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Abstract

This supplemental appendix presents more general theoretical results encompassing those reported
in the paper, their theoretical proofs, and other technical results. In particular, it presents a new strong
approximation result for multiplicative-separable empirical processes leveraging and extending ideas from
Cattaneo and Yu [2025].
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SA-1 Setup

This supplemental appendix considers a generalized version of the problems studied in the main paper.
Specifically, the underlying bivariate location variable X; is d-dimensional (d > 1) with support & C RY,
and the boundary region % is a low dimensional manifold with “effective dimension” d — 1. The results in
the paper correspond to d = 2, that is, X; is bivariate and % is a one-dimensional (boundary assignment)
curve.

Assumption 1 in the paper generalizes as follows.
Assumption SA-1 (Data Generating Process). Let ¢t € {0,1}.

() Vi), X)), ..., (Ya(®), X)) are independent and identically distributed random vectors with X =

Hle[al,bl] for —co < a; <by<oo forl=1,---,d.
(ii) The distribution of X; has a Lebesgue density fx(x) that is continuous and bounded away from zero
on .

(iil) pe(x) =E[Y;(0)|X; = x] s (p + 1)-times continuously differentiable on X .
(iv) o2(x) = V[Y;(t)|X; = x] is bounded away from zero and continuous on I .

(v) supygeq E[|Yi(1)]*T|X; = x] < 00 for some v > 2.

The support & is partitioned into two (assignment) areas, oy C R? and &/; C R, representing the control
and treatment regions, respectively. Thus, ¥ = oUg/; with &, and &, disjoint regions in R%. The observed
outcome is ¥; = 1(X; € o,)Y;(0)+1(X; € o/1)Y;(1), and B = bd(y) Nbd(&;) is the boundary determined
by the assignment regions, where bd(</;) denotes the topological boundary of ;.

The conditional treatment effect curve at the boundary is
r(x) —ENi() - ()X =x], xe%.
The univariate distance score induced by the bivariate location variable is
D;(x) = [1(X; € o) — L(X; € o)< (X;, %), x € B,

where (-,) denotes a distance function. The distance-based treatment effect estimator process along the
boundary based is (7(x) : x € %) is

(5(x) = 01.5(0) — By (0) : x € .92;),
where, for ¢t € {0,1},

D) = o] 3,0), F,06) = axgmin B, (Vi = rp(Di(x)) ") K (Di)) 1, (D1 ))

rp(u) = (1,u,--- ,uP) " and Kj,(u) = K (u/h)/h? with K(-) a univariate kernel and h a bandwidth parameter,

and fy = (—00,0) and #; = [0, 00). More generally, the least squares projection is
Ox(Di(x) = 1(Di(x) (), te{0,1}, x¢€B.

We impose the following assumptions on the kernel function, distance function, and assignment boundary



manifold. Let

for t € {0,1}.

Assumption SA—2 (Kernel, Distance, and Boundary). Let ¢t € {0,1}.
(i) & is compact (d — 1)-rectifiable, with H9=1(B) positive and finite.
(ii)  :RIxR? = R, is a metric on R? equivalent to the Euclidean distance, that is, there exists positive
constants C,, and C; such that C ||x — X'|| < &(x,x') < Cy ||x = X'|| for all x,x' € X.
(iii) K : R — [0,00) is compact supported and Lipschitz continuous, or K(u) = 1(u € [-1,1]).
(iv) liminfp o infxeg Amin(Prx) 2 1.

~

For each t € {0,1}, the induced conditional expectation based on univariate distance is
0t x(r) = E[Y;|D;(x) = r] = E[Y;| (X, x) = |r|, X; € 4], reSf, xeRB.

More rigorously, for each ¢t € {0,1}, and letting S; x(r) = {v € & : &(v,x) = r,v € o} for r > 0 and
x e %,

— Jsumtird (V) fx (V)94 (dv)

9t,x(7’) fstyx(w) fX(V)ﬁdfl(dV) ’

for |r] > 0,x € B,t € {0,1}, and therefore (under our assumptions)

. . fstx(‘r‘)Mt(V)fX(V)f)d_l(dv)
o0 = P B0 I X € I T s

Thus, the population limit based on the induced conditional expectations is 0x(0) = 61x(0) — 6o.x(0).
Theorem SA-1 shows that 6x(0) = 7(x) under Assumptions SA-1 and SA-2.

The best mean square approximation is

0; x(Di(x)) = rp(Di(x)) "7 (%),
where

% . 2
vi (%) = argmmE[ (Yi = rp(Di(x)) ") Kn(Ds(x)1(Di(x) € F) |,
~yERPHL
and uniqueness will follow from the results below. The estimation error decomposes into linear error,

approzimation error, and non-linear error: for all t € {0,1} and x € &,

Di (X)
h
Di (X)
h

B1¢(0) = 01.x(0) = e] ¥, By 1y (252 ) K (Di(x))Yi] = 01,x(0)

= e W, B 1, (Z5 ) Kn(Di ()Y = 0 1 (Di(x)))] +07.(0) = 01.x(0)

~—1
= 075(0) = 0:.x(0) +ef ¥ O +ef (¥, — ¥, )Oyx, (SA-1)

approximation error linear error non-linear error



where

Oix =E, {r,,(

=~ Dz X Dz x)\ |
B = B, [, (20D, (20 T (0, pa(0ix) € 7).
and the misspecification bias is
By (x) = 07 (0) — 0, x(0).

Finally, we define the following for quantities for future analysis: for ¢t € {0,1}, x1,x2 € %,

T, x, = h'E, [rp(Diglxl))rp(DiSQ))TKh(Di(xl))Kh(Di(XQ))

(Vi = Oty (Di(x1))) (Vi = Oty (Di (x2))) L7, (Di(x1)) |,

Y1, = hIE [rp(Di(Xl))rp(Di(XQ))TKh(Di(xl))Kh(Di(xz))

h h
* *
(Yi = 0f «, (Di(x1)))(Y; — 0 «, (Di(x2))),

~ ~ ~ ~ 1 ~—1 ~ ~—1

= _= = = — T

—x1,x2 — —0,x1,X2 + —1,x1,%x29 —t,X1,X2 — nhdel \Ilt,xl Tt7x17x2 ‘Pt,XQel

and

= ) 4= = — 1 Ty-1y pl
—x1,x2 — —0,x1,Xx2 —1,x1,X2" —t,X1,X2 — nhdel txq Lt,x1,x2 ¥t x,€1-

~

—_
—

[l

In particular, Ex,xv Ex = Exx; B(x) = B1(x) — Bo(x), ete.

SA-1.1 Notation and Definitions

For textbook references on empirical process, see van der Vaart and Wellner [1996], Dudley [2014], and Giné
and Nickl [2016]. For textbook reference on geometric measure theory, see Simon et al. [1984], Federer [2014],
and Folland [2002].

(i) Multi-index Notations. For a multi-index u = (uy,...,uq) € N denote |u| = Z?Zl ug, u! = T ug.
Denote ry(u) = (1, u1,...,uq,uf,...,u3,...,uf,...,uf), that is, all monomials uf" ---uj? such that
«; € N and Z?Zl a; < p. Define e;1,, to be the pg = (‘fgzﬁ)l—dimensional vector such that elT_H/rp(u) =

u? for all u € R<.

(ii) Norms. For a vector v € R, ||v| = (Zle VA2 ||v]leo = max;<i<k [vi|. For a matrix A € R™*™,

[All, = supx; =1 [|Ax[l,, p € NU{oo}, and Amin(A) denotes its minimum eigenvalue. For a function
f on a metric space (S,d), || fllcc = supyeq |f(x)|. For a probability measure @ on (&,.%) and p > 1,
define || f[l, , = (Js |f|PdQ)/?. For a set E C R?, denote by m(F) the Lebesgue measure of E.

(iii) Empirical Process. We use standard empirical process notations: E,[g(v;)] = 237"  g(v;) and



Gnlg(vi)] = ﬁzzlzl(g(vi) — Elg(v;)]). Let (&,d) be a semi-metric space. The covering num-
ber N(&,d,¢) is the minimal number of balls Bs(e) = {t : d(t,s) < €} needed to cover §. A P-
Brownian bridge is a mean-zero Gaussian random function W,,(f), f € L2(Z,P) with the covariance
E[Wp(f)Wr(g9)] = P(fg) — P(f)P(g), for f,g € Lao(XL,P). A class F C Lo(Z,P) is P-pregaussian if
there is a version of P-Brownian bridge Wp such that Wp € C(F; pp) almost surely, where pp is the
semi-metric on Ly(Z', P) is defined by pp(f,g) = (|f —gll3 o — (] f dP— [ gdP)*)'/2, for f, g € Lo(X, P).

Geometric Measure Theory. For a set E C X', the De Giorgi perimeter of E related to X is L(E) =
TVig,),9- For d € Nand 0 < m < d, the m-dimensional Hausdorff (outer) measure is given by
H™(A) = lims o HT(A), A C R, where for each § > 0, H*(A) is defined by taking H7*(0) = 0, and
for any non-empty A C RY, §7(A4) = #2/11) inf 327% | (diam(C;)/2)™, and the infimum is taken
over all countable collections C1,Cs,--- of subsets of R? such that diam(C;) < 0 and A C U?’;le.
Integration against £ is defined via Carathéodory’s Theorem following the classical measure-theoretic
literature. The Hausdorff dimension dimg(A) of A is defined by dimg(A) = inf{t > 0 : H?(A) = 0}.
A set A C R is said to be k-rectifiable if A is of Hausdorff dimension k, and there exist a countable
collection {f;} of continuously differentiable maps f; : R¥ — RY such that $*(E \ U2, fi(R¥)) =
0. B is a rectifiable curve if there exists a Lipschitz continuous function « : [0,1] — R such that
B = ~([0,1]). We define the curve length function of B to be £(B) = sup,cp s(m,7), where II =
{(to,t1,...,tn) : NeN,0<ty<t; <...<ty <1} and s(m~y) = Zf\;o [lv(t:) — y(tig1)|ly for m =
(to,t1,. .. tn).

Bounds and Asymptotics. For reals sequences |a,| = o(|b,|) if limsup §= = 0, |a,| < |by| if there exists
some constant C and N > 0 such that n > N implies |a,| < C|b,|. For sequences of random variables
an

ap, = opp(by) if plim,,_, 7 =0, lan| Sp |by| if limsup,,_, . imsup,,_, IP[|‘Z—:| > M) =0.

Distributions and Statistical Distances. For p € RF and X a k x k positive definite matrix, Normal(gu, 3)
denotes the Gaussian distribution with mean p and covariance X. For —oo < a < b < 0o, Uniform({a, b])
denotes the uniform distribution on [a, b]. Bernoulli(p) denotes the Bernoulli distribution with success
probability p. ®(-) denotes the standard Gaussian cumulative distribution function. For two distribu-
tions P and Q, dki(P,Q) denotes the KL-distance between P and @, and d,2(P, Q) denotes the x?

distance between P and Q.

