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Abstract

We analyze gradient descent with Polyak [43] heavy-ball momentum (HB) whose fixed
momentum hyperparameter β ∈ (0, 1) provides exponential decay of memory. Building on
Kovachki and Stuart [38], we prove that on an exponentially attractive invariant manifold
the algorithm is exactly plain gradient descent with a modified loss, provided that the step
size h is small enough. Although the modified loss does not admit a closed-form expression,
we describe it up to O(hR)-errors for arbitrary finite order R, and prove global (finite “time”
horizon) trajectory approximation bounds O(hR). We then conduct a fine-grained analysis of
the combinatorics underlying the memoryless approximations of HB, in particular, finding a
rich family of polynomials in β hidden inside which include and lie coefficient-wise in between
Eulerian and Narayana polynomials. We prove that these polynomials are h-polynomials of
certain graph-associahedra. As corollaries of the main results, we derive continuous modified
equations of arbitrary finite approximation order (with rigorous bounds) and the principal
flow that approximates the HB dynamics, generalizing Rosca et al. [47]. Approximation
theorems cover both full-batch and mini-batch HB. The results shed new light on the main
features of HB and outline a roadmap for similar analysis of other optimization algorithms.

∗Authors are in alphabetic order.
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1 Introduction

Gradient descent with Polyak [43] heavy-ball momentum (HB) is a well-known optimization
algorithm used in practice. Given a loss function L : Rd 7→ R, and initial conditions θ(0) ∈ Rd

and v(0) ∈ Rd, its full-batch iteration is(
θ(n+1)

v(n+1)

)
=

(
θ(n) − h∇L(θ(n)) + hβv(n)

βv(n) −∇L(θ(n))

)
, n ∈ Z⩾0, (1)

or, more compactly,

θ(n+1) = θ(n) − h

n∑
k=0

βk∇L(θ(n−k)) + hβn+1v(0), (2)

where β ∈ (0, 1) is a momentum hyperparameter, which we treat as a fixed constant throughout
this article. The next iterate θ(n+1) depends on the whole history {θ(s)}ns=0, rather than just
the current iterate θ(n), which we interpret as having “memory”. This algorithm or its variants,
often referred to as gradient descent (GD) with momentum, are widely used in modern machine
learning [26, 45, 39, 52, 32, 56, 33]. A mini-batch version of this algorithm is often used when
training large-scale deep learning models.

This article studies the theoretical properties of HB, considering both full-batch and mini-
batch implementations, and establishes four main results. First, we prove that for a fixed full-
batch loss, on an exponentially attractive invariant manifold the algorithm is exactly plain
gradient descent with a modified loss, provided that the step size h is small enough. Second, we
approximate the gradient of the full-batch modified loss with uniform error O(hR) and prove
global (finite “time” horizon) approximation bounds O(hR) for any finite order R ⩾ 2. Third, we
analyze the combinatorics hidden in the modified loss, and find a rich family of tree-parametrized
polynomials with a geometric characterization, including Narayana and Eulerian polynomials.
Finally, we derive continuous modified equations of arbitrary approximation order (with rigorous
bounds) and the principal flow that approximates the optimization dynamics of the algorithm.
The results not only shed new light on the main properties of HB, but also outline a roadmap
for similar extensive analysis of other popular optimization algorithms.

1.1 HB is GD on an Invariant Manifold

Kovachki and Stuart [38] proved that there exists a function gh(θ) such that {(θ,v) : v =
−(1− β)−1∇L(θ) + hgh(θ)} is an exponentially attractive invariant manifold. This perspective
draws on the theory of attractive invariant manifolds [22, 34, 54]. By definition, on this manifold

θ(n+1) = θ(n) − h∇L(θ(n)) + hβ

(
−∇L(θ(n))

1− β
+ hgh(θ

(n))

)
,

and therefore we obtain an algorithm representation without memory

θ(n+1) = θ(n) − h
1

1− β
∇L(θ(n)) + h2βgh(θ

(n)). (3)

Using this perspective, we further show that gh(·) has a particular structure that makes
(3) plain gradient descent.

Contribution 1. Theorem 2.1 establishes that gh is a gradient, that is, gh = ∇Gh for some
Gh. This implies that on an exponentially attractive invariant manifold, HB is plain gradient
descent:

θ(n+1) = θ(n) − h

1− β
∇
{
L− hβ(1− β)Gh︸ ︷︷ ︸

modified loss

}
(θ(n)). ◁
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We then conduct a fine-grained analysis of how the loss is modified by memory. From the
definition of gh, it is possible to write a fixed point equation that gives a formal power series
expansion for gh in h (as we do in Section 5), and therefore automatically for Gh as well. We go
further because there are two wishes that we would like to fulfill. First, we would like to have
precise approximation guarantees rather than just a formal series expansion. Second, it is useful
to cover mini-batch HB, where the loss function can be different at each iteration, rather than
just full-batch. To do that, we take a different perspective.

1.2 Finite-Order Memoryless Approximation

Consider the mini-batch version of (2) with the typical setting v(0) = 0:

θ(n+1) = θ(n) − h
n∑

k=0

βk∇L(n−k)(θ(n−k)), (4)

where {L(s)}s∈Z⩾0
are mini-batch losses. In practice, L(s) is the loss function obtained by tak-

ing the sth mini-batch of samples. (For now, we are agnostic to how exactly the samples are
batched.) Mini-batch training usually achieves higher test accuracies [36, 41, 49], and is there-
fore widely used in practice [8, 45]. Proposition 2.3 proves that mini-batch HB is exactly plain
gradient descent with (implicitly defined) step-dependent losses, as long as the step size h is
small enough (providing a sharp bound on h). However, this does not yield concrete explic-
it correction terms arising from memory. Cattaneo and Shigida [13] introduced a technique for
identifying such corrections, converting a numerical optimization method with decaying memory
into a memoryless one up to O(h2) error, that is, a second-order approximation. We generalize
their technique and prove an approximation bound to any desired order.

Contribution 2. For any approximation order R ∈ Z⩾2, Theorem 3.1 establishes a memoryless
approximation

θ̃(n+1) = θ̃(n) +
R∑
j=1

hjd
(n)
j (θ̃(n)) (5)

with the global guarantee

sup
n∈[0:⌊T/h⌋]

∥θ(n) − θ̃(n)∥ = O(hR), (6)

where T is any fixed “time” horizon. ◁

This contribution provides a higher-order, more detailed understanding of HB and its mem-
oryless representation, which can be used to make qualitative conclusions on the dynamics of
the algorithm, in particular in the context of implicit regularization. The first two coefficients
of the memoryless iteration (5) are

d
(n)
1 (θ) = −

n∑
b=0

βb∇L(n−b)(θ), d
(n)
2 (θ) = −β

n−1∑
b=0

βb
b+1∑
l′=1

n−l′∑
b′=0

βb′∇2L(n−1−b)(θ)∇L(n−l′−b′)(θ).

In the mini-batch case, such an expression can be informative after averaging over permutations
of samples [50, 4, 13]. We will illustrate it as follows. Assume that there are n+1 batches in an
epoch, with each batch consisting of B samples, and the kth mini-batch loss is given by

L(k)(θ) =
1

B

kB+B∑
r=kB+1

ℓπ(r)(θ), k ∈ [0 :n],

4



where {ℓs}(n+1)B
s=1 are per-sample losses and π is a random permutation of [1 : (n + 1)B], dis-

tributed uniformly over all ((n+1)B)! such permutations. This corresponds to sampling without

replacement as common in practice. Denote L(θ) = [(n+ 1)B]−1
∑(n+1)B

s=1 ℓs(θ) and let

Σij :=
1

(n+ 1)B

(n+1)B∑
p=1

∂i(ℓp − L)∂j(ℓp − L) (7)

be the elements of the empirical covariance matrix Σ(θ) of per-sample gradients. Then

Eπ

(
d
(n)
1 (θ) + hd

(n)
2 (θ)

)
= − 1

1− β
∇
((

1 + on(1)
)
L(θ) + h

β + on(1)

2(1− β)2
∥∇L(θ)∥2︸ ︷︷ ︸

regularization by memory

+h
β + on(1)

2(1− β)(1 + β)

trΣ(θ)

B︸ ︷︷ ︸
regularization by stochasticity

)
,

where Eπ denotes the expectation over π with θ held fixed, on(1) are terms that go to zero as
n → ∞ (for fixed β).

In the full-batch case L(s) ≡ L and after neglecting on(1) terms (that is, taking n → ∞),
the first three coefficients are

d
(∞)
1 (θ) =− 1

1− β
∇L(θ),

d
(∞)
2 (θ) =− β

(1− β)3
∇2L(θ)∇L(θ),

d
(∞)
3 (θ) =− β(1 + β)

(1− β)5
∇2L(θ)∇2L(θ)∇L(θ)

− β(1 + β)

2(1− β)5
∇3L(θ)

[
∇L(θ),∇L(θ)

]
,

(8)

so the limiting memoryless approximation of order R = 3 is

θ̃(n+1) = θ̃(n) − h

1− β
∇
(
L+

hβ

2(1− β)2
∥∇L∥2 + h2β(1 + β)

4(1− β)4
(
∇∥∇L∥2 · ∇L

))
︸ ︷︷ ︸

modified loss

(θ̃(n)), (9)

where the dot denotes the scalar product. We see two “implicit regularization” terms added to
the loss by memory: the rescaled squared gradient norm and the rescaled directional derivative
of ∥∇L∥2 along ∇L.

The loss differentials from (8) are parametrized by rooted trees, e. g.,

∇2L(θ)∇2L(θ)∇L(θ) = ∇ L(θ), ∇3L(θ)
[
∇L(θ),∇L(θ)

]
= ∇ L(θ).

In general, we can write the memoryless iteration coefficients as the sum over such rooted trees:

d
(∞)
j (θ) = − β

(1− β)2j−1

∑
τ :|τ |=j

eτ,1(β)

σ(τ)
∇τL(θ), j ⩾ 2, (10)

where |τ | denotes the number of vertices in the tree, σ(τ) is the symmetry coefficient defined
later, and {eτ,1(β)} are polynomials of β (the subscript 1 will be clear later). We completely
characterize this family of polynomials.
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Contribution 3. Theorem 3.3 establishes a tractable form of the memoryless iteration coeffi-

cients d
(n)
j (θ) involving a sum over unlabeled rooted trees with j vertices, in particular leading to

(10). Theorem 4.3 writes the polynomials eτ,1(β) as h-polynomials of certain graph-associahedra.
Corollary 4.6 infers that they are palindromic, monic, and unimodal, include Eulerian and
Narayana polynomials and lie coefficient-wise between the two. ◁

The characterization of the polynomials (in particular their independence of the choice
of the root of τ) allows us to construct explicitly the modified loss of the limiting full-batch
memoryless approximation to HB at any finite order (Proposition 5.5). This fine-grained analysis
leads to interesting findings. First, using the natural heuristic that h multiplied by a high-order
derivative (higher than two) of the loss is small, but h times the Hessian (h∇2L) does not have
to be small mid-training [16, 1], we can ask what the “principal” part of (5) looks like, that is,
the part remaining after neglecting the derivatives of the loss of order higher than two (always
multiplied by some positive power of h). This leads to what we can call the principal iteration

θ̃(n+1) = θ̃(n) − hσβ
(
h∇2L

(
θ̃(n)

))
∇L

(
θ̃(n)

)
+NPT,

after taking R formally to infinity and in the limit n → ∞, where σβ(·) is a power series
expansion (in powers of z) of

σβ(z) =
2

1− β + z +
√
(1− β − z)2 − 4βz

(Corollary 3.9), and NPT means “non-principal terms” (with ∇3L, ∇4L or higher). The term
“principal iteration” comes from the analogous term principal flow coined in Rosca et al. [47] for
continuous modified equations of plain GD. Second, we combine our framework with continuous
approximations (discussed next) to derive the principal flow for HB (Corollary 6.4). See Rosca
et al. [47] for a discussion of the importance of such (complex) flows: they capture oscillatory
behavior and divergence, in contrast to standard continuous approximations. We provide an
illustration in Section 6.2.

In the case of a quadratic loss, the principal iteration and principal flow are both exact (if
HB is initialized on the manifold introduced above; see Section 6.2). To illustrate the implicit
regularization effect further, consider the example of least-squares regression. Let X ∈ RN×d,
y ∈ RN and

L(θ) =
1

2N
∥Xθ − y∥2.

Assume that h
N ∥XTX∥ < (1 −

√
β)2 to ensure the convergence of the power series defining

σβ(
h
NXTX). Additionally, let θ⋆ satisfy the normal equations XTXθ⋆ = XTy; in particular,

L(θ) = 1
2N (θ− θ⋆)TXTX(θ− θ⋆) +C (where C does not depend on θ). Then, the memoryless

iteration is the gradient descent

θ̃(n+1) = θ̃(n) − h∇L̃
(
θ̃(n)

)
with L̃(θ) =

1

2N
(θ − θ⋆)Tσβ

(
h

N
XTX

)
XTX(θ − θ⋆).

Introducing σβ
(
h
NXTX

)
rescales the learning rate (by (1 − β)−1) and applies a spectral filter

to the Hessian.

1.3 Modified Equations

The discrete iteration without memory (5) has the following advantage over HB: it only has
one evolving variable θ(n) ∈ Rd, and it can be approximated by a continuous ODE solution
without sacrificing anything in terms of the approximation guarantee. (Enlarging the phase space
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by treating HB as an evolution of (θ(n),v(n)) ∈ R2d or, equivalently, considering higher-order
ODEs does not by itself guarantee a higher approximation order [38].) Then, finding continuous
trajectories closely tracking discrete numerical iterations allows us to analyze qualitatively the
finite-h behavior of the iteration. This approach is called the method of modified equations,
backward error analysis (BEA), or high-resolution ODE approximation. It is widely used in
numerical analysis and deep learning theory; see, for example, works [55, 53, 27, 21, 6, 18, 29,
11, 46, 15, 48, 19, 38] and many others; textbook references include Stuart and Humphries [51]
and Hairer, Lubich, and Wanner [30]. Recently, this method was used in deep learning theory
for finding implicit biases of gradient-based algorithms [3, 50, 42, 25, 12, 47]. For us, it is just a
corollary of the approximation (5).

