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Abstract

We study the formal properties of nonparametric distance-based (isotropic) local polynomial
regression estimators of the boundary average treatment effect curve, a key causal functional
parameter capturing heterogeneous treatment effects in boundary discontinuity designs. We
present necessary and/or sufficient conditions for identification, estimation, and inference in
large samples, both pointwise and uniformly along the boundary determining treatment as-
signment. Our theoretical results highlight the crucial role played by the “regularity” of the
boundary (a one-dimensional manifold) over which identification, estimation, and inference are
conducted. Our main theoretical contributions include: (i) uniform lower and upper bounds on
the misspecification bias convergence rate for the distance-based local polynomial regression es-
timator, (ii) uniform distributional approximation based on the distance-based local polynomial
regression estimator, and (iii) minimax lower bound convergence rate for any nonparametric
distance-based (isotropic) regression estimator. Our theoretical results are used to provide con-
crete practical guidance. Our theoretical findings and practical recommendations are illustrated

with simulated data. Companion general-purpose software is provided.
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1 Introduction

Discontinuities in the assignment of a treatment are often used in observational studies to study
causal effects. In the standard regression discontinuity (RD) design, each unit has a univariate score
and the treatment is assigned according to a threshold rule: units with score equal to or above
a known cutoff are assigned to the treatment condition, while units with score below the cutoff
are assigned to the control condition. Boundary Discontinuity (BD) designs generalize canonical
RD designs to settings where units have a bivariate score, and the treatment is assigned according
to a threshold rule based on a one-dimensional boundary curve that partitions the support of the
two-dimensional score. A prototypical example is the Geographic RD design and variations thereof
(Keele and Titiunik, 2015; Keele et al., 2015; Keele and Titiunik, 2016; Keele et al., 2017; Galiani
et al., 2017; Rischard et al., 2021; Diaz and Zubizarreta, 2023), where a geographic boundary
splits units into control and treatment areas according to their geolocation. This design is also
known as a Multi-Score RD design (Papay et al., 2011; Reardon and Robinson, 2012; Wong et al.,
2013). Cattaneo and Titiunik (2022) offers an overview of the RD design methodological literature,
Cattaneo et al. (2024b, Section 5) gives a practical introduction to BD designs in particular, and
Cattaneo et al. (2026) overviews the empirical literature using BD designs.

We formalize the BD design using standard causal inference notation (see, e.g., Herndn and
Robins, 2020). Let Y;(0) and Y;(1) denote the potential outcomes for unit ¢« = 1,2,...,n under
control and treatment assignments, respectively. In BD designs, units have a continuous bivariate
score vector X; = (Xli,Xgi)T with support & C R?, and they are assigned to either the control
group or the treatment group according to their location X; relative to a known one-dimensional
boundary curve & that splits the support & into two disjoint regions: & = &y U &1, with &y and
&1 the control and treatment disjoint (connected) regions, respectively, and % = bd(</y) Nbd (1),
where bd(gf;) denotes the boundary of the set @/;. Thus, the observed response variable is Y; =
1(X; € o) - Yi(0) + L(X; € o) - Y;(1). Without loss of generality, we assume that the boundary
belongs to the treatment group, that is, bd(gf1) C o1 and B N Ay = 0.

The key building block in BD designs is the Boundary Average Treatment Effect Curve (BATEC),
7(x) = E[Y;(1)-Y;(0)|X; = x] for x € &, a functional causal parameter that captures heterogeneous

treatment effects along the assignment boundary. Following the seminal work of Hahn et al. (2001)



for RD designs with univariate score, Papay et al. (2011), Reardon and Robinson (2012), Wong
et al. (2013), Keele and Titiunik (2015), among others, discussed nonparametric identification of
the BATEC using the location information encoded in the bivarate score X;:

r(x) = E[Yi(1) - Y(0)Xi =x] = lim E[V;|X,=u]— lm E[Yi|X, =],

u—Xx,uced u—x,uced

for all x € 9. Building on this identification result, Cattaneo et al. (2025b) recently developed
pointwise (for each x € %) and uniform (over %) estimation and inference methods for 7(x)
employing local polynomial regression estimators where the two dimensions of the bivariate score
X, are explicitly incorporated as polynomial bases. These methods are referred to as location-
based local polynomial regression methods because they directly employ the two dimensions of the
bivariate score for estimation. Under assumptions on the geometry of the assignment boundary %,
Cattaneo et al. (2025b) show that location-based methods for estimation and inference enjoy good
statistical properties and are broadly applicable.

In practice, however, applied researchers leveraging BD designs often transform the bivariate
score according to some univariate distance function to the assignment boundary, and use this
distance measure directly for estimation and inference. Cattaneo et al. (2026, Table 1) documents
over 75 recent empirical papers in Economics and other quantitative sciences taking this approach.
For heterogeneity analysis along the boundary, a distance-based polynomial regression approach
will thus employ a univariate distance variable to each point on the boundary x € %, instead
of the bivariate location information encoded in X;. Reardon and Robinson (2012, Section 4)
called this approach distance-based RD, and Keele and Titiunik (2015) also discussed it explicitly
in the context of Geographic RD applications. For instance, Velez and Newman (2019) gives a
concrete empirical example using distance-based polynomial regression for heterogeneity analysis
in a Geographic RD design. More broadly, the distance-based approach is potentially useful because
in some practical settings location information may not be available due to confidentiality or other
data restrictions, while distance-based information may still be available and hence may be the
only way to estimate the heterogeneous treatment effects captured by 7(x).

The main goal of this paper is to investigate the formal properties of distance-based methods for

estimation of the BATEC parameter in BD designs, and then to employ our theoretical results to



provide concrete recommendations for practice. We call this approach distance-based local polyno-
mial regression methods to distinguish them from the location-based local polynomial regression
methods that directly employ the two dimensions of the bivariate score in the polynomial fit. More
broadly, from a nonparametric smoothing perspective, the distance-based approach is connected to
isotropic nonparametric regression in statistics and machine learning. To formalize the approach,

we introduce the scalar signed distance-based score for each unit i = 1,...,n,

Dz(X) = (]]-(Xz € dl) — ]]-(Xi € 5270)) . d(XZ‘,X), X € %,

where (-,-) denotes a distance function. A typical example is the Euclidean distance ¢ (X;,x) =

IX; — x| = \/(XM- —1)2 + (Xg; — x2)2 for x = (x1,22)" € B, but other distance measures are
possible, particularly in spatial settings (Banerjee, 2005). For each x € %, the distance-based setup
is like a standard univariate RD design where D;(x) € R is the score variable, ¢ = 0 is the cutoff,
and D;(x) > 0 if unit ¢ is assigned to treatment and D;(x) < 0 if unit 7 is assigned to control.
Following standard practice in the RD literature, the distance-based (univariate) local polynomial

treatment effect estimator for each x € & is
3 T T~
V(x) = e; 71(x) — e ¥o(%), x € A,

where, for t € {0,1},

n

5,(x) = arg min - S (¥ = 1p(Di(x)) ") Kn(Di(x)L(Di(x) € 57),
~vERPHL T

with e; the conformable first unit vector, rp(u) = (1,u,u?,--- ,uP) " the usual univariate polynomial
basis, Kp(u) = K(u/h)/h? a univariate kernel function K(-) with bandwidth parameter h, and
Jo = (—00,0) and #; = [0,00). The kernel function typically down-weights observations as the
distance to x € % increases, while the bandwidth determines the level of localization to each
point on the boundary 9. In this setup, the observations contribute isotropically in terms of their
univariate distance ¢ (X;,x) to the point x € 9% where estimation occurs.

The distance-based estimator ¥(x) is the difference of two distance-based (univariate, isotropic)

local polynomial regression estimators along the one-dimensional manifold 8. This estimator does



not directly target 7(x); instead, it targets the difference of the expectations 01 x(r) — 6y x(r) at
r =0 with 0, x(r) = E[Y;(t)|«(X;,x) = r]| for r > 0 and ¢ € {0, 1}, which are univariate conditional
expectations induced by transforming the bivariate score using the distance function. Our main
goal is to study the necessary and/or sufficient conditions required for valid estimation and inference
for the BATEC, 7(x) with x € &, both pointwise and uniformly along the assignment boundary,
when using the distance-based local polynomial estimator 1/9\(x)

We start by investigating identification of 7(x) via a distance-based approximation. The induced
univariate conditional expectations 6, x(r) are of course different from the bivariate conditional
expectations u.(x) = E[Y;(1)|X; = x|, for ¢ € {0,1}. It follows that without restrictions on the
data generating process, the assignment boundary, and the distance function, lim,_,q 0 x(r) and
ue(x) are also different in general. In Theorem 1, we provide sufficient conditions under which these
parameters agree, which include restricting the geometry of % so that it is a rectifiable curve Federer
(2014). Theorem 1 contributes to the multi-dimensional RD design literature by establishing a new
identification result for distance-based methods (for related results, see Hahn et al., 2001; Papay
et al., 2011; Reardon and Robinson, 2012; Wong et al., 2013; Cattaneo et al., 2016, and references
therein).