SA-1.2 Mapping between Main Paper and Supplement

The results in the main paper are special cases of the results in this supplemental appendix as follows.

Theorem 1 in the paper corresponds to Theorem SA-1 with d = 2.
Theorem 2 in the paper is proven in Section SA-6.14.

Theorem 3 in the paper is proven in Section SA-6.15.

Theorem 4(i) in the paper corresponds in Theorem SA-2 with d = 2.
Theorem 4(ii) in the paper corresponds in Theorem SA-3 with d = 2.
Theorem 5(i) in the paper corresponds in Theorem SA-4 with d = 2.

Theorem 5(ii) in the paper corresponds in Theorem SA-7 with d = 2.



e Theorem 6 in the paper is proven in Section SA-6.16.

SA-2 Preliminary Lemmas

Recall that ¢ € {0,1}.
The following lemma gives a sufficient condition for Assumption SA-2.

Lemma SA-1 (Gram Invertibility). Suppose the following conditions hold:
1. Assumptions SA-1(i)(ii) and Assumption SA-2 (iii) hold.

2. d(-,-) is the Euclidean distance.

3. There exists a set U C R?, such that K(|lul]) > x>0 for allu € U, Amin( [y, rp(||2]))rp(||2]]) "dz) > 0

and liminfy, o infyeg [, K(|[ul))1(x + hu € &;)du 2 1.
Then Assumption SA-2 (iv) holds.

Lemma SA-2 (Gram). Suppose Assumptions SA-1(i)(ii) and SA-2 hold. If Toa( 1/h — 00, then

3 log(1/h) e -
sup [ ¥ — ol e g 1 Se of [l < s ] S
sup @ — il Se /= p

’

Lemma SA-3 (Stochastic Linear Approximation). Suppose Assumptions SA-1(i)(ii)(iii)(v) and SA-2 hold.

nh?
If m — 00, then

log(1/A) |, log(1/h)
+ 1+v
nhd n2+v hd

log(1/h) , log(1/h)

sup [|Orx || <e
XER

sup |e1T\Il;iOt7x| <p

e B nhd nzes pd
T8 o1 log(1/h) (' [log(1/h)  log(1/h)
,S(lelg» ’el (Wi = ‘Pt’X)Ot’x| = \/ nhd nhd * nae pd

Lemma SA-4 (Covariance). Suppose Assumptions SA-1 and SA-2 hold. If 10g(1/h) — o0, then

. log(1/h) _ log(1/h)
_ <
x1§iré@|\Tt,xl,x2 Yosioeo|| Se | =g + T

=~ log(1/h)  log(1/h)
d|= =
x1)S)1pg nh 1St 5c1 2 — St x| SP hi + o

If, in addition, % — 00, then

. - e B dy—1
;2; )\min(—rt,x,x) Z]P’ 1; ;2{% —t,x,X zIP’ (nh ) ’



and

=
e ,X1,X2 —t,X1,X2

log(1/h)  log(1/h)
~P nhd nZi/u hd ’

sup ’ - = =
X1,X2E€RB St X9, X —t,X2,X2
‘—‘t ,X1,X2 ‘—‘t ,X2,X2

Lemma SA-5 (Uniform Bias: Minimal Guarantee). Suppose Assumptions SA—1 (i)(ii) (i) and SA-2 hold.
If h — 0, then

sup |B(x)| < h.
XERB

SA-3 Identification and Point Estimation

Theorem SA-1 (Distance-Based Identification). Suppose Assumptions SA—1(i)-(iii) and SA-2 hold. Then,
T(x) = limy g 01 x(r) — limyqo Op x (1) for all x € &B.

Theorem SA-2 (Pointwise Convergence Rate). Suppose Assumptions SA—1 and SA-2 hold. If nh® — oo,
then

~ 1 1
|9(x) — 7(x)| <p T + =T + |B(x)|.

Theorem SA-3 (Uniform Convergence Rate). Suppose Assumptions SA-1 and SA-2 hold. If log(l/h) — 00,
then
log(1/1) __ log(1/1)

9(x) — <
)s(telgjfﬂ(x) T(X)| <p o Ty —|—)Scl€1£;|%(x)|

SA-4 Distributional Approximation and Inference

Let W = ((X{,Y1),---,(X,),V,)), and recall that t € {0,1}. The feasible t-statistics is

The associated 100(1 — a)% confidence interval estimator is

a9 = [ 960~ 00/ 009+ 00/ |

where g, denotes an appropriate quantile depending on the desired confidence level a € (0, 1), and coverage
objective (pointwise vs. uniform over &). The following theorem establishes pointwise asymptotic normality
and validity of confidence intervals. Let ®(-) be the cumulative distribution function of a standard univariate

Gaussian random variable.

Theorem SA-4 (Confidence Intervals). Suppose Assumptions SA-1 and SA-2 hold. If n¥ v hd — 0o and



Vnhi|B(x)| — 0, then

sup IP’(
u€R

H)
A
&
|
oy
£
I
S
=
»
m
Y

and
P(7(x) efa(x)) =1—a+o(1), x € R,

provided that qq = inf{c > 0:P(|Z| > c|W) < o} with Z|W ~ Normal(0, E,Qx).

To conduct uniform inference, and in particular construct confidence bands, we rely on a new strong
approximation result established in Section SA-5. First, we approximate (uniformly over x € &) the feasible

statistic T(V) by the following linear statistic (which is a sum of independent random variables):
Tdis( ) - :;1(/2( I\Ilf,)lcol,x - eir\Il(;,;lcOO,x)y X €A

Theorem SA-5 (Stochastic Linearization). Suppose Assumptions SA-1 and SA-2 hold. If log 1/h) — 00,
then

~T(x)| <p 10g(1/h)< log(1/h) + 1Og(u1/h)) + Vnhd sup [B(x)|.

sup T
’ nhd n2+v ha xR

XERB

The pointwise (in &) analogue of this result removes the log(1/h) penalty. See the proof of Theorem
SA-4 for more details. To establish a Gaussian strong approximation for T(x), define the class of functions
G ={9x :x€ B} and A = {mx : x € B}, where

gx(u) =1(u € &1)R1(u;x) — L(u € o) Ro(u; x),
mx(u) = —L(u € &1)R1(u;x)07 . (Z(u,x)) + L(u € o) Ro(u; x)05 (£ (u,x)), (SA-2)

1,x

with
1

V/NEx x

foralue I, x € B, and t € {0,1}. In addition, let & be the class of functions containing the singleton
identity function Id : R + R, Id(x) = x. Then, T(x) can be represented as

(u

Ri(u;x) = eIlI't_’,lcrp(T’x)>Kh(d(u,x)),

T(x) fz[gx D 1A(y:) + ma(X) = E [0 (X5) Td(gi) + mac(X2)] .

Following Cattaneo and Yu [2025], we define the multiplicative separable empirical processes by

Ma(g.r) = <=3 [aGxr(u) ~ Elgle)rw)]].  g€Fre

which implies that

H

(x) = My, (gx, Id) + M, (mx, 1), X € AB.



Leveraging ideas in Cattaneo and Yu [2025], Theorem SA-8 gives a new Gaussian strong approximation
that can be applied to T(x). This new theorem allows for polynomial moment bound on the conditional
distribution of Y;|X;.

Theorem SA-6 (Gaussian Strong Approximation: T). Suppose Assumptions SA—1 and SA-2 hold, and
that there exists a constant C' > 0 such that for t € {0,1} and for any x € B, the De Giorgi perimeter
of the set Eyx = {y € &, : (y —x)/h € Supp(K)} satisfies Z(E;x) < Ch?~L. If liminf, o % > —00
and nh? — 0o as n — oo, then (on a possibly enlarged probability space) there exists a mean-zero Gaussian
process Z indexed by AB with almost surely continuous sample path such that

1
2

b

B sup [T(x) — ()] 5 (log(n)? (=) ™™ +log(n)

XERB nhd nﬁ hd )

where < is up to a universal constant, and Z¥) has the same covariance structure as T; i.e., Cov[T(x1), T(xz2)] =

Cov]Z(x1), Z(x2)] for all x1,%2 € A.

~

Theorem SA-6 can be used to construct confidence bands for (7(x) : x € %B). Let (Z(x) : x € &B) be a

(conditionally on W) mean-zero Gaussian process with feasible (conditional) covariance function

Cov 2(x1),2(x2)\w] S s —
\/ X1,X1 \/ Engx2

Theorem SA-7 (Confidence Bands). Suppose the assumptions and conditions in Theorem SA-6 hold. If

.. 31w pd
lim inf,, oo {ggz > —00, ’(Llf);n’;s — 00 and Vnhdsup,e g [B(x)| — 0, then

X1,X9 € AB.

[11)

sup IP( sup ”T(x)| < u) —IP’( sup ‘2(x)| < u‘W)’ = op(1)
u€eR XER xXERB

and

P[r)(x) T (x), for all x € B| =1-a+o(1),
provided that qo = inf {c > 0 : P(supycg |Z(U)(X)’ > W) < a}.
SA-5 Gaussian Strong Approximation

We present a Gaussian strong approximation theorem, which is the key technical tool behind Theorem SA-6.
The theorem builds on and generalizes the results in Cattaneo and Yu [2025]. Consider the residual-based

empirical process given by
1 n
M,lg,r| = — r(yi) — Elg(x:)r(v:)]|, , .
1= 752 l96c)r(v) ~Elgx)rw)]|,  geres

where & and & are classes of functions satisfying certain regularity conditions.



SA-5.1 Definitions for Function Spaces

Let F be a class of measurable functions from a probability space (R?, B(R%),P) to R. We introduce several

definitions that capture properties of .

(i) & is pointwise measurable if it contains a countable subset & such that for any f € %, there exists a

sequence (g, : m > 1) C & such that lim,, 0 gm(u) = f(u) for all u € R%.

(ii) Let Supp(F) = Uses Supp(f). A probability measure Qg on (R?, B(R?)) is a surrogate measure for
P with respect to & if

(i) Qg agrees with P on Supp(P) N Supp(F).
(i) Qg (Supp(F) \ Supp(PP)) = 0.
Let @z = Supp(Qg).
(iii) For ¢ =1 and an interval # C R, the pointwise total variation of & over .7 is
P-1

pTVgz , = sup sup sup Z |f(aiv1) — f(ai)l,
FEF P>19pes

=1
where Pp = {(a1,...,ap) : a1 <--- < ap} denotes the collection of all partitions of 7.

(iv) For a non-empty € C RY, the total variation of & over & is

TVg e = inf sup sup u) div u)du 005
so=, il s sup [ f)divio) @[ o],

where O(€) denotes the collection of all open sets that contains €, and Z,(%) denotes the space of

infinitely differentiable functions from R? to R? with compact support contained in %.