Contribution 4. For any approximation order R ∈ Z⩾2, Corollary 6.1 finds a set of functions

{f (n)
j (θ) : j ∈ [1 :R], n ∈ Z⩾0} such that the (unique) continuous solution to the piecewise ODE

θ̇(t) =
R∑
j=1

hj−1f
(n)
j (θ(t)), t ∈ [nh, (n+ 1)h],

with an appropriate initial condition, has a global approximation guarantee

sup
n∈[0:⌊T/h⌋]

∥θ(n) − θ(nh)∥ = O(hR), (11)

where T is any fixed time horizon. ◁

The ODE is defined piecewise because of the dependence of d
(n)
j (·) on n, and the solution

will be continuous but not necessarily smooth. Nonetheless, in the full-batch case, the ODEs cor-
responding to neighboring pieces are the same up to an exponentially decaying error: we do not
lose any information compared to having an ODE only on the attractive manifold but globally
defined, as done for R = 2 in Kovachki and Stuart [38]. The idea of using piecewise ODEs in this
setting is due to Ghosh et al. [25], who derived the modified equations for R = 2. In an indepen-
dent and concurrent work, Lyu et al. [40] derived piecewise modified equations of arbitrary order
for full-batch HB. Although their construction and proof use a different method, they yield the

same values for {f (n)
j } as the full-batch case of Corollary 6.1 (differently characterized).

In contrast to the discrete case, the right-hand side of the modified equation does not
(in general) become a gradient for large n, even for full-batch HB. Therefore, HB does not
approximately follow a smooth gradient flow trajectory with a modified loss (with approximation
order higher than h2), as we make explicit in Remark 6.3.

1.4 Organization

We continue as follows. In an attempt to make the paper self-contained, we introduce the relevant
mathematical concepts and notation (e. g., labeled and unlabeled rooted trees, their symmetry
coefficients, marking vertices to split the tree into a forest) in Section 1.5. Section 2.1 states the
theorem and briefly outlines the argument corresponding to Contribution 1. Section 2.2 shows
a related representation of mini-batch HB as plain GD with step-dependent losses. Section 3 is
devoted to the main approximation theorem corresponding to Contribution 2, removing memory
from HB and controlling the error while doing so. In particular, we introduce in Section 3.1
a somewhat complicated-looking recursive definition for the memoryless iteration coefficients

d
(n)
j (θ). In Section 3.2, we prove that a much simpler characterization holds which involves the

sum over rooted trees. We use the notation introduced there to derive the principal iteration.

In Section 4, we analyze the combinatorial structure of d
(n)
j (θ), in particular proving that the
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polynomials eτ,1(β) are h-polynomials of graph-associahedra. Section 5 is devoted to matching
the memoryless iteration perspective and the consequences of the fixed-point argument yielding
gh, in particular proving the equality of formal power series and proving O(hR) bounds for the
discrete trajectories arising from the two perspectives. Section 6 derives the modified equations
corresponding to Contribution 4 and the principal flow. Proof strategies are explained in the
main text, and omitted technical details are provided in the Appendix.

1.5 Technical Background and Notation

We start with well-known definitions of labeled and unlabeled rooted trees. See, for example,
Faris [20] and Kerber [35] for details. For a fixed non-empty finite set V and a point r ∈ V , a
labeled rooted tree τ with root r is a pair (G, r), where G = (V,E) is a connected acyclic graph
with V as the vertex set (where E is the edge set; |E| = |V | − 1). Taking a different point of
view, τ is a function τ : V \ {r} → V with no non-empty invariant subset (mapping a vertex to
its parent). Let T•[V ] denote all labeled rooted trees with vertex set V . We will write |τ | := |V |
for the number of vertices. It will also be convenient to use the notation T• :=

⋃∞
m=1T

•[1 :m]
and T•

∅ := {∅} ∪T•.
Two labeled rooted trees τ : V \ {r} → V and τ ′ : V ′ \ {r′} → V ′ are called isomorphic if

there is a bijection b : V → V ′ such that b(r) = r′ and τ ′ = b ◦ τ ◦ b−1
∣∣
V ′\{r′}. An unlabeled

rooted tree with m vertices is an object that corresponds to a class of isomorphic labeled rooted
trees with m vertices. Specifically, we can fix a canonical set of m elements [1 :m] and see an
unlabeled rooted tree as an orbit of the permutation group S[1 :m] acting on T•[1 :m]: the action
of π ∈ S[1 :m] on τ ∈ T•[1 :m] is πτ = π ◦ τ ◦ π−1

∣∣
[1:m]\{π(r)}. The set of unlabeled rooted trees

with m vertices will be denoted U•[m], and the set of unlabeled rooted trees with any number
of vertices by U• :=

⋃∞
m=1U

•[m]; in addition, put U•
∅ := {∅} ∪U•. For example, the following

orbit (consisting of three labeled rooted trees) is the unlabeled rooted tree :

1

2 3

2

1 3

3

1 2

(12)

For any such orbit, the order of the stabilizer group of each element is the same. (The stabilizer
group is the subgroup of permutations leaving a labeled rooted tree intact. For example, the
first tree in (12) has stabilizer group {id, 2 ↔ 3}.) Hence, for an unlabeled rooted tree τ we can
define the symmetry coefficient σ(τ) as the order of the stabilizer group of each element. By the
well-known theorem, the length of the orbit is the order of the group m! divided by the order of
each stabilizer group σ(τ); so, there are m!/σ(τ) labeled rooted trees (on a fixed vertex set of
size m) corresponding to an unlabeled rooted tree τ .

Whenever there is no chance of confusion, we will use the same terms and symbols when
working with labeled and unlabeled rooted trees, for example, we will write σ(τ) regardless of
whether τ ∈ T• or τ ∈ U• (because each labeled rooted tree has a corresponding unlabeled
rooted tree); we will say an unlabeled rooted tree τ ∈ U•[m] “has |τ | = m vertices” even though
there is no such thing as a vertex of an unlabeled rooted tree, etc.

Since the ordering of subtrees does not matter, there is a one-to-one correspondence be-
tween τ ∈ U•[m] and a multiset [τ1, . . . , τℓ] of unlabeled rooted trees whose sum of vertices
is m − 1 (the subtrees rooted at the children of τ ’s root). We will sometimes write simply
τ = [τ1, . . . , τℓ] to reflect this fact. Fixing some canonical ordering in each set U•[s], we will

denote by
{
µs
1(τ), . . . , µ

s
|U•[s]|(τ)

}m−1

s=1
the multiplicities of such subtrees: this means that the

first unlabeled subtree with s vertices appears µs
1(τ) times, the second one appears µs

2 times,
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and so on. In particular,
∑m−1

s=1

(
µs
1(τ) + . . .+ µs

|U•[s]|(τ)
)
= ℓ. It is a standard fact that

σ(τ) = σ(τ1) . . . σ(τℓ)

m−1∏
s=1

|U•[s]|∏
t=1

µs
t (τ)!. (13)

In addition, it will be convenient to call cm ∈ U•[m] the chain with m vertices if either
m = 1 or it is the (unique) unlabeled rooted tree corresponding to any element of T•[1 :m]
whose root has degree 1 and all other vertex degrees do not exceed 2.

Similarly to the rooted variants, we denote by T[V ] the set of labeled unrooted trees with
(non-empty) vertex set V , that is, connected acyclic graphs (V,E). Two labeled unrooted trees
G = (V,E) and G′ = (V ′, E′) are isomorphic if there is a bijection b : V → V ′ such that
{u, v} ∈ E if and only if {b(u), b(v)} ∈ E′ for every pair of distinct vertices u, v ∈ V . An
unlabeled unrooted tree with m vertices is an isomorphism class of labeled unrooted trees with m
vertices. Denote their set by U[m]. Equivalently, its elements are the orbits of S[1 :m] acting on
T[1 :m] by relabeling vertices, thus U[m] = T[1 :m]/S[1 :m]. We also write T :=

⋃∞
m=1T[1 :m]

and U :=
⋃∞

m=1U[m].

Marking Vertices (via Admissible Cuts). For a labeled rooted tree τ ∈ T•[V ], define a
marking m of that tree as a subset of non-root vertices of τ (interpreted as marked) such that
if v ∈ V is marked, then no other vertices in the subtree of v are marked. In other words, the
marked vertices are the upper (farther from the root) vertices of an admissible cut (e. g. Bai
et al. [2]), or the roots of the forest obtained after removing a subtree with the same root [20,
14]. Hence, marking |m| vertices is the same as selecting |m| disjoint subtrees τ1, . . . , τ|m| (rooted
at those vertices), and it splits the tree τ into |m|+1 labeled rooted trees τm0 = τ \(τm1 ∪. . .∪τm|m|),

τm1 , . . . , τm|m|. So, we will sometimes write m = (τm0 , {τm1 , . . . , τm|m|}) to reflect this fact. Denote Mτ,i

the set of all markings of τ with |m| = i marked vertices, and Mτ :=
⋃|V |−1

i=0 Mτ,i the set of all
markings of τ . For example, the following tree has marking m = {2, 5} highlighted in red:

τ = 1

2

4

3

5

.

Cutting the edges 1–2 and 3–5 gives

τm0 = 1

3

, τm1 = 2

4

, τm2 = 5 .

Here τm0 contains the original root, and τm1 and τm2 are the subtrees rooted at the marked vertices.
In contrast, {2, 4} is not a marking of τ since 4 is a descendant of 2.

Other Notation. We denote by L(θ) the full-batch loss and by L(s)(θ) the sth mini-batch
loss, where θ ∈ Rd is the evolving vector of parameters of fixed dimension d. We denote by ∇k

the kth derivative tensor, for example, ∇3L(θ)
[
∇L(θ),∇L(θ)

]
is a vector whose jth compo-

nent is
∑d

i,l=1 ∂jilL(θ)∂iL(θ)∂lL(θ). We write ∇τL for the elementary differential of L, defined

recursively by ∇∅L(θ) = θ, ∇ L(θ) = ∇L(θ) and ∇τL(θ) = ∇ℓ+1L(θ)
[
∇τ1L(θ), . . . ,∇τℓL(θ)

]
for τ = [τ1, . . . , τℓ]. The notation for the norm ∥·∥ without indices will always mean the
Euclidean (operator) norm. The set of integers no smaller than some k will be denoted by
Z⩾k := [k,+∞) ∩ Z, and the set of integers between a and b inclusive by [a : b] := [a, b] ∩ Z. A
sum over an empty set is by definition 0, and a product is 1. Section 3 defines the set Ki,l, the

memoryless iteration coefficients d
(n)
j (θ), the history coefficients d̃

(n,a)
m (θ); Section 6.1 defines the
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backward error analysis coefficients f
(n)
j (θ). For any operator an,h with a defined norm ∥an,h∥

and any nonnegative scalar function gn,h, we write an,h = O(gn,h) if ∥an,h∥ ⩽ Cgn,h on the set
of admissible n and h which is clear from context, with some constant C not depending on n or
h.

2 Exact Representations

We present two results in this section. The first one says that for small enough h, full-batch
HB is GD with one modified loss on an attractive invariant manifold. If HB is not initialized
on that manifold (v(0) is not appropriately chosen), the dynamics get closer to GD because of
the exponential attraction but never exactly coincide with it. The second result says that HB
in the general (mini-batch) case, even with v(0) = 0 (as done in practice), can be viewed as GD
if we allow the loss to change at each iteration. Moreover, the resulting family of losses does
not depend on the initialization θ(0). These results are exact but the losses are not explicitly
constructed.

2.1 Full-Batch HB is GD with a Modified Loss on an Invariant Manifold

Kovachki and Stuart [38] proved that for full-batch HB (1) there exists a function gh(θ) such
that {(θ,v) : v = −(1− β)−1∇L(θ) + hgh(θ)} is an invariant manifold, which means

v(n) = −∇L(θ(n))

1− β
+ hgh(θ

(n)) ⇒ v(n+1) = −∇L(θ(n+1))

1− β
+ hgh(θ

(n+1)).

On this invariant manifold, on the one hand,

v(n+1) = −(1− β)−1∇L(θ(n+1)) + hgh(θ
(n+1))

= − 1

1− β
∇L

(
θ(n) − h

1− β
∇L(θ(n)) + h2βgh(θ

(n))

)
+ hgh

(
θ(n) − h

1− β
∇L(θ(n)) + h2βgh(θ

(n))

)
,

while, on the other hand,

v(n+1) = βv(n) −∇L(θ(n)) = − β

1− β
∇L(θ(n)) + hβgh(θ

(n))−∇L(θ(n))

= − 1

1− β
∇L(θ(n)) + hβgh(θ

(n)).

This must hold for any θ(n), so gh(·) must satisfy

− 1

1− β
∇L

(
θ − h

1− β
∇L(θ) + h2βgh(θ)

)
+ hgh

(
θ − h

1− β
∇L(θ) + h2βgh(θ)

)
= − 1

1− β
∇L(θ) + hβgh(θ), θ ∈ Rd.

(14)

To prove that such a function exists, they define a mapping T : Γ → Γ, where Γ is an
appropriately chosen closed subset of C(Rd,Rd) with the usual sup-norm, by

Tg(ζ) =
1

h(1− β)

{
∇L(ζ)−∇L(θ)

}
+ βg(θ), (15)

10



where θ ↔ ζ = θ − h(1 − β)−1∇L(θ) + h2βg(θ) is a bijection between Rd and itself for any
g ∈ Γ (this fact is Lemma A.1). A fixed point of such a mapping T would satisfy (14). They
prove that T is a contraction on Γ, so the contraction mapping principle applies.

We follow the same conceptual approach, but apply some technical tweaks (different metric,
different Γ), to prove that the additional requirement gh ∈ C1(Rd,Rd) with symmetric ∇gh is
satisfiable as well, which implies that such gh is a gradient. Specifically, define the set

Γ :=
{
g ∈ C1(Rd,Rd) : sup

θ∈Rd

∥g∥ ⩽ γ, sup
θ∈Rd

∥∇g∥ ⩽ δ,∇g is symmetric and λ-Lipschitz
}
,

with the norm

∥g∥Γ := sup
θ∈Rd

∥g(θ)∥+ sup
θ∈Rd

∥∇g(θ)∥, (16)

where both the vector norm and the matrix norm in the right-hand side are Euclidean. The
space

{
g ∈ C1(Rd,Rd) : ∥g∥Γ < ∞

}
with norm (16) is a Banach space, and Γ is a closed subset

of it; therefore Γ can be seen as a complete metric space with the metric induced by the norm
∥ · ∥Γ. The constants γ, δ, λ are chosen in Appendix A.