The geometry of the boundary affects not only identification, but also bias approximation. We
establish two complementary results. First, Theorem 2 shows that “near” irregular points of the
assignment boundary that can occur even for a “nice” one-dimensional manifold & (e.g., a piecewise
linear curve with a “kink”), the pth order distance-based estimator 5()() exhibits an irreducible
bias of order h, no matter the polynomial order p used or the amount of smoothness assumed
on the underlying conditional expectations pug(x) and uq(x). This drawback occurs because the
induced distance-based population regression function 6;(x) = E[Y;(t)|#(X;,x) = r| is at most
Lipschitz continuous uniformly near kinks of the boundary 9. Second, Theorem 3 shows that
when the boundary & is smooth, the pth order distance-based estimator g(x) exhibits the usual
approximation bias of order AP*! from the nonparametric smoothing literature (see, e.g. Hirdle
et al., 2004, and references therein). Therefore, our results demonstrate that the distance-based
treatment effect estimator 5(){) can exhibit different biases along the boundary 9, depending on
its local geometry.

Our bias approximation results (Theorems 2 and 3) show that standard univariate RD methods



for estimation and inference may enjoy different, unexpected properties when deployed directly to
a BD design using the univariate distance D;(x): the geometry of the assignment boundary can
lead to a larger misspecification bias near kinks or other irregularities of &. The large misspec-
ification bias we highlight when the assignment boundary is non-smooth is particularly relevant
in Geographic RD designs, where the assignment boundary can naturally exhibit many kinks or
other irregularities. For instance, the influential work of Mandelbrot (1967, 1983) has argued that
geographic borders (and other shapes in nature) are fractals; see Avnir et al. (1998), and references
therein, for a recent discussion on this ongoing debate among mathematicians and philosophers.
From a practical perspective, our theoretical results incorporating the geometry of & will lead to
concrete recommendations for bandwidth selection, point estimation, and statistical inference in
real-world applications.

We also study estimation and inference for 7(x) using the distance-based estimator 1/9\(X) Theo-
rem 4 establishes convergence rates and Theorem 5 establishes validity of uncertainty quantification,
both pointwise and uniformly over 9. These results are presented in terms of a generic misspec-
ification bias quantity in order to accommodate the different cases emerging from the interaction
between the distance function ¢(-) and geometry of the boundary 9. For point estimation, and
under appropriate regularity conditions, we show that the estimator 5()() can achieve the point-
wise and uniform (over &) optimal nonparametric convergence rate (see, e.g., Tsybakov, 2008, and
references therein) when 9 is “nice” and “smooth”. For uncertainty quantification, we develop con-
fidence intervals for 7(x) and confidence bands for the entire treatment effect curve (7(x) : x € %).
We establish the uniform inference results leveraging a new strong approximation theorem for em-
pirical processes given in the supplemental appendix (Section SA-5), which may be of independent
theoretical interest.

We also study a more fundamental theoretical question underpinning Theorem 2, which demon-
strates an unimprovable “large” uniform approximation bias for the distance-based estimator a(x)
when % is not smooth. Theorem 6 establishes the minimax uniform convergence rate for the class
of isotropic nonparametric estimators of a smooth, compact supported, bivariate nonparametric
conditional expectation over a one-dimensional rectifiable manifold. Our result shows that, regard-
less of the level of smoothness assumed on the underlying nonparametric conditional expectation,

the best univariate isotropic nonparametric estimator in the class can at most achieve the uniform



—1/4_ This convergence rate corresponds to the optimal minimax uniform conver-

convergence rate n
gence rate for the class of Lipschitz continuous bivariate conditional expectations when considering
all possible nonparametric estimators, up to polylog(n) terms. Therefore, Theorem 6 implies that
the convergence rate of the distance-based estimator 5(){) established by combining Theorems 2
and 4 is unimprovable, up to polylog(n) terms, without further restricting the geometry of the
assignment boundary % (the one-dimensional manifold over which uniformity is established), or
enlarging the class of distance-based estimators to explicitly exploit additional information about
the data generating process.

In sum, our theoretical results characterize identification, estimation, and inference for the
BATEC, both pointwise and uniformly over 93, when this causal parameter is estimated using
univariate distance-based local polynomial regression methods in BD designs. As discussed in Sec-
tion 5, our findings also inform practice, and suggest new “regularized” estimation and inference
distance-based methods when specific information about the geometry of the assignment boundary
A is readily available. In addition, Section 7 presents a small simulation study demonstrating the
finite-sample properties of the distance-based methods, employing a data generating process cali-
brated using the real-world dataset from Londono-Vélez et al. (2020). These numerical results are
obtained using our companion software R package rd2d (https://rdpackages.github.io/rd2d);
see Cattaneo et al. (2025d) for more discussion.

Our paper establishes a new bridge between the methodology for boundary discontinuity (BD)
designs and the theoretical study of nonparametric smoothing over submanifolds, thereby contribut-
ing to two distinct, yet interconnected literatures in econometrics, statistics, machine learning, and
data science. From a methodological perspective, we offer the first foundational results for the
analysis and interpretation of BD designs when employing distance-based methods, an approach
used for treatment effect estimation and causal inference across numerous quantitative disciplines,
but currently lacking a foundational understanding. Theoretically, we provide new estimation and
inference results for isotropic local polynomial regression over a submanifold, both pointwise and
uniformly, thereby advancing the literature on nonparametric smoothing. In particular, concurrent
work by Chen and Gao (2025) develop estimation and inference methods for integral functionals on
submanifolds using series/sieve estimation. Our theoretical results substantially differ from theirs in

several respects. First, we consider one-dimensional distance to each point on the submanifold over
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which estimation and inference is conducted. Second, we study (isotropic) local polynomial regres-
sion smoothing methods, whose distinct structure requires a different analysis (see, e.g., Cattaneo
et al., 2025a, for more discussion). Third, we study pointwise and uniform over the submanifold
estimation and inference methods, and thus uncover new issues related to the (uniform) misspec-
ification bias. Finally, we establish a new minimax estimation rate for isotropic nonparametric
regression methods (e.g., Tsybakov, 2008, and references therein).

The rest of the manuscript is organized as follows. Section 2 introduces the setup and assump-
tions used throughout the paper. Section 3 investigates identification of 7(x) via distance-based
approximation, while Section 4 investigates the bias approximation properties of the distance-based
estimator 1/9\(x) Section 5 discusses estimation and inference for 7(x) using the distance-based lo-
cal polynomial regression estimator, while Section 6 tackles the fundamental theoretical minimax
estimation question underpinning Theorem 2. Section 7 illustrates the numerical performance of
the distance-based methods with simulated data, while Section 8 concludes. The supplemental
appendix presents generalizations of our theoretical results, reports their proofs, and gives other
theoretical results that may be of independent interest. In particular, it presents a new strong
approximation result for empirical process with multiplicative-separable structure and bounded

polynomial moments, extending recent work by Cattaneo and Yu (2025).

1.1 Notation

We employ standard concepts and notation from empirical process theory (van der Vaart and
Wellner, 1996; Giné and Nickl, 2016) and geometric measure theory (Simon et al., 1984; Federer,
2014). For a random variable V;, we write E,[g(V;)] =n"1> 1, g(V;). For a vector v € R¥, the
Euclidean norm is ||v]| = (Zle v2)1/2. For a matrix A, Apin(A) denotes the minimum eigenvalue.
C*(Z,%) denotes the class of k-times continuously differentiable functions from & to %, and
Ck(Z) is a shorthand for C*(Z,R). For a Borel set & C &, the De Giorgi perimeter of & is
perim(s§) = supgeg, () Jrz L(x € &) div g(x)dx/||g|lc, Where div is the divergence operator, and
P5(X) denotes the space of C* functions with values in R? and with compact support included
in . When & is connected, and the boundary bd(&) is a smooth simple closed curve, perim(sS)

simplifies to the curve length of bd(S). A curve B C R? is a rectifiable curve if there exists a

Lipschitz continuous function 7 : [0,1] + R? such that B = 7([0,1]). For a function f : R?



R, Supp(f) denotes closure of the set {x € R? : f(x) # 0}. For real sequences a, = o(by) if
|

lim sup,, ‘Z—:“ =0, a, < by, if there exists some constant C' and N > 0 such that n > N implies

lan| < C|by|. For sequences of random variables a,, = op(by,) if plim,,_, % = 0,|an| Sp |bn| if
lim supp;_, o limsup,,_, o P[|§*| > M] = 0. Finally, ®(z) denotes the standard Gaussian cumulative

distribution function.

2 Setup and Assumptions

The following assumption collects the core conditions imposed on the underlying data generating

process.
Assumption 1 (Data Generating Process). Lett € {0,1}, p > 1, and v > 2.