(v) For a non-empty ¥ C RY, the local total variation constant of F over €, is a positive number Kg &

such that for any cube @ C R? with edges of length ¢ parallel to the coordinate axises,

Vg one < Kggl? '

(vi) For a non-empty € C R?, the envelopes of & over & are

Mgz ¢ = sup Mg ¢ (u), Mg %(u) = sup | f(u)], uceg.
uce feF

(vii) For a non-empty € C RY, the Lipschitz constant of & over € is

L9;7% = Sup Sup M.
feFumer U — uafloo

(viii) For a non-empty € C RY, the Ly bound of & over € is

Egg = sup/ |f|dP.
%

feF

10



(ix) For a non-empty € C RY, the uniform covering number of & with envelope Mg ¢ over € is

Nz (6, Mz ) =sup N(F, |||l .2 6 [Mz ¢l ,5), 6 €(0,00),
m

where the supremum is taken over all finite discrete measures on (€, %(%)). We assume that Mg ¢(u)

is finite for every u € €.

(x) For a non-empty & C R, the uniform entropy integral of & with envelope Mg ¢ over € is

5
Jo(6,F, Mz ) = / \/1 +logNg ¢ (e, Mg % )de,
0

where it is assumed that Mg & (u) is finite for every u € .

(xi) For a non-empty € C RY, & is a VC-type class with envelope Mg & over € if (i) Mg & is measurable
and Mg &(u) is finite for every u € €, and (ii) there exist cg ¢ > 0 and dg g > 0 such that

N (e, Mz &) < cgge ¥, g€ (0,1).

If a surrogate measure Qg for P with respect to # has been assumed, and it is clear from the context, we
drop the dependence on € = Qg for all quantities in the previous definitions. That is, to save notation, we
set TVg = TV g, , K& = Kg 05, Mg = Mz ., Mx(u) = Mg g, (1), Ly = Lg g, and so on, whenever there is

no confusion.

SA-5.2 Multiplicative-Separable Empirical Process

The following theorem generalizes Cattaneo and Yu [2025, Theorem SA.1] by requiring only bounded poly-

nomial moments for y; conditional on x;.

Theorem SA-8 (Strong Approximation for (M, (g,7) + M,(h,s): g € &,r € R,h € H,s € S)). Suppose
(z; = (x4,9:) : 1 < i < n) are i.i.d. random vectors taking values in (R B(RITY)) with common law
Py, where x; has distribution Px supported on & C R%, y; has distribution Py supported on ¥ C R,
supyeq Ellyi|*TV|x; = x] < 2 for some v > 0, and the following conditions hold.

(i) € and A are real-valued pointwise measurable classes of functions on (R?, B(RY), Py).

(ii) There exists a surrogate measure Qg for Px with respect to €U S such that Quupy = Mo dguw,

where the normalizing transformation ¢z : QgL — [0,1]% is a diffeomorphism.

(ili) € is a VC-type class with envelope Mg q,.,,, over Qguyy with cg g, ., > € and dg g, ,, > 1. H is a
VC-type class with envelope My o, . over Qguye With Cor 6, ., > € and dw oy, > 1.

(iv) R and 8 are real-valued pointwise measurable classes of functions on (R, B(R),Py).

(v) R is a VC-type class with envelope Mg g over ¥ with cgy > e and dg gy > 1, where Mg o (y) +
PTVa —iyl1yy < V(L + |yl) for ally € ¥, for some v > 0. 8 is a VC-type class with envelope Ms,y
over ¥ with cs;y > e and dsy > 1, where Ms g (y) +pTVg iy 1y < V(L +[y]) for ally € ¥, for

some v > 0.
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(vi) There exists a constant k such that | logy E|+|logy TV|+| log, M| < klogy(n), where E = max{Eg g, Eo#.0ou0 | »

TV = max{TVg q,r» TV, 0,0 } @nd M = max{Mg g, Moz . aoin |-

Consider the empirical process
An(g,hyrys) = My (g,7) + M, (h, s), gEG reRheH seS.

Then, on a possibly enlarged probability space, there exists a sequence of mean-zero Gaussian processes

(ZXg,h,7,8) 1 g€ G, h€ Hr € R, s €S) with almost sure continuous trajectories such that:

o E[A(g1,h1,71,51)An(92, ha, 72, 59)] = B[Z;} (91, ha, 71, 81) 25 (g2, ha, 72, 52)] holds for all (g1, ha, 71, 51),
(g2, ha,12,82) €EG X H X R xS, and

v v 1 %
| < Cv((dlog(cn))2ry (\/ME)ﬁ—i—d log(cn)Mnfﬁ/i—i—dlog(cn)Mn’? (‘f—ﬁ) " ),

n

* ]E[ HAn - Z;?H?x%x%x&

where C' is a universal constant, ¢ = Cg @, + C# 6,00 +C2,y +Cs,v Tk, d = dg 0, » 37,0, - 2,945, 7k,

. (cimdtiTydE)l/ (24+2) (cf cEMTVEELS )1/ (4+2)
r, = mln{ nl/(2d+2) 9 nl/(d+2) }7
d—1
1
ci=d sup 0j(Vogur(x), ca= sup —=—r.
XEQguw Jljl ! U xe@goe 0d(Vogum (X))

SA-6 Proofs

SA-6.1 Proof of Lemma SA-1

Assumption SA-1 (ii) implies

@, = B[r, (12 X”)r,,(”xih_ Y g1 -, € o)

= [ n (M52 (M) R xi)

:f(x)/d rp(“u;XH)rp<Hu;X”)TKh(u_x)dquo(l),

where in the last line we have used f»«zh (w)th(Hu —x||)du = O(1) for any multi-index v from standard

change of variable argument.
I. Polynomial Representation of Minimum Eigenvalue

For simplicity, call

r,,(”“ - X\I)rp<llu - X”)TKh(Hu ~ x|)du.

St,x = ]_ltg% St,x(h)7 St,x(h) = / h L

A change of variable gives

Six(h) = /rp(||Z||)rp(||Z||)TK(HZH)11(X+ hz € dy)dz.

12



_ (d+p)!
d'p!

Let a € RP», where p, = . Then the equivalent representation of minimum eigenvalue gives

Anin(Stox(1) = min [ (", (1) K ([l + ha < ot

>k |\H|l\in1/ (a'r,(||z]))*L(x + hz € o;)dz, (SA-3)
all=1/u

where in the last line we have used K(u) > « for all u € U.

II. Mass Retaining Ratio in Treatment/Control Region

Denote Ej(x,t) ={z € U : x+hz € o/;}. Assumption SA-2 (iii) implies there is some upper bound A > 0
of K(-). Hence for ¢o = 1/2 liminf, o infyeg [;; K(||ul])1(x + hu € #;)du, we have

Am(Ep(x, 1)) > /UK(||u||)]l(x +hu e dy) > e

for small enough A, which implies

€o
Am(U)’

m(Ep(x,t) > am(U), a= (SA-4)

II1. L, Integral of Polynomials in Full v.s. Treatment/Control Regions

Consider S = {f € Ppy1: [;; f(|Jul])?du = 1}, where P, 1 is the collection of all (p—|—1) order polynomials.
Let (¢,1 < j < p+1) be a set of orthonormal basis of (#,11, |||1,). Then T'(a) = p L a;¢; is an isometry.
Since T(S) = {a € RP™! : ||a|| = 1} is compact, S is also compact in (£p1, ||| 1,)- Slnce Ppy1 is (p+ 1)-

dimensional, equivalent of norms implies that S is also compact in (Pp+1, ||||L.,). Now consider
Py(e) =m({uel:lg(u) <e}), qg€S5,e>0,
and
a
¥(g) = sup {e > 0: @y(e) < Sm(U) }.

Since [;;¢* = 1 and ¢ is polynomial on norm, lim. o ®,(e) = 0 and ®y([|gll) = m(U). Continuity and
Lipchitzness of ¢ € S imply ¢(q) > 0 for all ¢ € S.

Next, we want to show v is lower-semicontinous function on (%p41, ||-||z.. ). Suppose ¢, — ¢ uniformly on
U. For every ¢ € (0,%(q)), there exists > 0 such that ®,(9) < §m(U)—n. Continuity of polynomials and
the fact that level sets of polynomials have zero Lebesgue measure imply 1|4, <201 (-) = Lfjqj<co3(+) almost
surely. By Dominated Convergence Theorem, @, (g9) — P,(e0). Hence for large enough n, @, (go) <
Sm(U), which implies €9 < 9(g,). This implies liminf,, o ¥(¢n) > €o. Since € is arbitrary in (0,v(q)), we
have liminf,,_, ¥(gn) > ¥(q).

Compactness of S and lower-semicontinuity of ¢ implies ¢ attains its minimum on S. Since ¥(q) > 0 for

13



all ¢ € S, we know e, = inf,es1(g) > 0. Then for every g € S,

/E;,,(x,t) ¢ > 63 m(Eh(x,t) \ {lq| < 5*})

> 2 (m(Bn(x,1) ~ m({la] < .})
> 2 gm(U).
2
Scaling ¢ from S gives
a
/ ¢ > &2 5/ 7, q € Ppia. (SA-5)
Eh(x7t) U

IV. Lower Bound of Minimum Eigenvalue

Equations (SA-3), (SA-4) and (SA-5) together give for small enough h,

inf Apin(S¢x(h)) > & inf min/ a'r,(|z|))?dz,
3 Ao 2 08, min [ (@ Ty )

(07

> we? § min [ (ar, (|2 dz
2 Jlall=1 Jy
(6%
> w22 P [ (Il o) Tda).
U
which implies liminfy_,o infxeg Amin(St.x(h)) > 0.

SA-6.2 Proof of Lemma SA-2

Since ‘i[\ltyx is a finite dimensional matrix, it suffices to show the stated rate of convergence for each entry.
For 0 < v < p, define & = {g,, (-, x)1(- € &) : x € T} with

gn(€,%) = (d(fl’x))U%K(d(i’x)), ExeX.

We will show & is a VC-type of class.

Constant Envelope Function. We assume K is continuous and has compact support, and hence there exists
a constant C; such that supycq||gn (-, X)||c < C1h~4 = G.

Diameter of € in L. For each x € X, g,,(+,x) is supported on {£ : #(£,x) < h}. By Assumption SA-1(ii)
and Assumption SA-2(i), sup,cq P (<(Xs,x) < h) S b Tt follows that sup,cg [[gn (-, X)[|p, < C2h™%? for
some constant Cy. We can take C; large enough so that ¢ = Coh~%2 < G = C1h 4.

Ratio. For some constant C3, 6 = % = C3Vh.