The assumptions of the theorem are essentially the same as in Kovachki and Stuart [38],
except we (naturally) need one more derivative of the loss to be Lipschitz.

Theorem 2.1. Assume L(·) ∈ C3(Rd,R) with constants D1, D2, D3, D4 such that

sup
θ
∥∇jL(θ)∥ ⩽ Dj for j ∈ [1 : 3], sup

θ1 ̸=θ2

∥∇3L(θ1)−∇3L(θ2)∥
∥θ1 − θ2∥

⩽ D4,

where the norms are Euclidean operator norms. Then, if h is small enough, there exists a unique
gh(·) ∈ Γ satisfying (14), and the following exponential attractivity property holds:∥∥∥∥v(n) +

1

1− β
∇L(θ(n))− hgh(θ

(n))

∥∥∥∥ ⩽ ρnh

∥∥∥∥v(0) +
1

1− β
∇L(θ(0))− hgh(θ

(0))

∥∥∥∥,
where

ρh := β

(
1 +

hD2

1− β
+ h2δ

)
< 1.

In particular, gh is a gradient, that is, there exists Gh ∈ C2(Rd,R) such that gh = ∇Gh, and
HB initialized on the invariant manifold {(θ,v) : v = −(1 − β)−1∇L(θ) + hgh(θ)} is exactly
gradient descent:

θ(n+1) = θ(n) − h

1− β
∇Lh(θ

(n)), Lh := L− hβ(1− β)Gh.

The proof is a bounding argument very heavy on long equations, so it is moved to Ap-
pendix A. Lemma A.2 proves that indeed T maps Γ to itself, and Lemma A.3 proves that T is a
contraction on Γ. Since Γ is a complete metric space with the metric ∥g1−g2∥Γ, the contraction
mapping principle implies that there is a unique fixed point gh ∈ Γ of the operator T , i.e.,
Tgh = gh. Exponential attractivity is tackled in Lemma A.4.

Corollary 2.2 (Critical points). In the setting of Theorem 2.1 and as long as h is sufficiently
small,

{θ : ∇L(θ) = 0} = {θ : ∇Lh(θ) = 0}.

Moreover, at every common critical point θ∗, the Hessians ∇2Lh(θ∗) and ∇2L(θ∗) have the same
numbers of positive, negative, and zero eigenvalues.

11



Proof. From the definition of gh,[
∇Lh − (1− β)∇L

](
θ − h

1− β
∇Lh(θ)

)
= β∇Lh(θ). (17)

Thus, ∇Lh(θ) = 0 implies ∇L(θ) = 0. Conversely, if ∇L(θ) = 0, then (θ,0) is a fixed state
of HB. The exponential attractivity bound in Theorem 2.1 forces any fixed state to lie on the
invariant manifold, where the update of θ is −h(1− β)−1∇Lh(θ), so ∇Lh(θ) = 0.

Fix a critical point θ∗. Since gh ∈ Γ, for sufficiently small h we have

h∥∇2Lh(θ∗)∥ ⩽ hD2 + h2β(1− β)δ < (1− β)2. (18)

Differentiating (17) at θ∗ and rearranging yields

∇2L(θ∗)

[
I − h

1− β
∇2Lh(θ∗)

]
= ∇2Lh(θ∗)

[
I − h

(1− β)2
∇2Lh(θ∗)

]
.

We see that each eigenvector of ∇2Lh(θ∗) with eigenvalue µ is an eigenvector of ∇2L(θ∗) with
eigenvalue

µ
1− hµ/(1− β)2

1− hµ/(1− β)
.

Both the numerator and denominator of this fraction are positive by (18), which means the
eigenvalues have the same sign. Applying this fact to an orthonormal eigenbasis of ∇2Lh(θ∗)
proves the claim.

2.2 Mini-Batch HB is GD with Step-Dependent Losses

In the previous section, we proved that full-batch HB is exactly GD with one modified loss,
provided that the initialization is on the invariant manifold. However, typically HB is initialized
with v(0) = 0, and a mini-batch version is used. In this section, we prove that in this case HB
is also exactly GD but the loss is step-dependent. Note that while the modified loss depends on
the step, it does not depend on the initialization θ(0). Moreover, we provide a sharp condition
on the step size for which this can be true.

Proposition 2.3. Assume that a family of loss functions L(n) ∈ C2(Rd,R) for n ⩾ 0 satisfies

sup
n⩾0

sup
θ∈Rd

∥∇2L(n)(θ)∥ ⩽ D2.

If hD2 ⩽ (1−
√
β)2, the sequence of maps Fn : Rd → Rd given by

F0(θ) = θ − h∇L(0)(θ), (19)

Fn(θ) = (1 + β)θ − h∇L(n)(θ)− βF−1
n−1(θ), n ⩾ 1, (20)

is well-defined and has a symmetric Jacobian ∇Fn for each n. The HB iteration (4) with the
typical setting v(0) = 0 satisfies

θ(n+1) = Fn(θ
(n)), n ⩾ 0.

As a consequence, this iteration is exactly gradient descent

θ(n+1) = θ(n) − h∇L̃(n)(θ(n)), n ⩾ 0,

12



with a step-dependent modified loss not depending on θ(0):

hL̃(n)(θ) =
1

2
∥θ∥2 −

∫ 1

0
θTFn(tθ) dt.

The step size condition hD2 ⩽ (1−
√
β)2 is sharp in the following sense. If hD2 > (1−

√
β)2,

there is a scalar loss L(θ) = λθ2/2 with 0 < λ ⩽ D2 for which no family of maps Gn : R → R
satisfies θ(n+1) = Gn(θ

(n)) for every initialization θ(0) ∈ R with v(0) = 0.

Proof. We prove by induction that {Fn} are well-defined and have symmetric Jacobians satis-
fying √

βI ⪯ ∇Fn(θ) ⪯ (1 + β + hD2)I.

For n = 0, the bound

(1− hD2)I ⪯ ∇F0(θ) ⪯ (1 + hD2)I, 1− hD2 ⩾
√

β

holds. Assume it holds for n− 1. Then, the map

θ 7→ θ − 1

1 + β + hD2
(Fn−1(θ)− ζ)

has a Jacobian with eigenvalues between zero and 1−
√
β

1+β+hD2
, thus it is a contraction on Rd.

Then Fn−1(θ) = ζ has a unique solution, which means Fn−1 is invertible, and Fn in (20) is
well-defined. Differentiating (20) gives

∇Fn(θ) = (1 + β)I − h∇2L(n)(θ)− β
[
∇Fn−1(F

−1
n−1(θ))

]−1
.

This is a symmetric matrix since ∇2L(n)(θ) is symmetric and ∇Fn−1 is symmetric by the
induction hypothesis. Since the inverse matrix has nonnegative eigenvalues no larger than 1/

√
β,

we have

∇Fn(θ) ⪰ (1 + β − hD2 − β/
√
β)I ⪰

√
βI,

∇Fn(θ) ⪯ (1 + β + hD2)I,

concluding the induction step.
The symmetry of the Jacobian now implies that Fn(θ) = θ− h∇L̃(n)(θ) by differentiating

under the integral. Since

θ(1) = θ(0) − h∇L(0)(θ(0)) = F0(θ
(0)),

and whenever θ(n) = Fn−1(θ
(n−1)), we also have

θ(n+1) = (1 + β)θ(n) − βθ(n−1) − h∇L(n)(θ(n))

= (1 + β)θ(n) − βF−1
n−1(θ

(n))− h∇L(n)(θ(n))

= Fn(θ
(n)), n ⩾ 1,

we obtain the desired representation of the HB iteration.
We now prove the last claim. Initialize with θ(0) = 1 and v(0) = 0. If hλ = (1−

√
β)2, the

solution is
θ(n) =

(
1 + n(1−

√
β)

)
βn/2 > 0.

Choose λ satisfying
(1−

√
β)2 < hλ < min{hD2, 1}.

13



If all iterates θ(n) were positive, we would have

θ(n)

θ(n−1)
− θ(n+1)

θ(n)
=

θ(n)

θ(n−1)
+ β

θ(n−1)

θ(n)
− (1 + β − hλ)

⩾ 2

√
θ(n)

θ(n−1)
· β θ

(n−1)

θ(n)
− (1 + β − hλ) = hλ− (1−

√
β)2 > 0,

which does not decay with n. Thus the ratios decrease at least by a fixed amount, and will
eventually become negative, contradiction. Fix such n that θ(n) is the first nonpositive iterate.
Decreasing λ to (1−

√
β)2/h would render θ(n) positive; continuity in λ implies that there is an

intermediate value of λ for which θ(n) = 0. Fix that λ and note that

θ(n+1) = −βθ(n−1) ̸= 0,

because two consecutive zero iterates would imply that all previous iterates are zero as well,
contradicting θ(0) = 1. Thus, if such Gn exists, it must satisfy Gn(0) = θ(n+1) ̸= 0. But for
a different initialization θ(0) = 0, we would have both θ(n) = 0 and Gn(0) = θ(n+1) = 0,
contradiction with the fact that Gn works for all initializations.

3 Approximation

In the form of Proposition 2.3, the modified losses are difficult to analyze because they are
defined recursively and not explicitly (involving the inverse of Fn−1). We now start the analysis
of the memoryless approximations to HB, which will lead to more explicit descriptions of the
(truncated) modified losses.

3.1 Main Bound

Cattaneo and Shigida [13] introduced a method for removing memory in a class of numerical
optimization algorithms with decaying memory, which can be applied to HB up to O(h2). Fol-
lowing their idea, we prove the approximation of HB by a memoryless iteration with the global
error bound O(hR) where R ∈ Z⩾2. Considering higher-order approximations requires additional
notation and technical work. Denoting

Ki,l =
{
(k0, . . . , kl) ∈ Zl+1

⩾0 : k0 + . . .+ kl = i, k1 + 2k2 + . . .+ lkl = l
}
,

define the memoryless iteration coefficients

d
(n)
1 (θ) = −

n∑
k=0

βk∇L(n−k)(θ),

d(n)
m (θ) = −

n∑
k=1

βk
∑
i,l⩾0

i+l=m−1

∑
(i0,...,il)∈Ki,l

1

i0! . . . il!

×∇i+1L(n−k)(θ)

(
d̃
(n,k)
1 (θ)︸ ︷︷ ︸
i0 times

, . . . , d̃
(n,k)
l+1 (θ)︸ ︷︷ ︸
il times

)
, m ⩾ 2,

(21)

where the history terms satisfy the iteration

d̃(n,a)
m (θ) = −

a∑
s=1

∑
j⩾1,i,l⩾0
i+j+l=m

∑
(k0,...,kl)∈Ki,l

1

k0! . . . kl!
∇id

(n−s)
j (θ)

(
d̃
(n,s)
1 (θ)︸ ︷︷ ︸
k0 times

, . . . , d̃
(n,s)
l+1 (θ)︸ ︷︷ ︸
kl times

)
, (22)
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with a ∈ [1 :n], and m ∈ Z⩾1.

Although this recursion may look complex, we will use it as the main definition for {d(n)
m (θ)}

because it is convenient for proving Theorem 3.1. It involves taking high-order derivatives of re-

cursively defined quantities, specifically ∇id
(n−s)
j in (22), and for this reason it is not ideal. We

provide a different, more natural, form in Section 3.2, where only the loss function is differenti-
ated.

Theorem 3.1 (Approximation by a memoryless iteration). Let a family of loss functions
{L(n)}n⩾0 be defined on an open convex domain D in Rd, and assume each loss function
L(n) : D → R is 2R-times continuously differentiable with bounded uniformly in n derivatives up
to order 2R, where R ∈ Z⩾2. Let

{
θ(n)

}∞
n=0

⊂ D be the HB iteration (4) with initial condition

θ(0) ∈ D, and
{
θ̃(n)

}∞
n=0

⊂ D the iteration (5) with the same initial condition θ̃(0) = θ(0). Let
T > 0 be a fixed “time” horizon. Then, for each h ∈ (0, 1/2),

sup
n∈[0:⌊T/h⌋]

∥∥∥∥θ̃(n+1) − θ̃(n) + h
n∑

k=0

βk∇L(n−k)
(
θ̃(n−k)

)∥∥∥∥ ⩽ C1h
R+1 (23)

and, as a consequence,

sup
n∈[0:⌊T/h⌋]

∥∥θ(n) − θ̃(n)
∥∥ ⩽ C2h

R , (24)

where C1 and C2 are some constants depending on T , β, R and the uniform derivative bounds
but are independent of n and h.

To build intuition we offer a sketch of our proof next; the full argument can be found in
Appendix B.

Proof Sketch

By definition, (23) will follow from the following bound on the error introduced by removing
memory:

−
n∑

k=0

βk∇L(n−k)
(
θ̃(n−k)

) ?
=

R−1∑
m=0

hmd
(n)
m+1

(
θ̃(n)

)
+O(hR), (25)

that is, our task is to rewrite the left-hand side in such a way that instead of a function of all
previous θ̃(n−k) it becomes just a function of θ̃(n).

It is shown by induction (Lemma B.1) that d
(n)
j (θ) = O(1) which implies θ̃(n−k) − θ̃(n) =

O(kh) (Lemma B.2). This allows us to claim that the remainder is Rem(n−k) = O(kRhR) in the
Taylor expansion

∇L(n−k)
(
θ̃(n−k)

)
=

R−1∑
i=0

1

i!
∇i+1L(n−k)

(
θ̃(n)

)(
θ̃(n−k) − θ̃(n), . . . , θ̃(n−k) − θ̃(n)︸ ︷︷ ︸

i times

)
+Rem(n−k),

(26)

where

Rem(n−k) =
1

(R − 1)!

