
Estimation and Inference in Boundary Discontinuity Designs:

Distance-Based Methods

Supplemental Appendix

Matias D. Cattaneo∗ Rocio Titiunik† Ruiqi (Rae) Yu‡

November 4, 2025

Abstract

This supplemental appendix presents more general theoretical results encompassing those reported

in the paper, their theoretical proofs, and other technical results. In particular, it presents a new strong

approximation result for multiplicative-separable empirical processes leveraging and extending ideas from

Cattaneo and Yu [2025].

∗Department of Operations Research and Financial Engineering, Princeton University.
†Department of Politics, Princeton University.
‡Department of Operations Research and Financial Engineering, Princeton University.



Contents

SA-1 Setup 2

SA-1.1 Notation and Definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

SA-1.2 Mapping between Main Paper and Supplement . . . . . . . . . . . . . . . . . . . . . . . . 5

SA-2 Preliminary Lemmas 6

SA-3 Identification and Point Estimation 7

SA-4 Distributional Approximation and Inference 7

SA-5 Gaussian Strong Approximation 9

SA-5.1 Definitions for Function Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

SA-5.2 Multiplicative-Separable Empirical Process . . . . . . . . . . . . . . . . . . . . . . . . . . 11

SA-6 Proofs 12

SA-6.1 Proof of Lemma SA-1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

SA-6.2 Proof of Lemma SA-2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

SA-6.3 Proof of Lemma SA-3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

SA-6.4 Proof of Lemma SA-4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

SA-6.5 Proof of Lemma SA-5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

SA-6.6 Proof of Theorem SA-1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

SA-6.7 Proof of Theorem SA-2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

SA-6.8 Proof of Theorem SA-3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

SA-6.9 Proof of Theorem SA-4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

SA-6.10 Proof of Theorem SA-5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

SA-6.11 Proof of Theorem SA-6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

SA-6.12 Proof of Theorem SA-7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

SA-6.13 Proof of Theorem SA-8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

SA-6.14 Proof of Theorem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

SA-6.15 Proof of Theorem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

SA-6.16 Proof of Theorem 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

1



SA-1 Setup

This supplemental appendix considers a generalized version of the problems studied in the main paper.

Specifically, the underlying bivariate location variable Xi is d-dimensional (d ≥ 1) with support X ⊆ Rd,

and the boundary region B is a low dimensional manifold with “effective dimension” d − 1. The results in

the paper correspond to d = 2, that is, Xi is bivariate and B is a one-dimensional (boundary assignment)

curve.

Assumption 1 in the paper generalizes as follows.

Assumption SA–1 (Data Generating Process). Let t ∈ {0, 1}.

(i) (Y1(t),X
⊤
1 )

⊤, . . . , (Yn(t),X
⊤
n )

⊤ are independent and identically distributed random vectors with X =∏d
l=1[al, bl] for −∞ < al < bl <∞ for l = 1, · · · , d.

(ii) The distribution of Xi has a Lebesgue density fX(x) that is continuous and bounded away from zero

on X.

(iii) µt(x) = E[Yi(t)|Xi = x] is (p+ 1)-times continuously differentiable on X.

(iv) σ2
t (x) = V[Yi(t)|Xi = x] is bounded away from zero and continuous on X.

(v) supx∈X E[|Yi(t)|2+v|Xi = x] <∞ for some v ≥ 2.

The support X is partitioned into two (assignment) areas, A0 ⊂ Rd and A1 ⊂ Rd, representing the control

and treatment regions, respectively. Thus, X = A0∪A1 with A0 and A1 disjoint regions in Rd. The observed

outcome is Yi = 1(Xi ∈ A0)Yi(0)+1(Xi ∈ A1)Yi(1), and B = bd(A0)∩bd(A1) is the boundary determined

by the assignment regions, where bd(At) denotes the topological boundary of At.

The conditional treatment effect curve at the boundary is

τ(x) = E[Yi(1)− Yi(0)|Xi = x], x ∈ B.

The univariate distance score induced by the bivariate location variable is

Di(x) = [1(Xi ∈ A1)− 1(Xi ∈ A0)]d(Xi,x), x ∈ B,

where d(·, ·) denotes a distance function. The distance-based treatment effect estimator process along the

boundary based is (τ(x) : x ∈ B) is(
ϑ̂(x) = θ̂1,x(0)− θ̂0,x(0) : x ∈ B

)
,

where, for t ∈ {0, 1},

θ̂t,x(0) = e⊤1 γ̂t(x), γ̂t(x) = argmin
γ∈Rp+1

En

[(
Yi − rp(Di(x))

⊤γ
)2
Kh(Di(x))1It

(Di(x))
]
,

rp(u) = (1, u, · · · , up)⊤ andKh(u) = K(u/h)/h2 withK(·) a univariate kernel and h a bandwidth parameter,

and I0 = (−∞, 0) and I1 = [0,∞). More generally, the least squares projection is

θ̂t,x(Di(x)) = rp(Di(x))
⊤γ̂t(x), t ∈ {0, 1}, x ∈ B.

We impose the following assumptions on the kernel function, distance function, and assignment boundary
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manifold. Let

Ψt,x = E
[
rp

(Di(x)

h

)
rp

(Di(x)

h

)⊤
Kh(Di(x))1(Di(x) ∈ It)

]
,

for t ∈ {0, 1}.

Assumption SA–2 (Kernel, Distance, and Boundary). Let t ∈ {0, 1}.
(i) B is compact (d− 1)-rectifiable, with Hd−1(B) positive and finite.

(ii) d : Rd ×Rd → R+ is a metric on Rd equivalent to the Euclidean distance, that is, there exists positive

constants Cu and Cl such that Cl ∥x− x′∥ ≤ d(x,x′) ≤ Cu ∥x− x′∥ for all x,x′ ∈ X.

(iii) K : R → [0,∞) is compact supported and Lipschitz continuous, or K(u) = 1(u ∈ [−1, 1]).

(iv) lim infh↓0 infx∈B λmin(Ψt,x) ≳ 1.

For each t ∈ {0, 1}, the induced conditional expectation based on univariate distance is

θt,x(r) = E[Yi|Di(x) = r] = E[Yi|d(Xi,x) = |r|,Xi ∈ At], r ∈ It, x ∈ B.

More rigorously, for each t ∈ {0, 1}, and letting St,x(r) = {v ∈ X : d(v,x) = r,v ∈ At} for r ≥ 0 and

x ∈ B,

θt,x(r) =

∫
St,x(|r|) µt(v)fX(v)Hd−1(dv)∫

St,x(|r|) fX(v)Hd−1(dv)
,

for |r| > 0,x ∈ B, t ∈ {0, 1}, and therefore (under our assumptions)

θt,x(0) = lim
r→0

E[Yi|d(Xi,x) = |r|,Xi ∈ At] = lim
r→0

∫
St,x(|r|) µt(v)fX(v)Hd−1(dv)∫

St,x(|r|) fX(v)Hd−1(dv)
.

Thus, the population limit based on the induced conditional expectations is θx(0) = θ1,x(0) − θ0,x(0).

Theorem SA-1 shows that θx(0) = τ(x) under Assumptions SA–1 and SA–2.

The best mean square approximation is

θ∗t,x(Di(x)) = rp(Di(x))
⊤γ∗

t (x),

where

γ∗
t (x) = argmin

γ∈Rp+1

E
[ (
Yi − rp(Di(x))

⊤γ
)2
Kh(Di(x))1(Di(x) ∈ It)

]
,

and uniqueness will follow from the results below. The estimation error decomposes into linear error,

approximation error, and non-linear error : for all t ∈ {0, 1} and x ∈ B,

θ̂t,x(0)− θt,x(0) = e⊤1 Ψ̂
−1

t,xEn

[
rp

(Di(x)

h

)
Kh(Di(x))Yi

]
− θt,x(0)

= e⊤1 Ψ̂
−1

t,xEn

[
rp

(Di(x)

h

)
Kh(Di(x))(Yi − θ∗t,x(Di(x)))

]
+ θ∗t,x(0)− θt,x(0)

= θ∗t,x(0)− θt,x(0)︸ ︷︷ ︸
approximation error

+ e⊤1 Ψ
−1
t,xOt,x︸ ︷︷ ︸

linear error

+ e⊤1 (Ψ̂
−1

t,x −Ψ−1
t,x)Ot,x︸ ︷︷ ︸

non-linear error

, (SA-1)
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where

Ot,x = En

[
rp

(Di(x)

h

)
Kh(Di(x))(Yi − θ∗t,x(Di(x)))1(Di(x) ∈ It)

]
,

Ψ̂t,x = En

[
rp

(Di(x)

h

)
rp

(Di(x)

h

)⊤
Kh(Di(x))1(Di(x) ∈ It)

]
,

and the misspecification bias is

Bt(x) = θ∗t,x(0)− θt,x(0).

Finally, we define the following for quantities for future analysis: for t ∈ {0, 1}, x1,x2 ∈ B,

Υ̂t,x1,x2
= hdEn

[
rp

(Di(x1)

h

)
rp

(Di(x2)

h

)⊤
Kh(Di(x1))Kh(Di(x2))

(Yi − θ̂t,x1
(Di(x1)))(Yi − θ̂t,x2

(Di(x2)))1It
(Di(x1))

]
,

Υt,x1,x2
= hdE

[
rp

(Di(x1)

h

)
rp

(Di(x2)

h

)⊤
Kh(Di(x1))Kh(Di(x2))

(Yi − θ∗t,x1
(Di(x1)))(Yi − θ∗t,x2

(Di(x2))),

Ξ̂x1,x2
= Ξ̂0,x1,x2

+ Ξ̂1,x1,x2
, Ξ̂t,x1,x2

=
1

nhd
e⊤1 Ψ̂

−1

t,x1
Υ̂t,x1,x2

Ψ̂
−1

t,x2
e1

and

Ξx1,x2 = Ξ0,x1,x2 + Ξ1,x1,x2 . Ξt,x1,x2 =
1

nhd
e⊤1 Ψ

−1
t,x1

Υt,x1,x2Ψ
−1
t,x2

e1.

In particular, Ξ̂x = Ξ̂x,x, Ξx = Ξx,x, B(x) = B1(x)−B0(x), etc.

SA-1.1 Notation and Definitions

For textbook references on empirical process, see van der Vaart and Wellner [1996], Dudley [2014], and Giné

and Nickl [2016]. For textbook reference on geometric measure theory, see Simon et al. [1984], Federer [2014],

and Folland [2002].

(i) Multi-index Notations. For a multi-index u = (u1, . . . , ud) ∈ Nd, denote |u| =
∑d

i=1 ud, u! = Πd
i=1ud.

Denote rp(u) = (1, u1, . . . , ud, u
2
1, . . . , u

2
d, . . . , u

p
1, . . . , u

p
d), that is, all monomials uα1

1 · · ·uαd

d such that

αi ∈ N and
∑d

i=1 αi ≤ p. Define e1+ν to be the pd = (d+p)!
d!p! -dimensional vector such that e⊤1+νrp(u) =

uν for all u ∈ Rd.

(ii) Norms. For a vector v ∈ Rk, ∥v∥ = (
∑k

i=1 v
2
i )

1/2, ∥v∥∞ = max1≤i≤k |vi|. For a matrix A ∈ Rm×n,

∥A∥p = sup∥x∥p=1 ∥Ax∥p, p ∈ N ∪ {∞}, and λmin(A) denotes its minimum eigenvalue. For a function

f on a metric space (S, d), ∥f∥∞ = supx∈X |f(x)|. For a probability measure Q on (S,S ) and p ≥ 1,

define ∥f∥Q,p = (
∫
S
|f |pdQ)1/p. For a set E ⊆ Rd, denote by m(E) the Lebesgue measure of E.

(iii) Empirical Process. We use standard empirical process notations: En[g(vi)] = 1
n

∑n
i=1 g(vi) and
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Gn[g(vi)] = 1√
n

∑n
i=1(g(vi) − E[g(vi)]). Let (S, d) be a semi-metric space. The covering num-

ber N(S, d, ε) is the minimal number of balls Bs(ε) = {t : d(t, s) < ε} needed to cover S. A P-
Brownian bridge is a mean-zero Gaussian random function Wn(f), f ∈ L2(X,P) with the covariance

E[WP(f)WP(g)] = P(fg) − P(f)P(g), for f, g ∈ L2(X,P). A class F ⊆ L2(X,P) is P-pregaussian if

there is a version of P-Brownian bridge WP such that WP ∈ C(F; ρP) almost surely, where ρP is the

semi-metric on L2(X,P) is defined by ρP(f, g) = (∥f−g∥2P,2−(
∫
f dP−

∫
g dP)2)1/2, for f, g ∈ L2(X,P).

(iv) Geometric Measure Theory. For a set E ⊆ X, the De Giorgi perimeter of E related to X is L(E) =

TV{1E},X. For d ∈ N and 0 ≤ m ≤ d, the m-dimensional Hausdorff (outer) measure is given by

Hm(A) = limδ↓0 H
m
δ (A), A ⊆ Rd, where for each δ > 0, Hm

δ (A) is defined by taking Hm
δ (∅) = 0, and

for any non-empty A ⊆ Rd, Hm
δ (A) = πm/2

Γ(m/2+1) inf
∑∞

j=1(diam(Cj)/2)
m, and the infimum is taken

over all countable collections C1, C2, · · · of subsets of Rd such that diam(Cj) < δ and A ⊆ ∪∞
j=1Cj .

Integration against Hm is defined via Carathéodory’s Theorem following the classical measure-theoretic

literature. The Hausdorff dimension dimH(A) of A is defined by dimH(A) = inf{t ≥ 0 : Ht(A) = 0}.
A set A ⊆ Rd is said to be k-rectifiable if A is of Hausdorff dimension k, and there exist a countable

collection {fi} of continuously differentiable maps fi : Rk → Rd such that Hk(E \ ∪∞
i=0fi(Rk)) =

0. B is a rectifiable curve if there exists a Lipschitz continuous function γ : [0, 1] → R such that

B = γ([0, 1]). We define the curve length function of B to be L(B) = supπ∈Π s(π, γ), where Π =

{(t0, t1, . . . , tN ) : N ∈ N, 0 ≤ t0 < t1 < . . . ≤ tN ≤ 1} and s(π, γ) =
∑N

i=0 ∥γ(ti)− γ(ti+1)∥2 for π =

(t0, t1, . . . , tN ).