Covering Numbers. Case 1: K is Lipschitz. Let x,x’ € 2. By Assumption SA-2,

sup |9 (€, %) = gn (&, )|
<A

< sup [(LEXN)" (LEXN g (e, 0) + (LE2D) [mete )~ Kt (e )

Eex

Sh T x = X
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By Lipschitz continuity property of &, for any e € (0, 1] and for any finitely supported measure @ and metric
[[lg,» based on La(Q),

diam(2") )dS(diam(fl”))d7

(@)
N({on(%) 1 x € 1 Moo elGlla2) < N e, Clo2h®) S (g e =

where inequality (i) uses the fact that ¢||G|g2h?*t! < eh < 1. Thus, & forms a VC-type class in
that supg N(Z, [l g.0.€lGll2) < (C1/e)% for all ¢ € (0,1] with ¢ = &) and ¢y = d. More-
over, for any discrete measure @, and for any x,x" € &, [|gn(-,X)L(- € &) — g (-, X )L(- € Hy)|l g <

lgn (-, x) = gn (- X')||Q72. Therefore,

SgpN(?a Hlgz-elGlgs) < N, lHlga2.€lGllg2) < (Cr/e)?, € (0,1],

where the supremum is taken over all finite discrete measures on .
Case 2: k=1(- € [-1,1]). Consider
2(&,x)

mn(ex) = (FE2) e ea),  exex,

M= {m,(&(-,x) : x € B} and the constant envelope function M = C4h~v"1, for some constant Cy only

depending on diameter of &. The same argument as before shows that for any discrete measure @), we have

» diam(Z") d diam(Z)\ ¢
N g2 1M lgz) € N Here Ml 4+ < (crypitmgerr) < (F5)
Q,2

The class . = {1((- —x)/h € [-1,1]¢) : x € B} has VC dimension no greater than 2d [van der Vaart and
Wellner, 1996, Example 2.6.1], and by van der Vaart and Wellner [1996, Theorem 2.6.4],

@2) SNE. ||

Slclsz(?, g2, llGl 0.2:lIGllg) < (C1/e)®, e (0,1),

where the supremum is taken over all finite discrete measures on Z'.

Mazimal Inequality. By Chernozhukov et al. [2014b, Corollary 5.1] for the empirical process on class &,

]E{?lelg B, [1(X3)] — E[Z(Xi)]” < ||G||p,2c2éog(cl/5)

CQ log(Cl/é) +

- §e

diam(Z") 1 diam(Z")
< o () + ptos ()
< logn'
~V nhd
Thus, sup,cq H\flt7x — lIlt7X’| <p lgiy.

By Weyl’s Theorem, supycg [Amin(Pt.x) — Amin (Pex)| < supygeq |[Prx — Pixl|l Sp ls%. Therefore, we

can lower bound the minimum eigenvalue by infycgo )\min(\flt7x) > infxeg Amin (¥t x) — SUPycy \)\min(‘i’t,x) -
)\min(‘I’t,x)| ZIP’ 1.



~—1
Finally, it follows that sup,cgq [|¥, x| Sp 1 and hence

@, ‘. - T =—1 logn
s [ — w1 = sup [0~ ) 5 ET

which completes the proof. O

SA-6.3 Proof of Lemma SA-3

Consider the class F = {(z,u) — e, gx(z)(u — hx(z)) : x € B}, 0 < v < p, where for z € I,

(2z,%)

9x(2) = 1, () Ki( A (2,%)), ) =75 () Try (2, %))

By definition of v} (x),

Di (X)
h

vi(x) = H W18, St,x:]E{rp( )Kh(Di(x))Yq;]l(Xiedt) . (SA-6)

Assumption SA-1 implies S; x is continuous in x, hence supycq [|St x| < 1. And by Assumption SA-2(ii),
infxeg Amin (e x) 2 1. Hence

sup H\I’t_,lcStxH S L (SA-7)
xXERB

Now, consider properties of &. Definition of ~;(x) implies E[f(X;,Y;)] = 0 for all f € F. Since K is
compactly supported, there exists C1,Cy > 0 such that F(z,u) = C1h~%(|u| + C3) is an envelope function
for #. Denote M = maxi<;<n F'(X;,Y;), then

1/2 1/(24v)
E[M*Y/? < h R [rgax V|2 +1} < h IR Lrgax |Y2+v]

1/(24v)
] < pdpl/ @)

< [ZEna Y (ke du(x)]
=1

te{0,1}

where we have used X is compact and p; is continuous, hence supycg | >y qo,13 1(x € &)1 (x)| S 1. Denote
o = supeg E[f(X;,Y;)?]/2. Then,

o < sup Effle, o 9x 12 (1Yl + lle) hxlloo) *L(Kn(Di(x)) # 0)] S h™°.
To check for the covering number of &, notice that compare to the proof of Lemma SA-2, we have one more
term e, gxhx = 1, (@) Kin((2,%))v; (x) "1, (¢(z,%)). All terms except for v} (x) can be handled as in
the proof of Lemma SA-2. Recall Equation (SA-6), and consider l; = e [R(Z(-,x)/h)Kp (< (-, x))u:1(- €

) and ., = {l; x : x € B}, v is a any multi-index. Then, for any x1,x2 € %,

‘St,xl - St7x2| < ||lt,x1 - lt,xz H]P’X,Z ’
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and hence
N({eySix:x € B},|-|,eh™) < N(L, |llp, o .ch™%) < sgpN(ft, Il g2,eh™%),

Same argument as paragraph Covering Numbers in the proof of Lemma SA-2 then shows

. d
d VA
supN({gx:XE%’},H-HQQ,SCM_d)§ (mm()) ; 0<e<l,
Q ’ he

d diam(2") ¢
sgpN({gxhx:XEQ},|\~||Q72,5C1h* ) < (ha) , 0<e<l,

where sup is taken over all discrete measures on 2. Product {gx : x € B} with the singleton of identity
function {u — u,u € R}, and adding {gxhx : x € B},

2 diam () \ ?
p N Hlgae1Fllg0) <2 (2FE) L o<,
Q &
where sup is taken over all discrete measures on & X R. Denote C; = d, Co = 2(2%1713(5[)){ Hence, by
Chernozhukov et al. [2014b, Corollary 5.1]
E| sup e} 01| = B sup £, (X, )] - B/ (X, 19
xXERB feF
o [[M[p,2C2 log(Cy || Mlp 5 /o)
f\/Cz Log(C: [ M) /o) +
' n
dlam ) 1 diam (")
< [ h1+d/2 >+ e hddlog( hitd/2
log(1/h) = log(1/h)
N d + = :
nh n2+v hd
The rest follows from finite dimensionality of Oy, and Lemma SA-2. O]

SA-6.4 Proof of Lemma SA-4

Denote n; x = Y; — 07 (Di(x)) and & ¢+ x = 07 (Di(x)) — Gt x(D;(x)). Then

T = Ea ey (200) (20 1, (5,0 6 (,9)) (e + 10007 2D 0 < 7

and we decompose the error into
Tixy — YTexy =Brixy T Botxy + Dsixy:

Broey = Ba ey (200, (20 it (1,00 1 (D €2, D) € 0]

Bacoey =251y (220, (P0) iy (9, 69) 1 (D) (i) < 70
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b o (242 (242

- r, (22)r, (22) " WK (D160) K (Du(y) k(D30 € )

]
) WK, (Dy(3)) K (Dily)) e (Di(x) € fa}

h h

By Assumption SA-2, Kj,(D;(x)) # 0 implies [[r,(D;(x)/h)||, < 1. Hence by Lemma SA-2 and SA-3,

max max su
te{0,1} 1<i<n y p [€i.0.x]

= TH, . —~* ; >
D, 1@;@22&%( (%)) (Fex — Vi) [L(KR(Di(x)) 2 0)
= max max sup |r,(D;(x ))TH_l(\il;lcOt,x + ('ilt_i

— o} 1 (%)) >
te{o 1} 1<i<n xcg lI't,x)Ut’><)| (Kn(Di(x)) > 0)

~—1 ~—1
< T .0,, H (T, — U HU, .
2% 2 [ x|, + s (e~ w00

o [flosU/R) | tog(1/h)

~ nhd nEH pd
where

D;(x
Ut = B |1 (2 K D160 (XOL(D, ) € 50

Assuming loﬂ# — 00, similar maximal inequality as in the proof of Lemma SA-2 shows

n2+v pd

sup [|[A1ixyl Sp max max sup & x| <

( log(1/h) logu/h))i

X,y te{0,1} 1<i<n xcx nhd ’I’Léi: hd
log(1/h log(1/h
sup [|A2 i xyll Sp max max sup | x| S o8 é ) Oglsu/ ) (SA-8)
x,yex 0,1} 1<i<n xep nh T

Consider the (u,v) entry of Agyxy. Consider the class

putv
F = {(z,u) — (a’(z,x)) R Ky, (d(2,%x)) K (4(2,y))(u — rp(af(z,x))T'yZ:X)2 IX,y € .fl"}

By Assumption SA-2 and SA-1(v), we have sup ;. E[f(X;, Y;)?]1/2 < h=9/2. Moreover, Assumption SA-2
and Equation (SA-7) imply there exists C1,Cy > 0 such that F(z,u) = C1h~%(u? + C3) is an envelope

function for &, with

E[ max F(X;,Y)?]? < Crh~4(E[ max Y{]? + Cy) < Crh~4(E[ max Y2H]77 4 Cy) < h-tnate )

1<i<n 1<i<n 1<i<n

Apply Chernozhukov et al. [2014b, Corollary 5.1] similarly as in Lemma SA-3 gives

log(1/h)  log(1/h)
Tlhd n%—ivhd ’

sup |E, [f (X, Y3)] — E[f (X, Y3)]|
feEF
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Finite dimensionality of As ¢y, then implies

log(1/h) | log(1/h)
E| s A3 x < : . SA-9
ngI 3., ,yll] SV T E (SA-9)
Putting together Equations (SA-8), (SA-9) and Lemma SA-2 gives the result. O

SA-6.5 Proof of Lemma SA-5

By Theorem SA-1 and Equation (SA-6), we have

Sup [B,,0()| = sup [e] W7 {81 — pe(x)
xXER XERB

D;(x)

= sup elT\II;’iE [rp<

sup VKR (D )Ry (Di(x)) " (10(Xa) = pa(x),0, -+, )X € o)

S sup sup [ (x) — e (2)|1(Kn (& (2, %)) > 0)
XERB ZzEX

< h.