1) (Y1), X)), ..., (Ya(t), X)) are independent and identically distributed random vectors.
(ii) The distribution of X; has a Lebesgue density fx(x) that is continuous and bounded away
from zero on its support X = [L,U]%, for —oo < L < U < 0.
(iil) pe(x) = E[Yi(t)|X; = x] is (p + 1)-times continuously differentiable on X .
(iv) o2(x) = V[Y;(t)|X; = x| is bounded away from zero and continuous on I .

(v) supyeq E[JY;(1)|*|X; = x] < o0.

Assumption 1 is the natural generalization of standard conditions in the univariate RD design
(see, e.g., Cattaneo and Titiunik, 2022, and references therein). We also need to impose additional

restrictions specific to distance-based methods in BD designs. Let

@ = B[y (20, (P99) e (0,0001(D1 ) € 7

be the fixed-h population Gram matrix associated with the distance-based estimator.

Assumption 2 (Kernel, Distance, and Boundary). Let t € {0,1}.

(i) & is a rectifiable curve.

(i) « : R% s [0,00) satisfies ||x1 — Xa|| < &(x1,%2) < ||x1 — Xol| for all x1,%x2 € L.

(iii) K : R — [0,00) is compact supported and Lipschitz continuous, or K(u) = 1(u € [—1,1]).
)

(iv) liminfy o infxes Amin(¥Prx) 2 1.



Assumption 2(i) imposes minimal regularity on the assignment boundary 9, which is used to
compute integrals as well as to establish uniform results over the univariate submanifold. Assump-
tion 2(ii) requires the distance function be equivalent (up to constants) to the Euclidean distance.
Assumption 2(iii) imposes standard conditions on the univariate kernel function. Assumption 2(iv)
further restricts (implicitly) the geometry of the boundary & relative to the kernel and distance
functions, ruling out highly irregular boundary shapes leading to regions with too “few” data points.
Lemma SA-1 in the supplemental appendix gives primitive conditions for Assumption 2(iv) when
& (-) is the Euclidean norm. The conditions imposed by Assumption 2 are sufficient for uniform
(over &) estimation and inference, but some of them can be weakened for pointwise results—see

the supplemental appendix.

3 Identification and Interpretation

For each boundary point x € % and corresponding signed distance score D;(x), the univariate
distance-based local polynomial estimator is E(X) = §1,X(O) - 507,{(0), where @\t,x(O) = e/ 7,(x) =

r,(0) "4,(x). Conceptually, the estimator é\t,x(O) targets the estimand 6 x(0) with
O1x(r) = E[Y;|Di(x) = r, Di(x) € 5] = E[Yi(t)[ < (Xi,x) = |r]],

which is the univariate conditional expectation induced by the distance transformation applied to
the bivariate location variable X; for each point x € &.
The following theorem establishes identification of the causal functional parameter 7(x) via the

distance-based induced conditional expectations.

Theorem 1 (Identification). Suppose Assumptions 1(i)—(iii) and 2(i)—(ii) hold. Then,
T(x) = lrlﬁ)l 01,x(r) — lTlTr{)I o,x (1)

for allx € 3.

This identification theorem is established by representing 6, x(r) as a sequence of abstract inte-

grals over submanifolds near &, that is, over level sets of a shrinking tubular (generated by «(-)



and) covering the assignment boundary (see, e.g., Federer, 2014, for theoretical background). With-
out restricting the data generating process, the assignment boundary, and the distance function,
the parameters lim, o 0 x(r) and p:(x) need not agree. This identification result is new to the
literature. For related continuity-based identification results in RD designs see Hahn et al. (2001)
in one-dimensional score settings, Papay et al. (2011), Reardon and Robinson (2012), and Keele
and Titiunik (2015) in multi-score settings, and Cattaneo et al. (2016) in multi-cutoff settings.
The isotropic nonparametric methods underlying the distance-based methods in BD designs nat-
urally induce nonparametric misspecification for approximating 7(x). To circumvent this problem,
we view the univariate distance-based local polynomial estimator 4,(x) as the sample analog of the
coefficients associated with the best (weighted, local) mean square approximation of the conditional

expectation E[Y;(t)|D;(x)] based on r,(D;(x)):

7i () = argmin B (¥i ~ 1y(D;()) ) Kn(DiG)UDi(x) € 7).
~E p+1

Therefore, letting 07 , (0) = e] v;(x) = ry(0) Ty} (x), we have the standard least squares (best linear

approximation) decomposition

~ ~—1
0r.x(0) = 01 x(0) = [0;(0) — 0:x(0)] + & ¥, Orx + [e] (¥ — ¥, 1)O¢], (1)

where

¥\ =E, [rp(D"(X)>rp(D"(X))TKh(Di(x))n(Di(x) c Jt)}, and
D

h
Ouse = B [ (200 (D0 %: — 01, D1x) 001 () € 7).

In the decomposition (1), the first term is the non-random mean square approximation bias, the
second term is the stochastic linear approximation of the centered estimator (an average of uncon-
ditional mean-zero random variables), and the third term is a “linearization” error arising from
the convergence of the Gram matrix associated with the (weighted) least squares estimator. Im-
portantly, our results do not assume a conditional mean-zero restriction; this allows us to handle

potential misspecification broadly.
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Theorem 1 and the decomposition (1) imply that

o~

I(x) — 7(x) = B(x) + £(x) + Q(x), x € B,

where B(x) = 67 ,(0) — 05 ,(0) — 7(x) is the nonrandom approximation bias of the estimator,
£(x) = elT‘Ill_’)l(OLx — elT\IIO_, 10gx is a unconditional mean-zero linear (sample average) statistic,
and Q(x) = e]—(\fll_i - \Ilii)OLx - e;r(\/I\l(Ii - \Ila’}l()Oo,x is the higher-order linearization error.
In standard large-sample local polynomial regression settings, B (x) is of order APt £(x) is
conditionally mean-zero and approximately Gaussian, and Q(x) is neglected. However, in our
setting these standard results are not valid in general because estimation is conducted along the
one-dimensional assignment boundary & (a particular submanifold) and is based on distance to
each point on & (isotropic nonparametric smoothing). We show that additional conditions may be

needed to attain the usual local polynomial approximation results, and that some of these results

may be invalid in some settings.

4 Approximation Bias

The smoothness of the induced distance-based conditional expectation function r — 60 x(r) =
E[Y;(t)|D;(x) = r] depends on the smoothness of the conditional expectation p(x) = E[Y;(t)|X; =
x|, the distance function #(-), and the “regularity” of the boundary %. This means that the bias
of the distance-based local polynomial estimator can be affected by the shape of the boundary %,
regardless of how large p is (Assumption 1).

Figure 1 demonstrates the problem graphically: for a point x € & that is close enough to a kink
point on the boundary, the conditional expectation #; x(r) is not differentiable for all » > 0. The
problem arises because, given the distance function «(-,-), for any point x € % near a kink, a
“small” r gives a complete arc {x € ¢/ : &(X;,x) = r}, while the arc is truncated by the boundary
for a “large” r. As a result, for the example in Figure 1, 6 x(r) is smooth for all » < r3 and
r > r3, but the function is not differentiable at r = r3. Furthermore, at » = r3, the left derivative
is constant, but the right derivative is equal to infinity. The supplemental appendix gives details

on this analytic example.
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6;,1(r1)

0,,5(0)

Xii > 0 I Iy r3 Iy Is f{»;
(a) Distance to b € . (b) Distance-based Conditional Expectation.

Figure 1: Lack of smoothness of distance-based conditional expectation near a kink.
Note: Analytic example of 01 (r) = E[Y(1)|D;(b) = 7], » > 0, for distance transformation D;(b) = #(X;,b) =
|X: — b|| to point b € & near a kink point on the boundary, based on location X; = (X1;, X2;)'. The induced
univariate conditional expectation r — 61 ,(r) is continuous but not differentiable at r = r3.

Although smoothness of the boundary % can affect the smoothness of 6; x(r), the fact that
the distance-based estimator is “local” means that the approximation error will be no greater than
that of a local constant estimator, regardless of the polynomial order used and smoothness assumed

(controlled by p in Assumption 1). The following theorem formalizes this result, and also shows

that this bias order cannot be improved by increasing p > 1.