(v) Bounds and Asymptotics. For reals sequences |an| = o(|bn|) if lim sup an

bn
= 0, |an| ≲ |bn| if there exists

some constant C and N > 0 such that n > N implies |an| ≤ C|bn|. For sequences of random variables

an = obP (bn) if plimn→∞
an

bn
= 0, |an| ≲P |bn| if lim supM→∞ lim supn→∞ P[|an

bn
| ≥M ] = 0.

(vi) Distributions and Statistical Distances. For µ ∈ Rk andΣ a k×k positive definite matrix, Normal(µ,Σ)

denotes the Gaussian distribution with mean µ and covarianceΣ. For−∞ < a < b <∞, Uniform([a, b])

denotes the uniform distribution on [a, b]. Bernoulli(p) denotes the Bernoulli distribution with success

probability p. Φ(·) denotes the standard Gaussian cumulative distribution function. For two distribu-

tions P and Q, dKL(P,Q) denotes the KL-distance between P and Q, and dχ2(P,Q) denotes the χ2

distance between P and Q.

SA-1.2 Mapping between Main Paper and Supplement

The results in the main paper are special cases of the results in this supplemental appendix as follows.

• Theorem 1 in the paper corresponds to Theorem SA-1 with d = 2.

• Theorem 2 in the paper is proven in Section SA-6.14.

• Theorem 3 in the paper is proven in Section SA-6.15.

• Theorem 4(i) in the paper corresponds in Theorem SA-2 with d = 2.

• Theorem 4(ii) in the paper corresponds in Theorem SA-3 with d = 2.

• Theorem 5(i) in the paper corresponds in Theorem SA-4 with d = 2.

• Theorem 5(ii) in the paper corresponds in Theorem SA-7 with d = 2.
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• Theorem 6 in the paper is proven in Section SA-6.16.

SA-2 Preliminary Lemmas

Recall that t ∈ {0, 1}.
The following lemma gives a sufficient condition for Assumption SA–2.

Lemma SA-1 (Gram Invertibility). Suppose the following conditions hold:

1. Assumptions SA–1(i)(ii) and Assumption SA–2 (iii) hold.

2. d(·, ·) is the Euclidean distance.

3. There exists a set U ⊆ Rd, such that K(∥u∥) ≥ κ > 0 for all u ∈ U , λmin(
∫
U
rp(∥z∥)rp(∥z∥)⊤dz) > 0,

and lim infh↓0 infx∈B

∫
U
K(∥u∥)1(x+ hu ∈ At)du ≳ 1.

Then Assumption SA–2 (iv) holds.

Lemma SA-2 (Gram). Suppose Assumptions SA–1(i)(ii) and SA–2 hold. If nhd

log(1/h) → ∞, then

sup
x∈B

∥∥Ψ̂t,x −Ψt,x

∥∥ ≲P

√
log(1/h)

nhd
, 1 ≲P inf

x∈B

∥∥Ψ̂t,x

∥∥ ≤ sup
x∈B

∥∥Ψ̂t,x

∥∥ ≲P 1,

sup
x∈B

∥∥Ψ̂−1

t,x −Ψ−1
t,x

∥∥ ≲P

√
log(1/h)

nhd
.

Lemma SA-3 (Stochastic Linear Approximation). Suppose Assumptions SA–1(i)(ii)(iii)(v) and SA–2 hold.

If nhd

log(1/h) → ∞, then

sup
x∈B

∥∥Ot,x

∥∥ ≲P

√
log(1/h)

nhd
+

log(1/h)

n
1+v
2+v hd

,

sup
x∈B

∣∣e⊤1 Ψ−1
t,xOt,x

∣∣ ≲P

√
log(1/h)

nhd
+

log(1/h)

n
1+v
2+v hd

,

sup
x∈B

∣∣e⊤1 (Ψ̂−1

t,x −Ψ−1
t,x)Ot,x

∣∣ ≲P

√
log(1/h)

nhd

(√
log(1/h)

nhd
+

log(1/h)

n
1+v
2+v hd

)
.

Lemma SA-4 (Covariance). Suppose Assumptions SA–1 and SA–2 hold. If nhd

log(1/h) → ∞, then

sup
x1,x2∈B

∥∥Υ̂t,x1,x2
−Υt,x1,x2

∥∥ ≲P

√
log(1/h)

nhd
+

log(1/h)

n
v

2+v hd
,

sup
x1,x2∈B

nhd
∣∣Ξ̂t,x1,x2

− Ξt,x1,x2

∣∣ ≲P

√
log(1/h)

nhd
+

log(1/h)

n
v

2+v hd
.

If, in addition, n
v

2+v hd

log(1/h) → ∞, then

inf
x∈B

λmin(Υ̂t,x,x) ≳P 1, inf
x∈B

Ξ̂t,x,x ≳P (nhd)−1,
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and

sup
x1,x2∈B

∣∣∣∣ Ξ̂t,x1,x2√
Ξ̂t,x1,x2

Ξ̂t,x2,x2

− Ξt,x1,x2√
Ξt,x2,x2Ξt,x2,x2

∣∣∣∣ ≲P

√
log(1/h)

nhd
+

log(1/h)

n
v

2+v hd
.

Lemma SA-5 (Uniform Bias: Minimal Guarantee). Suppose Assumptions SA–1 (i)(ii)(iii) and SA–2 hold.

If h→ 0, then

sup
x∈B

|B(x)| ≲ h.

SA-3 Identification and Point Estimation

Theorem SA-1 (Distance-Based Identification). Suppose Assumptions SA–1(i)-(iii) and SA–2 hold. Then,

τ(x) = limr↓0 θ1,x(r)− limr↑0 θ0,x(r) for all x ∈ B.

Theorem SA-2 (Pointwise Convergence Rate). Suppose Assumptions SA–1 and SA–2 hold. If nhd → ∞,

then

∣∣ϑ̂(x)− τ(x)
∣∣ ≲P

1√
nhd

+
1

n
1+v
2+v hd

+
∣∣B(x)

∣∣.
Theorem SA-3 (Uniform Convergence Rate). Suppose Assumptions SA–1 and SA–2 hold. If nhd

log(1/h) → ∞,

then

sup
x∈B

∣∣ϑ̂(x)− τ(x)
∣∣ ≲P

√
log(1/h)

nhd
+

log(1/h)

n
1+v
2+v hd

+ sup
x∈B

∣∣B(x)
∣∣.

SA-4 Distributional Approximation and Inference

Let W = ((X⊤
1 , Y1), · · · , (X⊤

n , Yn)), and recall that t ∈ {0, 1}. The feasible t-statistics is

T̂(x) =
ϑ̂(x)− τ(x)√

Ξ̂x,x

, x ∈ B.

The associated 100(1− α)% confidence interval estimator is

Îα(x) =

[
ϑ̂(x)− qα

√
Ξ̂x,x , ϑ̂(x) + qα

√
Ξ̂x,x

]
,

where qα denotes an appropriate quantile depending on the desired confidence level α ∈ (0, 1), and coverage

objective (pointwise vs. uniform over B). The following theorem establishes pointwise asymptotic normality

and validity of confidence intervals. Let Φ(·) be the cumulative distribution function of a standard univariate

Gaussian random variable.

Theorem SA-4 (Confidence Intervals). Suppose Assumptions SA–1 and SA–2 hold. If n
v

2+v hd → ∞ and
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√
nhd|B(x)| → 0, then

sup
u∈R

∣∣∣P(T̂(x) ≤ u
)
− Φ(u)

∣∣∣ = o(1), x ∈ B,

and

P
(
τ(x) ∈ Îα(x)

)
= 1− α+ o(1), x ∈ B,

provided that qα = inf{c > 0 : P(|Ẑ| ≥ c|W) ≤ α} with Ẑ|W ∼ Normal(0, Ξ̂x,x).

To conduct uniform inference, and in particular construct confidence bands, we rely on a new strong

approximation result established in Section SA-5. First, we approximate (uniformly over x ∈ B) the feasible

statistic T̂
(ν)

by the following linear statistic (which is a sum of independent random variables):

Tdis(x) = Ξ−1/2
x,x

(
e⊤1 Ψ

−1
1,xO1,x − e⊤1 Ψ

−1
0,xO0,x

)
, x ∈ B.

Theorem SA-5 (Stochastic Linearization). Suppose Assumptions SA–1 and SA–2 hold. If nhd

log(1/h) → ∞,

then

sup
x∈B

∣∣T̂(x)− T(x)
∣∣ ≲P

√
log(1/h)

(√
log(1/h)

nhd
+

log(1/h)

n
v

2+v hd

)
+

√
nhd sup

x∈B

|B(x)|.

The pointwise (in B) analogue of this result removes the log(1/h) penalty. See the proof of Theorem

SA-4 for more details. To establish a Gaussian strong approximation for T(x), define the class of functions

G = {gx : x ∈ B} and M = {mx : x ∈ B}, where

gx(u) = 1(u ∈ A1)K1(u;x)− 1(u ∈ A0)K0(u;x),

mx(u) = −1(u ∈ A1)K1(u;x)θ
∗
1,x(d(u,x)) + 1(u ∈ A0)K0(u;x)θ

∗
0,x(d(u,x)), (SA-2)

with

Kt(u;x) =
1√
nΞx,x

e⊤1 Ψ
−1
t,xrp

(d(u,x)

h

)
Kh(d(u,x)),

for all u ∈ X, x ∈ B, and t ∈ {0, 1}. In addition, let R be the class of functions containing the singleton

identity function Id : R 7→ R, Id(x) = x. Then, T(x) can be represented as

T(x) =
1√
n

n∑
i=1

[
gx(Xi) Id(yi) +mx(Xi)− E

[
gx(Xi) Id(yi) +mx(Xi)

]]
.

Following Cattaneo and Yu [2025], we define the multiplicative separable empirical processes by

Mn(g, r) =
1√
n

n∑
i=1

[
g(xi)r(yi)− E[g(xi)r(yi)]

]
, g ∈ G, r ∈ R,

which implies that

T(x) =Mn(gx, Id) +Mn(mx, 1), x ∈ B.
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Leveraging ideas in Cattaneo and Yu [2025], Theorem SA-8 gives a new Gaussian strong approximation

that can be applied to T(x). This new theorem allows for polynomial moment bound on the conditional

distribution of Yi|Xi.

Theorem SA-6 (Gaussian Strong Approximation: T). Suppose Assumptions SA–1 and SA–2 hold, and

that there exists a constant C > 0 such that for t ∈ {0, 1} and for any x ∈ B, the De Giorgi perimeter

of the set Et,x = {y ∈ At : (y − x)/h ∈ Supp(K)} satisfies L(Et,x) ≤ Chd−1. If lim infn→∞
log h
logn > −∞

and nhd → ∞ as n → ∞, then (on a possibly enlarged probability space) there exists a mean-zero Gaussian

process Z indexed by B with almost surely continuous sample path such that

E
[
sup
x∈B

∣∣T(x)− z(x)
∣∣] ≲ (log(n))

3
2

( 1

nhd

) 1
2d+2

v
v+2

+ log(n)
( 1

n
v

2+v hd

) 1
2

,

where ≲ is up to a universal constant, and Z(ν) has the same covariance structure as T; i.e., Cov[T(x1),T(x2)] =

Cov[Z(x1), Z(x2)] for all x1,x2 ∈ B.

Theorem SA-6 can be used to construct confidence bands for (τ(x) : x ∈ B). Let (Ẑ(x) : x ∈ B) be a

(conditionally on W) mean-zero Gaussian process with feasible (conditional) covariance function

Cov
[
Ẑ(x1), Ẑ(x2)

∣∣∣W]
=

√
Ξ̂x1,x2√

Ξ̂x1,x1

√
Ξ̂x2,x2

, x1,x2 ∈ B.

Theorem SA-7 (Confidence Bands). Suppose the assumptions and conditions in Theorem SA-6 hold. If

lim infn→∞
log h
logn > −∞, n

v
2+v hd

(logn)3 → ∞ and
√
nhd supx∈B |B(x)| → 0, then

sup
u∈R

∣∣∣P( sup
x∈B

∣∣T̂(x)∣∣ ≤ u
)
− P

(
sup
x∈B

∣∣Ẑ(x)∣∣ ≤ u
∣∣∣W)∣∣∣ = oP(1)

and

P
[
τ (ν)(x) ∈ Î

(ν)

α (x), for all x ∈ B
]
= 1− α+ o(1),

provided that qα = inf
{
c > 0 : P

(
supx∈B

∣∣Ẑ(ν)(x)
∣∣ ≥ c

∣∣W)
≤ α

}
.

SA-5 Gaussian Strong Approximation

We present a Gaussian strong approximation theorem, which is the key technical tool behind Theorem SA-6.

The theorem builds on and generalizes the results in Cattaneo and Yu [2025]. Consider the residual-based

empirical process given by

Mn[g, r] =
1√
n

n∑
i=1

[
g(xi)r(yi)− E[g(xi)r(yi)]

]
, g ∈ G, r ∈ R.

where G and R are classes of functions satisfying certain regularity conditions.
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SA-5.1 Definitions for Function Spaces

Let F be a class of measurable functions from a probability space (Rq,B(Rq),P) to R. We introduce several

definitions that capture properties of F.

(i) F is pointwise measurable if it contains a countable subset G such that for any f ∈ F, there exists a

sequence (gm : m ≥ 1) ⊆ G such that limm→∞ gm(u) = f(u) for all u ∈ Rq.

(ii) Let Supp(F) = ∪f∈F Supp(f). A probability measure QF on (Rq,B(Rq)) is a surrogate measure for

P with respect to F if

(i) QF agrees with P on Supp(P) ∩ Supp(F).

(ii) QF(Supp(F) \ Supp(P)) = 0.

Let QF = Supp(QF).

(iii) For q = 1 and an interval I ⊆ R, the pointwise total variation of F over I is

pTVF,I = sup
f∈F

sup
P≥1

sup
PP∈I

P−1∑
i=1

|f(ai+1)− f(ai)|,

where PP = {(a1, . . . , aP ) : a1 ≤ · · · ≤ aP } denotes the collection of all partitions of I.