SA-6.6 Proof of Theorem SA-1

Since 0x(0) = 61 x(0) — 8o x(0) and 7(x) = p1(x) — po(x), it is enough to prove the result for one treatment
assignment group t € {0,1}. By Assumption SA-1(iii) and Assumption SA-2(ii), for any r # 0, for any
x € RBandy € S x(r), |ue(y) — pe(x)| < |r|. Hence, for any r # 0, for any x € %, t € {0,1},

fstvxqr\) ke (y) — 1 (%) fx ()9 (dy)
1015 (1) — pi(x)| < fSt,x(\r\) fx ()99 1(dy) ~

r.

implying
162,x(0) — e (x)| < L {0, (1) — pa(x)] = 0,

which establishes the result. O

SA-6.7 Proof of Theorem SA-2

The proofs of Lemma SA-2 and Lemma SA-3 can be done when the index set is the singleton {x} instead

of &, replacing Chernozhukov et al. [2014b, Corollary 5.1] by Bernstein inequality, and thus obtaining

1 1
< I A
~FV nnd + nitepd’
1 1 1
< .
~F\ nnd (V nh + nIee hd)

for all x € &. In words, uniformity only adds a log(1/h) penalty. Therefore, using decomposition (SA-1),

Ta—1
‘el \Ilt,xotvx

¥, )0 x

t,x

~—1
‘elT(\Il —

the pointwise convergence rate follows. O
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SA-6.8 Proof of Theorem SA-3

Follows from Lemma SA-2, Lemma SA-3 and decomposition (SA-1). O

SA-6.9 Proof of Theorem SA-4

Define T(x) = Y_i" | Z;, with Z; = Z1; — Zp; independent random variables (i = 1,2,...,n),

( D;(x)

Zi = 2%l Wy (P2 K (1(0) (Y — 0 (D)DK € ),

s n tx;D

E[Z;] = 0 and V[Z,;] = n~!. By the Berry-Essen Theorem,

sup [B(T(0) < u) — ®(u)| < ZE\Z| S S B2 + SB[ Zol)

u€eR i=1 =1
where
3 - —3~—3/2 T 1 D;(x) * 3
B[ Zeil’] = Y n 23 2B e Wi, () Ku(Di(x)1(X: € )(Yi — 0] (Di(x)] |
i=1
S nTPELY PR Ka(Di(x))(Y; — 07 (Di(x)) ]
S nTPELY PRI Ka(Di(x) (B[Y; P [X0] + 167 (Di(x)) )]
< (nh?)12,
noting that sup,c g ||rp(Di,Ex) )Kn(D;(x))|| < 1 holds almost surely in X;, Ex x 2 (nh?)~/? by Lemma SA-4,

E[)Y;|?|X;] < 1 by Assumption SA— 1(v), and max <i<n SUPxeg |07 (Di(x))| S 1 because

0 (D1()) = 2700 Tx(D1()) = (i) 'y (20,

Since

~ — 1 1
T6) =T S0 <= + —= + Yk B(x)],

nhd  nz

the pointwise asymptotic normality follows, under the conditions imposed. Finally, validity of the confidence

interval estimator is immediate. O
SA-6.10 Proof of Theorem SA-5
We make the decomposition based on Equation (SA-1) and convergence of éx,x,

Tais (x) — Tdis<x>=§;,¥2< > <—1>”f<5t,x<o>—et,x<0>>> —E;;!Q( > <—1>”feI\P;i0th>

te{0,1} te{0,1}
=§;,1!2( ST (D)F (Bex(0) — 0:(0) = Y <—1)"¥1eI\I';,10t,x) (= A1)
te{0,1} te{0,1}

+ (Y2 -2 Z 200 x (= Aox)
te{o,
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By Lemma SA-2 and SA-3, and the decomposition Equation (SA-1),

1o~ 1 _
sup [ Y (1) (B1x(0) = 6:x(0)) = D (=1)7 e] ;10
x€ | cr0,1y te{0,1}
log(1/h log(1/h log(1/h)
,§P\/ 8 é ) \/ &l é )+ glgv/ + sup Z 107 5 (0) — 0: % (0)].
nh nh nz+o hd XE€B 1101}

Together with Lemma SA-4,

log(1/h)  (log(1/h))?
sup (8| S EL) | QOBQIDE 4 fuhisup 30 10,0 ~ (0. (SA-10)
XER nh n2te ha XER te{0.1}
nm

By Lemma SA-2, Lemma SA-3 and Lemma SA-4, and assume — 00, then

(1/h)

sup le] q,txotx@;;m_g;;ﬂ)’SPW< 1og<1/h>+logl<1/h>>< log<1/h>+log<1/h>>

xeX nhd n% hd nhd nw%u hd
log 1/h) log(1/h) = log(1/h)
log(1 1 ,
1 log(1
log(1/h) (\/ og(1 h) og(u/h)> .
n+v hd
Hence
log(1 log(1/h))?
x€B nhd n2to hd

Putting together Equations (SA-10), (SA-11) give the result. O

SA-6.11 Proof of Theorem SA-6

We will verify the high level conditions stated in Theorem SA-8.

Without loss of generality, we can assume 2 = [0, 1]¢, and @g, = Px is a valid surrogate measure for Py
with respect to &, and ¢g = Id is a valid normalizing transformation (as in Theorem SA-8). This implies
the constants c; and co from Theorem SA-8 are all 1.

Recall € = {gx : x € B} where

gx(u) =1(u € &1)R1(u;x) — L(u € o) Ro(u; x).
By standard arguments and [Cattaneo et al., 2024, Lemma 7], we get properties of & as follows:

Mg < h4/2, Ey < Y2 TV < hY/271) sup N(Z, [l g 2. €(2c + 1) Mg) < 27471 42,
G :

By definition of 6 , (-), for each x € &, t € {0, 1},

Bt (0.3)) =77 () 1y (e (1. 5)) = (H W18, ) Ty (1,3 = (#738,) Ty (208,
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recalling

U x=E {rp(Di(X))rp(Di(x)>TKh(Di(x))]l(Di(x) e Jt)} , Six=E {rp(lw)Kh(Di(x))Yi]l(Xi € o)

h h h
We can check that H\Ift_iH SLLSexl S 1and
Ma, Sh™2, Eq ShY2 tefo,1}
In what follows, we verify the entropy and total variation properties of .#. Using product rule we can verify

<h L

~

|07 x (2 (1, %)) = 07, (& (u,x'))|
sup sup

ueld x,x' €% ”X_X/H

p—d/2

Define f; x(-) = elT\Il;irp () K(~)(\Ifgist7x)Trp(-). Then,

nEx,x

d
R )0 (0. x0) = b2 L (T we g xemie o),

Take My = {Re(;x)0] (& (-,x)) 1 x € B}, t € {0,1}. For t € {0,1}, f; x satisfies:

(i) boundedness sup sup |fi x(u)| <c,
XEBUEL
(1) compact support supp(fix(-) € [~c,c]?, vx € B,
u) — fx(u’
(i4i) Lipschitz continuity sup sup M <c
xeFu, 0 el ||u_u H
sup sup M <chl,
ueX x,x'ex HX —X ||

for some constant ¢ not depending on n. Then, by an argument similar to Cattaneo et al. [2024, Lemma 7],

there exists a constant ¢’ only depending on ¢ and d that for any 0 <e <1,

sup N (hd/%, g s (2¢+ 1)d+15) < clemdl 4,
p ,

where supremum is taken over all finite discrete measures. Taking a constant envelope function M, =
(2¢ + 1)t h=4/2 we have for any 0 < € < 1,

sup N (%, Mo, 751"[%) < iy,
o .
By Lemma SA-6, above implies the uniform covering number for %; satisfies
Ng, () <4c'(e/2)74 L, 0<e<l.

Since M C My + M1, here + denotes the Minkowski sum, with M, taken to be M4, + M4, , a bound on the

uniform covering number of ./ can be given by

Ny (e) <16(c)*(e/2) 2472, 0<e<l.
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With the assumption that £ (E; ) < Ch¢™! for B, = {y € &, : (y — x)/h € Supp(K)} for all ¢ € {0,1},
X € %, and the fact that TV, < h%/?7! for t € {0,1}, the same argument as in the paragraph Total
Variation in the proof of Theorem SA-8 shows

TV, < h¥271
Now apply Theorem SA-8 with &, .4 defined in Equation (SA-2), & = {Id}, & = {1}, noticing that
(Tgis : X € B) = (Anl(g,m,7,8) : (g, m,7,5) €EF x B X S), F ={(gx,mx) X ERB} C ¥ X M,

the result then follows. O

Lemma SA-6 (VC Class to VC2 Class). Assume F is a VC class on a measure space (X, RB): there exists
an envelope function F and positive constants ¢(F),d(F) such that for all e € (0,1),

SgpN(f? g elIFllgy) < e(F)e ),

where the supremum is taken over all finite discrete measures. Then, F is also VC2 class: for alle € (0,1),

SgpN(f?, g2 -llFllg2) < e(F)(e?/2)~ ),

where the supremum is taken over all finite discrete measures.

Proof of Lemma SA-6. Let ) be a finite discrete probability measure. Let f,g € F. Then, [ |f—g[?dQ <
2 [|f — gl|F|dQ. Define another probability measure Q(cy,) = F(ck)Q(ck)/ |F|[g,1 on the support of @,
denoted by {c1,...,¢c,...}. Then,

/If —g’dQ < 2|Flg, / f = 9ldQ < 2|[Fllg. If =gl

Hence, if we take an €% /2-net in (&F, ||-[| 5 ,) with cardinality no greater than c(F)e~ %) then for any f € F,
there exists a g € & such that [|f —g[l5; < €2/2 |Fll5,1, and hence

2 2
1f = gllg2 < 2e%/211Fllgu 1Fllg, < IFlg.

which gives the result. O

SA-6.12 Proof of Theorem SA-7

The result follows from Theorems SA-5 and SA-6, Chernozhukov et al. [2014a], and Chernozhuokov et al.
2022]. O

SA-6.13 Proof of Theorem SA-8

Since A, is the addition of two M, processes, indexed by € x & and J x & respectively, the Gaussian
strong approximation error essentially depends on the worst case scenario between & and 57°, and between
R and §. Hence (1) taking maximums E = max{Eg,E»}, M = max{Mg, M} and TV = max{TVe, TV, r}; (2)
noticing that A, is still indexed by a VC-type class of functions, we can get the claimed result.
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For a more rigor proof, we can not apply Cattaneo and Yu [2025, Theorem SA.1] on (M, (g,7): g € &,r €
R) and (M, (h,s) : h € H,s € &) directly, since this ignores the dependence structure between the two
empirical processes. However, we can still project the functions onto a Haar basis, and control the strong
approzimation error for projected process and the projection error as in the proof of Cattaneo and Yu [2025,
Theorem SA.1] and show both errors can be controlled via worst case scenario between & and ., and
between &% and §.

Reductions: Here we present some reductions to our problem. By the same argument as in Section SA-
I1.3 (Proofs of Theorem 1) in the supplemental appendix of Cattaneo and Yu [2025], we can show there
exists u;, 1 <4 <n ii.d Uniform(]0,1]?) on a possibly enlarged probability space, such that

i) = ozl p(w), VfeTu# NI <i<n.