Theorem 2 (Approximation Bias: Uniform Guarantee). For some L > 0, let P be the class of
data generating processes satisfying Assumptions 1(i)-(iii) with & C [—L, L)%, Assumption 2, and

the following three additional conditions:

(i) L7 <infyeg fx(x) < supyeq fx(x) < L,

.. O pug (x)—0" e
(ii) maxo<|y|<pSUPxeg 0¥ 1 (X)| + Maxo<|y|<p SUPx yeg | “t(”iiy”’“(y)' <L, and

(iii) liminfpoinfxeg [, k(< (u,x))du > L7

For any p > 1, if nh? = 0o and h — 0, then

B(x)

B(x
1 < liminf sup sup < lim sup sup sup (x) < 1.
n—00 pepxeB n—soo Pepxe® N

This theorem characterizes precisely the uniform over & (and data generating processes) bias of

the distance-based local polynomial estimator 5()() The upper bound in Theorem 2 is established

12



uniformly over the class of data generating processes because we can show that [0:(0) — 6:(r)| S
r for t € {0,1} in general. The lower bound is shown using the following example. Suppose
X; ~ Uniform([—2,2]?), po(z1,22) = 0, pu1(z1,72) = 29 for all (z1,72) € [—2,2]%, and Y;(0)|X; ~
Normal(po(X;),1) and Y;(1)|X; ~ Normal(u1(X;),1). Let «(-,-) be the Euclidean distance, and
suppose that the control and treatment regions are o, = {(z,y) € R?> : 2 < 0,y > 0} and
Ao = R? /o, respectively, and hence B = {(z,y) E R: -2 <2 <0,y=0o0rz =0,0<y < 2}.
This boundary is L-shaped as in the empirical application used in Section 7, having a 90° kink at
x = (0,0). It follows that the conditions of Theorem 2 hold, and hence this is an allowed data
generating process. The supplemental appendix establishes the lower bound by careful analysis of
the resulting approximation bias.

As a point of contrast, note that it is intuitive to expect that B(x) < hP*! pointwise in x € %, for
small enough h, provided that the kinks on the boundary 9% are sufficiently far apart of each other
relative to the bandwidth, and other regularity conditions hold. However, Theorem 2 demonstrates
that, no matter how large the sample size is (i.e., how small the bandwidth is), there will always be
a region near a kink of the boundary & where the misspecification bias of the distance-based local
polynomial estimator 1/9\(x) is at best of order h (i.e., not of order h?T! as expected), regardless of
the value of p. The problem arises because the boundary 9% changes non-smoothly, leading to a
non-differentiable induced conditional expectation 6; x(r), as illustrated in Figure 1b.

On the other hand, if the boundary 9 is smooth enough, then a better misspecification (smooth-

ing) bias can be established.

Theorem 3 (Approximation Bias: Smooth Boundary). Suppose Assumption 1(i)-(iii) and As-

sumptions 2 hold, with <(-,-) the Euclidean distance. Let h — 0.

(i) For x € B, and for some 6, > 0, suppose that BN {y : ||y — x|| < e} = v([-9,9]),
where v : R — R? is a one-to-one function in C*T2([—6,6],R?). Then, 0y x(-) and 01 x(-)
are (kA (p+ 1))-times continuously differentiable on [0,€]. Therefore, there exists a positive
constant C such that |B(x)| < Ch*NPHYD) for all h € [0,¢] and x € B.

(ii) Suppose B = ([0, L]) where 7 is a one-to-one function in C**2([0, L],R?) for some L > 0.
Suppose there exists 0, > 0 such that for all x € B° = ~([§, L — 9]), r € [0,¢], and t = 0,1,

and the set {u € R? : &(u,x) = r} intersects with bd(;) at only two points in B. Then, for
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all x € ([0, L — 4]), Oox(-) and 61 x(-) are (v A (p+ 1))-times continuously differentiable on
[0,¢], and lim, o %Gt,x(r) exists and is finite for all0 < v <p+1 andt € {0,1}. Therefore,

there exists a positive constant C such that supyego |B(x)| < Ch NP+ for all h € [0,7].

This theorem gives sufficient conditions in terms of smoothness of the boundary 9% to achieve a
usual nonparametric smoothing misspecification bias for '@(x), which improves the minimal guar-
antee given by Theorem 2. For a uniform bound on misspecification bias, the sufficient condition
in Theorem 3 requires that the boundary 9% be uniformly smooth in that it can be parameterized
by one smooth function. The sufficient condition ensuring a smooth boundary everywhere is cru-
cial because, as shown in Theorem 2, even a piecewise smooth & with only one kink will have

detrimental effects on the convergence rate of the misspecification bias of 1§(x); cf., Figure 1.

5 Estimation and Inference

The results in this section are established for a general misspecification bias B(x) of the distance-
based estimator g(x), which is determined by the properties of the kernel and distance functions as
well as the geometry (smoothness) of the assignment boundary %, as demonstrated by Theorems
2 and 3. We also discuss the implications of these results for implementation, and compare them

to standard methods from univariate RD designs.

5.1 Convergence Rates

Using technical results established in the supplemental appendix, we obtain the following conver-

gence rates for the univariate distance-based local polynomial treatment effect estimator.

Theorem 4 (Convergence Rates). Suppose Assumptions 1 and 2 hold. If nh?/log(1/h) — oo and

h — 0, then
(i) [9(x) —7(x)| Sp \/ﬁ + % + [B(x)| for x € B, and
(i) supxeqp [90x) = 7()| Se (/55 + BELY + supyep |B(x)].

This theorem establishes the pointwise (for each x € %) and uniform (over %) convergence rates
for the distance-based treatment effect estimator. At the minimum, by Theorem 2, 1/9\(x) —p 7(x),

both pointwise and uniformly, because h — 0. Furthermore, by Theorem 3(i), pointwise in x € %,
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we obtain |B(x)| < hPH! for small enough h, and under regularity on 9. Similarly, by Theorem
3(ii), the uniform bias rate of ﬁ(x) improves as the assignment boundary becomes smoother.

The “variance” components of the distance-based estimator ¥(x) are of order (nh?)~! despite its
being a univariate local polynomial estimator, which would have naively suggested a convergence
of order (nh)~! instead. But this is expected because the target estimand is the difference of two
bivariate regression functions, and the nonparametric distance-based estimation approach cannot
circumvent the curse of dimensionality. See also Section 6 for more discussion.

Combining Theorems 2 and 4(ii), and for appropriate choice of h, it follows that the distance-
based local polynomial estimator v/ﬂ\(x) can achieve the uniform convergence rate (n/logn)~1/4. In
Section 6, we show that for the class of rectifiable boundaries, the best isotropic nonparametric es-
timator (not just the distance-based local polynomial estimator) can achieve a uniform convergence

rate no better than n~—1/4

, which is the nonparametric mean square minimax rate for estimating
bivariate Lipschitz functions (see, e.g., Tsybakov, 2008, and references therein). This minimax
result means that no matter which univariate distance-based estimator is used, it is always possi-
ble to find a rectifiable boundary and a data generating process such that the estimation error is
no better than n=1/4 for the best possible isotropic nonparametric estimator. It follows that the
distance-based estimator 2/9\(x) is minimax optimal, up to the log/ 4(n) term, for an appropriate
choice of bandwidth sequence.

Finally, it is possible to establish valid pointwise, or integrated over %, MSE convergence rates

matching those in Theorem 4(i). We provide details in the supplemental appendix.

5.2 Uncertainty Quantification

To develop companion pointwise and uniform inference procedures along the treatment assignment
boundary 9%, we consider the feasible t-statistic for given a bandwidth choice and for each boundary

point x € A:
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where, using standard least squares algebra, for all x1,x2 € B and t € {0,1}, we define

= = = = — T LA 3!
Sxi,xe = 20,x1,%2 T 2% %0 —t,x1,X2 — nh2 € ‘I’t,xl Tt,xl,x2 lI’t,xzelv

~ _ ~ _ 1

and

Yixixo = h°Ey [rp(Diglm))kh(Di(m))(Yi — 1, (Di(x1)) T7,(x1)) 1(D; (x1) € 5)
X rp<Di§LX2))Tkh(Di(X2))(Y¢ —1p(D;(x2)) "7, (x2)) L(Dj(x2) € F)|.

Thus, feasible confidence intervals and confidence bands over 9% take the form:

{9\(){)_4&@7 a(x)"‘f}a@}’ x € A,

for any a € (0,1), and where ¢, denotes the appropriate quantile depending on the desired inference
procedure.

For pointwise inference, we show in the supplemental appendix that sup,cp UP’[’T(X) <t—-P(t)] —
0 for each x € &, under standard regularity conditions, and provided that nh?®B2(x) — 0. Thus,
in this case, ¢o = ® (1 — /2) is an asymptotically valid choice. For uniform inference (over
@), on the other hand, the stochastic process (T(x) : x € 9B) is not asymptotically tight, and
thus it does not converge weakly in the space of uniformly bounded real functions supported on
% and equipped with the uniform norm (van der Vaart and Wellner, 1996; Giné and Nickl, 2016).
This implies that distribution theory cannot be based on the usual weak convergence arguments for
empirical processes. Furthermore, the geometry of the manifold &, and the fact that the estimator
is based on the signed distance score, requires additional special technical care for establishing
asymptotically valid inference procedures. We address these issues by we first establishing a novel
strong approximation for the entire stochastic process (T(x) 1 x € &), assuming the usual “small”
bias property nh? SUDyc % B2(x) — 0. We then choose the appropriate ¢, for uniform inference

because

P[r(x) €T.(x), forall x € RB| = P[sggg ’T(x)! < qa]
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Our technical work combines a new strong approximation theorem (Theorem SA-8 in the supple-
mental appendix) and important technical results from Chernozhukov et al. (2014a,b) and Cher-
nozhuokov et al. (2022). See the supplemental appendix for omitted technical details, and other
theoretical results that may be of independent interest. Let %, be the o-algebra generated by
((Y:,(Di(x) :x€ B)): 1 <1< mn).