(iv) For a non-empty C ⊆ Rq, the total variation of F over C is

TVF,C = inf
U∈O(C)

sup
f∈F

sup
ϕ∈Dq(U)

∫
Rq

f(u) div(ϕ)(u)du/∥∥ϕ∥2∥∞,

where O(C) denotes the collection of all open sets that contains C, and Dq(U) denotes the space of

infinitely differentiable functions from Rq to Rq with compact support contained in U.

(v) For a non-empty C ⊆ Rq, the local total variation constant of F over C, is a positive number KF,C

such that for any cube D ⊆ Rq with edges of length ℓ parallel to the coordinate axises,

TVF,D∩C ≤ KF,Cℓ
d−1.

(vi) For a non-empty C ⊆ Rq, the envelopes of F over C are

MF,C = sup
u∈C

MF,C(u), MF,C(u) = sup
f∈F

|f(u)|, u ∈ C.

(vii) For a non-empty C ⊆ Rq, the Lipschitz constant of F over C is

LF,C = sup
f∈F

sup
u1,u2∈C

|f(u1)− f(u2)|
∥u1 − u2∥∞

.

(viii) For a non-empty C ⊆ Rq, the L1 bound of F over C is

EF,C = sup
f∈F

∫
C

|f |dP.
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(ix) For a non-empty C ⊆ Rq, the uniform covering number of F with envelope MF,C over C is

NF,C(δ,MF,C) = sup
µ
N(F, ∥·∥µ,2 , δ ∥MF,C∥µ,2), δ ∈ (0,∞),

where the supremum is taken over all finite discrete measures on (C,B(C)). We assume thatMF,C(u)

is finite for every u ∈ C.

(x) For a non-empty C ⊆ Rq, the uniform entropy integral of F with envelope MF,C over C is

JC(δ,F,MF,C) =

∫ δ

0

√
1 + log NF,C(ε,MF,C)dε,

where it is assumed that MF,C(u) is finite for every u ∈ C.

(xi) For a non-empty C ⊆ Rq, F is a VC-type class with envelope MF,C over C if (i) MF,C is measurable

and MF,C(u) is finite for every u ∈ C, and (ii) there exist cF,C > 0 and dF,C > 0 such that

NF,C(ε,MF,C) ≤ cF,Cε
−dF,C , ε ∈ (0, 1).

If a surrogate measure QF for P with respect to F has been assumed, and it is clear from the context, we

drop the dependence on C = QF for all quantities in the previous definitions. That is, to save notation, we

set TVF = TVF,QF
, KF = KF,QF

, MF = MF,QF
, MF(u) =MF,QF

(u), LF = LF,QF
, and so on, whenever there is

no confusion.

SA-5.2 Multiplicative-Separable Empirical Process

The following theorem generalizes Cattaneo and Yu [2025, Theorem SA.1] by requiring only bounded poly-

nomial moments for yi conditional on xi.

Theorem SA-8 (Strong Approximation for (Mn(g, r) +Mn(h, s) : g ∈ G, r ∈ R, h ∈ H , s ∈ S)). Suppose

(zi = (xi, yi) : 1 ≤ i ≤ n) are i.i.d. random vectors taking values in (Rd+1,B(Rd+1)) with common law

PZ , where xi has distribution PX supported on X ⊆ Rd, yi has distribution PY supported on Y ⊆ R,
supx∈X E[|yi|2+v|xi = x] ≤ 2 for some v > 0, and the following conditions hold.

(i) G and H are real-valued pointwise measurable classes of functions on (Rd,B(Rd),PX).

(ii) There exists a surrogate measure QG∪H for PX with respect to G ∪ H such that QG∪H = m ◦ ϕG∪H ,

where the normalizing transformation ϕG∪H : QG∪H 7→ [0, 1]d is a diffeomorphism.

(iii) G is a VC-type class with envelope MG,QG∪H over QG∪H with cG,QG∪H ≥ e and dG,QG∪H ≥ 1. H is a

VC-type class with envelope MH ,QG∪H over QG∪H with cH ,QG∪H ≥ e and dH ,QG∪H ≥ 1.

(iv) R and S are real-valued pointwise measurable classes of functions on (R,B(R),PY ).

(v) R is a VC-type class with envelope MR,Y over Y with cR,Y ≥ e and dR,Y ≥ 1, where MR,Y(y) +

pTVR,(−|y|,|y|) ≤ v(1 + |y|) for all y ∈ Y, for some v > 0. S is a VC-type class with envelope MS,Y

over Y with cS,Y ≥ e and dS,Y ≥ 1, where MS,Y(y) + pTVS,(−|y|,|y|) ≤ v(1 + |y|) for all y ∈ Y, for

some v > 0.
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(vi) There exists a constant k such that | log2 E|+| log2 TV|+| log2 M| ≤ k log2(n), where E = max{EG,QG∪H , EH ,QG∪H },
TV = max{TVG,QG∪H , TVH ,QG∪H } and M = max{MG,QG∪H , MH ,QG∪H }.

Consider the empirical process

An(g, h, r, s) =Mn(g, r) +Mn(h, s), g ∈ G, r ∈ R, h ∈ H , s ∈ S.

Then, on a possibly enlarged probability space, there exists a sequence of mean-zero Gaussian processes

(ZA
n (g, h, r, s) : g ∈ G, h ∈ H , r ∈ R, s ∈ S) with almost sure continuous trajectories such that:

• E[An(g1, h1, r1, s1)An(g2, h2, r2, s2)] = E[ZA
n (g1, h1, r1, s1)Z

A
n (g2, h2, r2, s2)] holds for all (g1, h1, r1, s1),

(g2, h2, r2, s2) ∈ G × H ×R×S, and

• E
[ ∥∥An − ZA

n

∥∥
G×H ×R×S

]
≤ Cv((d log(cn))

3
2 r

v
v+2
n (

√
ME)

2
v+2+d log(cn)Mn−

v/2
2+v +d log(cn)Mn−

1
2

(√
ME

rn

) 2
v+2

),

where C is a universal constant, c = cG,QG∪H +cH ,QG∪H +cR,Y+cS,Y+k, d = dG,QG∪H dH ,QG∪H dR,YdS,Yk,

rn = min
{ (cd1Md+1TVdE)1/(2d+2)

n1/(2d+2)
,
(c

d
2
1 c

d
2
2 MTV

d
2 EL

d
2 )1/(d+2)

n1/(d+2)

}
,

c1 = d sup
x∈QG∪H

d−1∏
j=1

σj(∇ϕG∪H (x)), c2 = sup
x∈QG∪H

1

σd(∇ϕG∪H (x))
.

SA-6 Proofs

SA-6.1 Proof of Lemma SA-1

Assumption SA–1 (ii) implies

Ψt,x = E
[
rp

(∥Xi − x∥
h

)
rp

(∥Xi − x∥
h

)⊤
Kh(∥Xi − x∥)1(Xi ∈ At)

]
=

∫
At

rp

(∥u− x∥
h

)
rp

(∥u− x∥
h

)⊤
Kh(∥u− x∥)f(u)du

= f(x)

∫
At

rp

(∥u− x∥
h

)
rp

(∥u− x∥
h

)⊤
Kh(u− x)du+ o(1),

where in the last line we have used
∫
At
(∥u−x∥

h )vKh(∥u−x∥)du = O(1) for any multi-index v from standard

change of variable argument.

I. Polynomial Representation of Minimum Eigenvalue

For simplicity, call

St,x = lim
h→0

St,x(h), St,x(h) =

∫
At

rp

(∥u− x∥
h

)
rp

(∥u− x∥
h

)⊤
Kh(∥u− x∥)du.

A change of variable gives

St,x(h) =

∫
rp(∥z∥)rp(∥z∥)⊤K(∥z∥)1(x+ hz ∈ At)dz.
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Let a ∈ Rpp , where pp = (d+p)!
d!p! . Then the equivalent representation of minimum eigenvalue gives

λmin(St,x(h)) = min
∥a∥=1

∫
(a⊤rp(∥z∥))2K(∥z∥)1(x+ hz ∈ At)dz

≥ κ min
∥a∥=1

∫
U

(a⊤rp(∥z∥))21(x+ hz ∈ At)dz, (SA-3)

where in the last line we have used K(u) ≥ κ for all u ∈ U .

II. Mass Retaining Ratio in Treatment/Control Region

Denote Eh(x, t) = {z ∈ U : x+hz ∈ At}. Assumption SA–2 (iii) implies there is some upper bound Λ > 0

of K(·). Hence for c0 = 1/2 lim infh↓0 infx∈B

∫
U
K(∥u∥)1(x+ hu ∈ At)du, we have

Λm(Eh(x, t)) ≥
∫
U

K(∥u∥)1(x+ hu ∈ At) ≥ c0

for small enough h, which implies

m(Eh(x, t)) ≥ αm(U), α =
c0

Λm(U)
. (SA-4)

III. L2 Integral of Polynomials in Full v.s. Treatment/Control Regions

Consider S = {f ∈ Pp+1 :
∫
U
f(∥u∥)2du = 1}, wherePp+1 is the collection of all (p+1)-order polynomials.

Let (ϕj , 1 ≤ j ≤ p+1) be a set of orthonormal basis of (Pp+1, ∥·∥L2
). Then T (a) =

∑p+1
j=1 ajϕj is an isometry.

Since T (S) = {a ∈ Rp+1 : ∥a∥ = 1} is compact, S is also compact in (Pp+1, ∥·∥L2
). Since Pp+1 is (p + 1)-

dimensional, equivalent of norms implies that S is also compact in (Pp+1, ∥·∥L∞). Now consider

Φq(ε) = m({u ∈ U : |q(u)| < ε}), q ∈ S, ε > 0,

and

ψ(q) = sup
{
ε > 0 : Φq(ε) ≤

α

2
m(U)

}
.

Since
∫
U
q2 = 1 and q is polynomial on norm, limε↓0 Φq(ε) = 0 and Φq(∥q∥∞) = m(U). Continuity and

Lipchitzness of q ∈ S imply ψ(q) > 0 for all q ∈ S.

Next, we want to show ψ is lower-semicontinous function on (Pp+1, ∥·∥L∞). Suppose qn → q uniformly on

U . For every ε0 ∈ (0, ψ(q)), there exists η > 0 such that Φq(ε0) ≤ α
2m(U)−η. Continuity of polynomials and

the fact that level sets of polynomials have zero Lebesgue measure imply 1{|qn|<ε0}(·) → 1{|q|<ε0}(·) almost

surely. By Dominated Convergence Theorem, Φqn(ε0) → Φq(ε0). Hence for large enough n, Φqn(ε0) ≤
α
2m(U), which implies ε0 ≤ ψ(qn). This implies lim infn→∞ ψ(qn) ≥ ε0. Since ε0 is arbitrary in (0, ψ(q)), we

have lim infn→∞ ψ(qn) ≥ ψ(q).

Compactness of S and lower-semicontinuity of ψ implies ψ attains its minimum on S. Since ψ(q) > 0 for
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all q ∈ S, we know ε∗ = infq∈S ψ(q) > 0. Then for every q ∈ S,∫
Eh(x,t)

q2 ≥ ε2∗ m
(
Eh(x, t) \ {|q| ≤ ε∗}

)
≥ ε2∗

(
m(Eh(x, t))−m({|q| ≤ ε∗})

)
≥ ε2∗

α

2
m(U).

Scaling q from S gives ∫
Eh(x,t)

q2 ≥ ε2∗
α

2

∫
U

q2, q ∈ Pp+1. (SA-5)

IV. Lower Bound of Minimum Eigenvalue

Equations (SA-3), (SA-4) and (SA-5) together give for small enough h,

inf
x∈B

λmin(St,x(h)) ≥ κ inf
x∈B

min
∥a∥=1

∫
Eh(x,t)

(a⊤rp(∥z∥))2dz,

≥ κε2∗
α

2
min
∥a∥=1

∫
U

(a⊤rp(∥z∥))2dz

≥ κε2∗
α

2
λmin

(∫
U

rp(∥z∥)rp(∥z∥)⊤dz
)
,

which implies lim infh→0 infx∈B λmin(St,x(h)) > 0.

SA-6.2 Proof of Lemma SA-2

Since Ψ̂t,x is a finite dimensional matrix, it suffices to show the stated rate of convergence for each entry.

For 0 ≤ v ≤ p, define G = {gn(·,x)1(· ∈ At) : x ∈ X} with

gn(ξ,x) =
(d(ξ,x)

h

)v 1

hd
K
(d(ξ,x)

h

)
, ξ,x ∈ X.

We will show G is a VC-type of class.

Constant Envelope Function. We assume K is continuous and has compact support, and hence there exists

a constant C1 such that supx∈X∥gn(·,x)∥∞ ≤ C1h
−d = G.

Diameter of G in L2. For each x ∈ X, gn(·,x) is supported on {ξ : d(ξ,x) ≤ h}. By Assumption SA–1(ii)

and Assumption SA–2(i), supx∈X P (d(Xi,x) ≤ h) ≲ hd. It follows that supx∈X ∥gn(·,x)∥P,2 ≤ C2h
−d/2 for

some constant C2. We can take C1 large enough so that σ = C2h
−d/2 ≤ G = C1h

−d.

Ratio. For some constant C3, δ =
σ
F = C3

√
hd.

Covering Numbers. Case 1: K is Lipschitz. Let x,x′ ∈ X. By Assumption SA–2,

sup
ξ∈X

∣∣gn(ξ,x)− gn(ξ,x
′)
∣∣

≤ sup
ξ∈X

[(d(ξ,x)

h

)v
−
(d(ξ,x′)

h

)v]
Kh(d(ξ,x)) +

(d(ξ,x′)

h

)v[
Kh(d(ξ,x))−Kh(d(ξ,x′))

]
≲ h−d−1∥x− x′∥∞.
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By Lipschitz continuity property of G, for any ε ∈ (0, 1] and for any finitely supported measure Q and metric

∥·∥Q,2 based on L2(Q),

N({gn(·,x) : x ∈ X}, ∥·∥Q,2 , ε∥G∥Q,2) ≤ N(X, ∥·∥∞, ε∥G∥Q,2h
d+1)

(i)

≲
( diam(X)

ε∥G∥Q,2hd+1

)d
≲
(diam(X)

εh

)d
,

where inequality (i) uses the fact that ε∥G∥Q,2h
d+1 ≲ εh ≲ 1. Thus, G forms a VC-type class in

that supQN(G, ∥·∥Q,2 , ε∥G∥Q,2) ≲ (C1/ϵ)
C2 for all ϵ ∈ (0, 1] with C1 = diam(X)

h and C2 = d. More-

over, for any discrete measure Q, and for any x,x′ ∈ X, ∥gn(·,x)1(· ∈ At)− gn(·,x′)1(· ∈ At)∥Q,2 ≤
∥gn(·,x)− gn(·,x′)∥Q,2. Therefore,

sup
Q
N(G, ∥·∥Q,2 , ε ∥G∥Q,2) ≤ N(G, ∥·∥Q,2 , ε ∥G∥Q,2) ≤ (C1/ε)

C2 , ε ∈ (0, 1],

where the supremum is taken over all finite discrete measures on X.