∫ 1

0
(1− t)R−1

×∇R+1L(n−k)
(
θ̃(n) + t

(
θ̃(n−k) − θ̃(n)

))(
θ̃(n−k) − θ̃(n), . . . , θ̃(n−k) − θ̃(n)︸ ︷︷ ︸

R times

)
dt.
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This is partial progress: we rewrote ∇L(n−k)
(
θ̃(n−k)

)
in such a way that it depends only multi-

linearly on (copies of) θ̃(n−k) − θ̃(n), whereas all loss derivatives are evaluated at the current
iterate θ̃(n). Now we need to express θ̃(n−k) through θ̃(n). This is done in the following lemma,

which clarifies the meaning of the history terms d̃
(n,k)
m (θ):

Lemma 3.2. We have for r ∈ [1 :R], k ∈ [1 :n]

θ̃(n−k) = θ̃(n) +
r−1∑
m=1

hmd̃(n,k)
m

(
θ̃(n)

)
+O(krhr). (27)

The proof is by induction and given in Appendix B. Inserting this history expansion (27)
into the main term in the right-hand side of (26) and carefully keeping track of the error gives

∇L(n−k)
(
θ̃(n−k)

)
=

R−1∑
m=0

hm
∑
i,l⩾0
i+l=m

∑
(i0,...,il)∈Ki,l

1

i0! . . . il!
∇i+1L(n−k)

(
θ̃(n)

)(
d̃
(n,k)
1

(
θ̃(n)

)︸ ︷︷ ︸
i0 times

, . . . , d̃
(n,k)
l+1

(
θ̃(n)

)︸ ︷︷ ︸
il times

)

+O(kRhR).

It is left to sum this over k with an exponentially decaying weight βk. The error O(kRhR)
is polynomial in k but it is not a problem because it will turn into

∑n
k=0 β

kO(kRhR) = O(hR)

by exponential summation. The coefficients d
(n)
m

(
θ
)
are defined in such a way that the result is

exactly (25) that we need, proving the local error bound (23). A standard argument (Lemma B.3)
for converting a local error bound to a global error bound gives (24).

3.2 Simpler Form of Memoryless Iteration Coefficients

In this section, we will free ourselves from the complicated expressions used in Section 3 to prove
Theorem 3.1. We will write a much simpler recursion for the memoryless iteration coefficients

d
(n)
m , which will be convenient for analyzing their properties. As a result of this freedom, we will

almost automatically obtain the principal iteration and recognize Narayana polynomials in its
additive terms.

Let us write the first few terms d
(n)
m (θ) from (21) and describe the pattern that can be

used to generate them. To declutter notation, we will omit the argument θ since it will be fixed.
By definition, the first memoryless iteration coefficient is just the exponential average of past
gradients:

d
(n)
1 = −

n∑
b=0

βb∇L(n−b).

Using the definition, we can also write the following expression for d
(n)
2 :

d
(n)
2 = −β

n−1∑
b=0

βb∇2L(n−1−b)
b+1∑
l′=1

n−l′∑
b′=0

βb′∇L(n−l′−b′).

This triple sum on the right can be generated as follows. Write the rooted tree consisting of
two nodes (1, 2) with corresponding parents (∅, 1). Let us introduce a variable l with value 1,
which we will call the memory distance variable. Corresponding to the root 1, write the symbolic
“sum”

n−l∑
b=0

βb∇2L(n−l−b)
b+1∑
l′=1

□ =
n−1∑
b=0

βb∇2L(n−1−b)
b+1∑
l′=1

□ (28)

16



and call l′ the new memory distance variable (it is now being summed over, so it does not have
a fixed value). We write the second derivative tensor ∇2L (matrix in this case) because the root
has one child; later, the order of the derivative will be ℓ+1 where ℓ is the number of children. Let
us go down the tree and consider node 2. Replace □ in (28) with the corresponding expression:

n−l′∑
b′=0

βb′∇L(n−l′−b′).

Again, the order of the derivative ∇L is equal to the number of children (zero) plus one. The
upper limit of the sum is n minus the current memory distance variable. We do not write a
trailing sum at the end like in (28) because there are no children.

We will further illustrate this process by looking at d
(n)
3 . Using (21) again and after some

algebra, we can write

d
(n)
3 =− β

n−1∑
b=0

βb∇2L(n−1−b)
b+1∑
l′=1

n−l′∑
b′=0

βb′∇2L(n−l′−b′)
l′+b′∑
l′′=1

n−l′′∑
b′′=0

βb′′∇L(n−l′′−b′′) (29)

− β

2

n−1∑
b=0

βb∇3L(n−b−1)

[b+1∑
l′=1

n−l′∑
b′=0

βb′∇L(n−l′−b′),

b+1∑
l′=1

n−l′∑
b′=0

βb′∇L(n−l′−b′)

]
. (30)

There are two non-isomorphic rooted trees with 3 vertices. The first one is a “chain”: the
nodes (1, 2, 3) have corresponding parents (∅, 1, 2). Let us now describe a sum that corresponds
to this tree. As previously, the current memory distance is l = 1, and the root 1 (having one
child) generates a symbolic expression

n−1∑
b=0

βb∇2L(n−l−b)
b+1∑
l′=1

□ =

n−1∑
b=0

βb∇2L(n−1−b)
b+1∑
l′=1

□.

The current memory distance variable is now l′ (with no fixed value). Next comes node 2 with
one child, generating a symbolic expression

n−l′∑
b′=0

βb′∇2L(n−l′−b′)
l′+b′∑
l′′=1

□.

The current memory distance is l′′ (with no fixed value). Finally, node 3 has no children, so it
closes the sum with the expression

n−l′′∑
b′′=0

βb′′∇L(n−l′′−b′′).

Up to coefficient −β in front, we have obtained (29).
The second rooted tree with 3 vertices is the tree consisting of nodes (1, 2, 3) with cor-

responding parents (∅, 1, 1) (root with two children). The initial memory distance variable is
denoted as l and has value 1. The root has two children, so the order of the derivative corre-
sponding to it will be 3, and we will write two □ signs corresponding to two subtrees:

n−l∑
b=0

βb∇3L(n−b−1)

[b+1∑
l′=1

□,
b+1∑
l′=1

□

]
.
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Then we replace the first □ with the expression corresponding to node 2 (with initial memory
variable l′):

n−l′∑
b′=0

βb′∇L(n−l′−b′),

and the second □ with the same expression corresponding to node 3. Up to coefficient −β/2 in
front, we have obtained (30). The reason for the division by 2 is that this tree has a symmetry
coefficient 2.

This consideration of special cases suggests a pattern in how the memoryless iteration
coefficients are structured. We formalize this pattern in the next result.

Theorem 3.3 (The form of memoryless iteration coefficients). For m ⩾ 2, the memoryless

iteration coefficient d
(n)
m is equal (up to a coefficient −β) to a sum over the set U•[m] of unlabeled

rooted trees with m vertices:

d(n)
m = −β

∑
τ∈U•[m]

1

σ(τ)
E

(n)
τ,1 ,

where σ(τ) is the symmetry coefficient of the tree (background in Section 1.5). The expression

E
(n)
τ,l := E

(n)
τ,l (β), depending on the iteration number n and memory distance variable l, is defined

recursively by

E
(n)
τ,l =

n−l∑
b=0

βb∇ℓ+1L(n−l−b)

[ l+b∑
l1=1

E
(n)
τ1,l1

, . . . ,
l+b∑
lℓ=1

E
(n)
τℓ,lℓ

]
, l ∈ [1 :n], (31)

where (τ1, . . . , τℓ) are the subtrees rooted at the children of the root of τ (with ℓ ∈ Z⩾0). In

particular, E
(n)
,l =

∑n−l
b=0 β

b∇L(n−l−b); for l > n, the sum is empty and E
(n)
τ,l = 0.

The E
(n)
τ,l expression is an exact translation of our informal observations above into the

mathematical language. For example,

E
(n)

,l
=

n−l∑
b=0

βb∇2L(n−l−b)
l+b∑
l1=1

n−l1∑
b1=0

βb1∇L(n−l1−b1).

We outline the main ideas underlying the proof next, but the formal details are deferred to
Appendix C.

Before sketching the argument for establishing Theorem 3.3, we introduce some preliminary
results. We use the notation and concepts from Section 1.5.

Auxiliary Quantity Related to (31)

Fix a labeled rooted tree τ in T•[1 :m], and choose a marking m ∈ Mτ , where the marked
vertices are v1, . . . , v|m| with corresponding subtrees τm1 , . . . , τm|m| and the remaining subtree τm0 .

Let p1, . . . , p|m| be the parents of the marked vertices (not necessarily distinct). Consider the

derivative of the loss corresponding to p1 in the symbolic expression for E
(n−l)
τm0 ,a . Add one to the

order of the derivative and add
∑l

l′=1E
(n)
τm1 ,l′ as an argument. Continue this process (possibly in-

creasing the order of the same derivative more than once) until all marked vertices are processed.
We will denote the resulting expression by

E(n−l→n)
τ,m,a .
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For example, consider the tree τ consisting of the root and two leaves, with one of the
leaves marked:

1

2 3

Consider the loss derivative corresponding to vertex p1 = 1 in the symbolic expression

E
(n−l)

,a
=

n−l−a∑
b=0

βb∇2L(n−l−b−a)︸ ︷︷ ︸ a+b∑
l1=1

n−l−l1∑
b1=0

βb1∇L(n−l−l1−b1).

Increase the order of the derivative and insert
∑l

l′=1E
(n)
,l′ , giving

n−l−a∑
b=0

βb∇3L(n−l−b−a)

[ a+b∑
l1=1

n−l−l1∑
b1=0

βb1∇L(n−l−l1−b1),
l∑

l′=1

E
(n)
,l′

]
.

Useful Properties of E
(n)
τ,l

We give two lemmas about E
(n)
τ,l that we will use in the argument. Both lemmas are proven in

Appendix C. The following important fact is the reason why the induction step in the main
argument goes through.

Lemma 3.4. Let m ⩾ 1, n ⩾ 0, l ∈ [0 :n], a ⩾ 1. For any τ ∈ T•[1 :m] we have

E
(n)
τ,l+a =

∑
m∈Mτ

E(n−l→n)
τ,m,a . (32)

The reason why we invoke marked trees is that differentiation naturally creates such trees.
The following lemma establishes a connection between the sum over marked trees in (32) and
the high-order derivative tensor which arises in the main argument for Theorem 3.3.

Lemma 3.5. We have for m ⩾ 2, n ⩾ 0, l ∈ [0 :n], a ⩾ 1

m−1∑
i=0

m−i∑
j=1

∑
(k0,...,km−j−i)∈Ki,m−j−i

1

k0! . . . km−j−i!

∑
τ0∈U•[j]

1

σ(τ0)

×∇iE(n−l)
τ0,a

[ ∑
τ∈U•[1]

1

σ(τ)

l∑
l′=1

E
(n)
τ,l′︸ ︷︷ ︸

k0 times

, . . . ,
∑

τ∈U•[m−j−i+1]

1

σ(τ)

l∑
l′=1

E
(n)
τ,l′︸ ︷︷ ︸

km−j−i times

]
=

∑
τ∈U•[m]

1

σ(τ)
E

(n)
τ,l+a.

Remark 3.6. Note that from the definition of E
(n)
τ,l ,

∇ℓ+1L(n−l)

[ l∑
l′=1

E
(n)
τ1,l′

, . . . ,

l∑
l′=1

E
(n)
τℓ,l′

]
+ βE

(n)
τ,l+1 = E

(n)
τ,l . (33)

Replacing E
(n)
τ,l+1 with

∑
m∈Mτ

E
(n−l→n)
τ,m,1 by Lemma 3.4 and setting l = 1, we get the

following alternative recursion for n ⩾ 1:

E
(n)
τ,1 = ∇ℓ+1L(n−1)

[
E

(n)
τ1,1

, . . . ,E
(n)
τℓ,1

]
+ β

∑
m∈Mτ

E
(n−1→n)
τ,m,1 . (34)

The advantage of this form is that the memory distance variable is always 1, but the disadvantage
is that the right-hand side contains a sum over all markings of τ . ◁
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Proof Sketch of Theorem 3.3

The strategy is to prove the following two statements simultaneously by induction over m ⩾ 2:

d(n)
m = −β

∑
τ∈U•[m]

1

σ(τ)
E

(n)
τ,1 , and (35)

d̃(n,k)
m =

k∑
l=1

∑
τ∈U•[m]

1

σ(τ)
E

(n)
τ,l . (36)

For m = 2, they are easily verifiable. Note also that the second statement holds for m = 1
as well:

d̃
(n,k)
1 =

k∑
l=1

E
(n)
,l .

By definition,

d(n)
m = −β

n−1∑
b=0

βb
m−1∑
ℓ=0

∑
(i0,...,im−1−ℓ)∈Kℓ,m−1−ℓ

1

i0! . . . im−1−ℓ!
×

×∇ℓ+1L(n−1−b)

(
d̃
(n,b+1)
1︸ ︷︷ ︸
i0 times

, . . . , d̃
(n,b+1)
m−ℓ︸ ︷︷ ︸

im−1−ℓ times

)
.

Insert the induction hypothesis (recall that (36) holds for m = 1 too):

d(n)
m = −β

n−1∑
b=0

βb
m−1∑
ℓ=0

∑
(i0,...,im−1−ℓ)∈Kℓ,m−1−ℓ

1

i0! . . . im−1−ℓ!

×∇ℓ+1L(n−1−b)

(b+1∑
l=1

∑
τ∈U•[1]

1

σ(τ)
E

(n)
τ,l︸ ︷︷ ︸

i0 times

, . . . ,
b+1∑
l=1

∑
τ∈U•[m−ℓ]

1

σ(τ)
E

(n)
τ,l︸ ︷︷ ︸

im−1−ℓ times

)
.

Careful rearrangement is used to simplify this to

d(n)
m = −β

n−1∑
b=0

βb
m−1∑
ℓ=0

∑
τ=[τ1,...,τℓ]∈U•[m]

1

σ(τ)
∇ℓ+1L(n−1−b)

(b+1∑
l=1

E
(n)
τ1,l

, . . . ,
b+1∑
l=1

E
(n)
τℓ,l

)
,

and that is, by definition, equal to −β
∑

τ∈U•[m]
1

σ(τ)E
(n)
τ,1 . Hence, under the induction hypothesis

for smaller m, (35) holds.
By definition of the history terms in (22) and the induction hypothesis, to prove (36) and

complete the induction step, it is enough to show that

−
m∑
j=1

m−j∑
i=0

∑
(k0,...,km−i−j)∈Ki,m−i−j

1

k0! . . . km−i−j !