With the help of Cattaneo and Yu [2025, Lemma SA.10], we can assume w.lo.g. that x;’s are i.i.d
Uniform(Z) with & = [0,1]¢, and ¢z : [0,1]¢ — [0,1]¢ is the identity function. Although we assume
supycq E[|Y;|>TV|X; = x] < oo, we first present the result under the assumption sup,cq Elexp(|y:|)|x; =
x] < 2, which is the same as in Cattaneo and Yu [2025, Theorem 2]. Also in correspondence to the notations

in Cattaneo and Yu [2025, Theorem 2], we set a = 1 throughout this proof.

Cell Constructions and Projections: The constructions here are the same as those in Cattaneo and
Yu [2025], and we present them here for completeness. Let oy v (P, 1) = {6} : 0 < k <2MTN=i 0 < j <
M + N} be an axis-aligned cylindered quasi-dyadic expansion of R4*!, with depth M for the main subspace
R? and depth N for the multiplier subspace R, with respect to IP, the joint distribution of (x;,y;) taking
values in R? x R, as in Cattaneo and Yu [2025, Definition SA.4]. To see what &/ v (PP, 1) is, it can be given

by the following iterative partition procedure:
1. Initialization (@ =0): Take GrryN—qo0 = L x R where & = [0,1]%.

2. Iteration (@ = 1,...,M): Given €x_;x for 0 <1 < q—1,0 < k < 2!, take s = (¢ mod d) + 1,
and construct Gx g2t = Cr—gr1.6 N {(X,y) € [0,1]? xR : e/x < cx_gi14} and Gr_gokt1 =
Er—gr1k N{(xy) €[0,1]¢ xR : elx > cx_ji14} such that P(Ex—qok)/P(Er—gi1.6) € [ﬁlp, ﬁ]
for all 0 < k < 29~ L. Continue until (Err:0<Ek< 2M) has been constructed. By construction, for

each 0 <1l < M, %N,l = 3"071 X ?07]\{70, with ?07]\[,0 =R

3. Iteration (q=M+1,--- ,M+N): Given €x_;, for 0 <1 <¢g—1,0<k < 2! each G r+N—q,k can be
written as Lo X Y. M+ N—q.m With k = 29"M[ +m. Construct Gpryn—g—1.2k = Lou X Y. M+N—g—1.2m
and G4 N—g—1,2k+1 = 201 X Y, M+N—qg—1,2m+1, such that there exists some qyr4n—qr € R with
YimiN—g-12m = Y, M+N—qmN(—00, a4 N—q) a0d Y M4 N—g—1,2m+1 = Y M4+N—qm AN+ N —q,k5 00),
P(y; € Y.m+N—g—12ml%i € X04) =PYi € Ymi+N—q—1,2m+1/%i € Lo4) = 3P(i € UMt N—q—1,m|%i €
20.1)-

Consider the projection Iy (s, (P, 1)) given in Equation (SA-7) in Cattaneo and Yu [2025], noticing that

AN (P, 1) is one special instance of € v (P, p). That is, define e, = 1g,, and €;x = €;j_1,2¢ — €j—1,2k+1,

M (Barn (P p))g: 1] = Yarenvolg: emsno + Y S ikl (SA-12)
1<j<M+N 0<k<2M+N—j
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where €ik = ]]-(%j,k) and gj,k = ]].(%jfl,gk) — ﬂ(%j,1’2k+1), and

Elg(X)r(Y)|X € X_nl, if N<j<M+N,

Yk (g 7) = o N
]E[g(XNX € ‘%‘O,l] : E[T(Y)|X € ‘%‘0,17}/ € %,O,m]a lfj < N>k =277+ m,

and ¥; k(9,7) = vj—1,26(9,7) — Vj—1,2k+1(g, 7). We will use I; as a shorthand for I (€ar, v (P, p))-
For simplicity, we denote Iy (&/p1, (P, 1)) by II; instead. Now define the projected empirical process

0, A, (g, hyr,8) =03 M, (g,7) + I3 M, (h, s), geG heH reRscs,

where I3 M,,(g,7) and I3 M, (h, s) are given in Equation (SA-10) in Cattaneo and Yu [2025], that is,

M Mn(g,7) = % > (g, )i, ys) — Ellllg, 7] (x5, 9:)]),
=1
MM, (h,s) = % Z (T [h, 8] (x4, ys) — E[Ma[h, 8] (x4, 3:)])-

=1

Construction of Gaussian Process Suppose (gjk 0 < k< 2MtN=i 1 < j < M+ N) are i.id.

standard Gaussian random variables. Take F{; )., to be the cumulative distribution function of (S;x —

mp;)//mpjk(l —pji), where pj i = P(€;-1.2:)/P(€; 1) and S;; is a Bin(m, p; i) random variable, and
G ky,m(t) = sup{x : F(j 1) m(x) <t} We define Uy, ﬁj7k’s via the following iterative scheme:

1. Initialization: Take Upr4n,0 = n.

2. Iteration: Suppose we’ve defined Uy for j <l <M + N,0<k < 2M+N=1 then solve for Uji's s.t.

Uk = \/Uj,kpj7k(1 — PiR)G G0, © P(E),

Ui = (1= pje)Uj—1.2k — PjeUj—1,2641 = Uj—1,26 — pj iUy,
Ui—tok + Uj—1,2641 = Ujp, 0 < k< 2MHN=7

Continue till we have defined Uy j, for 0 < k < QM+N

Then, {Ujr : 0 < j < K,0 <k < 2M+N=Jj1 have the same joint distribution as {Z?zl ek (Xi,¥i) ¢
0<j<K,0<k< 2M*N=i1 By Vorob’ev-Berkes-Philipp theorem [Dudley, 2014, Theorem 1.31],
{Ej)k :0< k< 2M*tN=J 1 < j< M+ N} can be constructed on a possibly enlarged probability space such
that the previously constructed U, satisfies Uj , = Y i, €;x(x;) almost surely for all 0 < j < M + N,0 <
k < 2M+N=j We will show Ej,k’s can be given as a Brownian bridge indexed by €; 1’s.

Since all of &, 7, # and & are VC-type, we can show & x 5 + % x & is also VC-type, here + is the
Minkowski sum. Hence & =& x # + X% x SUIL[G x A + R x §] is pre-Gaussian.

Then, by Skorohod Embedding lemma [Dudley, 2014, Lemma 3.35], on a possibly enlarged probability

space, we can construct a Brownian bridge (Z,(f) : f € &) that satisfies

P(G;.x)
VP(E-1.26)P(€j—1,2k+1)

Ejk = Zn(€j,k),

25



for 0 < k < 2M+N—=Jj 1 < j < M 4+ N. Moreover, call

P(%x) 7
k-
V1P(G;_1,21)P(€;-1,2k11)

Vik = vVnZy(ejr), ‘7j,k =VnZ, (1), gj,k =

for 0 <k <2K-71<j<K. Wehaveforgc€ @, hec #,rc R scs,

M+N

Vil Au(g ) = S0 S0 Grales ]+ Apelh, s,
j=1 0<k<2M+N-—j
M+N

VI Za(g horos) = Y > Fklesr] + Fiklhe sV

j=1 0<k<2M+N—j

Decomposition Fix one (g,h,7,8) € & X H# x R x &, we decompose by

An<g,h,’l"75) - Z’n(gah7 T, S)
= H1An(g,h,r,s)—HlZn(g,h,r,s) +An(gah7r75)_H1An(g’ h,r,s)+H1Zn(g,h,r,s)—Zn(g,h,r,s).

strong approximation (SA) error for projected projection error

SA error for Projected Process The strong approximation error essentially depends on the Hilbertian

pseudo norm

M+N M+N M+N
> > Gikle ) +Fklhs ) Z Fiklo:r))> +2 > > Gkl s
J=1 0<k<2M+N—J Jj=1 0<k<2M+N—j Jj=1 0<k<2M+N—j

Hence, Cattanco and Yu [2025, Lemma SA.19] gives with probability at least 1 — 2e~?,

N2at12MEN I T m A sl )2 (M + N
(g hors) = 2o )] < O ) L 2B gy, [Tl M o AT £ ),

04/2.

where Cy > 0 is a universal constant and Cy, = 1 + (2a)
Projection Error For the projection error, we use the simple observation that

|An (g, hyry8) = An(g, hyry5)| < [Mi(g,7) = TiMp(g,r)| + | M (R, s) — Ty My (R, 5)],
and Cattaneo and Yu [2025, Lemma SA.23| to get for all t > N,

1 M
P[|An(g, h,r,s) — Iy Ay (g, hyr, )| > Can/Coa v/ N2V + 2-Nu2¢ot5 4 CQCQTta“] < dnet,
n

P[\Zn(g, hyr,8) — I Zn(g, hy, 8)] > Can/Coa VN2V 1 CaCa2-NIEtE + CoC, < dnet

lt]
Vi |
where C,, = 1 + (2a)2 and Oy, = 1 + (4a)® and Cs is a constant that only depends on the distribution of

(x1,y1), with

V = min{2M, VL2~ M/dy o= M/d1y .
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Uniform SA Error: Sinceall of @, 57, # and & are VC-type class, from a union bound argument and the
same control over fluctuation error as in Cattaneo and Yu [2025, Lemma SA.18], denoting F = X X RBXS,
we get for all ¢ > 0and 0 < § < 1,

P[|An — An o gsllg + | Zn — Zn 0 g5 || > C1CaFn(t,8)] < exp(—t),

where C,, = 1+ (2a)% and

(logn)*/?MJ?(5) M
o v

" t*.

vn

t + (logn)®

where

J(6) = 35(\/@ log(%T?) + \/dﬁf 1og(267'#) + \/d% 10g(2CTg£) + \/dé’ 10g(2%))
S Valog(c/6),

recalling ¢ = cg 6, + Co#,0our T CRy +Cs,9 + %, d=dg 6,47 6,0»d% 7ds 7k Choosing the optimal
M*, N* gives ]P’[ HAn - Z,?Hg > C’lan(t)] < Cye~t for all t > 0, where

T.(t) = min){An(t, 0) + Fn(t,9)},

5€(0,1
with
drydyd+1, 1 d dp2y2mudy dy — 1
o . ClETV M 2(d+1) C1C2E M“TV*L 2(d+2) #\\a+1
An(t,é)—\/gmm{(in ) ,(—n2 ) }(t+1og(nN(5)N )
M2(M* 4+ N*
+ Q(logn)“(t+10g(nN(6)N*))"‘+17
(logn)®/?MJ?(§) M M
Fo(t,8) = JOM+ —2 72 X 4 = i+ (logn)®—t°,
(t,0) = J(6)M + NG -l-\/ﬁ\[-l-(ogn)\/ﬁ
where

Yo ={0(,r):re R},
N(0) = Ng 0y, (6/2, Mg o, 0 )Wt 0500 (0/ 2, Mo @5, 00 W,y (0/2, Mz )Ns 9/ (0/2, Ms ),
J(0) = 2Jag1, (T Mz 650,56, 0/2) + 205000 (H Mo 05005 0/2) + 2y (R, Mgy, 6/2) + 20y (S, M 97,6/2),

a1 = i {(557) 7 (257) ),

E EM
= P () ¥ ) )]
82 cJETV? cdcdTVILIE? '

Truncation Argument for y;’s with Finite Moments The above result is derived under the assumption
that sup,cq Elexp(|yi|)|x; = x] < oo. For the result under the condition sup,cq Ef|y;|*™|x; = x] < oo,
we can use the same truncation argument as in [Cattaneo et al., 2025, Theorem SA-11 in the supplemental
material] and the VC-type conditions for &, 5, %, S to get the stated conclusions. O
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SA-6.14 Proof of Theorem 2
Part I: Upper Bound.