Case 2: k = 1(· ∈ [−1, 1]). Consider

mn(ξ,x) =
(d(ξ,x)

h

)v 1
h
1(ξ ∈ At), ξ,x ∈ X,

M = {mn(d(·,x) : x ∈ B} and the constant envelope function M = C4h
−v−1, for some constant C4 only

depending on diameter of X. The same argument as before shows that for any discrete measure Q, we have

N(M, ∥·∥Q,2 , ε ∥M∥Q,2) ≤ N(X, ∥·∥∞, ε ∥M∥Q,2 h
1+v+1) ≲

( diam(X)

ε ∥M∥Q,2 h
1+v+1

)d
≲
(diam(X)

εh

)d
.

The class L = {1((· − x)/h ∈ [−1, 1]d) : x ∈ B} has VC dimension no greater than 2d [van der Vaart and

Wellner, 1996, Example 2.6.1], and by van der Vaart and Wellner [1996, Theorem 2.6.4],

sup
Q
N(G, ∥·∥Q,2 , ε ∥G∥Q,2) ≤ N(G, ∥·∥Q,2 , ε ∥G∥Q,2) ≤ (C1/ε)

C2 , ε ∈ (0, 1],

where the supremum is taken over all finite discrete measures on X.

Maximal Inequality. By Chernozhukov et al. [2014b, Corollary 5.1] for the empirical process on class G,

E
[
sup
l∈G

∣∣En [l(Xi)]− E[l(Xi)]
∣∣] ≲ σ√

n

√
C2 log(C1/δ) +

∥G∥P,2C2 log(C1/δ)

n

≲
1√
nhd

√
d log

(diam(X)

h1+d/2

)
+

1

nhd
d log

(diam(X)

h1+d/2

)
≲

√
log n

nhd
.

Thus, supx∈X

∥∥Ψ̂t,x −Ψt,x

∥∥ ≲P

√
logn
nhd .

By Weyl’s Theorem, supx∈X |λmin(Ψ̂t,x)− λmin(Ψt,x)| ≤ supx∈X ∥Ψ̂t,x −Ψt,x∥ ≲P

√
logn
nhd . Therefore, we

can lower bound the minimum eigenvalue by infx∈X λmin(Ψ̂t,x) ≥ infx∈X λmin(Ψt,x)− supx∈X |λmin(Ψ̂t,x)−
λmin(Ψt,x)| ≳P 1.
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Finally, it follows that supx∈X ∥Ψ̂
−1

t,x∥ ≲P 1 and hence

sup
x∈X

∥∥Ψ̂−1

t,x −Ψ−1
t,x

∥∥ ≤ sup
x∈X

∥∥Ψ−1
t,x

∥∥∥∥Ψt,x − Ψ̂t,x

∥∥∥∥Ψ̂−1

t,x

∥∥ ≲P

√
log n

nhd
,

which completes the proof.

SA-6.3 Proof of Lemma SA-3

Consider the class F = {(z, u) 7→ e⊤ν gx(z)(u− hx(z)) : x ∈ B}, 0 ≤ ν ≤ p, where for z ∈ X,

gx(z) = rp

(d(z,x)

h

)
Kh(d(z,x)), hx(z) = γ∗

t (x)
⊤rp (d(z,x)) .

By definition of γ∗
t (x),

γ∗
t (x) = H−1Ψ−1

t,xSt,x, St,x = E
[
rp

(Di(x)

h

)
Kh(Di(x))Yi1(Xi ∈ At)

]
. (SA-6)

Assumption SA–1 implies St,x is continuous in x, hence supx∈X ∥St,x∥ ≲ 1. And by Assumption SA–2(ii),

infx∈X λmin(Ψt,x) ≳ 1. Hence

sup
x∈B

∥∥Ψ−1
t,xSt,x

∥∥ ≲ 1. (SA-7)

Now, consider properties of F. Definition of γ∗
t (x) implies E[f(Xi, Yi)] = 0 for all f ∈ F. Since K is

compactly supported, there exists C1, C2 > 0 such that F (z, u) = C1h
−d(|u| + C2) is an envelope function

for F. Denote M = max1≤i≤n F (Xi, Yi), then

E[M2]1/2 ≲ h−dE
[
max
1≤i≤n

|Yi|2 + 1

]1/2
≲ h−dE

[
max
1≤i≤n

|Yi|2+v

]1/(2+v)

≲ h−d

[ n∑
i=1

E[|εi +
∑

t∈{0,1}

1(x ∈ At)µt(x)|2+v]

]1/(2+v)

≲ h−dn1/(2+v),

where we have used X is compact and µt is continuous, hence supx∈X |
∑

t∈{0,1} 1(x ∈ At)µt(x)| ≲ 1. Denote

σ = supf∈F E[f(Xi, Yi)
2]1/2. Then,

σ2 ≲ sup
x∈B

E[∥e⊤ν gx∥2∞(|Yi|+ ∥e⊤ν hx∥∞)21(Kh(Di(x)) ̸= 0)] ≲ h−d.

To check for the covering number of F, notice that compare to the proof of Lemma SA-2, we have one more

term e⊤ν gxhx = rp

(
d(z,x)

h

)
Kh(d(z,x))γ∗

t (x)
⊤rp (d(z,x)). All terms except for γ∗

t (x) can be handled as in

the proof of Lemma SA-2. Recall Equation (SA-6), and consider lt,x = e⊤v [R(d(·,x)/h)Kh(d(·,x))µt1(· ∈
At) and Lt = {lt,x : x ∈ B}, v is a any multi-index. Then, for any x1,x2 ∈ B,

|St,x1
− St,x2

| ≤ ∥lt,x1
− lt,x2

∥PX ,2 ,
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and hence

N({e⊤v St,x : x ∈ B}, | · |, εh−d) ≤ N(Lt, ∥·∥PX ,2 , εh
−d) ≤ sup

Q
N(Lt, ∥·∥Q,2 , εh

−d),

Same argument as paragraph Covering Numbers in the proof of Lemma SA-2 then shows

sup
Q
N({gx : x ∈ B}, ∥·∥Q,2 , εC1h

−d) ≤
(
diam(X)

hε

)d

, 0 < ε ≤ 1,

sup
Q
N({gxhx : x ∈ B}, ∥·∥Q,2 , εC1h

−d) ≤
(
diam(X)

hε

)d

, 0 < ε ≤ 1,

where sup is taken over all discrete measures on X. Product {gx : x ∈ B} with the singleton of identity

function {u 7→ u, u ∈ R}, and adding {gxhx : x ∈ B},

sup
Q
N(F, ∥·∥Q,2 , ε ∥F∥Q,2) ≤ 2

(
2 diam(X)

hε

)d

, 0 < ε ≤ 1,

where sup is taken over all discrete measures on X × R. Denote C1 = d, C2 = 2(2 diam(X))d

hd . Hence, by

Chernozhukov et al. [2014b, Corollary 5.1]

E
[
sup
x∈B

|e⊤ν Ot,x|
]
= E

[
sup
f∈F

|En [f(Xi, Yi)]− E[f(Xi, Yi)]|
]

≲
σ√
n

√
C2 log(C1 ∥M∥P,2 /σ) +

∥M∥P,2C2 log(C1 ∥M∥P,2 /σ)
n

≲
1√
nhd

√
d log

(
diam(X)

h1+d/2

)
+

1

n
1+v
2+v hd

d log

(
diam(X)

h1+d/2

)

≲

√
log(1/h)

nhd
+

log(1/h)

n
1+v
2+v hd

.

The rest follows from finite dimensionality of Ot,x, and Lemma SA-2.

SA-6.4 Proof of Lemma SA-4

Denote ηi,t,x = Yi − θ∗t,x(Di(x)) and ξi,t,x = θ∗t,x(Di(x))− θ̂t,x(Di(x)). Then

Υ̂t,x,y = En

[
rp

(
Di(x)

h

)
rp

(
Di(y)

h

)⊤

hdKh (Di(x))Kh (Di(y)) (ηi,t,x + ξi,t,x)
21(Di(x) ∈ It)

]
,

and we decompose the error into

Υ̂t,x,y −Υt,x,y = ∆1,t,x,y +∆2,t,x,y +∆3,t,x,y,

∆1,t,x,y = En

[
rp

(
Di(x)

h

)
rp

(
Di(y)

h

)⊤

hdKh (Di(x))Kh (Di(y)) ξ
2
i,t,x1(Di(x) ∈ It)

]
,

∆2,t,x,y = 2En

[
rp

(
Di(x)

h

)
rp

(
Di(y)

h

)⊤

hdKh (Di(x))Kh (Di(y)) ηi,t,xξi,t,x1(Di(x) ∈ It)

]
,
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∆3,t,x,y = En

[
rp

(
Di(x)

h

)
rp

(
Di(y)

h

)⊤

hdKh (Di(x))Kh (Di(y)) η
2
i,t,x1(Di(x) ∈ It)

]
− E

[
rp

(
Di(x)

h

)
rp

(
Di(y)

h

)⊤

hdKh (Di(x))Kh (Di(y)) η
2
i,t,x1(Di(x) ∈ It)

]
.

By Assumption SA–2, Kh(Di(x)) ̸= 0 implies ∥rp(Di(x)/h)∥2 ≲ 1. Hence by Lemma SA-2 and SA-3,

max
t∈{0,1}

max
1≤i≤n

sup
x∈B

|ξi,t,x|

= max
t∈{0,1}

max
1≤i≤n

sup
x∈B

|rp(Di(x))
⊤(γ̂t,x − γ∗

t,x)|1(Kh(Di(x)) ≥ 0)

= max
t∈{0,1}

max
1≤i≤n

sup
x∈B

|rp(Di(x))
⊤H−1(Ψ̂

−1

t,xOt,x + (Ψ̂
−1

t,x −Ψ−1
t,x)Ut,x)|1(Kh(Di(x)) ≥ 0)

≤ max
t∈{0,1}

sup
x∈B

∥∥∥Ψ̂−1

t,xOt,x

∥∥∥
2
+ max

t∈{0,1}
sup
x∈B

∥∥∥(Ψ̂−1

t,x −Ψ−1
t,x)Ut,x

∥∥∥
2

≲

√
log(1/h)

nhd
+

log(1/h)

n
1+v
2+v hd

,

where

Ut,x = En

[
rp

(Di(x)

h

)
Kh(Di(x))θ

∗
t,x(Xi)1(Di(x) ∈ It)

]
.

Assuming log(1/h)

n
1+v
2+v hd

→ ∞, similar maximal inequality as in the proof of Lemma SA-2 shows

sup
x,y∈X

∥∆1,t,x,y∥ ≲P max
t∈{0,1}

max
1≤i≤n

sup
x∈B

|ξi,t,x|2 ≲

(√
log(1/h)

nhd
+

log(1/h)

n
1+v
2+v hd

)2

,

sup
x,y∈X

∥∆2,t,x,y∥ ≲P max
t∈{0,1}

max
1≤i≤n

sup
x∈B

|ξi,t,x| ≲
√

log(1/h)

nhd
+

log(1/h)

n
1+v
2+v hd

. (SA-8)

Consider the (µ, ν) entry of ∆3,t,x,y. Consider the class

F =

{
(z, u) 7→

(
d(z,x)

h

)µ+ν

hdKh(d(z,x))Kh(d(z,y))(u− rp(d(z,x))⊤γ∗
t,x)

2 : x,y ∈ X

}
.

By Assumption SA–2 and SA–1(v), we have supf∈F E[f(Xi, Yi)
2]1/2 ≲ h−d/2. Moreover, Assumption SA–2

and Equation (SA-7) imply there exists C1, C2 > 0 such that F (z, u) = C1h
−d(u2 + C2) is an envelope

function for F, with

E
[
max
1≤i≤n

F (Xi, Yi)
2
] 1

2 ≲ C1h
−d(E

[
max
1≤i≤n

Y 4
i

] 1
2 + C2) ≲ C1h

−d(E
[
max
1≤i≤n

Y 2+v
i

] 2
2+v + C2) ≲ h−dn

2
2+v .

Apply Chernozhukov et al. [2014b, Corollary 5.1] similarly as in Lemma SA-3 gives

E

[
sup
f∈F

|En[f(Xi, Yi)]− E[f(Xi, Yi)]|

]
≲

√
log(1/h)

nhd
+

log(1/h)

n
v

2+v hd
.
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Finite dimensionality of ∆3,t,x,y then implies

E
[
sup

x,y∈X

∥∆3,t,x,y∥
]
≲

√
log(1/h)

nhd
+

log(1/h)

n
v

2+v hd
. (SA-9)

Putting together Equations (SA-8), (SA-9) and Lemma SA-2 gives the result.

SA-6.5 Proof of Lemma SA-5

By Theorem SA-1 and Equation (SA-6), we have

sup
x∈B

|Bn,t(x)| = sup
x∈B

∣∣∣e⊤1 Ψ−1
t,xSt,x − µt(x)

∣∣∣
= sup

x∈B

∣∣∣e⊤1 Ψ−1
t,xE

[
rp

(Di(x)

h

)
Kh(Di(x))Rp(Di(x))

⊤(µt(Xi)− µt(x), 0, · · · , 0))1(Xi ∈ At)
]∣∣∣

≲ sup
x∈B

sup
z∈X

|µt(x)− µt(z)|1(Kh(d(z,x)) > 0)

≲ h.

