

Am(Ey(x,t)) > /UK(u)]l(x+hu € dy) > co

for small enough A, which implies

Am?U) '

m(Ep(x,t) > am(U), a= (SA-2)

II1. L, Integral of Polynomials in Full v.s. Treatment/Control Regions
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Consider S = {f € P, : fU f(u)®du = 1}, where P, is the collection of all p-order polynomials. Let
(9,1 < j <p) be a set of orthonormal basis of (P, ||-||r,). Then T'(a) = Z§=1 a;¢; is an isometry. Since
T(S) = {a € R? : |la]] = 1} is compact, S is also compact in (P, |-||r,). Since P, is p-dimensional,

equivalent of norms implies that S is also compact in (2, ||-||r..). Now consider
D,(e) =m{ueU:lg(u)| <e}), g€ S,e>0,

and

¥(q) = sup {5 >0:P4(e) < %m(U)}.

Since [;;¢* = 1 and ¢ is polynomial, lim. o ®4(¢) = 0 and ®4([|¢||oc) = m(U). Continuity and Lipchitzness
of g € S imply ¥(q) >0 for all ¢ € S.

Next, we want to show 1 is lower-semicontinous function on (%, ||-[|z..). Suppose g, — ¢ uniformly on
U. For every ¢ € (0,v(q)), there exists 7 > 0 such that ®,(9) < §m(U)—n. Continuity of polynomials and
the fact that level sets of polynomials have zero Lebesgue measure imply 1|4, 1<<o1(-) = Lfjqj<co3(+) almost
surely. By Dominated Convergence Theorem, @, (g9) — ®4(e0). Hence for large enough n, @, (go) <
$m(U), which implies £9 < 1)(gn). This implies liminf,, . 1(gn) > €o. Since g is arbitrary in (0,(q)), we
have liminf, o ¥(g,) > ¥(q).

Compactness of S and lower-semicontinuity of ¢ implies ¢ attains its minimum on S. Since ¥ (gq) > 0 for
all ¢ € S, we know ¢, = inf,cs1(g) > 0. Then for every g € S,

[ zem(Bn\ (i <=)
Ejp(x,t)
&2 (m(En(x,1) — m({lgl < =.}))

2 SmU).

Y

> €

Scaling ¢ from S gives

[ & aeam (SA-3)
U

(Y o)

/ ¢ > el
Ep(x,t)

IV. Lower Bound of Minimum Eigenvalue

Equations (SA-1), (SA-2) and (SA-3) together give for small enough h,

inf Apin(Stx(h)) > K inf min/ a'r,(z 2dz7
3 Auin(Sux(W) 2 jnt min [ (aTry(2)

o T 2
— 1min a r,(z))dz
5 min [ a7y (2)
S 22 &y T
> ke 2)\mm(/Urp(z)rp(z) alz)7

which implies lim inf,_,¢ infxeg Amin(Se,x(R)) > 0.
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SA-7.2 Proof of Lemma SA-2

Since ftx is a finite dimensional matrix, it suffices to show the stated rate of convergence for each entry.
Let v be a multi-index such that |v| < 2p. Define

gn(&,x) = <§_hx)v %K (g—hx) 1(ed), EeX ,xeRB

and F = {gn(-,x) : x € B}. We will show F is a VC-type of class. In order to do this, we study the

following quantities.

Constant Envelope Function. We assume K is continuous and has compact support, or K = 1(- € [-1, 1]9).
Hence there exists a constant Cy such that for all [ € &, for all x € B, |I(x)| < C1th~%=F.

Diameter of F in Ly. supjeg ||Ulpo = Supyeg([fa—x 1y K(y)*fx (x + hy)dy)'/? < Cyh~=%2 for some
’ h
constant Cy. We can take C; large enough so that o = Coh~%2 < F = C,h~ 7.

Ratio. For some constant C3, § = & = C3V hd.

Covering Numbers. Case 1: K is Lipschitz. Let x,x’ € 9. Then, for a generic evaluation points

x = (21,...,2q)" and X' = (z},...,2,)"

)
/

splot63) -6 < |5 22)" - (520) - (8520)" - (52"

() (55

Sh x = X,

Kn(§ —x)

Kp(§ —x) — Kp(§ —x)

since we have assumed that K has compact support and is Lipschitz continuous. Hence, for any ¢ € (0, 1]

and for any finitely supported measure Q and metric ||-[|5 , based on L2(Q),

d
@) diam () diam(Z)\*

N(F, || Fll, o) < N Hlloose [l o b4 < - <
- WFlgz) < N, [l [l >N<5|F||Q,2hd+1 < (e,

where in (i) we used the fact that e [|F|4 , hitl < eh < 1. Hence, & forms a VC-type class, and taking
Ay = diam(Z')/h and Ay = d, supgy N(F, |||
is over all finite discrete measure.

Case 2: K =1(- € [-1,1]%). Consider

02:€1Flg2) S (Ay/e)*2, e € (0,1], and where the supremum

(e = (57) e e ), exe,

M = {m,(-,x) : x € B} and the constant envelope function M = Cyh~V=¢  for some constant Cy only

depending on diameter of 2. The same argument as before shows that for any discrete measure ), we have

AT Y damld) )" 5 (HmEy”,

e Mg, hHTH h

02) S N, |Hlloos2 | M [l BV 5

The class & = {1(- — x € [-1,1]%) : x € B} has VC dimension no greater than 2d [van der Vaart and
Wellner, 1996, Example 2.6.1], and by van der Vaart and Wellner [1996, Theorem 2.6.4], for any discrete
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measure Q, N (¥, ||| 5, &) < 2d(4e)**e™4%, 0 < e < 1. Tt then follows that for any discrete measure @,
N(F, gz elHlgo) S N gz e/21Hlgs) + N, Mgz €/2) £ 27h~ %™ + 2d(32¢) ™.

Hence, taking 4; = (2?h~7 4 2d(32¢))h~IV and A, = 4d, supg N(F, [lga.€1Fllge) S (A1/e)42, ¢ €

(0, 1], where the supremum is over all finite discrete measure.

Mazimal Inequality. By Corollary 5.1 in Chernozhukov et al. [2014b] for the empirical process on class &,

B sup [Edlgn (X)) ~ Elgn (X0, 9)]]] £ /A log(41/0) + [l tos(41/9)
log(1/h)  log(1/h)
~ nhd nhd 7
log(t )

where A;, As, 0, F, § are all given previously. Assuming ) 5 0asn — oo, we conclude that sup,c 4 ||f‘t,x—

T x| <p \/%. Hence, 1 <p infycg ||I‘t7x|| <P SUPxcg HFLXH <p 1. By Weyl’s Theorem, sup, . 4 Amnin (T.x)—
Amin(Tex)| < supgeg Hf‘t,x — I‘t,xH <p \/%. Assuming that Apin(T'tx) 2 1 (which we will ver-

ify in the last part of the proof), then we can lower the minimum eigenvalue by 1nfxe@ )\min(f‘t,x) >
infxes Amin (Tt,x) — SUDycg \)\min(f‘t’x) — Amin(Tex)| Zp 1. It follows that sup,cg HI‘

Py [T = Dick| < supecs | T7oa [ Proe — T[T S /25542

SA-7.3 Proof of Lemma SA-3

txH <p 1 and hence

The proof is similar to the proof of Lemma SA-2. Let v be a multi-index such that 0 < |v| < p. Let

e = () Kae e e ), exea

Define the class of functions & = {({,u) € ' x R+ g,(£,x) : x € B}.