Theorem 5 (Statistical Inference). Suppose Assumptions 1 and 2 hold.

(i) For allx € B, if n¥h% — oo and nh®B2(x) — 0, then
P[r(x) E/I\a(x)} —=1-—aq,

for go = @711 — a/2).
log h

(i) If nﬂ%hQ/logn — 00, liminf, oo Toen > — 00 nh? supyeg B2(x) — 0, and perim({y € &; :

2 (y,x)/h € Supp(k)}) S h for all x € B and t € {0,1}, then
P[r(x) €1,(x), for allx € Bl = 1—a,

for ¢ = inf{c > 0 : P[supyc g 1 Zn(X)| > c|%)] < o}, where (Zy, : x € B) is a Gaussian pro-

cess conditional on Uy, with B[Z,(x1)|%n) = 0 and E[Zy (x1) Zn (x2)| %) = §X17X2/ 1 x1 5%, x2 5

for all x1,x9 € AB.

This theorem establishes asymptotically valid inference procedures using the distance-based local
polynomial treatment effect estimator 5()() For uniform inference, an additional restriction on the
assignment boundary 9% is imposed: the De-Giorgi perimeter condition can be verified when the
boundary of {y € o; : &(y,x)/h € Supp(k)} is a curve of length no greater than h up to a constant;
since the set is contained in a h-ball centered at x, the curve length condition holds as long as the
curve BN {y € R? : &(y,x) < h} is not “too wiggly”. In other words, the one-dimensional

boundary 9% can not be “too long”.

5.3 Discussion and Implementation

Although the distance-based estimator 5()() looks like a univariate local polynomial estimation

procedure based on the scalar score variable D;(x), Theorem 4 shows that its pointwise and uniform
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variance convergence rates are equal to that of a bivariate nonparametric estimator (which are
unimprovable). Theorem 5 shows that inference results derived using univariate local polynomial
regression methods can be deployed directly in distance-based settings, provided the side conditions
are satisfied. This result follows because rf(x) is constructed as a self-normalizing statistic, and is
therefore adaptive to the fact that the univariate covariate D;(x) is actually based on the bivariate
covariate X;. This finding documents another advantage of employing pre-asymptotic variance
estimators and self-normalizing statistics for distributional approximation and inference (Calonico
et al., 2018). Therefore, standard estimation and inference methods from the univariate RD design
literature (Calonico et al., 2014) can be deployed to BD designs employing univariate distance to
the boundary, provided an appropriate bandwidth is chosen to ensure that the bias due to the
shape of the assignment boundary % (documented in Section 4) is “small”.

For implementation, consider first the case that B(x) < hPT! that is, the assignment boundary
2 is smooth (in the sense of Theorem 3), or otherwise the bias is small. Establishing a precise
MSE expansion for 1/9\(X) is cumbersome due to the added complexity introduced by the distance
transformation, but the convergence rates can be deduced from Theorem 4. The incorrect uni-
variate MSE-optimal bandwidth is hiq x =< n~Y (3+2p), while the correct MSE-optimal bandwidth

4+2p) implying that taking the distance variable as the univariate score, and thus

is hysgx < n~ /!
ignoring its intrinsic bivariate dimension, leads to a smaller-than-optimal bandwidth choice because
n~1/(3+2p) < p=1/(442P)  thereby undersmoothing the point estimator (relative to the correct MSE-
optimal bandwidth choice). As a consequence, the point estimator will not be MSE-optimal but
rather exhibit more variance and less bias, and the associated inference procedures will be more con-
servative. A simple solution is to rescale the incorrect univariate bandwidth, %hld’x, but this
may not be necessary if the empirical implementation of hi4 x employs a pre-asymptotic variance
estimator, as in the software package rdrobust (https://rdpackages.github.io/rdrobust/).
See Calonico et al. (2020), and references therein, for details on bandwidth selection for standard
univariate RD designs.

When the assignment boundary 9% exhibits kinks or other irregularities, no matter how large the
sample size or the polynomial order, there will always be a region near each kink where the bias

will be “large”, that is, of irreducible order h, as shown by Theorem 2. In this case, near each

kink the correct MSE-optimal bandwidth is h = n=1/4. Away from each kink, the MSE-optimal
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bandwidths are as discussed in the preceding paragraph. This phenomenon is generated by the lack
of smoothness of &, and leads to different MSE-optimal bandwidths for each x € &, thus making
automatic implementation more difficult. A simple solution to this problem is to set h = C-n-1/4
for all x € &, and with C a rule-of-thumb estimate, which is generically suboptimal but always no
larger than the pointwise MSE-optimal bandwidth, thus delivering a more variable (than optimal)
point estimator and more conservative (than possible) associated inference procedure. Another
simple solution is to employ different bandwidths for different values of x € &, taking into account
the relative proximity to a kink point on &. Specifically, estimation can employ the best approach
depending on whether the evaluation point is “near” or “away” from a kink of %:

ﬁkink’x(%) = min {/HMSE,Xv max {6 : n71/4, bH;/_éi}Il d(X, b)} }
EPBrink

for all x € B, and where Byink denotes the collection of kink points on %.

Given a choice of bandwidth h, valid statistical inference can be developed by controlling the
remaining misspecification bias. When the boundary &% is smooth, robust bias correction for
standard univariate RD designs continues to be valid in the context of distance-based estimation
(Calonico et al., 2014, 2018, 2022). When & exhibits kinks, undersmoothing relative to the MSE-
optimal bandwidth for p = 0 is needed due to the fact that increasing p does not necessarily imply
a reduction in misspecification bias, and thus bias correction techniques are ineffective (uniformly
over x € %). A simple solution is to employ different bandwidths and polynomial orders for
different values of x € &, taking into account the relative proximity to a kink point on %.

The companion software package rd2d employs a simple rule-of-thumb bandwidth selector tar-
geting h =< n~Y* to implement the univariate distance-based estimator 7/5(X) as default for all x € A
when it is unknown whether 9% has kinks or other irregularities o, which is valid for estimation
whether % is smooth or not. For inference, following Calonico et al. (2018), the package employs

the undersmoothed choice of order n~1/3

, which targets coverage error optimality of confidence
interval estimators. If 9 is known to be smooth, then the package implements a rule-of-thumb
bandwidth selector targeting h =< n~2/(4+2P) for point estimation, and them employs robust bias

corrected inference based on that bandwidth choice. Furthermore, if the location of the kinks is

known, then the more adaptive bandwidth selection procedure Ekinhx(%) can be used. Section 7
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illustrates the performance of these methods, and also considers the software package rdrobust
for bandwidth selection with p = 0 as another simple rule-of-thumb bandwidth implementation.
Further implementation details and simulation evidence are given in Cattaneo et al. (2025d).
Finally, we explain how uniform inference is implemented based on Theorem 5(ii). In practice,
we discretize along the boundary with point of evaluations by, --- ,bys € %, and hence the feasible
(conditional) Gaussian process (Z,(x) : x € 9B) is reduced to the M-dimensional (conditional)
Gaussian random vector Z, = (Zn(b1),..., 2n(b M) with covariance matrix having a typical ele-
ment E[Z,,(b1) Zy(b2)|%]. The estimated (discretized) covariate function may not be positive define
in finite samples, in which case a simple regularization can be implemented as needed (see, e.g.,

Cattaneo et al., 2024a, for discussion and related technical results). Finding ¢, reduces to finding

the a-quantile of the distribution of maxj<;<as | Z,,(by)|, which can be easily simulated.

6 Distance-based Minimax Convergence Rate

Theorems 2 and 3 give precise conditions characterizing the pointwise and uniform (over ) bias
and convergence rate of the distance-based local polynomial estimator 7(x). It follows that the
estimator can achieve at best the uniform convergence rate (n/log(n))~1/* for an appropriate choice
of the bandwidth sequence h. A natural follow-up theoretical (and potentially practical) question
is whether a different distance-based estimator could do better. This section provide one answer
to this question: if the boundary & is rectifiable, then no isotropic nonparametric estimator of a
bivariate regression function can do better, up to polylog(n) terms, no matter how much additional
smoothness in the underlying conditional expectation function is assumed.

This section is self-contained because it pertains to minimax theory for nonparametric curve
estimation (see, e.g., Tsybakov, 2008, and references therein). The following theorem presents a
minimax uniform convergence rate result for estimation of bivariate compact supported nonpara-

metric functions employing a class of isotropic nonparametric estimators.