SA-6.6 Proof of Theorem SA-1

Since θx(0) = θ1,x(0)− θ0,x(0) and τ(x) = µ1(x)− µ0(x), it is enough to prove the result for one treatment

assignment group t ∈ {0, 1}. By Assumption SA–1(iii) and Assumption SA–2(ii), for any r ̸= 0, for any

x ∈ B and y ∈ St,x(r), |µt(y)− µt(x)| ≲ |r|. Hence, for any r ̸= 0, for any x ∈ B, t ∈ {0, 1},

|θt,x(r)− µt(x)| ≤

∫
St,x(|r|) |µt(y)− µt(x)|fX(y)Hd−1(dy)∫

St,x(|r|) fX(y)Hd−1(dy)
≲ r.

implying

|θt,x(0)− µt(x)| ≤ lim
r→0

|θt,x(r)− µt(x)| = 0,

which establishes the result.

SA-6.7 Proof of Theorem SA-2

The proofs of Lemma SA-2 and Lemma SA-3 can be done when the index set is the singleton {x} instead

of B, replacing Chernozhukov et al. [2014b, Corollary 5.1] by Bernstein inequality, and thus obtaining

∣∣∣e⊤1 Ψ−1
t,xOt,x

∣∣∣ ≲P

√
1

nhd
+

1

n
1+v
2+v hd

,∣∣∣e⊤1 (Ψ̂−1

t,x −Ψ−1
t,x)Ot,x

∣∣∣ ≲P

√
1

nhd

(√
1

nhd
+

1

n
1+v
2+v hd

)
.

for all x ∈ B. In words, uniformity only adds a log(1/h) penalty. Therefore, using decomposition (SA-1),

the pointwise convergence rate follows.
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SA-6.8 Proof of Theorem SA-3

Follows from Lemma SA-2, Lemma SA-3 and decomposition (SA-1).

SA-6.9 Proof of Theorem SA-4

Define T(x) =
∑n

i=1 Zi, with Zi = Z1,i − Z0,i independent random variables (i = 1, 2, . . . , n),

Zt,i =
1

n
Ξ−1/2
x,x e⊤1 Ψ

−1
t,xrp

(Di(x)

h

)
Kh(Di(x))(Yi − θ∗t,x(Di(x)))1(Xi ∈ At),

E[Zi] = 0 and V[Zi] = n−1. By the Berry-Essen Theorem,

sup
u∈R

∣∣∣P(T(x) ≤ u
)
− Φ(u)

∣∣∣ ≲ n∑
i=1

E
[
|Zi|3

]
≲

n∑
i=1

E
[
|Z1,i|3

]
+

n∑
i=1

E
[
|Z0,i|3

]
where

E
[
|Zt,i|3

]
=

n∑
i=1

n−3Ξ−3/2
x,x E

[∣∣∣e⊤1 Ψ−1
t,xrp

(Di(x)

h

)
Kh(Di(x))1(Xi ∈ At)(Yi − θ∗t,x(Di(x))

∣∣∣3]
≲ n−2Ξ−3/2

x,x E[|Kh(Di(x))(Yi − θ∗t,x(Di(x)))|3]

≲ n−2Ξ−3/2
x,x E[|Kh(Di(x))(E[|Yi|3|Xi] + |θ∗t,x(Di(x))|3)|]

≲ (nhd)−1/2,

noting that supx∈B

∥∥rp(Di(x)
h

)
Kh(Di(x))

∥∥ ≲ 1 holds almost surely in Xi, Ξx,x ≳ (nhd)−1/2 by Lemma SA-4,

E[|Yi|3|Xi] ≲ 1 by Assumption SA–1(v), and max1≤i≤n supx∈B |θ∗t,x(Di(x))| ≲ 1 because

θ∗t,x(Di(x)) = γ∗t (x)
⊤rp(Di(x)) = (Ψt,xSt,x)

−1rp

(Di(x)

h

)
.

Since

∣∣T̂(x)− T(x)
∣∣ ≲P

1√
nhd

+
1

n
v

2+v hd
+
√
nhd|B(x)|,

the pointwise asymptotic normality follows, under the conditions imposed. Finally, validity of the confidence

interval estimator is immediate.

SA-6.10 Proof of Theorem SA-5

We make the decomposition based on Equation (SA-1) and convergence of Ξ̂x,x,

T̂dis(x)− Tdis(x) = Ξ̂−1/2
x,x

( ∑
t∈{0,1}

(−1)
t+1
2 (θ̂t,x(0)− θt,x(0))

)
− Ξ−1/2

x,x

( ∑
t∈{0,1}

(−1)
t+1
2 e⊤1 Ψ

−1
t,xOt,x

)

= Ξ̂−1/2
x,x

( ∑
t∈{0,1}

(−1)
t+1
2 (θ̂t,x(0)− θt,x(0))−

∑
t∈{0,1}

(−1)
t+1
2 e⊤1 Ψ

−1
t,xOt,x

)
(= ∆1,x)

+ (Ξ̂−1/2
x,x − Ξ−1/2

x,x )
∑

t∈{0,1}

(−1)
t+1
2 e⊤1 Ψ

−1
t,xOt,x (= ∆2,x)
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By Lemma SA-2 and SA-3, and the decomposition Equation (SA-1),

sup
x∈X

∣∣∣∣ ∑
t∈{0,1}

(−1)
t+1
2 (θ̂t,x(0)− θt,x(0))−

∑
t∈{0,1}

(−1)
t+1
2 e⊤1 Ψ

−1
t,xOt,x

∣∣∣∣
≲P

√
log(1/h)

nhd

(√
log(1/h)

nhd
+

log(1/h)

n
1+v
2+v hd

)
+ sup

x∈B

∑
t∈{0,1}

|θ∗t,x(0)− θt,x(0)|.

Together with Lemma SA-4,

sup
x∈B

|∆1,x| ≲P
log(1/h)√

nhd
+

(log(1/h))
3
2

n
1+v
2+v hd

+
√
nhd sup

x∈B

∑
t∈{0,1}

|θ∗t,x(0)− θt,x(0)|. (SA-10)

By Lemma SA-2, Lemma SA-3 and Lemma SA-4, and assume n
v

2+v hd

log(1/h) → ∞, then

sup
x∈X

∣∣∣e⊤1 Ψ−1
t,xOt,x

(
Ξ−1/2
x,x − Ξ̂−1/2

x,x

)∣∣∣ ≲P
√
nhd

(√
log(1/h)

nhd
+

log(1/h)

n
1+v
2+v hd

)(√
log(1/h)

nhd
+

log(1/h)

n
v

2+v hd

)

=
√
log(1/h)

(
1 +

√
log(1/h)

n
v

2+v hd

)(√
log(1/h)

nhd
+

log(1/h)

n
v

2+v hd

)

≲
√

log(1/h)

(√
log(1/h)

nhd
+

log(1/h)

n
v

2+v hd

)
.

Hence

sup
x∈B

|∆2,x| ≲P
log(1/h)√

nhd
+

(log(1/h))
3
2

n
1+v
2+v hd

. (SA-11)

Putting together Equations (SA-10), (SA-11) give the result.

SA-6.11 Proof of Theorem SA-6

We will verify the high level conditions stated in Theorem SA-8.

Without loss of generality, we can assume X = [0, 1]d, and QFt
= PX is a valid surrogate measure for PX

with respect to G, and ϕG = Id is a valid normalizing transformation (as in Theorem SA-8). This implies

the constants c1 and c2 from Theorem SA-8 are all 1.

Recall G = {gx : x ∈ B} where

gx(u) = 1(u ∈ A1)K1(u;x)− 1(u ∈ A0)K0(u;x).

By standard arguments and [Cattaneo et al., 2024, Lemma 7], we get properties of G as follows:

MG ≲ h−d/2, EG ≲ hd/2, TVG ≲ hd/2−1, sup
Q
N(G, ∥·∥Q,2 , ε(2c+ 1)d+1MG) ≤ 2c′ε−d−1 + 2.

By definition of θ∗t,x(·), for each x ∈ B, t ∈ {0, 1},

θ∗t,x(d(u,x)) = γ∗
t (x)

⊤rp(d(u,x)) = (H−1Ψ−1
t,xSt,x)

⊤rp(d(u,x)) = (Ψ−1
t,xSt,x)

⊤rp

(d(u,x)

h

)
,
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recalling

Ψt,x = E
[
rp

(Di(x)

h

)
rp

(Di(x)

h

)⊤
Kh(Di(x))1(Di(x) ∈ It)

]
, St,x = E

[
rp

(Di(x)

h

)
Kh(Di(x))Yi1(Xi ∈ At)

]
.

We can check that
∥∥Ψ−1

t,x

∥∥ ≲ 1, ∥St,x∥ ≲ 1 and

MMt ≲ h−d/2, EMt ≲ h−d/2, t ∈ {0, 1}.

In what follows, we verify the entropy and total variation properties of M. Using product rule we can verify

sup
u∈X

sup
x,x′∈B

|θ∗t,x(d(u,x))− θ∗t,x(d(u,x′))|
∥x− x′∥

≲ h−1.

Define ft,x(·) = h−d/2√
nΞx,x

e⊤1 Ψ
−1
t,xrp (·)K(·)(Ψ−1

t,xSt,x)
⊤rp(·). Then,

Kt(u;x)θ
∗
t,x(d(u,x)) = h−d/2ft,x

(d(u,x)
h

)
, u ∈ X,x ∈ B, t ∈ {0, 1}.

Take Mt = {Kt(·;x)θ∗t,x(d(·,x)) : x ∈ B}, t ∈ {0, 1}. For t ∈ {0, 1}, ft,x satisfies:

(i) boundedness sup
x∈B

sup
u∈X

|ft,x(u)| ≤ c,

(ii) compact support supp(ft,x(·)) ⊆ [−c, c]d,∀x ∈ B,

(iii) Lipschitz continuity sup
x∈B

sup
u,u′∈X

|fx(u)− fx(u
′)|

∥u− u′∥
≤ c

sup
u∈X

sup
x,x′∈B

|fx(u)− fx′(u)|
∥x− x′∥

≤ ch−1,

for some constant c not depending on n. Then, by an argument similar to Cattaneo et al. [2024, Lemma 7],

there exists a constant c′ only depending on c and d that for any 0 ≤ ε ≤ 1,

sup
Q
N
(
hd/2Ht, ∥·∥Q,1 , (2c+ 1)d+1ε

)
≤ c′ε−d−1 + 1,

where supremum is taken over all finite discrete measures. Taking a constant envelope function MMt
=

(2c+ 1)d+1h−d/2, we have for any 0 < ε ≤ 1,

sup
Q
N
(
Ht, ∥·∥Q,1 , εMFt

)
≤ c′ε−d−1 + 1.

By Lemma SA-6, above implies the uniform covering number for Ht satisfies

NMt
(ε) ≤ 4c′(ε/2)−d−1, 0 < ε ≤ 1.

Since M ⊆ M0 +M1, here + denotes the Minkowski sum, with MM taken to be MM0 + MM1 , a bound on the

uniform covering number of M can be given by

NM(ε) ≤ 16(c′)2(ε/2)−2d−2, 0 < ε ≤ 1.
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With the assumption that L(Et,x) ≤ Chd−1 for Et,x = {y ∈ At : (y − x)/h ∈ Supp(K)} for all t ∈ {0, 1},
x ∈ B, and the fact that TVMt ≲ hd/2−1 for t ∈ {0, 1}, the same argument as in the paragraph Total

Variation in the proof of Theorem SA-8 shows

TVM ≲ hd/2−1.

Now apply Theorem SA-8 with G, M defined in Equation (SA-2), R = {Id}, S = {1}, noticing that

(Tdis : x ∈ B) = (An(g,m, r, s) : (g,m, r, s) ∈ F ×R×S), F = {(gx,mx) : x ∈ B} ⊆ G ×M,

the result then follows.

Lemma SA-6 (VC Class to VC2 Class). Assume F is a VC class on a measure space (X,B): there exists

an envelope function F and positive constants c(F), d(F) such that for all ε ∈ (0, 1),

sup
Q
N(F, ∥·∥Q,1 , ε ∥F∥Q,1) ≤ c(F)ε−d(F),

where the supremum is taken over all finite discrete measures. Then, F is also VC2 class: for all ε ∈ (0, 1),

sup
Q
N(F, ∥·∥Q,2 , ε ∥F∥Q,2) ≤ c(F)(ε2/2)−d(F),

where the supremum is taken over all finite discrete measures.

Proof of Lemma SA-6. Let Q be a finite discrete probability measure. Let f, g ∈ F. Then,
∫
|f−g|2dQ ≤

2
∫
|f − g||F |dQ. Define another probability measure Q̃(ck) = F (ck)Q(ck)/ ∥F∥Q,1 on the support of Q,

denoted by {c1, . . . , ck, . . .}. Then,∫
|f − g|2dQ ≤ 2 ∥F∥Q,1

∫
|f − g|dQ̃ ≤ 2 ∥F∥Q,1 ∥f − g∥Q̃,1 .

Hence, if we take an ε2/2-net in (F, ∥·∥Q̃,1) with cardinality no greater than c(F)ε−d(F), then for any f ∈ F,

there exists a g ∈ F such that ∥f − g∥Q̃,1 ≤ ε2/2 ∥F∥Q̃,1, and hence

∥f − g∥2Q,2 ≤ 2ε2/2 ∥F∥Q,1 ∥F∥Q̃,1 ≤ ε2 ∥F∥2Q,2 ,

which gives the result.

SA-6.12 Proof of Theorem SA-7

The result follows from Theorems SA-5 and SA-6, Chernozhukov et al. [2014a], and Chernozhuokov et al.

[2022].

SA-6.13 Proof of Theorem SA-8

Since An is the addition of two Mn processes, indexed by G × R and H × S respectively, the Gaussian

strong approximation error essentially depends on the worst case scenario between G and H , and between

R and S. Hence (1) taking maximums E = max{EG, EH }, M = max{MG, MH } and TV = max{TVG, TVH }; (2)
noticing that An is still indexed by a VC-type class of functions, we can get the claimed result.
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For a more rigor proof, we can not apply Cattaneo and Yu [2025, Theorem SA.1] on (Mn(g, r) : g ∈ G, r ∈
R) and (Mn(h, s) : h ∈ H , s ∈ S) directly, since this ignores the dependence structure between the two

empirical processes. However, we can still project the functions onto a Haar basis, and control the strong

approximation error for projected process and the projection error as in the proof of Cattaneo and Yu [2025,

Theorem SA.1] and show both errors can be controlled via worst case scenario between G and H , and

between R and S.