×∇id
(n−l)
j

[ l∑
l′=1

∑
τ∈U•[1]

1

σ(τ)
E

(n)
τ,l′︸ ︷︷ ︸

k0 times

, . . . ,
l∑

l′=1

∑
τ∈U•[m−i−j+1]

1

σ(τ)
E

(n)
τ,l′︸ ︷︷ ︸

km−i−j times

]
?
=

∑
τ∈U•[m]

1

σ(τ)
E

(n)
τ,l .

(37)
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For j ⩾ 2, by the induction hypothesis and (35) already proven, we can replace ∇id
(n−l)
j in

the left-hand side of (37) by −β∇i
∑

τ0∈U•[j]
1

σ(τ0)
E

(n−l)
τ0,1

; for j = 1, by −∇i+1L(n−l)−β∇iE
(n−l)
,1 .

The result will involve precisely the big sum that we saw in Lemma 3.5, applying which we will
simplify the left-hand side of (37) to

m−1∑
i=0

∑
τ∈U•[m]

τ=[τ1,...,τi]

1

σ(τ)
∇i+1L(n−l)

[ l∑
l′=1

E
(n)
τ1,l′

, . . . ,
l∑

l′=1

E
(n)
τi,l′

]
+ β

∑
τ∈U•[m]

1

σ(τ)
E

(n)
τ,l+1.

Combining this with (33), we see that the left-hand side of (37) is equal to the right-hand side
of (37). This completes the induction step. Omitted technical details are given in Appendix C.

3.3 Specializing to the Full-Batch Case

A useful special case of Theorem 3.3 is when the loss is the same at all iterations, L(n) ≡ L. In

this case, the expression E
(n)
τ,l in (31) can be factored into a scalar coefficient and an elementary

differential of the loss:

E
(n)
τ,l =

e
(n)
τ,l (β)

(1− β)2|τ |−1
∇τL, 1 ⩽ l ⩽ n, (38)

where e
(n)
τ,l (β) are defined below.

Definition 3.7. For τ = [τ1, . . . , τℓ] ∈ U•[m], n ∈ Z⩾0, l ∈ Z⩾1, define e
(n)
τ,l (β) recursively by

e
(n)
τ,l (β) := (1− β)ℓ+1

n−l∑
b=0

βb
ℓ∏

i=1

( l+b∑
li=1

e
(n)
τi,li

(β)

)
. (39)

The outer sum is zero when l > n, and the empty product is one. In particular,

e
(n)
,l (β) = (1− β)

n−l∑
b=0

βb = 1− βn−l+1, 1 ⩽ l ⩽ n. ◁

By induction over the size of the tree, e
(n)
τ,l is a polynomial in β. By Theorem 3.3 applied

to the full-batch case, we have

d
(n)
1 = −1− βn+1

1− β
∇L,

d(n)
m = − β

(1− β)2m−1

∑
τ∈U•[m]

e
(n)
τ,1 (β)

σ(τ)
∇τL, m ⩾ 2.

(40)

Another simple induction verifies that e
(n)
τ,l (β) is non-decreasing and bounded in n, specif-

ically 0 ⩽ e
(n)
τ,l (β) ⩽ Cτ,β(1 + l)|τ |−1; it will therefore be useful to define large-n limits of the

quantities above.

Definition 3.8. For τ = [τ1, . . . , τℓ] ∈ U•[m] and l ∈ Z⩾1, define eτ,l(β) ≡ e
(∞)
τ,l (β) ≡ eτ,l

recursively by

eτ,l(β) = (1− β)ℓ+1
∞∑
b=0

βb
ℓ∏

i=1

( l+b∑
li=1

eτi,li(β)

)
.
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In particular, e ,l = 1. In the full-batch case L(n) ≡ L, the corresponding limiting memoryless
iteration coefficients are

d(∞)
m := lim

n→∞
d(n)
m , m ⩾ 1, (41)

where the limit is taken at fixed θ. ◁

Explicitly,

d
(∞)
1 = − 1

1− β
∇L,

d(∞)
m = − β

(1− β)2m−1

∑
τ∈U•[m]

eτ,1(β)

σ(τ)
∇τL, m ⩾ 2.

(42)

Equipped with these notations, we now begin investigating the form of the memoryless
iteration coefficients, starting with “principal” terms.

3.4 Principal Iteration

Consider full-batch HB (2). Let us formally take R to infinity in (5) and write a formal se-

ries
∑∞

m=1 h
md

(n)
m . It is an infinite sum of terms that are of two types: terms containing only

derivatives of order no higher than two of the loss, which we will call principal terms, and the
remaining terms (containing derivatives of order at least three), which we will call non-principal
ones. For example, the term in (29) is principal and the term in (30) is non-principal.

Write
∞∑

m=2

hmd(n)
m = −β

∞∑
m=2

e
(n)
cm,1(β)

(1− β)2m−1
hm{∇2L}m−1∇L+NPT,

where the notation NPT means “non-principal terms”,
{

e
(n)
cm,1(β)

(1−β)2m−1

}
are coefficients correspond-

ing to the chain cm with m vertices. (Since the derivatives of order higher than two are not
allowed, no vertex is allowed to have more than one child, leaving only cm.)

Corollary 3.9 (Principal iteration). The chain-parametrized polynomials e
(n)
cm,1(β) satisfy,

e
(n)
c1,1

= 1− βn, n ⩾ 0, e
(0)
cm,1 = 0, m ⩾ 1, (43)

e
(n)
cm,1 = (1− β)2e

(n)
cm−1,1

+ βe
(n−1)
cm,1 + β(1− β)

m−1∑
j=1

e
(n−1)
cj ,1

e
(n)
cm−j ,1

, m ⩾ 2, n ⩾ 1. (44)

Accordingly, their limits satisfy

ec1,1 = 1, (45)

ecm,1 = (1− β)ecm−1,1 + β
m−1∑
j=1

ecj ,1ecm−j ,1, m ⩾ 2. (46)

Consequently,
ecm+1,1 = Nm(β), m ⩾ 1,

where

Nm(β) :=

m∑
k=1

1

m

(
m

k

)(
m

k − 1

)
βm−k, m ⩾ 1

are the Narayana polynomials, and the generating function gβ(x) :=
∑∞

m=0

ecm+1,1(β)

(1−β)2m+1x
m is given

by

gβ(x) =
1− β − x−

√
(1− β − x)2 − 4βx

2βx
. (47)
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Proof. Applying Definition 3.7 to the chain cm gives, for m ⩾ 2,

e
(n)
cm,l = (1− β)2

n−l∑
b=0

βb
l+b∑
l1=1

e
(n)
cm−1,l1

. (48)

Applying (33) with l = 1 gives

∇2LE
(n)
cm−1,1

+ βE
(n)
cm,2 = E

(n)
cm,1.

By Lemma 3.4 with l = a = 1, we have also

E
(n)
cm,2 =

∑
m∈Mcm

E
(n−1→n)
cm,m,1 .

Combining and using the definition of E
(n−1→n)
cm,m,1 gives (44). Equations (45) and (46) are imme-

diate by taking the limit n → ∞.
The Narayana polynomials satisfy the recurrence (e. g. Coker [17])

Nm(β) = (1 + β)Nm−1(β) + β
m−2∑
k=1

Nk(β)Nm−k−1(β)

for all m ⩾ 3, which means that ecm+1,1 and Nm(β) satisfy the same recurrence. Moreover,
ec2,1 = 1 = N1(β) and ec3,1 = 1 + β = N2(β). Hence ecm+1,1 = Nm(β) for all m ⩾ 1.

From Eqs. (45) and (46), we get that the generating function gβ(x) needs to satisfy the
quadratic equation gβ(x)− (1− β)−1 = (1− β)−1xgβ(x) + β(1− β)−1xgβ(x)

2 and have gβ(0) =
(1− β)−1, which gives (47).

Informally, Corollary 3.9 means

∞∑
m=1

hmd(n)
m ≈ −h∇L− βhgβ(h∇2L)∇L+NPT,

where ≈ hides the fact that n is taken to infinity. Therefore, the “full-order” memoryless iteration
is approximately

θ̃(n+1) = θ̃(n) − h∇L
(
θ̃(n)

)
− βhgβ

(
h∇2L

(
θ̃(n)

))
∇L

(
θ̃(n)

)
+NPT (49)

for large n. The series gβ
(
h∇2L

(
θ̃(n)

))
converges in Euclidean operator norm when∥∥∇2L

(
θ̃(n)

)∥∥ < Rβ/h, where Rβ = (1−
√
β)2 is the convergence radius.

Remark 3.10. We thank Boris Hanin for the following interesting observation: gβ(x) is the Stielt-
jes transform of the standard Marchenko-Pastur law with parameter β, which we can write as

gβ(x) = Eξ∼MP(β)[(ξ − x)−1].

Hence, (49) becomes

θ̃(n+1) = θ̃(n) − hEξ∼MP(β)

[
I + β

(
ξI − h∇2L

(
θ̃(n)

))−1]∇L
(
θ̃(n)

)
+NPT

as long as ∥∇2L
(
θ̃(n)

)
∥ < (1−

√
β)2/h as above. ◁
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4 Analyzing the Combinatorics of Memoryless HB Approximations

Recall from Corollary 3.9 that the coefficients ecm,1, where cm is a chain with m vertices, are the
Narayana polynomials.

Remark 4.1. Corollary 3.9 and (48) show in particular that the Narayana polynomials can be
defined as Nm(β) ≡ Nm,1(β) where {Nm,l(β)} satisfy the recursion

Nm,l(β) = (1− β)2
∞∑
b=0

βb
l+b∑
l1=1

Nm−1,l1(β), m ⩾ 2, l ⩾ 1

with initial condition N1,l(β) = β + (1− β)l for l ⩾ 1. With the help of ChatGPT 6, we found
that this recursion is equivalent, after normalization, to Blecher, Brennan, and Knopfmacher [7,
Eq. (2.7)]. ◁

Let us now write the coefficient before another type of trees, namely, the trees consisting
only of the root and a number of leaves.

Corollary 4.2. Let rm be the rooted tree consisting of a root and m− 1 leaves. For m, l ⩾ 1,

erm,l(β) = (1− β)m
∞∑
b=0

βb(l + b)m−1. (50)

In particular,
erm+1,1(β) = Am(β), m ⩾ 1,

where

Am(β) := (1− β)m+1
∞∑
j=1

jmβj−1

are the Eulerian polynomials.

Proof. Equation (50) follows from Definition 3.8 since e ,l = 1.

By Corollaries 3.9 and 4.2, for m ⩾ 2

ecm,1 = Nm−1(β), erm,1 = Am−1(β). (51)

We see that eτ,1 ≡ eτ,1(β) in Definition 3.8 form a rich U•[m]-parametrized family of polynomials
of β, containing both the Narayana polynomials and the Eulerian polynomials. For m = 6, the
family is

ec6,1(β) = 1 + 10β + 20β2 + 10β3 + β4 = N5(β),

e

,1

(β) = 1 + 13β + 28β2 + 13β3 + β4,

e
,1
(β) = 1 + 14β + 30β2 + 14β3 + β4,

e
,1
(β) = 1 + 17β + 40β2 + 17β3 + β4,

e
,1
(β) = 1 + 19β + 44β2 + 19β3 + β4,

er6,1(β) = 1 + 26β + 66β2 + 26β3 + β4 = A5(β).

It is easy to see a clear pattern: they are all palindromic, monic (the leading coefficient is 1),
unimodal (the coefficients increase up to a point and then decrease), and lie coefficient-wise
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between the Narayana and Eulerian polynomials. In fact, they are not merely unimodal but
γ-positive (which implies unimodality), that is, for m = |τ | ⩾ 2, they can be written as

eτ,1(β) =

⌊(m−2)/2⌋∑
j=0

γτ,j β
j(1 + β)m−2−2j

with nonnegative reals {γτ,j}. For example,

e
,1
(β) = (1 + β)4 + 15β(1 + β)2 + 8β2.

We will now prove that these properties hold in general. Perhaps unsurprisingly, the argument
is not direct. It uses a short excursion into geometric combinatorics: we will identify eτ,1 with
the h-polynomial of a graph-associahedron.

Recall that a simplicial complex on a finite vertex set V is a collection ∆ of subsets of
V , called faces, such that every subset of a face is again a face. Its dimension is dim∆ :=
maxF∈∆(|F | − 1). If fi−1 denotes the number of faces of ∆ with i vertices (with f−1 = 1
corresponding to the empty face), its h-polynomial is defined by

h(∆, β) :=
d∑

i=0

fi−1β
i(1− β)d−i =

d∑
i=0

hiβ
i, d = dim∆+ 1.

The coefficient vector (h0, . . . , hd) is called the h-vector of ∆. The Stanley-Reisner Hilbert series
has the following two forms:

h(∆, β)

(1− β)d
:=

∑
F∈∆

(
β

1− β

)|F |
≡

∑
M

β|M|, (52)

where M ranges over finite multisets of vertices of ∆ whose support is a face of ∆, and |M|
denotes total multiplicity (see, for example, [24, Theorems 6.9 and 6.15]).

For any graph G, we will use V (G) and E(G) to denote its vertex and edge sets. If τ ∈
T•[1 :m] is a (labeled) rooted tree, let L(τ) be the line graph, that is, the graph whose vertices
are the edges of τ , with two vertices adjacent if and only if the corresponding edges share an
endpoint. Let

B(L(τ)) := {∅ ̸= I ⊆ V (L(τ)) : L(τ)[I] is connected}

be the graphical building set of L(τ), which is the family of tubes: nonempty subsets of V (L(τ)) ≡
E(τ) whose induced subgraph of L(τ) is connected. Denoting by {ea : a ∈ E(τ)} the standard
basis of RE(τ), the graph-associahedron of L(τ) is the nestohedron associated to B(L(τ)), i. e.,
the Minkowski sum

PB(L(τ)) :=
∑

I∈B(L(τ))

conv{ea : a ∈ I} ⊆ RE(τ).