Envelope Function. Since K is continuous on its compact support, there exists a constant C; > 0 such
that g, (&, x)u| < C1h~%ul, for £,x € X and u € R. We define the envelope function F(£,u) = C1h~%ul,
for £ € & and u € R. Moreover, by Assumption SA-1(v), let M = max;<;<n F(X;, u;), then

EMY2 S h B max [uif?]'"? S h7UE[ max [u*F] O g pt/ @0
1<i< 1<i<n

Diameter of  in La. Recall we denote u; = Y; — E[Y;|X;], then

supIEl[l(Xi,ui)Q]l/2 < sup E[uﬂXz = 5]1/2 sup E[gn(Xi,§)2]1/2 < O3h~ 42 = 5.
l€F cex cex

Ratio. We set § = —9— < h4/2,
Fllp, ~

Covering Numbers. Case 1: K is Lipschitz. Let Q be a finite distribution on (2 x R, B(Z") ® Borel(R)).
lgn (€.%)—gn (£.x")] < pd-t,

lx—x"[[oo

Let x,x’ € 2. In the proof of Lemma SA-2, we showed that SUP¢c g SUDx x/ e

Hence,

lgn (X3, %) i = gn(Xi, X Yuilloz < llgn (%) = gn (X )lso [uillge S A7 I Fllg I = X [lsc-
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It follows that supg N (F €l Fllg2) S (dl%h(”c[))) where sup is over all finite probability distributions

n (2 xR, B(X) @ Borel(R )) Letting Ay dlam(”cr) and As = d, we conclude that

SgpN(J gz €lFllga) S (Ar/e) €€ (0,1].
Case 2: K is the uniform kernel. Let

malex) = (SF) paceam.  exeq,

with M = {(&,u) € T xR = m,(£,x)u : x € B} and envelop function M(x,u) = C1h~ % Vl|u|, for a
positive constant C; depending only on K. By similar arguments as Case 1 and the proof of Lemma SA-2, it
follows that supgy N(4,|-lg 2. €l|M][q2) S (dia%h(%)){ where the supremum is taken over all finite discrete
measures. Taking & = {1(- —x € [-1,1]¢) : x € B}, the proof of Lemma SA-2 shows that

sup N (7, [l g0 . €) < 2d(4e)*’e™, e 0,1],
o :

where the supremum is taken over all finite discrete measures. Taking A; = (2?h~? + 2d(32¢)?)h~IV! and
Ay = 4d, we have

SgpN(d' rllgz e lFllge) S (Ar/e)?e e € (0,1],

the supremum is over all finite discrete measure.

Mazimal Inequality. By Corollary 5.1 in Chernozhukov et al. [2014b],

[ M]|p,2A2log(A1/9)
E E, X < — /Ay log(A :
[322’ [9n Z,X)ul]ﬂwf og(A1/0) + "
< Jlos(/h) | log(1/h)
~ nhd niepd

Since Q:x is finite-dimensional, entry-wise convergence implies convergence in norm with the same rate.
Hence, sup,cq HQt7XH <p 4/ log(l/h) + 18/M) By Lemma SA-2,

n2+v hd

sup [ (x) — B[ (x)[X] - e, , H'T; 1 Qux| = sup \GLUH_l(f; T Quxl

xed
< h|,,|\/log(1/h) (\/log(l/h) N log(l/h))

nhd nhd nz pd
and
A% (x) — B[ ()[X]| <o b~ log(1/h) | log(1/h)
igg;W " (x)1X]| <e ( T néiﬁhd)
which completes the proof. O
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SA-7.4 Proof of Lemma SA-4

Let ni(x) = >_ycq0,1y L(Xi € o) (1 (Xi) — By (x) "R,(X;—x)). Then, for all x,y € %, the difference between

the estimated and true variance matrices is

Etx,y - Et,x,y = MLx,y + M2,x,y + M37x7y + M4,x,y

where
Mioey = B (P55 ) (F57) ke () K (P ) momtvnex, )],
My = (X5 (K52 o () (K52 + o, o).
M = o (5o () e () () 2 - ks € ).
Mascy = B ey (55 (F0) et (5 ) (B Joxaix, < on)
; X; X; X;

R, — [log(1/h) n lo%g/h)‘
nhd n2+v ha

First, we present a bound on max;<i<y |17;(x)|1((X; —x)/h € Supp(K)). By Lemma SA-5 and Lemma SA-

3, and multi-index v such that |v| < p,

sup fe i (%) — el e ()] S B (7 H 4+ 9R).
xe

Since K is compactly supported, we have

max | 371X € o)(B,(x) — B,(x)) "Ry (X — )2(X; — x)/h € Supp(K)| o 17 + R,
te{0,1}

Since py is p + 1 times continuously differentiable,

> X € ) (u(X) = By(x) TRy(Xi = x)L((X; = x)/h € Supp(K)| S b7+,
t€{0,1}

max
1<i<n

It follows that

sup max |n;(x)|1((X; —x)/h € Supp(K)) <p WP + R,..

xe 1<i<n

Term M x,y. From the proof for Lemma SA-2, sup, yco ‘En [gn(Xi; %, ¥)] —E[gn (X;; %, y)]| <p 1/ %.
Moreover, sup, ucq |Elgn(Xi;x,y)]| Sp 1. Hence sup, yeq [Enlgn(Xiix,y)]| Sp 1. Thus,

sup |Enlgn(Xi; %, y)0:(x)n:(y)]| < sup max |n;(x)[1((X; —x)/h € Supp(K)) - sup |Ey[gn(Xi;%,y)]|
X,yERB xeqy 1<i<n X,ye&
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SIP’ (hp+1 + %n)27

where we have used Theorem SA-1, which does not depend on this lemma, for sup,cg |fie(x) — pu(x)|

hPT! + R,,. Finite dimensionality of M x y then implies

| Se (WP + Ry

sup_[|Mixy
X, yERB

Term Mz x y. From the proof of Lemma SA-3, supy yco |En[gn(Xi; X, y)u;] — E[gn(Xi; x,y)ui” <pr R,.
Moreover, supy ycq |Elgn (Xs: %, y)uilbig|| Sp 1. Hence, sup, yeq |Enlgn(Xi;x, y)us)| Sp 1. Thus,

sup | Ep [gn (Xi; %, ) (10:(%) + 0i(y))us)| < sup |fie(x) — pe(x)| sup Enllgn(Xisx, y)uil] Sp B+ R,
X, YyERB X, YERB X, yERB

which implies that

sup [ Moy | Sp hPHH + Ry,
X,yER

Term M3 x y. Define I, (-, ;x,y) : L xR — R as

eexy) = 5 () () K (B2 K (2t e s - 020,

and consider the function class £ = {l,(-,sx,y) : x,y € L}. Let L: X xR — R be L({, &) = 5[e* — 07 (€)|
with ¢ = supy yegp |(&Tx)u(§ny)VK(§fo>K &Ty) ’ By similar argument as in the proof for Lemma SA-3,
we can show & is a VC-type class such that E[l,,(X;,u;;x,y)] =0, for all x,y € X,

sup Ell,(Xi,e;%,y)%)% < sup Elgn(Xy, us;x,y)?)? sup V[u2|X, = ¢ S h™%2
X, yeX X, YyERB Eex

and

1 2
E[ max L(X;,u:)?2]? < h K[ max u!]"? < A 9E[ max u2T0]7% < hdn7tv.
1<i<n 1<i<n 1<i<n °