Theorem 6 (Distance-based Minimax Convergence Rate). For a constants ¢ > 1 and L > 0, let
P = Pye(L, q) be the class of (joint) probability laws P of (Y1,X1),---, (Yn, X,) satisfying the

following:
(i) ((Y;,X;): 1 <i<n) are i.i.d. taking values in R x R?.
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(ii) X; admits a Lebesgque density f that is continuous on its compact support X C [—L, L)%, with
L7 <infyeq f(x) < supygeq f(x) < L, and B =bd(X) is a rectifiable curve.

(iii) p(x) = E[Y;|X; = x| is g-times continuously differentiable on X with

max sup |0”u(x)| + max sup |0¥ u(x1) — 0% pu(x2)|

< L.
0<|v|<L g xex lv|=qx,,x26X Hxl - XQHq_ La]

(iv) o?(x) = V[Y;|X; = x] is continuous on X with L™! < infxcg 0?(x) < supyeg 02(x) < L.
In addition, let T be the class of all distance-based estimators T,,(Up(x)) with Uy, (x) = ((V3, || X —

x|)7T:1<i<n) for eachx € L. Then,

liminf n'/* inf sup Ep [ sup }Tn(Un(x)) - ,u(x)u 21,
n—00 TheT PePyp XERB

where Ep[-] denotes an expectation taken under the data generating process PP.

In sharp contrast to Theorem 6, under the assumptions imposed, the uniform minimax conver-

gence rate among all possible nonparametric estimators is

. n o \mre . . _ >
lim inf <logn) Slnnefé’PSelLlOJI;pEPbleg}Sn(x’wn) “(X)u <L

where & is the (unrestricted class) of estimators based on (W,, = (Y;,X)T : 1 <i < n). Therefore,
Theorem 6 shows that if we restrict the class of estimators to only using the distance || X; — x||
to the evaluation point x (as opposed to using X; directly) for estimation of p(x), then for any
such estimator there is a data generating process such that the largest estimation error uniformly

—1/4 when the boundary can have countably many kinks.

along the boundary is at least of order n
Notably, increasing the smoothness of the underlying bivariate regression function p(x) does not
improve the uniform estimation accuracy of estimators in I due to the possible lack of smoothness
introduced by a non-smooth boundary & of the support .

Finally, we can connect the results in this section to the results for BD designs. For clarity,

we consider one nonparametric regression estimation, as opposed to the difference of two such

estimators. By Theorem 4 and Theorem 2, the univariate distance-based p-th order local polynomial
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nonparametric regression estimator

i(x) =e]7(x),  A(x) = argminE, [(n - rp(Di(x))Ty)Qkh(Di(x))}, x € B,
~eRp+1

satisfies

1/4
lim sup lim sup supIP’[( n ) sup |1i(x) — p(x)| > M] =0.
M—oco n—o0 PeP logn XER

Since u(x) € 7 in Theorem 6, it follows that the distance-based local polynomial regression estima-
tor is minimax optimal in the sense of Theorem 6, up to the logl/ 4(n) factor, which we conjecture

is unimprovable (i.e., the lower bound in Theorem 6 is only loose by the factor logl/ 4 n).

7 Small Simulation Study

We illustrate the numerical performance of the distance-based methods with simulations calibrated
using the real-world dataset from Londono-Vélez et al. (2020), who analyzed the Colombian govern-
mental post-secondary education subsidy Ser Pilo Paga (SPP). This anti-poverty policy provided
tuition support for undergraduate college students attending high-quality, government-certified
higher education institutions. SPP eligibility was based on a deterministic, bivariate cutoff com-
bining merit and economic need: students had to achieve a SABER, 11 high school exit exam score
in the top 9 percent and have a SISBEN wealth index below a region-specific threshold. The result-
ing treatment assignment rule forms an L-shaped boundary 9, with one kink at the lowest levels
of eligibility in both dimensions of the score (and two other potential kinks at the boundary of the
support), but otherwise linear (hence “nice” and “smooth” in those sub-regions).

The dataset has n = 363,096 complete observations for the first cohort of the program (2014).
Each observation ¢ = 1,...,n corresponds to one student, and the bivariate score X; = (X, XQi)T =
(SABER11;, SISBEN;) " is comprised of the student’s SABER11 test score (ranging from —310 to 172)
and SISBEN wealth index (ranging from —103.41 to 127.21). Without loss of generality, each com-
ponent of the score is recentered at its cutoff for program eligibility and standardized to more
naturally accommodate a common distance function and scalar bandwidth parameter. The result-

ing treatment assignment boundary is % = {(SABER11, SISBEN) : (SABER11, SISBEN) € {SABER11 >
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0 and SISBEN = 0} U {SABER11 = 0 and SISBEN > 0}}. Since the support of the score & is com-
pact, technically speaking, there are three kinks on the boundary 9%: the point (0, 0), which is the
point of main interest for our purposes, and the two points where & intersects the boundary of
2. Our empirical analysis focuses on 20 evenly-spaced cutoff points, {bi,...,ba} € %, which
are positioned near the inner kink and away from the boundary of 2 to demonstrate the effect of
having one kink on the bias of the distance-based estimator. We employ the Euclidean distance so
that D;(x) = ||X; — x|| for each x € A.

All the results in this section are implemented using our companion software package rd2d, and
the package rdrobust for RD designs with univariate score. Omitted details are given in the
replication files available at https://rdpackages.github.io/. Figure 2 introduces the SPP data.
First, Figure 2a presents a scatterplot of the bivariate score, the boundary, and the 20 grid points.
Second, Figures 2b, 2c and 2d present three RD plots using the induced signed (univariate) distance
scores D;(by), D;(b11) and D;(bgg), respectively.

The score X; = (X1;, Xo;) " is taken to follow the distribution (100-Beta(3, 4)—25, 100-Beta(3,4)—
25)T with independent components, which roughly mimics the SPP dataset. In addition, we employ
the same L-shaped boundary as in the SPP application, with a kink at x = (0,0)". The potential

outcomes are generated by the regression models

Yi(t) = Bro + X1iBe1 + XoiBt2 + €t te{0,1}

where X, €0; and €1, are mutually independent, and ¢;; ~ Normal(0, o2), fori =1,2,--- ,n. The

coefficients were estimated using the SPP dataset. See Table 1 for the exact numerical values.

t=20 t=1

Bro  3.35x1071  6.98x 107!
Brai  252x107% 2.74x 1073
Bio —1.72x107% —6.05x 107*

oy  332x1071  4.35x 107!

Table 1: Parameter values calibrated using SPP dataset.

The simulation study considers n = 20,000 and 2,000 replications. We investigate measures of

point estimation and inference, both pointwise and uniform over the boundary 9. The numerical
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Figure 2: SPP Data: Scatter plot, and sample of distance-based RD Plots.

24



results for the distance-based local polynomial regression procedures are reported in four tables:
Table 2 assumes the boundary is smooth and thus employs the bandwidth choice h = ﬁMSE,b; Table 3
employs the kink-adaptive bandwidth choice h = ﬁMSE,b(%), which leverages knowledge of the kink
location; Table 4 employs the bandwidth choice h = C-n~4, which is valid regardless of whether
one or more kinks are present in %; and Table 5 employs the bandwidth choice h = hiq4}, from the
software package rdrobust, which is valid for univariate RD designs, and produces undersmoothing
in this BD design setting.

The main results are summarized in Figure 3, which plots the average of each point estimator
across the 2,000 replications, along with the population (linear) conditional expectation. The
figure demonstrates that distance-based methods that ignore the presence of the kink in & have
a larger bias than distance-based procedures that account for kinks or other irregularities in 9.
This numerical finding corroborates our main theoretical result in Theorem 2. Interestingly, in
this small calibrated simulation study, the relatively large bias does not have much of an impact on
inference performance: the signal-to-noise ratio is relatively small, and hence coverage of confidence
intervals and confidence bands is roughly close to their targeted nominal levels in all cases. This
finding indicates that the large bias uncovered in this paper for distance-based methods can affect
point estimation, without necessarily affecting uncertainty quantification. Of course, this is just one
small calibrated simulation study, and in other settings with a larger signal-to-noise ratio, inference
could also be affected whenever the distance-based procedures do not account for the presence of

the kinks or other irregularities in the assignment boundary.