The proof is essentially the proof for Lemma SA-5 with the data generating process ranging over 9. By
Theorem SA-1 and Equation (SA-6), we have

sup sup | B, +(x)]
PEP xEB

= sup sup ’eI\I’t_’}cSt’x — ut(x)’

Per xe %
_ Dz X
= sup sup [e] %, E [y (P20 6, (D, 5) y (0150) T (e(X0) = 30,0, 0D, € )|
PeP xeRB
_ DZ(X) Dl(X) T
< T 1 .
S sup sup sup o] WL 1 (=5 ) Kn(Dix)ey (=57 |
- sup sup sup |pe(x) — pe(2)|L(Kp(£(z,%x)) > 0)
PeEP xEB 2L

< h.

Part II: Lower Bound.

The lower bound is proved by considering the following data generating process. Suppose X; ~ Uniform([—2, 2]?),
and po(r1,22) = 0 and py(z1,72) = xo for all (z1,79) € X = [~2,2]%. Suppose Y;(0) ~ Normal(po(X;),1)
and Y;(1) ~ Normal(u1(X;),1). Define the treatment and control region by /1 = {(z,y) € £ : z > 0,y > 0},
Ay = L)1, B = {(z,y) e R:0< 2z <2)y=00rz =0,0<y <2} SupposeY; = L(X; €
H0)Y;(0) + 1(X; € o1)Y;(1). Suppose we choose « to be the Euclidean distance and D;(x) = || X; — x|

In this case, although the underlying conditional mean functions u, t € {0,1} are smooth, the conditional
mean given distance 6, x may not even be differentiable. In this example,

2 if0<r<s,

91,(5,0) (r) = ™’

r+s :
m—arccos(s/r)”? ifr>s.

Figure SA-1 plots 7+ 61 (3/4,0)(r) with the notation x; = (s,0).

Under this data generating process, we can show

> 0.

inf sup |%7L71(X) - %n,O(X)‘
0<h<lxcx h

The proof proceeds in two steps. First, we show a scaling property of the asymptotic bias under our
example, which gives a reduction to fixed-h bias calculation. Second, we prove the lower bound via the

reduction from previous step.

Step 1: A Scaling Property

Let 0 <h<1,0<s<1,0<C < 1. Define i’ = Ch and s’ = Cs. Here C is the scaling factor and denote
xs = (s,0) and x4 = (s’,0). Denote bias for x, under bandwidth h’ to be

-1

bias, 1 (h',s') = e] E {rp (D”((;:’O))> r, (Di((;:’o)))T Kp (Di((s',0)L(X; € o)
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0.6

01, (3/4,0)(r)
[—]
=

02

0.0
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Figure SA-1: Conditional Mean Given Distance with One Kink

E {rp (JD((;LS()))) Kw (Di((s,0))) (1 (X = (s,0))) 1(X; € 1) |, (SA-13)

where we have used the fact that p is linear in our example, hence pq(X;) — u1((s',0)) = p1(X; — (57,0)).
We reserve the notation B, ;, t = 0,1, to the bias when bandwidth is &, that is,

B, 1(xs) = bias, (h, s), h e (0,1),s €(0,1),t=0,1.

Inspecting each element of the last vector, for all [ € N,

h/

_ / / (2) (|<u’ —hf’””')l By (Il(u’ —;’w’)ll) i (o) — (. 0) i ey
W 790 1N (1(Cu—Cs,Co)l|\', ([[(Cu—Cs,Co)| c?
:/O /O (Ch> ( o >k< = )ul(C(u—s7v))4dudv
_ /02/0 /02/6‘ @) (|<u hs,v>||>l § (II(u hsw)ﬂ) Cuty (1 — 5.)) % nd
@AQ /02 (i)Q (W;”)lk (”(“”)h(so)') Chan ((u,v) — (5,0)) idudv

- OE[ ('X(O)”) K (X — (5, 0)) (X — (5, 0))L(X; € szm],

, l
E[ ('X‘<O>') K (1X; — (s, 0)[) (11 (X, — (5',0) L(X; € .Qm}

h

where in (1) we have used a change of variable (u,v) = & (u/,v’), and (2) holds since k (%) is supported

in (s,0) + hB(0,1), which is contained in [0,2] x [0,2] C [0,2/C] x [0,2/C] for all 0 < h < 1, 0 < s < 1,
0 < C < 1. This means

B oy (P00 ) K (D450 (X — (61,00 10X, € )]
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= 8 o, (P sy (016,00 (ua (X, = (5,00 20 € )]

Similarly, forall e Nand 0 < h<1,0<s<1,0<C <1,

E{ <Di((2';0))>>lf<h/ (Di((s',0)) L(X; € m)] = IE[ (D((}fo)))l K (Di((s,0) 1(X; € ﬂl)}a

implying

ﬂ%CM“”Q%(@““memawwmmxemﬂ

h h
-, (20 ) (PO 1, s oppac, )]

It then follows that for all 0 < h <1, 0<s<1,0<C <1,
bias,, 1(h',s') = C bias, 1(h, s).
Moreover, for all0 < h < 1,0 < s < h,
B,.1(x5) = bias, 1(h, s) = hbias, 1 (1, %) i (SA-14)
Since pg = 0, it is easy to check that
B.0(xs) = bias, o(h,s) =0, 0<h<1l,0<s<h.

Step 2: Lower Bound on Bias

Now we want to show supy<,<; |bias, 1(1,s) — bias, o(1,s)| > 0. By Equation (SA-13),

bias, 1(1,s) — bias, o(1,5) = e] 'S, — p1(xs) — 0 =e] 'S,
v, =E [rp (Di(x,)) rp (Dy(x5)) " K (Di(x,))L(X; € ﬂl)} ;

Ss = E[ry (Di(xs)) K(Dj(x;))p (X)L(X; € 1))
Changing to polar coordinates, we have
o, = /O T e ()T K (r)rdédr,
S = /000 /7r r,(r) K (r)rsin(0)rdddr,

with

0, if 0 <r<s,
O4(r) =

arccos(s/r), if r > s.
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For notation simplicity, denote

/m/ ()T K (w)udfdu = Ay (s) + As(s),
0 [SH (u)

/000 /7r rp(u) K (uw)usin(f)udfdu = B1(s) + Ba(s),

Os(u)

where

9= [ [ ) K uasiu=r [ ey (00m, 07 Ky,

/0 /0 rp(u) K (u)usin(0)udddu = 2 /OS r,(u) K (u)u?du,
:L £;$M%wm@mmwmwmzlwu+D%@Kwﬁw.

Evaluating the above at zero gives

A0) = 5 /000 urp(u)rp(u)TK(u)du, B(0) = /OOO u2rp(u)K(u)du.

Hence

™

bias,, 1(1,0) — bias, o(1,0) = e A(0)"'B(0) = e] A(0)™* VA(O)@] =0.

Taking derivatives with respect to s, we have

A (s) = mrp(s)ry(s) " K(s)s,

As(s) = —mry(s)ry(s) " ——=5 urp(w)ry(u) T K (w)du,

Kot [
Bl(s) = Qrp(S)K(S)SQ,

Boy(s) = —2r,(s) K (s)s? + /00 ury(u) K (u)du.

Evaluating the above at zero gives

Using matrix calculus, we know

d .. .
I bias, 1(1,s) — bias, o(1, s)

s=0

—-e] A(s)"'B(s)

ds s—0

= —e] A(0)"A(0)[A(0) ' B(0)] + o] A(0)"'B(0)
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(SA-15)
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=—— 4+ = (SA-18)

Combining Equations (SA-15) and (SA-16), and the fact that - bias, 1(1,s) — bias,o(1,s) is continuous in

s, we can show supg<s<; | bias, 1(1,s) — bias, 0(1,s)| > 0. Combining with Equation (SA-14), we have

n - n . b n 7h —b' n ,h
inf sup B (%) = B o(x)] > inf sup | biasy,1(s, h) ias, 0(s, )|
0<h<1xe5€ h 0<h<1 0<s<h h

bias,, 1 (17 %) )

= inf sup
0<h<lo<s<h

> 0.

SA-6.15 Proof of Theorem 3

The proof of part (i) follows from part (ii) with 9% N B(x,¢) as the boundary. To prove part (ii), without
loss of generality, we assume that ¢ = p + 1, and want to show supyecgo |Bn+(x)| S hP*L. This means we
have assumed that 9 has a one-to-one curve length parametrization ~ that is CP*3 with curve length L,
there exists ,0 > 0 such that for all x € v([0,L — d]) and 0 < r < €, S(x,r) intersects B with two points,
s(x,7) and t(x,r). Define a(x,r) and b(x,r) to be the number in [0, 27] such that

[a(x,7),b(x,r)] = {0 : x + r(cosf,sinf) € of1}.
Then, for x € B and 0 < r < ¢, 61 x(r) has the following explicit representation:

f:((:::)) p1(x 4+ r(cosf,sinh)) fx (x + r(cosd,sin 0))dd

01 ,x(r) =
f;((::)) Jx(x+r(cosf,sinb))db

Step 1: Curve length v.s. Distance to v(0)

W.lo.g., assume (0) = x and +/(0) = (1,0). Let T : [0,00) — [0,00) to be a continuous increasing

function that satisfies
lyoT(r)|> =72, Vrelo,h.

Initial Case: [ =1,2,3.