Applying Corollary 5.1 in Chernozhukov et al. [2014b], we obtain

log(1/h)  log(1/h)
]En ln Xi7 iy X, S -
xsyggg‘ [l (X uss %, y)]| Sp Rl T T il

and

log(1/h)  log(1/h)
Myl S Chd
xs;zp@H sxyll Sp nhd nz hd

Term My xy. Notice that {g,(;x,y)o7(") : x,y € B} is a VC-type of class with constant enve-

lope function Ch~? for some positive constant C, where SUPy y ez SUPeeq [9n (€5, y)o2(€)] < h™? and
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SUpy yeg Elgn (Xis x, y)20¢(X;)2)2 < h=%/2. Then, similar to the proof of M x,y, we conclude that

log(1/h
sup [En[gn (X5 %,¥)] — Elgn (X%, ¥)]| S L{é)
X, yERB nh

and

log(1/h)
M, | <y ==L
x?g@” 1xyll S o

Final result. Combining the the upper bounds of the four terms,

sup Sy — iy <p 0t 4/ 8L Tos(l/h)

o2 nhi T prEpa
which implies supy yecg ||§]17x7y|\ <p 1. Tt follows that
sup (000, = 00,1 < —o (s B~ T[Sy [T,
Xy e 1,x,y 1x,yl = hd+2|y| XyCd 1,x 1,x XY 1y

+ sup [P [ By — Sty [IT74
X,yERB

)

~—1 _
0 P[Py [Py - riy)

1 log(1/h)  log(1/h)
p+1
~ nhd+2lv] (h + nhd + nz+v hd )

By Assumption SA-1(iv) and Assumption SA-2(ii), infxc g Q;V,)K z
(nh4+2¥1Y=1 Furthermore,

V
sup \/ xx \/ X, X

xXERB

p (nh@t2¥1)=1 Therefore, infycg o) >

X, X A~

(u) v

<p sup Vnhit2vl|Q
XER

)

L (. [log(i/h) | log(1/h)
,S]p\/W(th + + )

nhd nziiuhd
and
h=Iv VO - % log(1/h)  log(1/h
sup — :h*h’\ sup ,/nhd(thrlJr Og( L/i )Jr Ogi/ ))
<o ol | Jarel nht g
which completes the proof. O
SA-7.5 Proof of Lemma SA-5
Define
Xi — X /"L'Ew)( ) w
Xex = Entp (T2 ) Kn(Xi = 00(X; € a)u(Xix)|, (&%) = ua(€) - %),

0<|w|<p
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Since py is (p + 1)-times continuously differentiable, there exists ax x; + € RP*! such that

2 1 - Xz — X Xz —x\ I 2
Ix:xll” = Hﬁ ZrP<T>K}z(Xz’ -x)1(X; € ﬂt)rp<T> (OTvaI,Xi,t)TH 2P+

< o

where Sup, ¢ g maxe (0,1} Maxi<i<n || 0 x; ¢

o (2~ 9n05 0, (42) ) e

),

| < 1. Since % = 0(1), the same argument as the proof of

Lemma SA-2 shows

rp(Xih_ X)Kh(Xi —X)L(X; € gft)rp(xi — X)Tm <p 1.

B i

It then follows from Lemma SA-2 that
~(v v 1t —|v
sup [E[" ()] = i ()] = sup [e HIT, x| S 07771
S pS]

Now also assume that h = o(1). Then, for all x € B and £ € X,

v v
1el€x) ~ Mo < ML sup 9% () - ()] = My,

YV lu—u’f|<h

1 (Kn(§—x) #0)

where 1y (§;x) = b’—,l fol(1715)|"|*18vut(x+t(§fx))dt. By Assumption SA-1(iii), Yy is uniformly continuous
on the compact set 2. This implies that when h = o(1), M,, = o(1). Letting

> X; —x |V| v v

Rex = Enrp (55 ) En(Xi —x00(Xs € a)( Y 0 m(x)(Xs —x)")]

[v]=p+1

we conclude that

E, {rp<¥)Kh(Xi — X)L(X; € of,) |v|§+1 % Xi = x|")] || = oprrt),

sup [0 — Kooe| < M s |
XERB XERB

where the last equality employs the same arguments as in the proof of Lemma SA-2. Hence,

_ T H_lf‘_l T H—1f—1~
= sug €1ru txXtx — €14v t,x Xt,x
XEY

= op(RPT1=IVI),

sup E[i (x)[X] — u”) (x) — hr+1 =1 BX)

Using Lemma SA-2 and the maximal inequality as in the proof of Lemma SA-2, we conclude that

~(v v log(1/h)
BW g0 < .
2% 5 |Prax = Bix| e o =
Since maxye 0,1} SUPxe g |B§';)| < 1, it follows that max;e(o,1} SUPyxeg |§§';)| <p 1. O
SA-7.6 Proof of Theorem SA-1
The results follow from Lemma SA-5 and Lemma SA-3. O
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SA-7.7 Proof of Theorem SA-2

For the conditional bias, by Lemma SA-5

sup |]E[7”( (x) — 7 |X] (hP 1=V B2 |

XERB

< sup ‘E[?(”)(x) - T(V)(XMX} - th_‘"‘B,(:’)’ - sup ‘E[?(”)(X) - T(V)(X)’X] + ppri-ivip®)
xXERB XER

= op(RPT1IVIY,

Since supy¢ g \Bt(l;) — Bg;)| Sey/ % from Lemma SA-5,

sup |]E[?(V)( ) — 7 |X] hp+1*|V‘B)((y))2| — op(nPHI- Iy,
xEB

For the conditional variance, by Lemma SA-4,

sup ’V[ )‘X] — (nhd+2‘"|)_1Vx(”)‘ = 0p((nhd+2|”‘)_1).
XERB

The pointwise MSE expansion follows directly. For the IMSE expansion, notice that

| IMSE, - / (BN 4 (b2 Y0 (x)ds ! (x)|
/|w )|dH4 (x) - sup | MSE, (x) — (h* T~ MIBE))? — (npd 2 =1y )|
XER
= op(R?PT272W 4 (ppdt2Ivh =1

which completes the proof.

SA-7.8 Proof of Theorem SA-3
We have T(V)(X) = > | Z; with
X.