8 Final Remarks

We studied the statistical properties of distance-based (isotropic) local polynomial estimation in the
context of BD designs. We presented necessary and sufficient conditions for identification, estima-
tion and inference in large samples, both pointwise and uniformly along the assignment boundary.
Our theoretical results highlighted the crucial role played by the regularity of the boundary (a
one-dimensional manifold) over which estimation and inference is conducted. Using our theoretical
results, we offered precise guidance for empirical practice, and demonstrated the performance of

our methods with simulated and real-world data. The companion general-purpose software pack-
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Figure 3: Average of Treatment effect Estimators: (i) Smooth denotes using bandwidths h =
huse x under the assumption that the boundary is smooth; (ii) Adaptive denotes using bandwidths
ﬁkink,x(gg) that adapts to the kink given information about the kink location; (iii) Unknown Kink
denotes using the bandwidth i = C - n~'/* under kink rates; (iv) Rdrobust denotes the (incorrect)
univariate MSE optimal bandwidth h14 x from rdrobust; and (v) Population denotes the population
BATEC causal parameter, 7(x), calibrated using the SPP dataset (see Table 1).

age rd2d implements the main results (Cattaneo et al., 2025d). Our results complement other
recent theoretical and methodological work for analysis and interpretation of BD discontinuity de-
signs, including Cattaneo et al. (2025b) for location-based methods and Cattaneo et al. (2025¢) for
boundary average treatment effect methods. See Cattaneo et al. (2026) for a recent review of the
literature.

Our work can be generalized in several ways. First and foremost, our results can be used to con-
struct distance-based plug-in estimation and inference methods for functionals of the BATEC:
two leading examples are the Weighted Boundary Average Treatment Effect (WBATE) given
by [5w(x)7(x)d(x), and the Largest Boundary Average Treatment Effect (WBATE) given by
SUPycg T(X). See Cattaneo et al. (2026) for more discussion and related references. In addition,
our results can be extended to consider kink RD designs (Card et al., 2015), fuzzy RD designs
(Arai et al., 2022), multi-cutoff RD designs (Cattaneo et al., 2016), and pre-treatment covariates
for efficiency improvements (Calonico et al., 2019) or heterogeneity analysis (Calonico et al., 2025).
Finally, motivated by Theorem 3, which shows that distance-based methods can exhibit improved
misspecification bias for smooth boundaries, we conjecture that new distance-based (isotropic)

nonparametric smoothing estimators that either (i) take into account the specific geometry of the
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boundary (e.g., knowledge of the location of kinks in %), or (ii) rely on regularization of the
boundary (e.g., a smooth approximation of %), could enjoy smaller misspecification bias. All these

generalizations are fruitful avenues for future research.

be % h Bias SD RMSE EC IL

b 18.125 -0.001 0.019  0.020 0.948 0.137
bo 17.553 -0.001 0.020  0.020 0.946 0.140
b3 17.071 -0.001 0.020  0.020 0.946 0.142
by 16.845 -0.000 0.020  0.020 0.952 0.143
bs 16.917 0.001 0.021  0.021 0.963 0.143
bs 17.231  0.003 0.021  0.021 0.955 0.140
by 17.640 0.006 0.021 0.021 0.949 0.138
bs 18.056  0.008 0.020  0.022 0.944 0.136
bg 18.172  0.009 0.020 0.021 0.948 0.138
big 18.267 0.007 0.020  0.021 0.949 0.140
b1 18.411  0.005 0.020  0.021 0.948 0.144
bi2 19.992  0.002 0.020 0.020 0.947 0.147
bi3 18.350 -0.004 0.020  0.021 0.953 0.142
by 18.404 -0.010 0.019  0.022 0.956 0.137
bis 18.456 -0.012 0.019  0.023 0.952 0.133
big 17.803 -0.008 0.021 0.022 0.957 0.136
b7 16.731 -0.002 0.021  0.021 0.961 0.144
big 15.953  0.001 0.021 0.021 0.954 0.151
big 16.058 0.000 0.021  0.021 0.947 0.151
bao 17.063 0.001 0.020 0.020 0.941 0.146
ba; 18.746  0.001 0.019  0.019 0.941 0.137
Uniform 0.936 0.213

Table 2: Simulation results with h = /ﬁMSE,b (smoothed %)
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be % h Bias SD  RMSE EC IL

by 18.087 -0.001 0.020 0.020 0.948 0.138
bo 17.354 -0.001 0.020 0.020 0.945 0.141
bs 16.511 -0.000 0.020  0.020 0.947 0.146
by 15.516 -0.000 0.021  0.021 0.943 0.153
bs 13.954 0.000 0.023 0.023 0.959 0.169
bg 12.000 0.000 0.026  0.026 0.941 0.196
b7 10.000 0.000 0.032 0.032 0.941 0.235
bg 8.294  0.000 0.040 0.040 0.936 0.286
bg 7.963 0.001 0.043 0.043 0.940 0.305
b1 8.003  0.002 0.041 0.041 0.951 0.309
b 8.066  0.003 0.043  0.043 0.937 0.316
by 8.759  0.002 0.046 0.046 0.932 0.334
bis 8.039 -0.003 0.043 0.043 0.949 0.315
by 8.063 -0.003 0.041 0.041 0.934 0.303
bis 8.548 -0.001 0.037 0.037 0.945 0.277
big 11.200 -0.000 0.028 0.028 0.950 0.210
b7 13.951 0.000 0.023 0.023 0.949 0.169
big 15.455  0.000 0.021 0.021 0.956 0.154
big 15.988 0.000 0.021  0.021 0.948 0.152
bog 17.054 0.001 0.020 0.020 0.941 0.146
bo1 18.746  0.001 0.019  0.019 0.941 0.137
Uniform 0.918 0.334

Table 3: Simulation results with h = ?LMSE,b(e%)) (kink adaptive)
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be% h Bias SD RMSE EC 1L

b 7.941 -0.002 0.042 0.042 0.945 0.158
bo 7.690 -0.001 0.042 0.042 0.944 0.161
bs 7.479 -0.001 0.043 0.043 0.943 0.163
b, 7.380 0.000 0.043 0.043 0.946 0.165
bs 7.411 0.001 0.042 0.042 0.960 0.164
bg 7.549 0.000 0.042 0.042 0.946 0.162
b~ 7.728 -0.000 0.042 0.042 0.947 0.159
bg 7.911 -0.000 0.042 0.042 0.946 0.158
by 7.961 0.001 0.043 0.043 0.943 0.159
b1g 8.003 0.002 0.041 0.041 0.951 0.162
b1 8.066 0.003 0.043  0.043 0.943 0.166
bio 8.759 0.002 0.046  0.046 0.941 0.173
b3 8.039 -0.003 0.043 0.043 0.947 0.164
b1y 8.063 -0.003 0.041 0.041 0.954 0.158
b1s 8.086 -0.001 0.039 0.039 0.953 0.154
big 7.800 -0.000 0.040 0.040 0.954 0.157
b7 7.330 0.001 0.043 0.043 0.941 0.166
big 6.989 -0.000 0.044 0.044 0.956 0.174
b1g 7.035 -0.002 0.045 0.045 0.946 0.175
bog 7.475 0.001 0.043 0.043 0.942 0.168
by 8.213 0.002 0.041 0.041 0.940 0.156
Uniform 0.930 0.248

Table 4: Simulation results with & = C-n~'/4 (unknown kink location)
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be% h Bias SD RMSE EC 1L

b 17.171 -0.001 0.021 0.021 0.950 0.145
bo 16.692 -0.001 0.021 0.021 0.945 0.147
bs 16.382 -0.002 0.021 0.021 0.951 0.149
by 16.342 -0.002 0.022 0.022 0.955 0.149
bs 16.521 -0.001 0.022 0.022 0.964 0.148
bg 16.923 0.001 0.023  0.023 0.960 0.146
b7 17.517 0.004 0.023 0.024 0.951 0.143
bs 18.050  0.006 0.023 0.024 0.948 0.140
by 18.633  0.007 0.022 0.023 0.945 0.138
big 19.099 0.006 0.021 0.022 0.950 0.138
b1 19.707  0.004 0.021 0.021 0.953 0.138
bis 21.348 0.001 0.021 0.021 0.953 0.141
b3 19.520 -0.004 0.021 0.021 0.952 0.137
b1y 19.133 -0.010 0.021 0.023 0.956 0.135
bis 18.682 -0.011 0.022 0.024 0.954 0.136
big 17.531 -0.006 0.024  0.025 0.958 0.143
b7 16.033 -0.000 0.024  0.024 0.958 0.154
big 15.139  0.002 0.022 0.022 0.958 0.160
b1y 15.304 0.002 0.022 0.022 0.950 0.159
bog 16.065 0.002 0.022 0.022 0.946 0.154
bo1 16.896  0.001 0.022 0.022 0.947 0.150
Uniform 0.947 0.219

Table 5: Simulation results with A = hyq1, (rdrobust 4 rd2d.dist)

30



References

ARAL Y., Y.-C. Hsu, T. KiTAGAWA, I. MOURIFIE, AND Y. WAN (2022): “Testing Identifying

Assumptions in Fuzzy Regression Discontinuity Designs,” Quantitative Economics, 13, 1-28.

AVNIR, D., O. BiHAM, D. LIDAR, AND O. MALCAT (1998): “Is the geometry of nature fractal?”

Science, 279, 39-40.