Its corresponding (dual) simplicial complex ∆τ ≡ ∆B(L(τ)) is the nested set complex, or tubing
complex, of L(τ). Thus, the vertices of ∆τ are the proper tubes B(L(τ))\{V (L(τ))}, and the faces
can be defined [44, Section 7.1] as sets of pairwise compatible tubes. Two tubes I, J ∈ B(L(τ))
are compatible if they are either nested or disjoint and non-adjacent in L(τ), equivalently, if
either I ⊆ J , J ⊆ I, or else I ∩ J = ∅ and I ∪ J /∈ B(L(τ)).

Assume |τ | > 1 to avoid the trivial case of a single vertex. The cone over ∆τ is the simplicial
complex

∆̂τ := cone(∆τ ) := ∆τ ∪ {F ∪ {E(τ)} : F ∈ ∆τ}.
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In words, we add one new vertex which is labelled by the full tube V (L(τ)) ≡ E(τ), and allow this
vertex to be added to every existing face. The simplicial complex ∆τ has dimension |E(τ)| − 2,
and thus ∆̂τ has dimension |E(τ)| − 1. Applying (52) to ∆̂τ gives

h(∆̂τ , β)

(1− β)|E(τ)| =
∑
M

β|M|,

where M ranges over finite multisets of pairwise compatible tubes of L(τ), with the full tube
E(τ) allowed. Since ∆τ is dual to the graph-associahedron PB(L(τ)) and coning does not change
the h-polynomial, we have further

h(PB(L(τ)), β)

(1− β)|E(τ)| :=
h(∆τ , β)

(1− β)|E(τ)| =
h(∆̂τ , β)

(1− β)|E(τ)| =
∑
M

β|M|. (53)

For τ = •, we use the convention ∆τ = ∆̂τ = {∅}. Then dim∆τ = dim ∆̂τ = −1,
h(∆̂τ , β) = 1, and the multiset sum is 1.

The main result of this section will be

Theorem 4.3. For every rooted tree τ ,

eτ,1(β) = h(PB(L(τ)), β).

In words, eτ,1(β) is the h-polynomial of the graph-associahedron of the line graph of τ . In
particular, eτ,1(β) does not depend on the choice of root.

The proof strategy is identifying a bijection between functions x : E(τ) → Z>0 (attaching
natural numbers to edges of τ) and multisets M of pairwise compatible tubes of L(τ), and
suitably constructing a functional J1(x), such that, on the one hand

eτ,1(β)

(1− β)|E(τ)| =
∑

x : E(τ)→Z>0

βJ1(x), (54)

and on the other hand

J1(x) = |M|.

Since it is a bijection, ∑
x : E(τ)→Z>0

βJ1(x) =
∑
M

β|M|.

Then (54) gives
eτ,1(β)

(1− β)|E(τ)| =
∑
M

β|M|,

which combined with (53) proves the theorem.
We implement this now, starting by giving the definition of J1(x) (in fact Jl(x) for natural

l) and constructing the bijection.

Lemma 4.4. Let τ be a labeled rooted tree. For each function x : E(τ) → Z>0 and integer l ⩾ 1,
define

hv(x) :=

{
xein(v) , if v is not the root,

l, if v is the root,
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Jl(x) :=
∑

v∈V (τ)
out(v)̸=∅

(
max

e∈out(v)
xe − hv(x)

)
+

,

where ein(v) is the edge incoming to vertex v from its parent in τ , (a)+ = max(a, 0) and out(v)
is the set of edges outgoing from vertex v to its children in τ . Then there is a bijection between
functions x : E(τ) → Z>0 and multisets M of pairwise compatible tubes of L(τ) with the full
tube E(τ) allowed, such that

J1(x) = |M|. (55)

Proof. Given x : E(τ) → Z>0, define for each k ⩾ 0 the superlevel edge set

E⩾k(x) := {e ∈ E(τ) : xe ⩾ k}.

Let Φ(x) be the multiset of all connected components of E⩾k(x), as k ranges over Z⩾2. Each
such component is a connected set of edges of τ , i. e., a tube of L(τ). These tubes are pairwise
compatible: indeed, components at the same level are disjoint and non-adjacent, and components
at different levels are either nested or disjoint and non-adjacent.

The map Φ is injective by

xe = 1 +#
{
I ∈ Φ(x) : e ∈ I

}
, (56)

where occurrences are counted with multiplicity. Indeed, e belongs to exactly one component of
E⩾k(x) for each k = 2, . . . , xe and to no component for k > xe; thus the right-hand side of (56)
is 1 + (xe − 1) = xe.

We now show surjectivity. Let M be a finite multiset of pairwise compatible tubes of L(τ),
with the full tube E(τ) allowed. Define

xM(e) = 1 +#{I ∈ M : e ∈ I}.

We argue that Φ(xM) = M by induction on |M|. The base case M = ∅ is trivial. Assume
M ̸= ∅. Let C1, . . . , Ca be the distinct inclusion-maximal tubes appearing in M. Since they are
pairwise compatible and inclusion-maximal, they are disjoint and non-adjacent, and thus they
are exactly the connected components of E⩾2(xM). Let M′ be the multiset obtained from M by
removing one copy of each Cj . Then

xM′(e) =

{
xM(e)− 1, e ∈ C1 ∪ · · · ∪ Ca,

1, e /∈ C1 ∪ · · · ∪ Ca.

Consequently, for every k ⩾ 3,
E⩾k(xM) = E⩾k−1(xM′).

Hence the components appearing in levels k ⩾ 3 of Φ(xM) are exactly the components appearing
in Φ(xM′). By induction, Φ(xM′) = M′. Together with the level 2 components C1, . . . , Ca, this
gives Φ(xM) = M, completing the proof of surjectivity.

Finally, we prove (55). Every connected component of E⩾k(x) has a unique top vertex
(closest to the root). For any v ∈ V (τ), the vertex v is the top vertex of a connected component
in E⩾k(x) exactly when at least one outgoing edge e of v has xe ⩾ k and either v is the root
or its incoming edge ein(v) has xein(v) < k. Since hv(x) = 1 < k at the root and hv(x) = xein(v)
elsewhere, these conditions are equivalent to maxe∈out(v) xe ⩾ k > hv(x). Thus the number of
components of E⩾k(x) is ∑

v∈V (τ)
out(v)̸=∅

1
{

max
e∈out(v)

xe ⩾ k > hv(x)
}
.
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Summing over k ⩾ 2 gives

|Φ(x)| =
∑
k⩾2

∑
v∈V (τ)
out(v)̸=∅

1
{

max
e∈out(v)

xe ⩾ k > hv(x)
}
=

∑
v∈V (τ)
out(v)̸=∅

(
max

e∈out(v)
xe − hv(x)

)
+

= J1(x)

as desired.

We now prove a slight generalization of (54).

Lemma 4.5. Recall Jl(x) defined in Lemma 4.4. For every rooted tree τ , we have

eτ,l(β)

(1− β)|E(τ)| =
∑

x : E(τ)→Z>0

βJl(x).

Proof. We argue by induction on the number of vertices of τ . For τ = •, both sides are equal to
one. Suppose τ = [τ1, . . . , τℓ]. Since

|E(τ)| = ℓ+
ℓ∑

i=1

|E(τi)|,

the definition of eτ,l(β) gives

eτ,l(β)

(1− β)|E(τ)| = (1− β)
∑
b⩾0

βb
ℓ∏

i=1

l+b∑
s=1

eτi,s(β)

(1− β)|E(τi)|
.

Interchanging the b-sum with the si-sums (permitted by Tonelli’s theorem) yields

eτ,l(β)

(1− β)|E(τ)| =
∑

s1,...,sℓ⩾1

(
(1− β)

∑
b⩾max(0,maxi si−l)

βb

) ℓ∏
i=1

eτi,si(β)

(1− β)|E(τi)|

=
∑

s1,...,sℓ⩾1

β(maxi si−l)+

ℓ∏
i=1

eτi,si(β)

(1− β)|E(τi)|
.

By induction, this means

eτ,l(β)

(1− β)|E(τ)| =
∑

s1,...,sℓ⩾1

β(maxi si−l)+

ℓ∏
i=1

( ∑
x : E(τi)→Z>0

βJsi (x)

)
.

The right-hand side simplifies to∑
s1,...,sℓ⩾1

∑
x1:E(τ1)→Z>0

· · ·
∑

xℓ:E(τℓ)→Z>0

β(maxi si−l)++
∑ℓ

i=1 Jsi (xi) =
∑

x : E(τ)→Z>0

βJl(x),

concluding the induction step.

The proof of the theorem is now immediate, given below.

Proof of Theorem 4.3. If τ = •, both sides are 1. Hence assume |E(τ)| ⩾ 1. By Lemma 4.5, we
have

eτ,1(β)

(1− β)|E(τ)| =
∑

x : E(τ)→Z>0

βJ1(x).
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By Lemma 4.4, the right-hand side is equal to∑
M

β|M|,

where M ranges over finite multisets of pairwise compatible tubes of L(τ), with the full tube
E(τ) allowed. By (53), this is equal to

h(PB(L(τ)), β)

(1− β)|E(τ)| .

Combining, we have

eτ,1(β)

(1− β)|E(τ)| =
h(PB(L(τ)), β)

(1− β)|E(τ)|

as desired.

Having made the excursion to geometric combinatorics, we can now find the properties of
the polynomials eτ,1(β) in the rich literature on graph-associahedra.

Corollary 4.6. The polynomials eτ,1(β) are palindromic, monic, γ-positive, and satisfy the
coefficient-wise inequalities

N|τ |−1(β) ⩽coeff eτ,1(β) ⩽coeff A|τ |−1(β). (57)

Proof. The case τ = • is trivial, with N0(β) = A0(β) = 1. Assume from now on that |E(τ)| ⩾ 1.
Since L(τ) is connected, PB(L(τ)) is a simple polytope of dimension |E(τ)| − 1, hence its h-
polynomial is palindromic and monic [44, Section 2.2]. Since L(τ) is chordal, PB(L(τ)) is a chordal
graph-associahedron, hence its h-polynomial is γ-positive [44, Theorem 11.6].

Finally, by [9, Theorem 9.2], for every connected graph G on m vertices one has

h(PB(Pm), β) ⩽coeff h(PB(G), β) ⩽coeff h(PB(Km), β),

where Pm is the path on m vertices and Km is the complete graph. The graph-associahedron of
Pm is the associahedron, whose h-polynomial is Nm(β), and the graph-associahedron of Km is
the permutohedron, whose h-polynomial is Am(β). Substituting G = L(τ) gives (57).

5 Matching the Fixed-Point and Memory Perspectives

The result in Theorem 3.3 can be connected to the invariant manifold perspective discussed in
Sections 1.1 and 2.1. Recall that HB on that manifold can be rewritten as (3) where gh satisfies
the fixed point equation (14). Then, write gh(θ) as a formal B-series [10, 31] to obtain

h2gh(θ) =
∑
τ∈T•

∅

h|τ |

|τ |!
g(τ)∇τL(θ), (58)

where g : U•
∅ → R is the coefficient mapping (with the induced mapping g : T•

∅ → R denoted by
the same symbol), g(∅) = g( ) = 0. We stress that this is not really an equality but a formal
expansion. The next result is the characterization of the coefficients g(τ) in (58).
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5.1 Matching Power Series

Proposition 5.1. Let a : U•
∅ → R be defined by

a(∅) = 1, a( ) = −(1− β)−1, (59)

a(τ) = βg(τ) for |τ | ⩾ 2.

Then it is the unique solution with initial conditions (59) to the following recursion (for τ =
[τ1, . . . , τℓ] with ℓ ⩾ 1):

a(τ) =
β

(1− β)2
a(τ1) . . . a(τℓ)−

1

1− β

∑
m∈Mτ\{∅}

|τm0 |⩾2

a(τm0 )a(τm1 ) . . . a(τm|m|). (60)

Proof. By the composition rule (e. g. Faris [20]), we have

h2gh

(
θ − h

1− β
∇L(θ) + h2βgh(θ)

)
=

∑
τ∈T•

∅

h|τ |

|τ |!
(a ∗ g)(τ)∇τL(θ), (61)

where a ∗ g is the subtree convolution, that is, (a ∗ g)(∅) = g(∅) = 0 and

(a ∗ g)(τ) = g(∅)a(τ) +
∑

m∈Mτ

g(τm0 )a(τm1 ) . . . a(τm|m|) =
∑

m∈Mτ

g(τm0 )a(τm1 ) . . . a(τm|m|).

Similarly, by the composition rule,

− h

1− β
∇L

(
θ − h

1− β
∇L(θ) + h2βgh(θ)

)
=

∑
τ∈T•

∅

h|τ |

|τ |!
(a ∗ l)(τ)∇τL(θ), (62)

where l : U•
∅ → R is defined by l(∅) = 0, l( ) = −(1− β)−1, l(τ) = 0 for |τ | ⩾ 2, which means

(a ∗ l)(τ) =
∑

m∈Mτ

l(τm0 )a(τm1 ) . . . a(τm|m|) = − 1

1− β
a(τ1) . . . a(τℓ)

for τ = [τ1, . . . , τℓ]; in particular, (a ∗ l)( ) = −(1− β)−1. Combining (61) and (62) gives

− h

1− β
∇L

(
θ − h

1− β
∇L(θ) + h2βgh(θ)

)
+ h2gh

(
θ − h

1− β
∇L(θ) + h2βgh(θ)

)
=

∑
τ∈T•

∅

h|τ |

|τ |!
{
(a ∗ l)(τ) + (a ∗ g)(τ)

}
∇τL(θ).

By (14), this equals

− h

1− β
∇L(θ) + h2βgh(θ) = − h

1− β
∇L(θ) +

∑
τ∈T•

∅

h|τ |

|τ |!
βg(τ)∇τL(θ).

Matching the coefficients of each rooted tree in the formal B-series identity gives for τ =
[τ1, . . . , τℓ] with |τ | ⩾ 2

(a ∗ l)(τ) + (a ∗ g)(τ) = βg(τ),

that is,

− 1

1− β
a(τ1) . . . a(τℓ) +

∑
m∈Mτ\{∅}

g(τm0 )a(τm1 ) . . . a(τm|m|) + g(τ) = βg(τ).
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Hence, the coefficients g(τ) satisfy the recursion

g(τ) =
1

(1− β)2
a(τ1) . . . a(τℓ)−

1

1− β

∑
m∈Mτ\{∅}

g(τm0 )a(τm1 ) . . . a(τm|m|)

with g(∅) = g( ) = 0; the same is rewritten in terms of only the a mapping as (60).