Zi: Z nil(Qxl,lx) 1/2e1+uH71Ft7,;rp( 2h_x>]:(h(>(i7X)]]'(}(iG'dt)uia
te{0,1}

where E[Z;] = 0 and V[Z;] = n~!. By the Berry-Essen Theorem,

sup [P(T"(x) < w) — o(u)| < B, Y B2
u€eR i—1

where B,, = >, V[Z;] = 1. Moreover,

n n
_ D)y — e X; —x
;EHZilS]:n @) wgﬂa[\ 3 el H r( = )Kh(Xi—x)]l(Xiegit)ui

te{0,1}
_ Xz — X 3
Q) 3/22“*3“ 3 e1T+VH—11-\t7)1(rp( - )Kh (X, =) U(X; € )| |
te{0,1}
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Xi — 2
< n2hvi=d(Q®)) B/QEH > el H'Ir ( - X) Ky, (Xi—x)]l(Xie.szit)H
te{0,1}

< n_lh_lul_d(Q)((u))()_l/Q
< (nh?)=12,

where the second line uses Assumption SA-1(v), the third line uses

X — -
> eLVlet;rp( - X> K (X; —x)1(X; € ofy)| < hvI=d
te{0,1}

and the fourth line uses the definition of Q,(:'})(
Finally, although Lemma SA-2 through Lemma SA-4 provide convergence results uniformly in x, for
pointwise results with fix x € %, we can replace the class of functions in those proofs by one containing a

singleton (corresponding to the evaluation point x). Thus, we obtain the following result:

~®)

T (x) = T (x)| <o WP Vahd +1/Vnhd + 1/ (n75 ), (SA-4)

provided that h?t1v/nhd — 0 and n=+ he — 0.
The final results follow by weak convergence to a Gaussian distribution, and properties of the distribution

function. O

SA-7.9 Proof of Theorem SA-4
For all x € &, we have T (x) = T (x) + G (x) + G (x), where
G () = (B[ (x)[X] — ) () ) (@) 72,
and
GY(x) = el H! [(f‘;iQ17x I xQo ) Q)% — (T75Qux — ToxQox) ()~ %]

By Lemma SA-5 and Lemma SA-4,

sugj ‘Ggy)(x)‘ <p RPFL Pl (ppdt2IVNI/2 < pptly/ppd,
xE

By Lemma SA-2, Lemma SA-3 and Lemma SA-4,

~—1 _ N log(1/h log(1/h
sup [ef 1, B [T 1 — Dt Qe (002772 5o v/Iog(1/m) (/28U Lo/
XERB Tlh n2+v hd

and

sup [}, B T 0 Qe [(Q) 7172 = (22) 72|

XERB

gp h—\u| . log(l/h) + IOglgr{/h) . /nhd+2" log(l/h’) + IOgﬁ/h’) + hp+1
nhd na2tv hd nhd n2+v ha
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3/2
_ log(1/h) _ (og(1/m)*?
~ nhd nzv hd

The result now follows from combining the bounds above. O

SA-7.10 Proof of Theorem SA-5

We verify the high-level conditions of Theorem SA-11. We will employ the following technical lemma.

Lemma SA-8 (VC Class to VC2 Class). Assume F is a VC class on a measure space (X, B): there exists
an envelope function F and positive constants ¢(F),d(F) such that for all e € (0,1),

sgpN(Ff”, g1 e l1Fllg,) < e(F)e™ ),

where the supremum is taken over all finite discrete measures. Then, F is also VC2 class: for all e € (0,1),

sgpN(% g2 -€llFllg2) < c(F)(e?/2)~ ),

where the supremum is taken over all finite discrete measures.

Proof of Lemma SA-8. Let @ be a finite discrete probability measure. Let f,g € #. Then, [ |f—g[?dQ <
2 [|f — g||F|dQ. Define another probability measure Q(cy,) = F(ck)Q(ck)/ |[Fllg., on the support of @,
denoted by {c1,...,¢k,...}. Then,

[15=9PiQ < 21Flgy [ 17 - 6la@ <20l 17 - sl

Hence, if we take an €2 /2-net in (%, [llg.1) with cardinality no greater than c(F)e=47)  then for any f € F,

there exists a g € & such that ||f — g5, < e2/2 |F||.1. and hence
2 2
1f = gllg.2 < 2¢%/2[1Fllgu IFllg, < I1Flg.

which gives the result. O
Without loss of generality, we assume & = [0,1]%, and @g, = Px is a valid surrogate measure for Px with
respect to F, and ¢z, = Id is a valid normalizing transformation (as in ). This implies the constants c; and
co from Theorem SA-11 are all 1.
Consider first the class of functions % = {Ji/t(")(g x):x € B}, for t € {0,1}.

Envelope Function. By Lemma SA-2 and Lemma SA-4 and the fact that Supp(K) is compact,

W) (e 1 -1 =1 (v)y—1 —d/2
sup sup K, X 5 sup T x + ||T x sup Qx %) 2 S, h .
c 563’| t (g )’ fhd+u c (H 1, || || 0, H) c |( s ) ‘

—d/2

Hence, there exists a constant C; > 0 such that Mg, = C1h is a constant envelope function.

Ly Bound. We have Eg, = Supyc g E[l4") (X %)[] < h9/2.
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Uniform Variation. Case 1: K is Lipschitz. By Assumption SA-1(iv) and Assumption SA-2,

W) ey _ @) e,
L sup sup €0 — A

< h_d/Q_l.
XEB E,EEX 1€ —&']loo ~

Each entry of I'y x and X, x are of the form f(ngx)“J"’Kh(f —x)1(€ € o) f(£)dE and f(E*Tx)“JF"Kh(g -
x)0(£)*1(¢ € of,)dE for some multi-index u and v, respectively. Hence, by Assumption SA-2, each entry of
I'; x and X, x are h~'-Lipschitz in x. It follows that there exists a constant Cy such that for all x,x’ € %,

ITix — Tix

< P7llITex = PexllITr 0|l < Coh™" flx — x|
Also, by definition of € x and Assumption SA-2(iv), there exists C5 such that for all x,x" € I,

o

] < Ca(nhTHEE T x — x|,

and

v 174 — 1 v — v v 1 —
Q)72 = (@) 7] < 5 b ()T — | < 5O (A )2 x — X oo

inf
ze€X
It then follows that we have a uniform Lipschitz property with respect to the point of evaluation:

PALGEEFAUGEY

5 h—d/Q—l.

lg

, = sup sup

EEX x,x'ER ||X_x/||oo
Let x € %. Then, Jf/t(u)(qx) is supported on x + c[—h, h]¢. Then,
Vg, < m(c[-h, h]*)Lg, < A1

Case 2: K = 1(- € [-1,1]%). Consider

u—X

Y (w;x) = n*l/Z(Qxﬁx)*l/ZeLuH*F;;rp(T)h*d, ueZ, tefo1}.
Then, # ™) (u;x) = 4 @ (u;x)1(u —x € [-1,1]%) for all u € Z and x € B, and we set F = { A V) (:;x) :
x € B}, t € {0,1}. Then, the argument above implies that TV < m (c[-h,h?) Lg, < Y271 Next, set
L ={1((-—x)/h € [-1,1]¢) : x € B}. Then, using a product rule, we have