Reductions: Here we present some reductions to our problem. By the same argument as in Section SA-

II.3 (Proofs of Theorem 1) in the supplemental appendix of Cattaneo and Yu [2025], we can show there

exists ui, 1 ≤ i ≤ n i.i.d Uniform([0, 1]d) on a possibly enlarged probability space, such that

f(xi) = f(ϕ−1
G∪H (ui)), ∀f ∈ G ∪ H ,∀1 ≤ i ≤ n.

With the help of Cattaneo and Yu [2025, Lemma SA.10], we can assume w.l.o.g. that xi’s are i.i.d

Uniform(X) with X = [0, 1]d, and ϕG∪H : [0, 1]d → [0, 1]d is the identity function. Although we assume

supx∈X E[|Yi|2+v|Xi = x] < ∞, we first present the result under the assumption supx∈X E[exp(|yi|)|xi =

x] ≤ 2, which is the same as in Cattaneo and Yu [2025, Theorem 2]. Also in correspondence to the notations

in Cattaneo and Yu [2025, Theorem 2], we set α = 1 throughout this proof.

Cell Constructions and Projections: The constructions here are the same as those in Cattaneo and

Yu [2025], and we present them here for completeness. Let AM,N (P, 1) = {Cj,k : 0 ≤ k < 2M+N−j , 0 ≤ j ≤
M +N} be an axis-aligned cylindered quasi-dyadic expansion of Rd+1, with depth M for the main subspace

Rd and depth N for the multiplier subspace R, with respect to P, the joint distribution of (xi, yi) taking

values in Rd ×R, as in Cattaneo and Yu [2025, Definition SA.4]. To see what AM,N (P, 1) is, it can be given

by the following iterative partition procedure:

1. Initialization (q = 0): Take CM+N−q,0 = X × R where X = [0, 1]d.

2. Iteration (q = 1, . . . ,M): Given CK−l,k for 0 ≤ l ≤ q − 1, 0 ≤ k < 2l, take s = (q mod d) + 1,

and construct CK−q,2k = CK−q+1,k ∩ {(x, y) ∈ [0, 1]d × R : e⊤s x ≤ cK−q+1,k} and CK−q,2k+1 =

CK−q+1,k ∩ {(x, y) ∈ [0, 1]d × R : e⊤s x > cK−j+1,k} such that P(CK−q,2k)/P(CK−q+1,k) ∈ [ 1
1+ρ ,

ρ
1+ρ ]

for all 0 ≤ k < 2q−1. Continue until (CN,k : 0 ≤ k < 2M ) has been constructed. By construction, for

each 0 ≤ l < M , CN,l = X0,l ×Y0,N,0, with Y0,N,0 = R.

3. Iteration (q =M +1, · · · ,M +N): Given CK−l,k for 0 ≤ l ≤ q− 1, 0 ≤ k < 2l, each CM+N−q,k can be

written as X0,l ×Yl,M+N−q,m with k = 2q−M l+m. Construct CM+N−q−1,2k = X0,l ×Yl,M+N−q−1,2m

and CM+N−q−1,2k+1 = X0,l × Yl,M+N−q−1,2m+1, such that there exists some qM+N−q,k ∈ R with

Yl,M+N−q−1,2m =Yl,M+N−q,m∩(−∞, qM+N−q,k) andYl,M+N−q−1,2m+1 =Yl,M+N−q,m∩(qM+N−q,k,∞),

P(yi ∈Yl,M+N−q−1,2m|xi ∈ X0,l) = P(yi ∈Yl,M+N−q−1,2m+1|xi ∈ X0,l) =
1
2P(yi ∈Yl,M+N−q−1,m|xi ∈

X0,l).

Consider the projection Π1(AM,n(P, 1)) given in Equation (SA-7) in Cattaneo and Yu [2025], noticing that

AM,N (P, 1) is one special instance of CM,N (P, ρ). That is, define ej,k = 1Cj,k
and ẽj,k = ej−1,2k − ej−1,2k+1,

Π1(CM,N (P, ρ))[g, r] = γM+N,0(g, r)eM+N,0 +
∑

1≤j≤M+N

∑
0≤k<2M+N−j

γ̃j,k(g, r)ẽj,k, (SA-12)
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where ej,k = 1(Cj,k) and ẽj,k = 1(Cj−1,2k)− 1(Cj−1,2k+1), and

γj,k(g, r) =

E[g(X)r(Y )|X ∈ Xj−N,k], if N ≤ j ≤M +N,

E[g(X)|X ∈ X0,l] · E[r(Y )|X ∈ X0,l, Y ∈Yl,0,m], if j < N, k = 2N−j l +m,

and γ̃j,k(g, r) = γj−1,2k(g, r)− γj−1,2k+1(g, r). We will use Π1 as a shorthand for Π1(CM,N (P, ρ)).
For simplicity, we denote Π1(AM,n(P, 1)) by Π1 instead. Now define the projected empirical process

Π1An(g, h, r, s) = Π1Mn(g, r) + Π1Mn(h, s), g ∈ G, h ∈ H , r ∈ R, s ∈ S,

where Π1Mn(g, r) and Π1Mn(h, s) are given in Equation (SA-10) in Cattaneo and Yu [2025], that is,

Π1Mn(g, r) =
1√
n

n∑
i=1

(
Π1[g, r](xi, yi)− E[Π1[g, r](xi, yi)]

)
,

Π1Mn(h, s) =
1√
n

n∑
i=1

(
Π1[h, s](xi, yi)− E[Π1[h, s](xi, yi)]

)
.

Construction of Gaussian Process Suppose (ξ̃j,k : 0 ≤ k < 2M+N−j , 1 ≤ j ≤ M + N) are i.i.d.

standard Gaussian random variables. Take F(j,k),m to be the cumulative distribution function of (Sj,k −
mpj,k)/

√
mpj,k(1− pj,k), where pj,k = P(Cj−1,2k)/P(Cj,k) and Sj,k is a Bin(m, pj,k) random variable, and

G(j,k),m(t) = sup{x : F(j,k),m(x) ≤ t}. We define Uj,k, Ũj,k’s via the following iterative scheme:

1. Initialization: Take UM+N,0 = n.

2. Iteration: Suppose we’ve defined Ul,k for j < l ≤M +N, 0 ≤ k < 2M+N−l, then solve for Uj,k’s s.t.

Ũj,k =
√
Uj,kpj,k(1− pj,k)G(j,k),Uj,k

◦ Φ(ξ̃j,k),

Ũj,k = (1− pj,k)Uj−1,2k − pj,kUj−1,2k+1 = Uj−1,2k − pj,kUj,k,

Uj−1,2k + Uj−1,2k+1 = Uj,k, 0 ≤ k < 2M+N−j .

Continue till we have defined U0,k for 0 ≤ k < 2M+N .

Then, {Uj,k : 0 ≤ j ≤ K, 0 ≤ k < 2M+N−j} have the same joint distribution as {
∑n

i=1 ej,k(xi, yi) :

0 ≤ j ≤ K, 0 ≤ k < 2M+N−j}. By Vorob’ev–Berkes–Philipp theorem [Dudley, 2014, Theorem 1.31],

{ξ̃j,k : 0 ≤ k < 2M+N−j , 1 ≤ j ≤ M +N} can be constructed on a possibly enlarged probability space such

that the previously constructed Uj,k satisfies Uj,k =
∑n

i=1 ej,k(xi) almost surely for all 0 ≤ j ≤M +N, 0 ≤
k < 2M+N−j . We will show ξ̃j,k’s can be given as a Brownian bridge indexed by ẽj,k’s.

Since all of G, H , R and S are VC-type, we can show G × H +R × S is also VC-type, here + is the

Minkowski sum. Hence F = G × H +R×S ∪ Π1[G× H +R×S] is pre-Gaussian.

Then, by Skorohod Embedding lemma [Dudley, 2014, Lemma 3.35], on a possibly enlarged probability

space, we can construct a Brownian bridge (Zn(f) : f ∈ F) that satisfies

ξ̃j,k =
P(Cj,k)√

P(Cj−1,2k)P(Cj−1,2k+1)
Zn(ẽj,k),
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for 0 ≤ k < 2M+N−j , 1 ≤ j ≤M +N . Moreover, call

Vj,k =
√
nZn(ej,k), Ṽj,k =

√
nZn(ẽj,k), ξ̃j,k =

P(Cj,k)√
nP(Cj−1,2k)P(Cj−1,2k+1)

Ṽj,k.

for 0 ≤ k < 2K−j , 1 ≤ j ≤ K. We have for g ∈ G, h ∈ H , r ∈ R, s ∈ S,

√
nΠ1An(g, h, r, s) =

M+N∑
j=1

∑
0≤k<2M+N−j

(γ̃j,k[g, r] + γ̃j,k[h, s])Ũj,k,

√
nΠ1Zn(g, h, r, s) =

M+N∑
j=1

∑
0≤k<2M+N−j

(γ̃j,k[g, r] + γ̃j,k[h, s])Ṽj,k.

Decomposition Fix one (g, h, r, s) ∈ G × H ×R×S, we decompose by

An(g, h, r, s)− Zn(g, h, r, s)

= Π1An(g, h, r, s)− Π1Zn(g, h, r, s)︸ ︷︷ ︸
strong approximation (SA) error for projected

+An(g, h, r, s)− Π1An(g, h, r, s) + Π1Zn(g, h, r, s)− Zn(g, h, r, s)︸ ︷︷ ︸
projection error

.

SA error for Projected Process The strong approximation error essentially depends on the Hilbertian

pseudo norm

M+N∑
j=1

∑
0≤k<2M+N−j

(γ̃j,k[g, r] + γ̃j,k[h, s])
2 ≤ 2

M+N∑
j=1

∑
0≤k<2M+N−j

(γ̃j,k[g, r])
2 + 2

M+N∑
j=1

∑
0≤k<2M+N−j

(γ̃j,k[h, s])
2.

Hence, Cattaneo and Yu [2025, Lemma SA.19] gives with probability at least 1− 2e−t,

|Π1An(g, h, r, s)− Π1Zn(g, h, r, s)| ≤ C1Cα

√
N2α+12MEM

n
t+ C1Cα

√
(∥Π1[g, r]∥∞ + ∥Π1[h, s]∥∞)2(M +N)

n
t,

where C1 > 0 is a universal constant and Cα = 1 + (2α)α/2.

Projection Error For the projection error, we use the simple observation that

|An(g, h, r, s)− Π1An(g, h, r, s)| ≤ |Mn(g, r)− Π1Mn(g, r)|+ |Mn(h, s)− Π1Mn(h, s)|,

and Cattaneo and Yu [2025, Lemma SA.23] to get for all t > N ,

P
[
|An(g, h, r, s)− Π1An(g, h, r, s)| > C2

√
C2α

√
N2V+ 2−NM2tα+

1
2 + C2Cα

M√
n
tα+1

]
≤ 4ne−t,

P
[
|Zn(g, h, r, s)− Π1Zn(g, h, r, s)| > C2

√
C2α

√
N2V+ C2Cα2−NM2t

1
2 + C2Cα

M√
n
t
]
≤ 4ne−t,

where Cα = 1 + (2α)
α
2 and C2α = 1 + (4α)α and C2 is a constant that only depends on the distribution of

(x1, y1), with

V = min{2M,
√
dL2−M/d}2−M/dTVH .
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Uniform SA Error: Since all ofG, H , R and S are VC-type class, from a union bound argument and the

same control over fluctuation error as in Cattaneo and Yu [2025, Lemma SA.18], denotingF = G×H ×R×S,

we get for all t > 0 and 0 < δ < 1,

P
[
∥An −An ◦ πFδ

∥F + ∥Zn − Zn ◦ πFδ
∥F > C1CαFn(t, δ)

]
≤ exp(−t),

where Cα = 1 + (2α)
α
2 and

Fn(t, δ) = J(δ)M+
(log n)α/2MJ2(δ)

δ2
√
n

+
M√
n
t+ (log n)α

M√
n
tα.

where

J(δ) = 3δ
(√

dG log(
2cG
δ

) +

√
dH log(

2cH

δ
) +

√
dR log(

2cR
δ

) +

√
dS log(

2cS
δ

)
)

≲
√
d log(c/δ),

recalling c = cG,QG∪H + cH ,QG∪H + cR,Y + cS,Y + k, d = dG,QG∪H dH ,QG∪H dR,YdS,Yk. Choosing the optimal

M∗, N∗ gives P
[ ∥∥An − ZA

n

∥∥
F
> C1vTn(t)

]
≤ C2e

−t for all t > 0, where

Tn(t) = min
δ∈(0,1)

{An(t, δ) + Fn(t, δ)},

with

An(t, δ) =
√
dmin

{(cd1ETVdMd+1

n

) 1
2(d+1)

,
(cd1cd2E2M2TVdLd

n2

) 1
2(d+2)

}
(t+ log(nN(δ)N∗))α+1

+

√
M2(M∗ +N∗)

n
(log n)α(t+ log(nN(δ)N∗))α+1,

Fn(t, δ) = J(δ)M+
(log n)α/2MJ2(δ)

δ2
√
n

+
M√
n

√
t+ (log n)α

M√
n
tα,

where

VR = {θ(·, r) : r ∈ R},

N(δ) = NG,QG∪H (δ/2, MG,QG∪H )NH ,QG∪H (δ/2, MH ,QG∪H )NR,Y(δ/2,MR)NS,Y(δ/2,MS,Y),

J(δ) = 2JQG∪H (G, MG,QG∪H , δ/2) + 2JQG∪H (H , MH ,QG∪H , δ/2) + 2JY(R,MR,Y, δ/2) + 2JY(S,MS,Y, δ/2),

M∗ =
⌊
log2 min

{(c1nTV
E

) d
d+1

,
(c1c2nLTV

EM

) d
d+2
}⌋
,

N∗ =
⌈
log2 max

{( nMd+1

cd1ETV
d

) 1
d+1

,
( n2M2d+2

cd1c
d
2TV

dLdE2

) 1
d+2
}⌉
.

Truncation Argument for yi’s with Finite Moments The above result is derived under the assumption

that supx∈X E[exp(|yi|)|xi = x] < ∞. For the result under the condition supx∈X E[|yi|2+v|xi = x] < ∞,

we can use the same truncation argument as in [Cattaneo et al., 2025, Theorem SA-11 in the supplemental

material] and the VC-type conditions for G,H ,R,S to get the stated conclusions.
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SA-6.14 Proof of Theorem 2

Part I: Upper Bound.