BANERJEE, S. (2005): “On Geodetic Distance Computations in Spatial Modeling,” Biometrics, 61,
617-625.

CALONICO, S., M. D. CATTANEO, AND M. H. FARRELL (2018): “On the Effect of Bias Esti-
mation on Coverage Accuracy in Nonparametric Inference,” Journal of the American Statistical

Association, 113, 767-779.

— (2020): “Optimal Bandwidth Choice for Robust Bias Corrected Inference in Regression

Discontinuity Designs,” Econometrics Journal, 23, 192-210.

(2022): “Coverage Error Optimal Confidence Intervals for Local Polynomial Regression,”

Bernoulli, 28, 2998-3022.

CALONICO, S., M. D. CarTaNEO, M. H. FARRELL, F. PALOMBA, AND R. TITIUNIK (2025):

“Treatment Effect Heterogeneity in Regression Discontinuity Designs,” Working paper.

CAaLONICO, S., M. D. CAaTrTANEO, M. H. FARRELL, AND R. TITIUNIK (2019): “Regression

Discontinuity Designs using Covariates,” Review of Economics and Statistics, 101, 442—-451.

CALONICO, S., M. D. CATTANEO, AND R. TITIUNIK (2014): “Robust Nonparametric Confidence

Intervals for Regression-Discontinuity Designs,” Fconometrica, 82, 2295-2326.

CARD, D., D. S. LEE, Z. PE1, AND A. WEBER (2015): “Inference on Causal Effects in a Gener-

alized Regression Kink Design,” Econometrica, 83, 2453-2483.

CATTANEO, M. D., Y. FENG, AND W. G. UNDERWOOD (2024a): “Uniform Inference for Kernel

Density Estimators with Dyadic Data,” Journal of the American Statistical Association, 119,

2695-2708.

31



CATTANEO, M. D., N. IDROBO, AND R. TITIUNIK (2024b): A Practical Introduction to Regression

Discontinuity Designs: Extensions, Cambridge University Press.

CarTaNEO, M. D.,; L. KEELE, R. TITIUNIK, AND G. VAZQUEZ-BARE (2016): “Interpreting

Regression Discontinuity Designs with Multiple Cutoffs,” Journal of Politics, 78, 1229-1248.

CATTANEO, M. D., R. MASINI, AND W. G. UNDERWOOD (2025a): “Yurinskii’s Coupling for

Martingales,” Annals of Statistics, forthcoming.

CATTANEO, M. D. AND R. TITIUNIK (2022): “Regression Discontinuity Designs,” Annual Review

of Economics, 14, 821-851.

CATTANEO, M. D., R. TITIUNIK, AND R. R. YU (2025b): “Estimation and Inference in Boundary

Discontinuity Designs: Location-Based Methods,” arXiv:2505.05670.

— (2025¢): “Estimation and Inference in Boundary Discontinuity Designs: Pooling-Based

Methods,” Working paper.

(2025d): “rd2d: Causal Inference in Boundary Discontinuity Designs,” arXiv:2505.07989.

— (2026): “Boundary Discontinuity Designs: Theory and Practice,” in Advances in Eco-
nomics and Econometrics: Thirteenth World Congress, ed. by R. Griffith, Y. Gorodnichenko,

M. Kandori, and F. Molinari, Cambridge University Press, vol. 1, chap. 2, forthcoming.

CATTANEO, M. D. AND R. R. YU (2025): “Strong Approximations for Empirical Processes Indexed

by Lipschitz Functions,” Annals of Statistics, 53, 1203—1229.

CHEN, X. AND W. Y. GAO (2025): “Semiparametric Learning of Integral Functionals on Subman-

ifolds,” arXiv:2507.126785.

CHERNOZHUKOV, V., D. CHETVERIKOV, AND K. KATO (2014a): “Anti-Concentration and Honest,

Adaptive Confidence Bands,” Annals of Statistics, 42, 1787-1818.

(2014b): “Gaussian Approximation of Suprema of Empirical Processes,” Annals of Statis-

tics, 42, 1564-1597.

32



CHERNOZHUOKOV, V., D. CHETVERIKOV, K. KATO, AND Y. KOIKE (2022): “Improved central
limit theorem and bootstrap approximations in high dimensions,” Annals of Statistics, 50, 2562—

2586.

Diaz, J. D. AND J. R. ZUBIZARRETA (2023): “Complex Discontinuity Designs Using Covariates

for Policy Impact Evaluation,” Annals of Applied Statistics, 17, 67-88.
FEDERER, H. (2014): Geometric measure theory, Springer.

GALIANI, S., P. J. McEwAN, AND B. QUISTORFF (2017): “External and Internal Validity of a

”

Geographic Quasi-Experiment Embedded in a Cluster-Randomized Experiment,” in Regression
Discontinuity Designs: Theory and Applications (Advances in Econometrics, volume 38), ed. by

M. D. Cattaneo and J. C. Escanciano, Emerald Group Publishing, 195-236.

GINE, E. AND R. NICKL (2016): Mathematical Foundations of Infinite-dimensional Statistical

Models, New York: Cambridge University Press.

Hann, J., P. Topp, AND W. vAN DER KraAuw (2001): “Identification and Estimation of

Treatment Effects with a Regression-Discontinuity Design,” Econometrica, 69, 201-209.

HARDLE, W., M. MULLER, S. SPERLICH, AND A. WERWATZ (2004): Nonparametric and Semi-

parametric Models, Heidelberg: Springer.

HERNAN, M. A. AND J. M. ROBINS (2020): Causal Inference: What If, Boca Raton: Chapman
& Hall/CRC.

KEeELE, L. AND R. TITIUNIK (2016): “Natural experiments based on geography,” Political Science

Research and Methods, 4, 65-95.

KEeELE, L. J., S. LORCH, M. PASSARELLA, D. SMALL, AND R. TITIUNIK (2017): “An Overview of
Geographically Discontinuous Treatment Assignments with an Application to Children’s Health
Insurance,” in Regression Discontinuity Designs: Theory and Applications (Advances in Econo-
metrics, volume 38), ed. by M. D. Cattaneo and J. C. Escanciano, Emerald Group Publishing,

147-194.

33



KeeLE, L. J. AND R. TITIUNIK (2015): “Geographic Boundaries as Regression Discontinuities,”

Political Analysis, 23, 127-155.

KeEeLE, L. J., R. TITIUNIK, AND J. ZUBIZARRETA (2015): “Enhancing a Geographic Regression
Discontinuity Design Through Matching to Estimate the Effect of Ballot Initiatives on Voter

Turnout,” Journal of the Royal Statistical Society: Series A, 178, 223-239.

LoNDONO-VELEZ, J., C. RODRIGUEZ, AND F. SANCHEZ (2020): “Upstream and downstream
impacts of college merit-based financial aid for low-income students: Ser Pilo Paga in Colombia,”

American Economic Journal: Economic Policy, 12, 193-227.

MANDELBROT, B. (1967): “How long is the coast of Britain? Statistical self-similarity and frac-

tional dimension,” science, 156, 636—638.
MANDELBROT, B. B. (1983): “The fractal geometry of nature,” New York.

Papay, J. P., J. B. WILLETT, AND R. J. MURNANE (2011): “Extending the regression-

discontinuity approach to multiple assignment variables,” Journal of Econometrics, 161, 203—

207.

REARDON, S. F. AND J. P. ROBINSON (2012): “Regression Discontinuity Designs with Multiple

Rating-Score Variables,” Journal of Research on Educational Effectiveness, 5, 83—104.

RISCHARD, M., Z. BRANSON, L. MIRATRIX, AND L. BORNN (2021): “Do School Districts Affect
NYC House Prices? Identifying Border Differences using a Bayesian Nonparametric Approach to
Geographic Regression Discontinuity Designs,” Journal of the American Statistical Association,

116, 619-631.

SIMON, L. ET AL. (1984): Lectures on geometric measure theory, Centre for Mathematical Analysis,

Australian National University Canberra.
TsYBAKOV, A. (2008): Introduction to Nonparametric Estimation, Springer.

VAN DER VAART, A. W. AND J. A. WELLNER (1996): Weak Convergence and Empirical Processes,

Springer.

34



VELEZ, Y. R. AND B. J. NEWMAN (2019): “Tuning in, not turning out: Evaluating the impact of

ethnic television on political participation,” American Journal of Political Science, 63, 808-823.

Wong, V. C.; P. M. STEINER, AND T. D. Cook (2013): “Analyzing regression-discontinuity
designs with multiple assignment variables: A comparative study of four estimation methods,”

Journal of Educational and Behavioral Statistics, 38, 107-141.

35



	Introduction
	Notation

	Setup and Assumptions
	Identification and Interpretation
	Approximation Bias
	Estimation and Inference
	Convergence Rates
	Uncertainty Quantification
	Discussion and Implementation

	Distance-based Minimax Convergence Rate
	Small Simulation Study
	Final Remarks