Vg, < TVg My + Mz TVg S AY271 14 h=4/2pd=t < pd/271,

VC-type Class. Case 1: K is Lipschitz. We apply Cattaneo et al. [2024, Lemma 7]. To make the notation

consistent, define

1 _
fX() = 7eir+uH71Ft 1r10 () K ()v X € %a
nse

s

—

%

and # = {gx (5%) : x € B}. Notice that fux(5X) = h? n;(") eL_VH’ll"*lrp(?)Kh( — x). Then, the

following conditions in Cattaneo et al. [2024, Lemma 7] hold (for z,2’,2" € Z):
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(i) boundedness: sup, sup, |fz(z')| < c,

(ii) compact support: supp(fs(-)) C [~c,c]?,
(iii) Lipschitz continuity: sup, |fz(z') — fa(2z")| < c|z’ — 2"| and sup, | fz (2z) — fzr(2z)| < ch ™|z’ — 2"

and therefore there exists a constant ¢’ only depending on ¢ and d that for any 0 < e < 1,

SgpN(% g (2e+ 1) le) < efe™@72 41,

where the supremum is taken over all finite discrete measures on 2 = [0, 1]¢. Tt then follows from Lemma SA-

8 that with the constant envelope function Mg, = h=%2 for any 0 <e <1,

sup N (F, |-l g.o» (2c+ 1) Mg, ) < /227274 41,
o :

where the supremum is taken over all finite discrete measures.
Case 2: Suppose K = 1(- € [~1,1]%). Recall % and . defined in the analysis of uniform variation. The

same argument as before shows

sgpN(f’/'lt, [l (2c+ l)d'HaMgt) < f2dtdgm2d e € (0,1],

where the supremum is taken over all finite discrete measures, and % = h~%2. By van der Vaart and
Wellner [1996, Example 2.6.1], the class . = {1((- —x)/h € [-1,1]%) : x € B} has VC dimension no greater
than 2d, and by van der Vaart and Wellner [1996, Theorem 2.6.4],

sup N(Z, I'llg2-€) < 2d(4e)*de =44, 0<e<l,
s :

where the supremum is taken over all finite discrete measures on 2 = [0, 1]¢. Putting together, we have

Sup N(F1, ||l gz eCiMz,) < Coe™*,

where C7, Cs are constants only depending on d, and the supremum is taken over all finite discrete measures
on & = [0,1]%.

Consider next the class of functions & = {gx : x € %B}, where gx(u) = 1(u € dl)l/l('/)(u; x) —1(u €
Jzio)%(")(u; x). We have immediately that Mgy < h~%2, Ex < h%/?, and

sup N(Z, [l g5, e(2c + 1) 1g) < 2¢/e747 42,
Q )

where the supremum is taken over all finite discrete measures.

Total Variation. Observe that 1(u € dt)%(u)(u;x) # 0 implies By x =u e{y € & : (y —x)/h €
Supp(K)}, and 1(u € &it)%/t(u)(u; x)=1(ue Et7x)j£/t(u) (u;x), for all u € . By the assumption that the
De Giorgi perimeter of Ej  satisfies Z(E;x) < Ch¢~! and using TVigry < Mgy TV sy + My TV gy for any
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two functions g and f, we have

d/2— 1
TV = sup TV, < sup Y T, () < sup D TV gy T MR TV, S Y
*X€% 1ei0,1} x€% 1el0,1}

We completed the verification of all the high-level sufficient conditions of Theorem SA-11, which immedi-
ately give the result. O

SA-7.11 Proof of Theorem SA-6

The proof is divided in three technical lemmas.

Lemma SA-9 (KS Distance Between T®)

for any multi-indez |v| < p,

and Z™)). Suppose the conditions of Theorem SA-5 hold. Then,

T %'vv2 1 1/2
sup ]P’( sup |T(y) (x)| < u) - IP’( sup }Z(”) (x)| < u)’ < ((log n)% (—) g log(n) 1d) .
uweR ! \xe® xERB n nvFIh

Proof of Lemma SA-9. Let R,, = (log n)%(—)ﬁ w2 +log(n) ﬁ, and a,, positive sequence to be
determined below. For any u > 0,
(sup |T | < u)
XER

< P( sup |Z(”) (x)| < sup |T(y) (x) — Z(”)(x)| + u)

(sup|Z <u+an)+IF’(sup]Z(” X) — T(V)(x)| >an)

xEB

P(21€119)3|Z u) —|—4an(Eb16119)3’Z(” )” + 1) +P(i16119)3|Z(” T(V)(X)| > an)
P(igpgw u)+4an(E{igg|Z(”)(x)|} +1>+C;):n,

where in the fourth line we have used the Gaussian Anti-concentration Inequality in [Chernozhukov et al.,
2014a, Theorem 2.1], and in the last line we have used the tail bound in Theorem SA-5. Similarly, for any

u > 0, we have the lower bound

IP’( sup |T(V) (x)| < u)

XER
> ]P’( sup |Z(”)(x)| < u— sup }T(V)(x) - Z(V)(X)D
XERB XER
> P(zgg ‘Z (x)| <u-— an) —]P’( sup ’Z(”)(x) —T(V)(X)‘ > an)
#2101 ) - 201 +1) 2 (s 20T ] )

> P(igg 12 (x)| < u) — da, (E[igg |Z(”)(x)|] N 1) B Cj:n'

Notice that Z*)(x),x € & is a mean-zero Gaussian process satisfying

E[(2%)(x) — 2% (y))°]* = E[( (Xi, %) — # (X0, 9))20(X0)?]* < C'losllx — ¥,
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where C is a constant and [, o < h~!, and hence

sggE[(Z(”)(x) — Z(")(y))z]% = sggE[%(Xi,x)2a2(Xi)] < 1.

Then, by Corollary 2.2.8 in van der Vaart and Wellner [1996], we have E[ sup,c g |Z(”) (x)|] £ 1. Choosing
an = /Ry, the result now follows. O

Lemma SA-10 (KS Distance Between T(U) and T(V)). Suppose the conditions in Theorem SA-5 hold. Then,

for any multi-indez |v| < p,

sip[P (s 17001 < ) —Psup [T60] < )| =)

njw

Proof of Lemma SA-10. Let R,, = (logn)? (= )%'v‘vﬂ +log(n), /—= - and

anzo( log(l/h)( n—1h=dlog(1/h) + g(ul/h))mpﬂm)

Then, sup,cg |T(V)(x) — rI’(x)| = op(an). Hence, for any u > 0,

P(sup ’T ‘ < u)
XERB

< P(sup ‘T( “) | < u—l—an) +P(sup ‘T( “) —T‘(x)’ > an)