The proof is essentially the proof for Lemma SA-5 with the data generating process ranging over P. By

Theorem SA-1 and Equation (SA-6), we have

sup
P∈P

sup
x∈B

|Bn,t(x)|

= sup
P∈P

sup
x∈B

∣∣∣e⊤1 Ψ−1
t,xSt,x − µt(x)

∣∣∣
= sup

P∈P

sup
x∈B

∣∣∣e⊤1 Ψ−1
t,xE

[
rp

(Di(x)

h

)
Kh(Di(x))rp(Di(x))

⊤(µt(Xi)− µt(x), 0, · · · , 0))1(Xi ∈ At)
]∣∣∣

≲ sup
P∈P

sup
x∈B

sup
z∈X

∣∣∣e⊤1 Ψ−1
t,xE

[
rp

(Di(x)

h

)
Kh(Di(x))rp

(Di(x)

h

)⊤∣∣∣
· sup
P∈P

sup
x∈B

sup
z∈X

|µt(x)− µt(z)|1(Kh(d(z,x)) > 0)

≲ h.

Part II: Lower Bound.

The lower bound is proved by considering the following data generating process. SupposeXi ∼ Uniform([−2, 2]2),

and µ0(x1, x2) = 0 and µ1(x1, x2) = x2 for all (x1, x2) ∈ X = [−2, 2]2. Suppose Yi(0) ∼ Normal(µ0(Xi), 1)

and Yi(1) ∼ Normal(µ1(Xi), 1). Define the treatment and control region by A1 = {(x, y) ∈ X : x ≥ 0, y ≥ 0},
A0 = X/A1, B = {(x, y) ∈ R : 0 ≤ x ≤ 2, y = 0 or x = 0, 0 ≤ y ≤ 2}. Suppose Yi = 1(Xi ∈
A0)Yi(0) + 1(Xi ∈ A1)Yi(1). Suppose we choose d to be the Euclidean distance and Di(x) = ∥Xi − x∥.
In this case, although the underlying conditional mean functions µt, t ∈ {0, 1} are smooth, the conditional

mean given distance θt,x may not even be differentiable. In this example,

θ1,(s,0)(r) =

 2
πr , if 0 ≤ r ≤ s,

r+s
π−arccos(s/r) , if r > s.

Figure SA-1 plots r 7→ θ1,(3/4,0)(r) with the notation xs = (s, 0).

Under this data generating process, we can show

inf
0<h<1

sup
x∈B

|Bn,1(x)−Bn,0(x)|
h

> 0.

The proof proceeds in two steps. First, we show a scaling property of the asymptotic bias under our

example, which gives a reduction to fixed-h bias calculation. Second, we prove the lower bound via the

reduction from previous step.

Step 1: A Scaling Property

Let 0 < h < 1, 0 < s < 1, 0 < C < 1. Define h′ = Ch and s′ = Cs. Here C is the scaling factor and denote

xs = (s, 0) and xs′ = (s′, 0). Denote bias for xs′ under bandwidth h
′ to be

biasn,1(h
′, s′) = e⊤1 E

[
rp

(
Di((s

′, 0))

h′

)
rp

(
Di((s

′, 0))

h′

)⊤

Kh′(Di((s
′, 0)))1(Xi ∈ A1)

]−1
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Figure SA-1: Conditional Mean Given Distance with One Kink

E
[
rp

(
Di((s

′, 0))

h′

)
Kh′ (Di((s

′, 0))) (µ1(Xi − (s′, 0)))1(Xi ∈ A1)

]
, (SA-13)

where we have used the fact that µ1 is linear in our example, hence µ1(Xi)− µ1((s
′, 0)) = µ1(Xi − (s′, 0)).

We reserve the notation Bn,t, t = 0, 1, to the bias when bandwidth is h, that is,

Bn,t(xs) ≡ biasn,t(h, s), h ∈ (0, 1), s ∈ (0, 1), t = 0, 1.

Inspecting each element of the last vector, for all l ∈ N,

E
[(

∥Xi − (s′, 0)∥
h′

)l

Kh′ (∥Xi − (s′, 0)∥) (µ1(Xi − (s′, 0)))1(Xi ∈ A1)

]
=

∫ 2

0

∫ 2

0

(
1

h′

)2(∥(u′ − s′, v′)∥
h′

)l

k

(
∥(u′ − s′, v′)∥

h′

)
µ1 ((u

′, v′)− (s′, 0))
1

4
du′dv′

(1)
=

∫ 2/C

0

∫ 2/C

0

(
1

Ch

)2(∥(Cu− Cs,Cv)∥
Ch

)l

k

(
∥(Cu− Cs,Cv)∥

Ch

)
µ1 (C(u− s, v))

C2

4
dudv

=

∫ 2/C

0

∫ 2/C

0

(
1

h

)2(∥(u− s, v)∥
h

)l

k

(
∥(u− s, v)∥

h

)
Cµ1 ((u− s, v))

1

4
dudv

(2)
=

∫ 2

0

∫ 2

0

(
1

h

)2(∥(u− s, v)∥
h

)l

k

(
∥(u, v)− (s, 0)∥

h

)
Cµ1 ((u, v)− (s, 0))

1

4
dudv

= CE
[(

∥Xi − (s, 0)∥
h

)l

Kh (∥Xi − (s, 0)∥)µ1(Xi − (s, 0))1(Xi ∈ A1)

]
,

where in (1) we have used a change of variable (u, v) = 1
C (u′, v′), and (2) holds since k

(
∥·−(s,0)∥

h

)
is supported

in (s, 0) + hB(0, 1), which is contained in [0, 2] × [0, 2] ⊆ [0, 2/C] × [0, 2/C] for all 0 < h < 1, 0 < s < 1,

0 < C < 1. This means

E
[
rp

(
Di((s

′, 0))

h′

)
Kh′ (Di((s

′, 0))) (µ1(Xi − (s′, 0)))1(Xi ∈ A1)

]
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= CE
[
rp

(
Di((s, 0))

h

)
Kh (Di((s, 0))) (µ1(Xi − (s, 0)))1(Xi ∈ A1)

]
.

Similarly, for all l ∈ N and 0 < h < 1, 0 < s < 1, 0 < C < 1,

E
[(

Di((s
′, 0)))

h′

)l

Kh′ (Di((s
′, 0)))1(Xi ∈ A1)

]
= E

[(
Di((s, 0))

h

)l

Kh (Di((s, 0)))1(Xi ∈ A1)

]
,

implying

E
[
rp

(
Di((s

′, 0))

h′

)
rp

(
Di((s

′, 0))

h′

)⊤

Kh′(Di((s
′, 0)))1(Xi ∈ A1)

]
= E

[
rp

(
Di((s, 0))

h

)
rp

(
Di((s, 0))

h

)⊤

Kh(Di((s, 0)))1(Xi ∈ A1)

]
.

It then follows that for all 0 < h < 1, 0 < s < 1, 0 < C < 1,

biasn,1(h
′, s′) = C biasn,1(h, s).

Moreover, for all 0 < h < 1, 0 < s < h,

Bn,1(xs) = biasn,1(h, s) = hbiasn,1

(
1,
s

h

)
. (SA-14)

Since µ0 ≡ 0, it is easy to check that

Bn,0(xs) = biasn,0(h, s) ≡ 0, 0 < h < 1, 0 < s < h.

Step 2: Lower Bound on Bias

Now we want to show sup0≤s≤1 |biasn,1(1, s)− biasn,0(1, s)| > 0. By Equation (SA-13),

biasn,1(1, s)− biasn,0(1, s) = e⊤1 Ψ
−1
s Ss − µ1(xs)− 0 = e⊤1 Ψ

−1
s Ss,

Ψs = E
[
rp (Di(xs)) rp (Di(xs))

⊤
K(Di(xs))1(Xi ∈ A1)

]
,

Ss = E [rp (Di(xs))K(Di(xs))µ1(Xi)1(Xi ∈ A1)] .

Changing to polar coordinates, we have

Ψs =

∫ ∞

0

∫ π

Θs(r)

rp(r)rp(r)
⊤K(r)rdθdr,

Ss =

∫ ∞

0

∫ π

Θs(r)

rp(r)K(r)r sin(θ)rdθdr,

with

Θs(r) =

0, if 0 ≤ r ≤ s,

arccos(s/r), if r > s.
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For notation simplicity, denote

A(s) =

∫ ∞

0

∫ π

Θs(u)

rp(u)rp(u)
⊤K(u)udθdu = A1(s) +A2(s),

B(s) =

∫ ∞

0

∫ π

Θs(u)

rp(u)K(u)u sin(θ)udθdu = B1(s) +B2(s),

where

A1(s) =

∫ s

0

∫ π

0

rp(u)rp(u)
⊤K(u)udθdu = π

∫ s

0

rp(u)rp(u)
⊤K(u)udu,

A2(s) =

∫ ∞

s

∫ π

arccos(s/u)

rp(u)rp(u)
⊤K(u)udθdu =

∫ ∞

s

(π − arccos(s/u))rp(u)rp(u)
⊤K(u)udu,

B1(s) =

∫ s

0

∫ π

0

rp(u)K(u)u sin(θ)udθdu = 2

∫ s

0

rp(u)K(u)u2du,

B2(s) =

∫ ∞

s

∫ π

arccos(s/u)

rp(u)K(u)u sin(θ)udθdu =

∫ ∞

s

(1 +
s

u
)rp(u)K(u)u2du.

Evaluating the above at zero gives

A(0) =
π

2

∫ ∞

0

urp(u)rp(u)
⊤K(u)du, B(0) =

∫ ∞

0

u2rp(u)K(u)du.

Hence

biasn,1(1, 0)− biasn,0(1, 0) = e⊤1 A(0)−1B(0) = e⊤1 A(0)−1

[
2

π
A(0)e2

]
= 0. (SA-15)

Taking derivatives with respect to s, we have

Ȧ1(s) = πrp(s)rp(s)
⊤K(s)s,

Ȧ2(s) = −πrp(s)rp(s)⊤K(s)s+

∫ ∞

s

1√
u2 − s2

urp(u)rp(u)
⊤K(u)du,

Ḃ1(s) = 2rp(s)K(s)s2,

Ḃ2(s) = −2rp(s)K(s)s2 +

∫ ∞

s

urp(u)K(u)du.

Evaluating the above at zero gives

Ȧ(0) =

∫ ∞

0

rp(u)rp(u)
⊤K(u)du, Ḃ(0) =

∫ ∞

0

urp(u)K(u)du.

Using matrix calculus, we know

d

ds
biasn,1(1, s)− biasn,0(1, s)

∣∣∣∣
s=0

=
d

ds
e⊤1 A(s)−1B(s)

∣∣∣∣
s=0

(SA-16)

= −e⊤1 A(0)−1Ȧ(0)
[
A(0)−1B(0)

]
+ e⊤1 A(0)−1Ḃ(0) (SA-17)
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= −e⊤1 A(0)−1Ȧ(0)

[
2

π
e2

]
+ e⊤1

[
2

π
e1

]

= − 2

π
e⊤1 A(0)−1

∫ ∞

0

 u
u2

· · ·
up+1

K(u)du+ e⊤1

[
2

π
e1

]

= − 4

π2
+

2

π
. (SA-18)

Combining Equations (SA-15) and (SA-16), and the fact that d
ds biasn,1(1, s)− biasn,0(1, s) is continuous in

s, we can show sup0≤s≤1 |biasn,1(1, s)− biasn,0(1, s)| > 0. Combining with Equation (SA-14), we have

inf
0<h<1

sup
x∈B

|Bn,1(x)−Bn,0(x)|
h

≥ inf
0<h<1

sup
0<s<h

|biasn,1(s, h)− biasn,0(s, h)|
h

= inf
0<h<1

sup
0<s<h

∣∣∣biasn,1 (1, s
h

) ∣∣∣
> 0.

SA-6.15 Proof of Theorem 3

The proof of part (i) follows from part (ii) with B ∩ B(x, ε) as the boundary. To prove part (ii), without

loss of generality, we assume that ι = p + 1, and want to show supx∈Bo |Bn,t(x)| ≲ hp+1. This means we

have assumed that B has a one-to-one curve length parametrization γ that is Cp+3 with curve length L,

there exists ε, δ > 0 such that for all x ∈ γ([δ, L − δ]) and 0 < r < ε, S(x, r) intersects B with two points,

s(x, r) and t(x, r). Define a(x, r) and b(x, r) to be the number in [0, 2π] such that

[a(x, r), b(x, r)] = {θ : x+ r(cos θ, sin θ) ∈ A1}.

Then, for x ∈ B and 0 < r < ε, θ1,x(r) has the following explicit representation:

θ1,x(r) =

∫ b(x,r)

a(x,r)
µ1(x+ r(cos θ, sin θ))fX(x+ r(cos θ, sin θ))dθ∫ b(x,r)

a(x,r)
fX(x+ r(cos θ, sin θ))dθ

.

Step 1: Curve length v.s. Distance to γ(0)

W.l.o.g., assume γ(0) = x and γ′(0) = (1, 0). Let T : [0,∞) → [0,∞) to be a continuous increasing

function that satisfies

∥γ ◦ T (r)∥2 = r2, ∀r ∈ [0, h].

Initial Case: l = 1, 2, 3.

We will show that T is Cl on (0, h). For notational simplicity, define another function ϕ : [0,∞) → [0,∞)

by ϕ(t) = ∥γ(t)∥2. Using implicit derivations iteratively,

ϕ ◦ T (r) = r2,
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ϕ′(T (r))T ′(r) = 2r,

ϕ′′(T (r))(T ′(r))2 + ϕ′(T (r))T ′′(r) = 2,

ϕ′′′(T (r))(T ′(r))3 + 3ϕ′′(T (r))T ′(r)T ′′(r) + ϕ′(T (r))T ′′′(r) = 0. (1)

From the above equalities, we get

T ′(r) =
2r

ϕ′(T (r))
,

T ′′(r) =
2− ϕ′′(T (r)) (T ′(r))

2

ϕ′(T (r))
,

T ′′′(r) = −ϕ
′′′(T (r))(T ′(r))3 + 3ϕ′′(T (r))T ′(r)T ′′(r)

ϕ′(T (r))
.