We will show that T is C! on (0,h). For notational simplicity, define another function ¢ : [0,00) — [0, o)
by ¢(t) = ||v(t)]|*. Using implicit derivations iteratively,

$poT(r) =1,
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¢'(T(r))T"(r) = 2r,
¢"(T(r))(T"(r))* + ¢/ (T(r))T"(r) = 2,
¢ (T(r)(T'(r))* + 3¢" (T (r))T"(r)T" (r) + ¢'(T(r))T""(r) = 0. (1)

From the above equalities, we get

1N 2r
T = @)
1 . 2 — (b”(T(r)) (T’('r))z
0 ==5w :
1y — T )+ 36" (T ()T (1T (r)
&) ~

Since we have assumed ~ is CP2 on (0, h), ¢ is also CP*! on (0,h). It follows from the above calculation
that T is CP™3 on (0, h). In order to find the limit of derivatives of T at 0, we need

o(t) = mn(t)* + 12(t)?, ¢(0) =0,
¢'(t) = 2m ()71 () + 272()15(t), ¢'(0) =0,
¢"(t) = 291 ()71 () 4+ 291 ()77 () 4 295 () v3(t) 4 272()5 (1), ¢"(0) = 2,

¢ (1) = 671(t) (1) + 271 ()0 (8) + 672(t)75 (1) + 272(8)73" (1)
Using L’Hopital’s rule

2 2

i T'0) =i S Ty T ~ 2l () L (M=
o T () = Ji — 2 L) (T '(r)? = ¢"(T(r)2T" (r)T"(r)
= ST
~ —¢®(0) — 4lim,. ;o T (r)
N 2
—69(0)
6

lim 7®) (r) = —lim ST () (T (1)) + ¢CNT (r)3(T" (r))2T" (r) + 363 (T (r))(T"(r))?T" (r)
T(r))T"(r

710 r10 ¢"(T(r)T'(r)
+ lim 3¢" (T (r))T"(r)T®) (r)
rlo ¢"(T(r)T"(r)
~(0) = (99(0))? 4 61im,yo T (1)
- 2
9™ (0) — (¢¥(0))?
— < .
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Induction Step: [ > 4.

Assume lim,. ;o T (r) exists and is finite for 0 < < — 2 and there exists a function ¢(r) such that (i) ¢(r)
is a polynomial of ¢\ (T'(r)),1 < j <1—1and T®(r),1 <k <1— 2, (ii) lim, o ¢(r) = 0 and (iii)

q(r) + ¢/ (T(r)) T~V (r) = 0. (2)

For | = 4, this assumption can be verified from Equation (1). Using L’hopital’s rule,

. A=) (0 — oo q(r)
= e

B Jim _—q’(r)
o ¢"(T(r)T"(r)

From the previous paragraph, lim, o¢"(T(r))T"(r) exists and is finite. And ¢'(r) is a polynomial of
dUN(T(r),1 < j < land T®(r),1 < k <1 —1. Hence lim, o TV (r) can be solved from the follow-

ing equation and is finite:

lim q/(r) +1im ¢ (T/(r) 7" (r) - im T4V (r) = 0. (3)

Taking derivatives on both sides of Equation (2),
¢'(r) +¢"(T)NT' (NT () + ¢/ (T(r) TV (r) = 0.

Take ¢o(r) = ¢'(r) + ¢"(T(r))T'(r)T =V (r). Then, (i) g2(r) is a polynomial of ¢ (T(r)),1 < j < I and
T®E (1), 1 <k <1—1, (i) lim,jp g2(r) = 0, and (iii)

@(r) + ¢ (T(r) TV (r) = 0.

Continue this argument till = p+3, lim,.;o 79) (r) exists and is a polynomial of ¢(*)(0), ..., U+ (0), which
implies that it is bounded by a constant only depending on ~.

Step 2: (p + 1)-times continuously differentiable S,

We use the notation v(t) = (71(t),v2(t)). Define

A(t) = Z(t) —~(0),7'(0) = arcsin (IIWWQ((;))H

Since v is CP*3, we can Taylor expand v at 0 to get

0= (5) (5 () (i) e+ ()

where we have used the fact that v5(0) = 0 and ||7/(0)|| = 1 and

B t ,Y(P+3)(s)(t o s)p+2 B t ,Y(P+3)(s)(t o S)p+2
Rl(t)f/o L 12 ds, RQ(t)f/O 2 b2 ds
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Since 7 is CP™3, Ry(t)/t and Ra(t)/t are CP*3 on (0,00). We claim that lim,g %,(Rl (t)/t) exists and is
uniformly bounded for all x € &, for all 0 < v < p+ 1. Define ¢(t) = Ry(t)/t. Then

Ri(t) R\t
Lpl(t):— ;2( ) + 1t< )’
npy . 2Ra(t)  2R(t) | RI(Y)
90 (t) - t3 t2 + t 9
6R.(t) 6R,(t) 3RP@®) RP(t
@) = — 1(t) () 1()Jr 1 ()
14 - 4 13 12 t

where

t o (p+1) -1 t . (p+1) —2
N O [ N (0 1O T
e e O =

Since v; is CP*3, there exists C; > 0 only depending on 7 such that for all 0 < v < p + 3,|%R1(t)| <
C1tPt1=v, Hence

liﬁ)up(j)(r)zo, VO<j<p+1.

Similarly, lim, o %(Rg (t)/t) exists and is uniformly bounded for all 0 < v < p+ 1. Then

Y(t) vat + -+ + vpotPT2 + Ry(t)/t
YOI /(L +ust + - upgatPT2 + Ri(£)/8)2 + (vat + -+ - + vpy2tPT2 + Ro(t) /1)

2,t>0

Notice that y2(t)/ ||7(t)| is of the form
p()(1+q(1)%,

where o < 0 and p(t), g(t) are CP™! on (0, 00) with lim, o d"/dt"p(t) and lim, o d°/dt’q(t) finite. Since the
derivative of p(¢)(1 + q(¢))* is

P+ q(t)* +p()a(l +q(t)* g/ (1),

which is the sum of two terms of the form ps(¢)(1 + g2(t))* with pe and ¢o functions that are C? with finite
limits at 0. Continue this argument, we see that ”’1/72(("))” is CP™! on (0,00) and lim,.|o dd%u (v2(®)/ v @) exist
and are uniformly bounded for all x € & and for all 0 < v <p+ 1.

Since arcsin is CP*! with bounded (higher order derivatives) on [—1/2,1/2], A is CP*! on (0,4) and for

all 0 <v <p+1, lim, AW) (t) exist and are uniformly bounded for all x € &.

Step 3: (p + 1)-times continuously differentiable conditional density

By the previous two steps, a(x,r) = Ao T(r) is CP* on (0,00) with |lim, o d“g—za(x, r)| < oo. Similarly,
we can show that b(x,r) is CP*! in r with finite limits at » = 0. By the assumption that fx is CP*!
and bounded below by f, 6 x is CP*1 with lim, o %917,((7“) uniformly bounded for all x € &% and for all
0<v<p+1.

This completes the proof. O
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SA-6.16 Proof of Theorem 6

Let s > 0 be a parameter that is chosen later. Consider the following two data generating processes.

Data Generating Process Py.

Let = {r(cosf,sinf) : 0 <r <1,0 <6 < O(r)}, where

, 0<r<s,
O(r) =146, s+ks?<r<s+(k+1)s20<k<K,

O, s+Ks2<r<l,

with K = [15*] and 6, is the unique zero of

sin(6) (k+ 3)s?

0 s+ (k+3)s?

over 6 € [0, 7], and Ok is the unique zero of

sin(@)  Ks*+1—s
0 s+ Ks2+1

over 6 € [0, 7]. Suppose X; has density fx given by

fx(r(cosé,sinf)) = 2@1(7“)7 0<r<1,0<0<0(r)
Suppose
(en2) = 5+ oo, (@, m) € B2
Ho(Z1, T2) = B 100951, Ty, T2 .

Suppose Y; = 1(n; < w(X;)) where (n; : ¢ : 1,--+,n) are i.i.d. random variables independent of (X; :
1,---,n). Let no(r) = Ep, [Yi| [|X; — (0,0)|| = 7], for » > 0. In particular, bd(Z) has length 7 + 2. Hence,
bd(Z) is a rectifiable curve.

Data Generating Process P;.

Let & = {r(cosf,sinf) : 0 <r <1,0 <0 <7/2}, X, is uniformly distributed on &, and

1 1
pi(zy, x2) = 5*‘@(%1—5)’ (z1,22) € R®.

Suppose Y; = 1(n; < u(X;)) where (n; : 1,--- ,n) are i.i.d random variables independent to (X; : 1,--- ,n).
Let n1(r) = Ep, [Y3] |1X; — (0,0)|| = r], for » > 0. In particular, bd(Z) has length 7/2 + 2. Hence, bd(Z) is

a rectifiable curve.
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Minimax Lower Bound.

First, we show under the previous two models, Py (|| X;|| < r) = Py (||X;|| < r) for all » > 0. Since in Py, X;
is uniform distributed on R, we know Py (|| X;|| <7) =72, 0<r < 1.

r O(s) 1
Xl <r :// Sd@dS:T27 0<r<1i.
ixi<n= [ [ s

Hence, choosing (0, 0) as the point of evaluation in both Py and Py, we have

dicr, (Po ([ X = (0,0)1[, Y3), P ([ X5 = (0,0)][], Y3))

= [ mes
/ / o >dPo<y|r>1ogWﬂ%<>

= 2/ dx1,(Bernoulli(no(r)), Bernoulli(n (r)))rdr.
0

Under Py, X; is uniformly distributed on {r(cosf,sin®) : 0 < < O(r)} for each 0 < r < 1. Hence

1 1 1 o) s 1 sm( (r))
w() =3+ o0 /0 reos(u)d — 155 = 5+ 1o o0

Thus, for 0 < k < K,

Ui (s—i—(k—&-%)s ) :%+%<(s+<k+%)82)81né(;)k)>
1 1 Lo (kJF%)Sz
:5+W<(S+(k 38 )s+(k+%)sz)

=1 (s + (k+ %)52)

Since both 7y and 7; are 1-Lipschitz on all intervals [s + ks?,s + (k + 1)s?] for all 0 < k < K, we know
Ino(r) — mu(r)| < 2s* for all r € [s,1]. Moreover, no(r) = 3 for all 0 < 7 < s and n1(r) = 3 + 155 (r2 — s).
Hence |no(r) —n1(r)| < s for all 0 < r < s. Hence,

1 1
/0 dx1,(Bernoulli(ng(r)), Bernoulli(n (r)))rdr S/o d,2(Bernoulli(no(r)), Bernoulli(ny (r)))rdr

= [ o)L 1y (PO

1 1
< [ () - m)Prar
2 7 100 YO
1 * o 1 L 9Nz
<5 3/srdr—|—1 3/(25)1"d7“
2 ~ 100 YO 2 7 100 /s
o 4
Sl,is'
2 7 100



Moreover, |(0,0) — p11(0,0)| = 15s. Hence, by Tsybakov [2008, Theorem 2.2 (iii)], take —25 s} = log2

3 9
00 n

1
E—
a,nd COHClude lhal

i1t 50 2 BT (UnG) =G = g

This concludes the proof. O
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