By definition, the right-hand side of

θ(n+1) − θ(n) =

(
−h

1

1− β
∇L(θ) + h2βgh(θ)

)
θ=θ(n)

has a formal power series expansion (omitting θ)

− h

1− β
∇L+ β

∞∑
j=2

hj

j!

∑
τ∈T•[1:j]

g(τ)∇τL =
∞∑
j=1

hj

j!

∑
τ∈T•[1:j]

a(τ)∇τL. (63)

For illustration,

a( ) = − β

(1− β)3
, a( ) = a( ) = −β(1 + β)

(1− β)5
,

giving the update

θ(n+1) − θ(n) = − h

1− β

{
∇L(θ(n)) +

hβ

(1− β)2
∇2L(θ(n))∇L(θ(n))

+
h2β(1 + β)

2(1− β)4
∇3L(θ(n))

[
∇L(θ(n)),∇L(θ(n))

]
+

h2β(1 + β)

(1− β)4
∇2L(θ(n))∇2L(θ(n))∇L(θ(n)) + . . .

}
,

with the dots denoting higher-order terms in h. This is exactly the same update as we saw in
(9), the memoryless approximation of the corresponding order in the large-n limit. We now show
that, expectedly, this is true at all orders: in the limit n → ∞, the memoryless approximation
coefficients are characterized by the same power series as in (63).

Taking the limit n → ∞ and formally R → ∞ of the right-hand side in

θ̃(n+1) − θ̃(n) =

R∑
j=1

hjd
(n)
j (θ̃(n))

=

(
−h∇L(n)(θ)− β

R∑
j=1

hj

j!

∑
τ∈T•[1:j]

E
(n)
τ,1 (θ)

)
θ=θ̃(n)

in the full-batch case, we obtain the following formal expression:

−h∇L− β

∞∑
j=1

hj

j!

∑
τ∈T•[1:j]

q(τ)∇τL = − h

1− β
∇L− β

∞∑
j=2

hj

j!

∑
τ∈T•[1:j]

q(τ)∇τL, (64)

where we set

q(τ) =

{
1 if τ = ∅,

(1− β)1−2|τ |eτ,1(β) if τ ̸= ∅
(65)

with eτ,1(β) defined in Definition 3.8. We have the following proposition.
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Proposition 5.2. Let q be defined as in (65) and let

â(τ) =


1 if τ = ∅,

−(1− β)−1 if τ =

−βq(τ) if |τ | ⩾ 2.

Then a = â. In particular, the power series in (64) and (63) coincide.

Proof. Taking the limit n → ∞ in the full-batch special case of (34) yields

q(τ) = q(τ1) . . . q(τℓ) + β
∑

m∈Mτ

q(τm0 )q(τm1 ) . . . q(τm|m|). (66)

This means that for every non-empty tree τ we have

(q ∗ â)(τ) = q(τ) +
∑

m∈Mτ

â(τm0 )q(τm1 ) . . . q(τm|m|)

= q(τ)− q(τ1) . . . q(τℓ)− β
∑

m∈Mτ

q(τm0 )q(τm1 ) . . . q(τm|m|) (67)

= 0, (68)

where (67) is by the definition of â and (68) is by (66). We have proven

q ∗ â = ε, where ε(τ) :=

{
1, if τ = ∅,

0, otherwise.

By associativity,
q ∗ (â ∗ q) = (q ∗ â) ∗ q = ε ∗ q = q.

In other words, for any non-empty tree τ

q(τ) + (â ∗ q)(τ) +
∑

m∈Mτ\{∅}

(â ∗ q)(τm0 )q(τm1 ) . . . q(τm|m|) = q(τ),

or, equivalently,

(â ∗ q)(τ) = −
∑

m∈Mτ\{∅}

(â ∗ q)(τm0 )q(τm1 ) . . . q(τm|m|).

Additionally, (â ∗ q)(∅) = 1. A simple induction shows that only ε satisfies this recursion and
initial condition, thus

â ∗ q = ε. (69)

For any τ with the number of vertices at least 2, we can rewrite (â ∗ q)(τ) = 0 as

0 = â(τ) + q(τ) +
1

1− β
â(τ1) . . . â(τℓ) +

∑
m∈Mτ\{∅}

|τm0 |⩾2

q(τm0 )â(τm1 ) . . . â(τm|m|).

Inserting q(τ) = −â(τ)/β yields

â(τ) =
β

(1− β)2
â(τ1)â(τ2) . . . â(τℓ)−

1

1− β

∑
m∈Mτ\{∅}

|τm0 |⩾2

â(τm0 )â(τm1 ) . . . â(τm|m|).

This is the same recursion as (60). Since the initial conditions â(∅) = a(∅) = 1 and â( ) =
a( ) = −1/(1− β) match, we conclude that â = a.

This was a fact about formal power series, with no approximation or convergence implica-
tions. The corresponding finite-R result gives closeness of trajectories.
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5.2 Matching the Trajectories

Recall the limiting memoryless approximation coefficients d
(∞)
j (θ) from (41). By (42), they are

given by

d
(∞)
1 (θ) = − 1

1− β
∇L(θ),

d
(∞)
j (θ) = − β

j!

∑
τ∈T•[1:j]

q(τ)∇τL(θ), j ⩾ 2,

and rewritten as

d
(∞)
j (θ) =

1

j!

∑
τ∈T•[1:j]

a(τ)∇τL(θ), j ⩾ 1.

Proposition 5.3. Assume L(·) ∈ C(R+1)∨4(Rd,R) and

sup
θ
∥∇jL(θ)∥ ⩽ Dj , j ∈ [1 : (R + 1) ∨ 4].

Then, for h small enough, the maps

Fh(θ) := θ − h

1− β
∇L(θ) + h2βgh(θ),

Ph(θ) := θ +
R∑
j=1

hjd
(∞)
j (θ)

satisfy
sup
θ∈Rd

∥Fh(θ)− Ph(θ)∥ ⩽ C3h
R+1,

where C3 depends on R, β, and {Dj} but not on h. Consequently, two iterations

θ(n+1) = Fh(θ
(n)), θ̃(n+1) = Ph(θ̃

(n)),

starting at the same initial position θ(0) = θ̃(0) ∈ Rd, satisfy the global closeness bound

max
n∈[0:⌊T/h⌋]

∥θ(n) − θ̃(n)∥ ⩽ C4h
R , (70)

on any finite time interval [0, T ], where C4 depends on T , R, β, and {Dj} but not on h or θ(0).

Remark 5.4. Here θ(n) is the full-batch HB trajectory initialized on the invariant manifold, that
is, with

v(0) = − 1

1− β
∇L(θ(0)) + hgh(θ

(0)).

The global approximation by the Ph-based recurrence would in general fail for other initializa-
tions, including the standard v(0) = 0: the initial momentum discrepancy can produce an error
of order h that persists during further iterations. The finite-n result, Theorem 3.1, handles this
issue. ◁

Proof. By the definition of gh, we have

Fh(Fh(θ))− (1 + β)Fh(θ) + βθ + h∇L(Fh(θ)) = 0.

Accordingly, define the defect of the truncated map Ph by

Eh(θ) := Ph(Ph(θ))− (1 + β)Ph(θ) + βθ + h∇L(Ph(θ))
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=
R∑
j=1

hj
[
d
(∞)
j (Ph(θ))− βd

(∞)
j (θ)

]
+ h∇L(Ph(θ)).

Taylor-expand d
(∞)
j (Ph(θ)) up to degree R − j around θ, and ∇L(Ph(θ)) up to degree R − 1

around θ. By the composition rule, the coefficient before hm in the resulting expansion of Eh(θ),
m ∈ [1 :R], is

1

m!

∑
τ∈T•[1:m]

[
(a ∗ a)(τ)− (1 + β)a(τ) + a(τ1) . . . a(τℓ)

]
∇τL(θ).

This coefficient is zero. Indeed, for the singleton , the bracket is

2a( )− (1 + β)a( ) + 1 = 0;

for |τ | ⩾ 2, we have

(a ∗ a)(τ)− (1 + β)a(τ) + a(τ1) . . . a(τℓ)

= (1− β)a(τ)− β

1− β
a(τ1) . . . a(τℓ) +

∑
m∈Mτ\{∅}

|τm0 |⩾2

a(τm0 )a(τm1 ) . . . a(τm|m|) = 0

by the recursion (60) for a. The kth derivatives of d
(∞)
j involve derivatives of L of order at

most j + k, and supθ∥Ph(θ) − θ∥ = O(h). Thus, under the assumptions, the remainder after
truncating the expansion in h at order R is bounded by O(hjhR−j+1) + O(hhR) = O(hR+1),
and we have

sup
θ
∥Eh(θ)∥ ⩽ CEh

R+1. (71)

The fixed-point equation gives

F−1
h (θ) = θ +

h

1− β
∇L(θ)− h2gh(θ).

Further, by the contraction mapping principle, the equation

θ = ζ −
R∑
j=1

hjd
(∞)
j (θ)

has exactly one solution in θ for each ζ ∈ Rd as long as h is small enough, because∑R
j=1 h

jd
(∞)
j (θ) is O(h)-Lipschitz. Thus, Ph(θ) is bijective and in particular invertible.

The following two identities are now immediate from definitions:

Fh(θ) + βF−1
h (θ) = (1 + β)θ − h∇L(θ),

Ph(θ) + βP−1
h (θ) = (1 + β)θ − h∇L(θ) +Eh(P

−1
h (θ)).

Subtracting them, we get

Ph(θ)− Fh(θ) = −β
(
P−1
h (θ)− F−1

h (θ)
)
+Eh(P

−1
h (θ)),

which after taking supremum norms and using (71) yields

sup
θ
∥Ph(θ)− Fh(θ)∥ ⩽ β sup

θ
∥P−1

h (θ)− F−1
h (θ)∥+ CEh

R+1. (72)
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Let Kinv,h be the Lipschitz constant of F−1
h . Recall from (83) and the proof of Lemma A.2 that

it can be bounded as

Kinv,h ⩽
1

1− hK2
⩽

2

1 + β
,

for small enough h (so that hK2 ⩽
1−β
2 ). Then

∥P−1
h (θ)− F−1

h (θ)∥ = ∥F−1
h (Fh(P

−1
h (θ)))− F−1

h (θ)∥
⩽ Kinv,h∥Fh(P

−1
h (θ))− Ph(P

−1
h (θ))∥

⩽ Kinv,h sup
θ
∥Fh(θ)− Ph(θ)∥.

Inserting this into (72), we conclude

sup
θ
∥Ph(θ)− Fh(θ)∥ ⩽ βKinv,h sup

θ
∥Ph(θ)− Fh(θ)∥+ CEh

R+1

⩽
2β

1 + β
sup
θ
∥Ph(θ)− Fh(θ)∥+ CEh

R+1,

or

sup
θ
∥Ph(θ)− Fh(θ)∥ ⩽

1 + β

1− β
CEh

R+1

as desired. The global bound follows by a standard argument as in Lemma B.3.

5.3 Finite-R Losses

Recall that the R = 2 correction to the loss in (9) is (up to a scalar multiple),

d∑
i=1

∂iL∂iL = ∥∇L∥2.

This corresponds to attaching a coordinate index i to the single edge of the tree , attaching a
first-order derivative ∂iL to each of the two leaves and summing over i. For R = 3, the correction
is (up to a scalar multiple)

d∑
i=1

d∑
j=1

∂iL∂ijL∂jL = ∇LT∇2L∇L,

corresponding to attaching coordinate indices i, j to each edge of , attaching corresponding
first- and second-order derivatives to vertices (the leaf incident to edge i receives ∂iL, the leaf
incident to edge j receives ∂jL, and the non-leaf vertex incident to both edges receives ∂ijL),
and summing over all indices. In general, for an unlabeled unrooted tree τ ∈ U define

Φτ (L) =
∑

i : E→[1:d]

∏
v∈V

∂ie1(v)...iedeg(v)(v)
L,

where e1(v), . . . , edeg(v)(v) are the edges incident to v, the map i : E → [1 : d] is a labeling of the
edges by coordinate indices, and (V,E) is a representative of the isomorphism class τ (clearly,
Φτ (L) does not depend on the choice of representative).

Proposition 5.5. Fix R ⩾ 2 and assume L ∈ CR(Rd,R). The following equality holds:

θ +
R∑

m=1

hmd(∞)
m (θ) = θ − h

1− β
∇L

[R]
h (θ),
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with the modified loss given by

L
[R]
h := L+

R∑
m=2

βhm−1

(1− β)2m−2

∑
τ∈U[m]

eτ,1(β)

|Aut(τ)|
Φτ (L);

|Aut(τ)| denoting the order of the automorphism group of any representative of the isomorphism
class τ .

Moreover, under the assumptions of Proposition 5.3, we have for sufficiently small h

sup
θ
∥∇L

[R]
h (θ)−∇Lh(θ)∥ ⩽ (1− β)C3h

R ,

where

Lh := L− hβ(1− β)Gh

is the full-order modified loss from Contribution 1. In particular, for every reference point θ∗ ∈
Rd,

|(L[R]
h − Lh)(θ)− (L

[R]
h − Lh)(θ∗)| ⩽ (1− β)C3h

R∥θ − θ∗∥, θ ∈ Rd.

Thus, normalizing the losses in such a way that L
[R]
h (θ∗) = Lh(θ∗) = 0 leads to the bound O(hR)

on their difference uniformly on any fixed bounded set.

Proof. Fix m ∈ [2 :R] and τ ∈ U[m] with a representative G = (V,E). For each r ∈ V , let
Gr := (G, r) be the rooted tree obtained by choosing r as the root. Directly differentiating, we
obtain

∂aΦτ (L) =
∑

i : E→[1:d]

∑
r∈V

∂aie1(r)...iedeg(r)(r)
L

∏
v∈V \{r}

∂ie1(v)...iedeg(v)(v)
L

=
∑
r∈V

∑
i : E→[1:d]

∂aie1(r)...iedeg(r)(r)
L

∏
v∈V \{r}

∂ie1(v)...iedeg(v)(v)
L

=
∑
r∈V

{∇GrL}a,

or in other words

∇Φτ (L) =
∑
r∈V

∇GrL.