Since we have assumed γ is Cp+3 on (0, h), ϕ is also Cp+1 on (0, h). It follows from the above calculation

that T is Cp+3 on (0, h). In order to find the limit of derivatives of T at 0, we need

ϕ(t) = γ1(t)
2 + γ2(t)

2, ϕ(0) = 0,

ϕ′(t) = 2γ1(t)γ
′
1(t) + 2γ2(t)γ

′
2(t), ϕ′(0) = 0,

ϕ′′(t) = 2γ′1(t)γ
′
1(t) + 2γ1(t)γ

′′
1 (t) + 2γ′2(t)γ

′
2(t) + 2γ2(t)γ

′′
2 (t), ϕ′′(0) = 2,

ϕ′′′(t) = 6γ′1(t)γ
′′
1 (t) + 2γ1(t)γ

′′′
1 (t) + 6γ′2(t)γ

′′
2 (t) + 2γ2(t)γ

′′′
2 (t).

Using L’Hôpital’s rule

lim
r↓0

T ′(r) = lim
r↓0

2

ϕ′′(T (r))T ′(r)
=

2

2 limr↓0 T ′(r)
=⇒ lim

r↓0
T ′(r) = 1,

lim
r↓0

T ′′(r) = lim
r↓0

−ϕ′′′(T (r))(T ′(r))3 − ϕ′′(T (r))2T ′(r)T ′′(r)

ϕ′′(T (r))T ′(r)

=
−ϕ(3)(0)− 4 limr↓0 T

′′(r)

2

=
−ϕ(3)(0)

6

lim
r↓0

T (3)(r) = − lim
r↓0

ϕ(4)(T (r))(T ′(r))4 + ϕ(3)(T (r))3(T ′(r))2T ′′(r) + 3ϕ(3)(T (r))(T ′(r))2T ′′(r)

ϕ′′(T (r))T ′(r)

+ lim
r↓0

3ϕ′′(T (r))T ′(r)T (3)(r)

ϕ′′(T (r))T ′(r)

= −ϕ
(4)(0)− (ϕ(3)(0))2 + 6 limr↓0 T

(3)(r)

2

= −ϕ
(4)(0)− (ϕ(3)(0))2

8
.
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Induction Step: l ≥ 4.

Assume limr↓0 T
(i)(r) exists and is finite for 0 ≤ i ≤ l− 2 and there exists a function q(r) such that (i) q(r)

is a polynomial of ϕ(j)(T (r)), 1 ≤ j ≤ l − 1 and T (k)(r), 1 ≤ k ≤ l − 2, (ii) limr↓0 q(r) = 0 and (iii)

q(r) + ϕ′(T (r))T (l−1)(r) = 0. (2)

For l = 4, this assumption can be verified from Equation (1). Using L’hopital’s rule,

lim
r↓0

T (l−1)(r) = lim
r↓0

− q(r)

ϕ′(T (r)

L′h
= lim

r↓0
− q′(r)

ϕ′′(T (r))T ′(r)
.

From the previous paragraph, limr↓0 ϕ
′′(T (r))T ′(r) exists and is finite. And q′(r) is a polynomial of

ϕ(j)(T (r)), 1 ≤ j ≤ l and T (k)(r), 1 ≤ k ≤ l − 1. Hence limr↓0 T
(l−1)(r) can be solved from the follow-

ing equation and is finite:

lim
r↓0

q′(r) + lim
r↓0

ϕ′′(T (r))T ′(r) · lim
r↓0

T (l−1)(r) = 0. (3)

Taking derivatives on both sides of Equation (2),

q′(r) + ϕ′′(T (r))T ′(r)T (l−1)(r) + ϕ′(T (r))T (l)(r) = 0.

Take q2(r) = q′(r) + ϕ′′(T (r))T ′(r)T (l−1)(r). Then, (i) q2(r) is a polynomial of ϕ(j)(T (r)), 1 ≤ j ≤ l and

T (k)(r), 1 ≤ k ≤ l − 1, (ii) limr↓0 q2(r) = 0, and (iii)

q2(r) + ϕ′(T (r))T (l)(r) = 0.

Continue this argument till l = p+3, limr↓0 T
(j)(r) exists and is a polynomial of ϕ(0)(0), . . . , ϕ(j+1)(0), which

implies that it is bounded by a constant only depending on γ.

Step 2: (p+ 1)-times continuously differentiable Sr

We use the notation γ(t) = (γ1(t), γ2(t)). Define

A(t) = ∠γ(t)− γ(0), γ′(0) = arcsin

(
γ2(t)

∥γ(t)∥

)
.

Since γ is Cp+3, we can Taylor expand γ at 0 to get

γ(t) =
(
0
0

)
+
(
1
0

)
t+

(
u2
v2

)
t2 + · · ·

(
up+2
vp+2

)
tp+2 +

(
R1(t)
R2(t)

)
,

where we have used the fact that γ′2(0) = 0 and ∥γ′(0)∥ = 1 and

R1(t) =

∫ t

0

γ
(p+3)
1 (s)(t− s)p+2

(p+ 2)!
ds, R2(t) =

∫ t

0

γ
(p+3)
2 (s)(t− s)p+2

(p+ 2)!
ds.
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Since γ is Cp+3, R1(t)/t and R2(t)/t are C
p+3 on (0,∞). We claim that limt↓0

dv

dtv (R1(t)/t) exists and is

uniformly bounded for all x ∈ B, for all 0 ≤ v ≤ p+ 1. Define φ(t) = R1(t)/t. Then

φ′(t) = −R1(t)

t2
+
R′

1(t)

t
,

φ′′(t) =
2R1(t)

t3
− 2R′

1(t)

t2
+
R′′

1 (t)

t
,

φ(3)(t) = −6R1(t)

t4
+

6R′
1(t)

t3
− 3R

(2)
1 (t)

t2
+
R

(3)
1 (t)

t
· · ·

where

R′
1(t) =

∫ t

0

γ
(p+1)
1 (s)(t− s)p−1

(p− 1)!
ds, R′′

1 (t) =

∫ t

0

γ
(p+1)
1 (s)(t− s)p−2

(p− 2)!
ds, · · ·

Since γ1 is Cp+3, there exists C1 > 0 only depending on γ such that for all 0 ≤ v ≤ p + 3,
∣∣ dv

dtvR1(t)
∣∣ ≤

C1t
p+1−v. Hence

lim
r↓0

φ(j)(r) = 0, ∀0 ≤ j ≤ p+ 1.

Similarly, limr↓0
dv

dtv (R2(t)/t) exists and is uniformly bounded for all 0 ≤ v ≤ p+ 1. Then

γ2(t)

∥γ(t)∥
=

v2t+ · · ·+ vp+2t
p+2 +R2(t)/t√

(1 + u2t+ · · ·up+2tp+2 +R1(t)/t)2 + (v2t+ · · ·+ vp+2tp+2 +R2(t)/t)2
, t > 0.

Notice that γ2(t)/ ∥γ(t)∥ is of the form

p(t)(1 + q(t))α,

where α < 0 and p(t), q(t) are Cp+1 on (0,∞) with limr↓0 d
v/dtvp(t) and limr↓0 d

v/dtvq(t) finite. Since the

derivative of p(t)(1 + q(t))α is

p′(t)(1 + q(t))α + p(t)α(1 + q(t))α−1q′(t),

which is the sum of two terms of the form p2(t)(1 + q2(t))
α with p2 and q2 functions that are Cp with finite

limits at 0. Continue this argument, we see that γ2(·)
∥γ(·)∥ is Cp+1 on (0,∞) and limr↓0

dv

dtv (γ2(t)/ ∥γ(t)∥) exist
and are uniformly bounded for all x ∈ B and for all 0 ≤ v ≤ p+ 1.

Since arcsin is Cp+1 with bounded (higher order derivatives) on [−1/2, 1/2], A is Cp+1 on (0, δ) and for

all 0 ≤ v ≤ p+ 1, limr↓0A
(v)(t) exist and are uniformly bounded for all x ∈ B.

Step 3: (p+ 1)-times continuously differentiable conditional density

By the previous two steps, a(x, r) = A ◦ T (r) is Cp+1 on (0,∞) with | limr↓0
dv

drv a(x, r)| < ∞. Similarly,

we can show that b(x, r) is Cp+1 in r with finite limits at r = 0. By the assumption that fX is Cp+1

and bounded below by f , θ1,x is Cp+1 with limr↓0
dv

drv θ1,x(r) uniformly bounded for all x ∈ B and for all

0 ≤ v ≤ p+ 1.

This completes the proof.
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SA-6.16 Proof of Theorem 6

Let s > 0 be a parameter that is chosen later. Consider the following two data generating processes.

Data Generating Process P0.

Let X = {r(cos θ, sin θ) : 0 ≤ r ≤ 1, 0 ≤ θ ≤ Θ(r)}, where

Θ(r) =


π, 0 ≤ r < s,

θk, s+ ks2 ≤ r < s+ (k + 1)s2, 0 ≤ k < K,

θK , s+Ks2 ≤ r < 1,

with K = ⌊ 1−s
s2 ⌋ and θk is the unique zero of

sin(θ)

θ
=

(k + 1
2 )s

2

s+ (k + 1
2 )s

2

over θ ∈ [0, π], and θK is the unique zero of

sin(θ)

θ
=
Ks2 + 1− s

s+Ks2 + 1

over θ ∈ [0, π]. Suppose Xi has density fX given by

fX(r(cos θ, sin θ)) =
1

2Θ(r)
, 0 ≤ r ≤ 1, 0 ≤ θ ≤ Θ(r).

Suppose

µ0(x1, x2) =
1

2
+

1

100
x1, (x1, x2) ∈ R2.

Suppose Yi = 1(ηi ≤ µ(Xi)) where (ηi : i : 1, · · · , n) are i.i.d. random variables independent of (Xi :

1, · · · , n). Let η0(r) = EP0
[Yi| ∥Xi − (0, 0)∥ = r], for r ≥ 0. In particular, bd(X) has length π + 2. Hence,

bd(X) is a rectifiable curve.

Data Generating Process P1.

Let X = {r(cos θ, sin θ) : 0 ≤ r ≤ 1, 0 ≤ θ ≤ π/2}, Xi is uniformly distributed on X, and

µ1(x1, x2) =
1

2
+

1

100
(x1 − s), (x1, x2) ∈ R2.

Suppose Yi = 1(ηi ≤ µ(Xi)) where (ηi : 1, · · · , n) are i.i.d random variables independent to (Xi : 1, · · · , n).
Let η1(r) = EP1 [Yi| ∥Xi − (0, 0)∥ = r], for r ≥ 0. In particular, bd(X) has length π/2 + 2. Hence, bd(X) is

a rectifiable curve.
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Figure SA-2: X from DGP P0

Figure SA-3: X from DGP P1
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Minimax Lower Bound.

First, we show under the previous two models, P0(∥Xi∥ ≤ r) = P1(∥Xi∥ ≤ r) for all r ≥ 0. Since in P1, Xi

is uniform distributed on R, we know P1(∥Xi∥ ≤ r) = r2, 0 ≤ r ≤ 1.

P0(∥Xi∥ ≤ r) =

∫ r

0

∫ Θ(s)

0

1

2Θ(s)
sdθds = r2, 0 ≤ r ≤ 1.

Hence, choosing (0, 0) as the point of evaluation in both P0 and P1, we have

dKL(P0(∥Xi − (0, 0)∥ , Yi),P1(∥Xi − (0, 0)∥ , Yi))

=

∫ ∞

0

∫ ∞

−∞
dP0(r, y) log

dP0(r, y)

dP1(r, y)

=

∫ ∞

0

∫ ∞

−∞
dP0(r)dP0(y|r) log

dP0(r)dP0(y|r)
dP1(r)dP1(y|r)

=

∫ ∞

0

dP0(r)

∫ ∞

−∞
dP0(y|r) log

dP0(y|r)
dP1(y|r)

= 2

∫ 1

0

dKL(Bernoulli(η0(r)),Bernoulli(η1(r)))rdr.

Under P0, Xi is uniformly distributed on {r(cos θ, sin θ) : 0 ≤ θ ≤ Θ(r)} for each 0 < r ≤ 1. Hence

η0(r) =
1

2
+

1

100

1

Θ(r)

∫ Θ(r)

0

r cos(u)du− s

100
=

1

2
+

1

100
r
sin(Θ(r))

Θ(r)
.

Thus, for 0 ≤ k < K,

η0

(
s+ (k +

1

2
)s2
)
=

1

2
+

1

100

(
(s+ (k +

1

2
)s2)

sin(Θk)

Θk

)
=

1

2
+

1

100

(
(s+ (k +

1

2
)s2)

(k + 1
2 )s

2

s+ (k + 1
2 )s

2

)
= η1

(
s+ (k +

1

2
)s2
)
.

Since both η0 and η1 are 1-Lipschitz on all intervals [s + ks2, s + (k + 1)s2] for all 0 ≤ k < K, we know

|η0(r) − η1(r)| ≤ 2s2 for all r ∈ [s, 1]. Moreover, η0(r) =
1
2 for all 0 ≤ r ≤ s and η1(r) =

1
2 + 1

100 (r
2
π − s).

Hence |η0(r)− η1(r)| ≤ s for all 0 ≤ r ≤ s. Hence,∫ 1

0

dKL(Bernoulli(η0(r)),Bernoulli(η1(r)))rdr ≤
∫ 1

0

dχ2(Bernoulli(η0(r)),Bernoulli(η1(r)))rdr

=

∫ 1

0

(η1(r)
(η0(r)− η1(r)

η1(r)

)2
+ (1− η1(r))

(η0(r)− η1(r)

1− η1(r)

)2
)rdr

≤ 1
1
2 − 3

100

∫ 1

0

(η0(r)− η1(r))
2rdr

≤ 1
1
2 − 3

100

∫ s

0

s2rdr +
1

1
2 − 3

100

∫ 1

s

(2s2)2rdr

≤ 5
1
2 − 3

100

s4.
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Moreover, |µ0(0, 0) − µ1(0, 0)| = 1
100s. Hence, by Tsybakov [2008, Theorem 2.2 (iii)], take 5

1
2−

3
100

s4∗ = log 2
n ,

and conclude that

inf
Tn∈T

sup
P∈P

sup
x∈B(P)

EP[|Tn(Un(x))− µ(x)|] ≥ 1

1600
s∗ ≳ n−

1
4 .

This concludes the proof.
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