XERB XERB
(sup|Z <u+an>+\/7+
xXER
P(igggw u>+4an<E[ig§}Z(”)(x)|} +1)+\/9Tn+0(1)
P(sup|T( ) u>+4an(E[sup|Z(”)(x)|} +1)+2\/9%7n+0(1)
XERB XERB

where the third line uses Lemma SA-9 and sup,cg ’T(V) (x) — ’T(x)‘ = op(ay), the fourth line uses [Cher-

nozhukov et al., 2014a, Theorem 2.1], and the last line uses Lemma SA-9 again. Similarly,

]P’( sup |T(x)| < u)

XERB
> IP’( sup |T(V)(x)’ <u-— an) — IP’( sup |T(V)(x) — T(X)| > an)
XERB
(sup‘Z(V) | <u—an) — VRn +o0(1)
XERB
]P’(bup|Z Su) —4an(E[bup}Z(” |] —|—1) — VR, +0o(1)
XERB XER
P(sup‘T( ) Su) —4a, (E[sup‘Z ” +1) — 2R, +0o(1)
XERB XERB
From the proof of Lemma SA-9, E [sup,c4 |Z(")(X)H < 1. Hence, the result follows. O

Lemma SA-11 (KS Distance Between Z*) and 2(”)). Suppose the conditions for Theorem SA-5 hold.
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Then, for any multi-index [v| < p,

logn logn —|—hp+1>1/2_

sup ]P’( sup ’Z(”)(x)‘ < u) — P(igg IZ(V)(X)‘ < u‘W)‘ <p log(n)( ot T

uckR XERB

Proof of Lemma SA-11. First, using Lemma SA-4, we provide an upper bound between covariance func-
tions of the feasible Gaussian process and the infeasible Gaussian process. Letting Ik y = Qx y/+1/Ox x Ly

and ﬁx7y = ﬁx,y/ \/ Qx,xﬁya

. Oy — Oy Ox
sup ’Hx,y — Hx’y‘ = sup XY DANE — ’yA (
x,yeZ x,ye& \/QX’XQy \/Qx ny

=)

XUy

»

From Lemma SA-4 and the fact that |z — \/y| < (z Ay) "2z — y|/2 for 7,y > 0,

S a2 1/2 ~
|(Qx,ny) / - (Qx,ny) / | < Spr,yez ‘Qx,ny - Qx.,xg2y| < p+1 10g’l’L lOg?’L
sup 172 ~ 3 8 - Se b7 hd 5t d
x,ye& (Qx,xy) infy y Ox xQy Ainfy y Oy Oy n nz+h

and
sup |Qx,y — Qx,y’ <o hPH 4 logn lovgn .
X, y€X 1/ Qx’ny nhd n2+v ha

Therefore, letting R,, = 12% + };T,gld, it follows that sup, ycq [Tlxy — ﬁx,y\ <p h?*1 + R,,. Then, we

n2+v ’

bound the KS distance between the maximum of Z,, and ZW ona On-net of X', denoted by s, : for all x € AB,
there exists z € 2, such that ||x — z||s < &,. Since & is compact, we can assume M := Card (25,) < 6,
Denote Z» and 2?1" to the process Z, and Z®) restricted on Zs,,, respectively. Then, by [Chernozhuokov
et al., 2022, Theorem 2.1],

sup [P(Z%r <y) — P(Z < y[W)| S log(M) sup |They — They|? Sp log(M)(R, + hP*1)3,

yERM x,yeX

and hence

o < ) —P(|Z0"

Slelg |IP’(HZi o < :E|W)| < Slelﬁ ’P(f:vl < Zfl" <zl)—P(—21 < Z‘EL < :E1|W)|

<p log(M)(R,, + hPT1)7 = Ry,

Finally, we bound the KS distance on the whole & with the help of a sequence a,, > 0 to be determined.
Let

U5 (an) = P( sup |Z(V) (x) — Z(V)(y)| > an)

=¥ lloo <dn

and

\T/(;n (an) = H”( sup |2(”)(x) — /Z\(")(y)‘ > ay,
%= lloo <6n

W).
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Then, for all ¢ > 0,

(sup ‘Z(" (x)| < t)
XERB

<]P’( sup ‘Z(") )’St+an)+\1’6n<an)

xe‘%s”
<P( sup |ZW(x)| < t+an|W) + Wy, (an) + Ry
xe‘%s”
]P’( sup ’Z(V) < t+an, W) + W, (a,) + \T/(;“ (an) +Rum
XERB
]P’( sup |Z(”) !W) + 4an, (E[sup |2(") (X)"W} + 1) + Wy, (an) + Vs, (an) + R
XER XERB

Similarly, for all ¢ > 0,

(sup‘Z(") ‘ <t) >P(sup‘Z ") ’ St‘W)—4an( [sup‘Z(”) HW} +1)
xXEB xXERB xXER

— U5 (an) — Vs, (an) — R

Since Ry, depends on 6, through log M = log(é;, %), by choosing d,, = n~* for large enough s, the term R,
will dominate the terms U5 (a,) and \Tlgn (an). More precisely, for any 9,

o E[(ZV60) = 26| W]
R COP R
(67 by (52 (52) e (0 (X))
T ei<s 0uxly) ™ () :1 E71 (X, € o)
(o () e (5 et (K2 e (52))

where the last line uses Lemma SA-4, Lemma SA-2, and the almost sure bound on the Lipschitz constant

from the proof of Theorem SA-5, for some constant C' > 0. Similarly, for any § > 0,

sup E{(Z(”)(x) AL (y))z} = sup E[(%(X“x) - %(Xl,y))2 2] < C'h™25%,

lx=ylleo <6 lx—ylleo <6

Then, by [van der Vaart and Wellner, 1996, Corollary 2.2.5],

Ch~4/2-15
AI/ AI/ n 1 _ B
E{ iy |Z( ) - 26 )(y)”W} SIP’/0 dlog <<€hcl/2+1>d65 Viognh™=4/>"1,

[[x=¥lloo <dn

Ch™"6n
IE[ sup |Z(")( ) — ZW(y / Hdlog d<€< V1ognh=16,.
=¥ lloo <dn
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In addition, using the fact that E[sup,cg |2(”) (x)||W] < 1, and choosing a,, < (y/Tognh~%2=15,)1/2 and

0, < n~* for some large constant s > 0, we conclude that

day, (]E[)scgg |2(”)(x)}‘W} + 1) + Ws, (an) + Vs, (an) + Ras

<o (VIognh=*2715,)"% 4+ dlog(671) (an + h7+)Y/? < dlog(n)(a, + kT2,

and putting all the intermediate results together, the lemma follows.

O

The proof of Theorem SA-6 now follows directly from Lemma SA-9, Lemma SA-10 and Lemma SA-11.

Furthermore, by definition of i(;/) (x),

P[,u(u)(x) G'I%a'/)(x), for all x € %’} = ]P’{ sup "/I\‘(")(x)| < f}a}

XERB

=P[sup |Z¥)(x)| < ga] +o(1)
xXER

= E[p[sup 1260 <

WH +o(1)
=1—a+o(1),

which completes the proof of the theorem.

SA-7.12 Proof of Lemma SA-6

Follows from Lemma SA-5 and the assumption that [, [w(x)|d$H%*(x) < oo.

SA-7.13 Proof of Lemma SA-7

Since V[7ipare|X] = V[, fio(b)w(b)dH*~1(b)|X] + V[ [, fi1(b)w(b)d$H?*(b)|X], it is enough to consider

only one treatment assignment group ¢ € {0,1}. In addition,

v /@ fi(b)u (b (b)[x] = /{93 /@ Cov [ (b1), fie(b2) | X] w(by )uw(by)dsy" (b ) a5~ (b)

and

Qt,WBATE:/ / Qt,bl,brzw(bl)w(bﬂdﬁd_l(bl)dﬁd_l(b2)~
B J B

Proceeding as in the proof of Lemma SA-4, we have

A log(1/h)1/2
C b b2)|X] — Q2 <p —————
bl,sll)lgpe,% | OV[Mt( 1)3 lut( 2)| ] t,b1,bo ’ ~P (nhd)3/2

Since K is supported on a compact set, let R € (0,00) denote the diameter of the support, and define
the “effective domain” &(h) = {(x,y) € B x % : ||x —y| < hR}. Since & is (d — 1) dimensional, we have
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v4(&(h)) < hiL, where vy is the product measure %! x §4~1. Therefore,
o] [ fnboinw)x] o

= ’/ / (Cov[ﬁt(bl),ﬁt(b2)|X] 7Qt,bl,bQ)w(bl)w<b2)d~6dil(bl)d~6dil(bQ)

< sup |(Cov f(by), it (ba)|X] — th17b2|// ((b1,bo) E%(h))w(bl)w(bg)dj’)d_l(bl)dﬁd_l(bg)

b1,b2e%
log(1/h)*/? _
S h” IW = op((nh)™"),
because % = 0(1). This proves the first claim. Next,

Qt,WBATE:/ / Qt,bl,b2w(b1)w(b2)dﬁd_l(bl)dﬁd_l(bﬁ
< s [Qupn / / (b1, by) € & (1)) (by )uw(by)ds " (by)dsy"" (by)
1,bo€ER

< (nh)"tva(E(h) S

which verifies the upper bound. For the lower bound, let by € & and by = by + hd for some vector d such
that supycq Kp(x —b1)Kp(x —bg) > 0. For multi-indexes u and v, and using change of variables, a typical
element of 3, p,, p, is

B (S ) (R (S (BB,

- / §%(s — 8)VK () K (s + 8)02(by + hs) f(s)ds > 1,
bi+hd;

which implies that |Q¢ b, b,| = (nh9)~! for (b1, bs) on a set & (k) such that v4(&’(h)) > h¢=1. This verifies
lower bound in the second claim.

The third and final claim of the lemma follows from Lemma SA-4 and the same analysis as above.

SA-7.14 Proof of Theorem SA-7

Follows from Lemma SA-6 and Lemma SA-7. O

SA-7.15 Proof of Theorem SA-8

Since TWBATE — TWBATE — (,ufl,WBATE - ,uLWBATE) - (NO,WBATE - ﬂO,WBATE)7 it is enough to start with Only one treatment

assignment group ¢ € {0,1}. Furthermore,

ﬁt,WBATE*Mt,WBATE = /@(ﬁl(b) *ul(b)) ( ) 5’Jd 1(b)

:/@eirgéqt,bw( b)d5H* ™ (b) + /@ — T, 0)Qupw(b)dH? (b) + Op(h7*1)

using Lemma SA-5 to bound the approximation error.
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For the second integral, let

St s :En[rp(xi;xl)rp(xi;m) BKGL (X = x1) Kn(X; = %2)of (X0 1(X; € o),

and since ft,bhlm =0 if by and by are farther away form each other than the diameter of Supp(K),

Bl ([ ef@n-T tb>Qt,bw<b>dﬁd—1<b>)2 x|

gl _ e ~—1 _ _ _
/ / el (Frt, = Tl ) ()18, 1y (Frn, — T Jerw(by Jw(by) st (by)dsy'= (by),

< sup [Brp — i) sup [Sinybl sup [uw(b )| (nh?) " m(& (h))
be% B

1,b2€

<p (nh)~",

and hence [, eI(IA“;ll) —T;1)Qipw(b)dH ! (b) = op((nh) ™).
Next, using Lemma SA-7 and the previous results,

Tupare — Tuate = (ﬁﬁaﬂé - Qﬁgﬁ%) / eIF;éQt,bded_l(b) + op(1) = op(1),
B
where
a _0-1/2 Tp—1 d—1
Tusate = Qypare | € 1-‘t,th,bdﬁ (b).
B
Finally, we apply the Berry-Esseen lemma to the statistic T,, = S, Z;, where
_ ,—10—1/2 Tp-1 Xi—b d—1
Zi=n" Qe | € Tty — K,(X; — b)1(X; € 1)u;w(b)dH™ " (b),
B

which satisfies E[Z;] = 0. The definition of Qugare implies that Y. | V[Z;] = Q‘E;TEQWBATEQWBAT% = 1. Hence,

it remains to bound

Let R denote the diameter of the (compact) support of K, and define &(h) = {(b1,ba,b3) € %> :
[bi —b,|| < R,j=1,2,3}. Since & is d — 1 dimensional, m(&(h)) < h?*¢~2. Then,

]
d—1 d—1 d—1
S IE|:-/])16%j /1)26% /bse‘%, |G(b1,bg,b3)|w(b1)w(b2)w(b3)dﬁ (bl)dfj (bQ)df) (bg)

Sm(&(h))  sup  E[G(by, by, bs)l],
bi,b2,b3e%

- — —b
ZEHZlP)] = n_3QWB:i\{f% H / Ft bI'p h )Kh(X b)]]_(Xl c dt)u@’w(b)df)d_l(b)
—

o] [ i (552 i 00 € st o

where G(bl,bg,bg) = g(Xi,ui,bl)g(Xi,ui,bg)g(Xi,ui,bg) with

X;—b
g(Xz‘7 Uy, b) =€ Ft bI'p(T)Kh< b) ()(z S .Q{t)u,
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Proceeding as in the proof of Lemma SA-2 and Lemma SA-7, it can be shown that

sup  E[|G(by, by, bs)|] <2

bi,b2,b3eRB
provided that % = 0(1). Therefore, together with the rate of Qe from Lemma SA-7, we have
S E[Z3)] < (nh)7Y/2, and the result follows. O

SA-7.16 Proof of Theorem SA-9

Follows by Theorem SA-1 after noting that |Tigate — Tieate| < Supyeg |T(x) — 7(x)]. O

SA-7.17 Proof of Theorem SA-10

Consider the event E = {Supbe@ % < qa}. Theorem SA-6 implies that P(F) =1 — a + o(1). On
b,b

the event E, we also have

~

7(b) — 2ay/p < 7(b) <7(b) + /s,  Vbe,

which implies

sup 7(b) — {}aﬁll)/i < sup 7(b) < sup 7(b) + qaﬁyi.
beRB ’ be% beRB ’
The stated result then follows. O

SA-7.18 Proof of Theorem SA-11

We will use a truncation argument. Let k,, > 0 be the level of truncation. For each r € &, define

Fly) =r(yL(ly| < kn), YyeER,

and define the class # = {F : r € R}. For an overview of our argument, suppose Z* is some mean-zero
Gaussian process indexed by & x ZU & x R, whose existence will be shown below, then we can decompose
by:

Ro(g9,7) — Z(g,7) = [Rul(g,7) — ZF(9,7)] + [Ru(g.7) — Ralg,7)] + [2E(g,7) — ZF(g,7)].

Part 1: Strong approximation for truncated residual empirical process.

Observe that Mg o < kp and PTV; o < Kn, and Z is a VC-type class with envelope M@,? = Mgy 1(|-| < Kkp)
over % with constants cg 9 and dg . Then, Cattaneo and Yu [2025, Theorem 2] with v = ,, and o = 0
for the class of functions € and % implies on a possibly enlarged probability space, there exists a sequence

of mean-zero Gaussian processes (ZX(g,7) : (g,r) € € x R) with almost sure continuous trajectories on
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(€ x R, pp) such that B[R, (g1,71)Rn(g2,72)] = E[ZF(g1,71)Z (g2, 9)] for all (g1,71), (g2,72) € € X R, and

E[”Rn(ga 7;) - ZE(Q,F)”?X@}

dyd+H1TydE, ) 3are ¢ ¢ d dy_1_
< Chvky <\/gmin { (citt %) (cf cyMgTV2EgL?) T }((d + k) log(cn))*/? + M\WM?>
n

nl/(2d+2) ’ nl/(d+2)

3 d + k) log(cn
= Cyvkn, [ Vdr,((d+k)log(cn))? + %Mg ,
Vn
where C} is some positive universal constant. Notice that we use TV = max{TVg, TVg %, 0, } as an upper
bound for max{TVg, Vg, e, }, and similarly L as an upper bound for max{Lg, Lyxv; e, }-
In the special case that & = {r.} is a singleton, take 3; = r.(v;)1(Jyi] < Kn)/(VEn), then we have

Elexp(|7:])] < 2. Also §; is supported on % = [—1,1]. Moreover,

—Ru(9.7) = 5 S o(k)G—ElGl), g€
i=1

Vknp
In particular, the right hand side can be viewed as a residual empirical process based on sample (x;,7;), 1 <
i < n, indexed by & x {Id}, where Id : R — R is the identity function. Then we can apply Cattaneo and

Yu [2025, Theorem 2] with v =1 and « = 0 on the latter empirical process to get the upper bound with TV
and L replaced by TVgine and Lging.

Part 2: Truncation error for the empirical process — |R,,(g9,7) — Rn(g9,7)|loxx

Consider the class of differences due to truncation, that is, AZ = {r — 7 : r € #Z}. Our assumptions imply
Z x AR is VC-type in the sense that for all 0 < e < 1,

SUp N(Z X AR, | llg 2 -Me(Mary = Mg g/ )lla2) < cgca,y (2/4) 70T,

where sup is over all finite discrete measure on R4*!, and M () = Mgy (y)L(|ly| < k,). We can check
that Mg (Mg g — M @’?) is an envelope function for € x A%, since all functions in AZ are evaluated to zero
on [—kn, fin]. Denote X = (x;)1<i<n,

3 1

" SMgnT,

3 2
E[ max M5 (Mo (5) = My (00 X] " S MoE[( max Mgy () |X]

1 v _2 v
sup  Elg(oe)?r(u)? 8] > wYE S sup E [g()Elr() 7 el SR > o)
(9,7)EGXR (g,1)ECXR

< VMgEgky,.

By Jensen’s inequality, we also have

E[fggxn M (E[May (y:) — Mgg,g(yi)lxi])Q‘X} < Mgn7,
sup  Elg(xi)?Elr(yi) — F(yo)xil?)t S\ MgEeni,

(g,7)EEXR

EMZ (Mg (i) — Mg (1:)°]"? S Mgry "2,
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Denote A = (cgca) e /4 and D = 2dg + 2dg, Chernozhukov et al. [2014b, Corollary 5.1] gives

E[[[Rn(g,7) — Ru(g7)lgxa] S E |sup sup % Zg(xz-)(h(yi) — E[h(y:)|x:])

gEC hEAR

< \/DMgEglin log A\/Mg/Eg DMf/nf log A\/Mg/Eg

_ DlOg A\/Mg/E;’g
</ Dlog(A\/Mg /Eg ) MgEgk, /% +
\/ og( v/Ez)VMgEgh, \/nzT

Part 3: Truncation error for the Gaussian process — || Z%(g,7) — ZE(g,7)||gx%

Our assumptions imply € x ZU¥ x & is VC-type w.r.p envelope function 2MgMg o in the sense that for all
0<e<l,

sup NEXxRUEG X R, |llg2,2lMeMayllgz2) < czeale®/4)7%
where sup is over all finite discrete measure on R4*!. Hence € x Z U ¥ x & is pre-Gaussian, and on some
probability space, there exists a mean-zero Gaussian process Z* indexed by & = & x RUZ x R with the

same covariance structure as R,,, and has almost sure continuous path w.r.p the metric p, given by

Nl

p((g1,71), (92,72)) = E[(Zf(gl, 1) — 25(927702))2] = E[(Rn(glvrl) - Rn(9277ﬂ2))2]%7 (91,71), (92,72) € F.

Recall the definition of & x AZ in Part 2. Then, we have shown previously that

o= sup p(f,f)S\/Ma

fEEXAR

Our assumptions imply for all 0 < € < 1,
N(? XRUZG X @,p,p(QEMgMg)?, QEHMgMg’?)l/Q) < CgC@(€2/4)_dy_d‘%

Denote A = (c?c@)z%i?d@ /4 and D = 2dg 4 2dg. Then, by van der Vaart and Wellner [1996, Corollary
2.2.8], choose any (gg,r9) € € X R, we have

_ _ B _ g+,
E|IZF(g,r) —Zf‘(g,r)HgX@] SE[|Z (g0, m0) — Z (90, 70)| / \/log Czcgz ) ’ 7')d

< \/D log(A\/Mg /Eg)VMgEgk,, "/

S \/(dg + d@’?) IOg(CgC@’?/k’N‘)\/MgEglﬁgv/g.

Since (Z*(g,7) : g € €,r € R) has the same distribution as (ZE(g,r) : g € €,7 € R), we know from
Vorob’ev-Berkes-Philipp theorem [Dudley, 2014, Theorem 1.31] that Z can be constructed on the same
probability space as (x;, ¥i)1<i<n and ZE, such that Z and ZF coincide on & x %. By an abuse of notation,

call Zf now fo, the outputted Gaussian process.
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Part 4: Putting Together

If follows from the definition of % and the previous three parts that if we choose k,, such that
rpky < \/MgEgH;v/2,

then the approximation error can be bounded by

E[[| Ry — ZE|gxa] < (dlog(cn))*/2ri™ (ViigEg) 7 + dlog(cn)Mgn™ 35
\/m) =E

I'n

+ dlog(cn)Mgn_1/2(

where d = dg +dg.% +k, and ¢ = cgcg yk. =
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