Group the sum over r ∈ V by the orbits of the action of Aut(G) on V (r and r′ lie in the same
orbit if and only if Gr and Gr′ are isomorphic as rooted trees):

∇Φτ (L) =
∑

O∈V/Aut(G)

|O|∇GrOL,

where rO ∈ O is a representative of the orbit O. The stabilizer group of rO under the action of
the group Aut(G) is precisely the automorphism group of GrO as a rooted tree, whose order is
σ(GrO), which gives by the orbit-stabilizer theorem

|O| = |Aut(G)|
σ(GrO)

,

and we can continue

∇Φτ (L) =
∑

O∈V/Aut(G)

|Aut(G)|
σ(GrO)

∇GrOL.
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Every rooted isomorphism class corresponds to exactly one pair consisting of an unrooted iso-
morphism class and a vertex orbit. This correspondence gives

∇
( ∑

τ∈U[m]

eτ,1(β)

|Aut(τ)|
Φτ (L)

)
=

∑
ρ∈U•[m]

eρ,1(β)

σ(ρ)
∇ρL.

Inserting this into ∇L
[R]
h and recalling (42), we have

∇L
[R]
h = ∇L+

R∑
m=2

βhm−1

(1− β)2m−2

∑
ρ∈U•[m]

eρ,1(β)

σ(ρ)
∇ρL

= −(1− β)

R∑
m=1

hm−1d(∞)
m .

The gradient bound now follows directly from Proposition 5.3 since

∇L
[R]
h −∇Lh =

1− β

h
(Fh − Ph).

The scalar-loss bound follows by integrating ∇L
[R]
h − ∇Lh along the segment between θ∗ and

θ.

For example, since

Φ (L) = ∥∇L∥2,
Φ (L) = ∇LT∇2L∇L,

and the automorphism orders of the two trees are 2, we have

L
[3]
h = L+

βh

2(1− β)2
∥∇L∥2 + β(1 + β)h2

2(1− β)4
∇LT∇2L∇L.

Note that neglecting the third-order derivative in

∇L
[3]
h = ∇L+

βh

(1− β)2
∇2L∇L+

β(1 + β)h2

2(1− β)4
[
2(∇2L)2∇L+∇3L[∇L,∇L]

]
.

would generally result in a non-gradient. In particular, the principal iteration in Section 3.4,
while explicit and useful to capture instabilities, is typically not gradient descent.

6 Continuous Time

Our main theorems (Theorem 3.1 and Theorem 3.3) can be used to obtain useful additional
results for the analysis of HB. This section focuses on deriving continuous modified equations
of arbitrary approximation order (with rigorous bounds), as well as the principal flow capturing
the HB dynamics, generalizing Rosca et al. [47]. Due to their practical importance, we consider
both full-batch and mini-batch implementations.
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6.1 Modified Equation

The global approximation by a memoryless iteration (Theorem 3.1) helps find a modified equa-
tion or, in other words, an approximation by a continuous flow. Define the BEA coefficients{
f
(n)
j (θ)

}∞
j=1

by

f
(n)
j (θ) = d

(n)
j (θ)−

j∑
i=2

1

i!

∑
k1,...,ki⩾1

k1+...+ki=j

(D
(n)
k1

. . . D
(n)
ki−1

f
(n)
ki

)(θ), (73)

with the ith Lie derivative D
(n)
i :=

∑
l f

(n)l
i (θ)∂l. This formula is standard in the literature on

backward error analysis applied to numerical methods [30].
We now state the continuous approximation result.

Corollary 6.1 (Modified equation). Assume the conditions of Theorem 3.1. Let θ(t) ≡ θ(R; t)
be the unique continuous solution to the piecewise ODE in D

θ̇(t) =

R−1∑
i=0

hif
(n)
i+1(θ(t)) (74)

on t ∈ [tn, tn+1] with the initial condition θ(0) = θ(0), assumed to exist on t ∈ [0, T ], where we
use the shortcut tn := nh and the derivatives are one-sided at tn, tn+1. Then for each h ∈ (0, 1/2)

sup
n∈[0:⌊T/h⌋]

∥θ(n) − θ(tn)∥ ⩽ C5h
R ,

where C5 is some constant depending on β, R, T and the uniform derivative bounds, but is
independent of n and h.

Remark 6.2. The ODE solution is easily proven to exist by classical existence results if D = Rd,
but since D is not restricted, we assume this to avoid uninformative technicalities. ◁

The proof is by Taylor-expanding θ(t) around tn at tn+1 and rearranging; this allows us to
get the local error bound, which is then converted into the global error bound. Full details are
provided in Appendix D.1.

For example, the second-order approximation is

θ̇(t) = −
n∑

b=0

βb∇L(n−b)(θ(t)) + hf
(n)
2 (θ(t)) (75)

with

f
(n)
2 (θ) =−

n∑
b=1

βb∇2L(n−b)(θ)
b∑

l=1

n−l∑
b′=0

βb′∇L(n−l−b′)(θ)

− 1

2

n∑
b=0

βb∇2L(n−b)
n∑

b′=0

βb′∇L(n−b′)(θ).

In the simpler full-batch case (where all L(s) ≡ L) (75) is rewritten as

θ̇(t) = −1− βn+1

1− β
∇L(θ(t))

− h
1 + β − 4(n+ 1)(βn+1 − βn+2)− β2n+2 − β2n+3

2(1− β)3
∇2L(θ(t))∇L(θ(t)).
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on the segment t ∈ [tn, tn+1]. As n becomes large, the coefficients converge to those of the
autonomous ODE

θ̇(t) = − 1

1− β
∇L(θ(t))− h

1 + β

2(1− β)3
∇2L(θ(t))∇L(θ(t)). (76)

The equation found in Kovachki and Stuart [38] (after fixing a small typo) is the same ODE.
For (76), initialization on the invariant manifold is enough for the guarantee (11) with R = 2,
but generally, initialization outside the manifold can lead to an O(h) trajectory difference. We
did not lose any information but gained a guarantee in the case of the common setting v(0) = 0,
typically outside the manifold. (A minimally modified argument would work for any v(0).)

Remark 6.3. Note that (76) can be rewritten as

θ̇(t) = − 1

1− β
∇
{
L+ h

1 + β

4(1− β)2
∥∇L∥2

}
(θ(t)).

This can be seen as gradient flow with a modified loss [19, 38, 25]. However, for R = 3 this is

already not true: f
(n)
3 (θ) becomes close to

−1 + 4β + β2

3(1− β)5
∇2L(θ)∇2L(θ)∇L(θ)− 1 + 10β + β2

12(1− β)5
∇3L(θ)

[
∇L(θ),∇L(θ)

]
,

which is in general not a gradient. ◁

6.2 Principal Flow

In this subsection, assume that L(n) ≡ L. Using the same framework as in Section 3.4, we can
derive a “full-order” modified equation up to non-principal terms.

Corollary 6.4 (Principal flow). Define {z(n)m } as such coefficients that the principal part of

f
(n)
m (θ) is z

(n)
m {∇2L(θ)}m−1∇L(θ). Then,

z(n)m :=

m∑
l=1

(−1)l+1

l

∑
k1,...,kl⩾1

k1+...+kl=m

p
(n)
k1

. . . p
(n)
kl

, (77)

where

p
(n)
k :=

−1−βn+1

1−β , if k = 1,

−
βe

(n)
ck,1(β)

(1−β)2k−1 , if k ⩾ 2.

Moreover, the limiting sequence z
(∞)
m := limn→∞ z

(n)
m admits a generating function ḡβ(x) :=∑∞

k=0 z
(∞)
k+1x

k given by

ḡβ(x) =
1

x
ln

(
1 + β − x+

√
(1− β − x)2 − 4βx

2

)
.

The proof is given in Appendix D.2.
Informally, the “full-order” modified equation (called “principal flow” by Rosca et al. [47])

is approximately

θ̇(t) =

∞∑
k=0

z
(n)
k+1h

k{∇2L(θ(t))}k∇L(θ(t)) + NPT
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≈ ḡβ
(
h∇2L(θ(t))

)
∇L(θ(t)) + NPT

for large n. Taking β = 0, we recover the result of Rosca et al. [47] for GD.
For example, consider the one-dimensional case and L(θ) = θ2/2. Its gradient is unbounded

but we can identify the invariant manifolds directly without appealing to Theorem 2.1. The HB
iteration (1) is solved by (

θ(n)

v(n)

)
=

(
1− h hβ
−1 β

)n(
θ(0)

v(0).

)
The general solution is

θ(n) =
((1− h− λ−)θ

(0) + hβv(0))λn
+ + ((λ+ + h− 1)θ(0) − hβv(0))λn

−
λ+ − λ−

,

v(n) =

(
(β − λ−)v

(0) − θ(0)
)
λn
+ +

(
θ(0) + (λ+ − β)v(0)

)
λn
−

λ+ − λ−

with

λ± =
1 + β − h±

√
(1− β − h)2 − 4βh

2
,

excluding for simplicity the case of a double root λ+ = λ− (which happens for h = (1±
√
β)2).

For 0 < h < (1 −
√
β)2, the square root is positive and 0 < λ− < λ+ < 1. The λ+ eigenspace

{(θ, v) : v = s+θ} with s+ := (λ+ + h− 1)/(hβ) is an invariant graph: if the initialization is on
it, that is, v(0) = s+θ

(0), then
θ(n) = λn

+θ
(0). (78)

It is attractive since v(n+1) − s+θ
(n+1) = λ−(v

(n) − s+θ
(n)). The solution of the principal flow

θ̇(t) = ḡβ
(
h
)
θ(t) in this case is

θ(t) = θ(0) exp

{
t

h
ln

(
1 + β − h+

√
(1− β − h)2 − 4βh

2

)}
, (79)

coinciding with (78) at points t = nh.
For large step sizes (1 +

√
β)2 < h < 2 + 2β, the λ− eigenspace {(θ, v) : v = s−θ} with

s− := (h+ λ− − 1)/(hβ) (blowing up as h → 0), is invariant and attractive. If the initialization
happened there, the solution will be

θ(n) = λn
−θ

(0).

This also coincides with principal flow (79) by choosing appropriate branches of the complex
square root and logarithm. We illustrate both situations in Fig. 1.

For intermediate step sizes (1−
√
β)2 < h < (1+

√
β)2, the eigenvalues are not purely real:

λ± =
√
βe±iφ, cosφ =

1 + β − h

2
√
β

, φ ∈ (0, π),

and the invariant eigenlines v = s±θ are complex. Taking the square root with a positive
imaginary part and the logarithm so that log λ+ = 1

2 lnβ + iφ, the complex principal flow has
the solution

z(t) =

(
θ(0) − i

(1− h)θ(0) + hβv(0) −
√
βθ(0) cosφ√

β sinφ

)
exp

{
t

h

(
1

2
lnβ + iφ

)}
whose real part coincides with the HB trajectory at points t = nh, that is

Re z(nh) = θ(n) = βn/2

[
θ(0) cos(nφ) +

(1− h)θ(0) + hβv(0) −
√
βθ(0) cosφ√

β sinφ
sin(nφ)

]
for every n ⩾ 0, and any v(0).
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Figure 1: Principal flow (β = 0.7, θ(0) = 1) corresponding to the quadratic loss L(θ) = θ2/2 on
the complex plane. It is purely real for small enough step size h. For high step sizes, it is not
purely real, and the real values θ(nh) capture the oscillatory behavior of HB (with HB exactly
matching the flow if initialized on the attractive invariant manifold).

7 Concluding Remarks

We studied the theoretical properties of gradient descent with heavy-ball momentum [43], one
of the simplest and most commonly used optimization algorithms with memory. We established
an approximation of the algorithm by a memoryless iteration to arbitrary precision. In the
full-batch case, this memoryless iteration is (roughly speaking) plain gradient descent with a
modified loss. This loss modification can be seen as implicit regularization by memory and can
sometimes explain good empirical performance [3, 50, 25]. In the stochastic (mini-batch) case,
additional implicit regularization by mini-batch noise can be identified. These insights can be
of practical importance in machine learning, not just for understanding existing algorithms,
but also for proposing new ones, e. g., by introducing (or strengthening) similar regularization
explicitly [23, 57]. In addition, analyzing the terms of the memoryless iteration revealed rich
combinatorics hidden inside the algorithm, which may be of independent interest.

Bernstein and Newhouse [5] note that “the precise role of EMA [exponential moving aver-
ages] is perhaps still an open problem” in optimization. Even though we focused the presentation
specifically on HB, one of the strengths of our techniques is that they can be used to study other
algorithms with decaying memory (defined by smooth enough functions of the parameter θ).
Thus, our paper not only takes a step toward the broader goal of understanding memory and
its effects on a specific optimization algorithm, but also outlines a more general framework that
can be used to analyze other algorithms. For example, our techniques could be used to study
other (ubiquitous) numerical methods with memory such as Adam [37] or Shampoo [28].
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A Proof of Theorem 2.1

A.1 Constants

Fix the constants defining Γ as follows:

γ := 1 +
D1D2

(1− β)3
,

δ := 1 +
D2

2 +D1D3

(1− β)3
,

λ := 1 +
3D2D3 +D1D4

(1− β)3
.

(80)

It will also be convenient to define the auxiliary bounds

K1 := D1/(1− β) + hβγ, (81)

K2 := D2/(1− β) + hβδ. (82)

A.2 Omitted Lemmas

Lemma A.1 (θ 7→ ζ is bijective). For small enough h and for any g ∈ Γ, the function θ 7→ ζ =
θ − h(1− β)−1∇L(θ) + h2βg(θ) is a bijection Rd → Rd.

Proof. This is proven the same way as in Kovachki and Stuart [38]. Specifically, for fixed ζ ∈ Rd

and g ∈ Γ, the map

θ 7→ ζ +
h

1− β
∇L(θ)− h2βg(θ)

is Lipschitz with constant hD2/(1− β) + h2βδ = hK2, which is less than 1 for small enough h.
By the contraction mapping theorem, it has a unique fixed point. The existence and uniqueness
of the fixed point is equivalent to the surjectivity and injectivity of the map θ 7→ ζ in the
statement.

Lemma A.2 (T maps from Γ to Γ). For small enough h, the operator T defined in (15) maps
from Γ to Γ.

Proof. Take g ∈ Γ. By Lemma A.1, the function θ 7→ ζ = θ − h(1− β)−1∇L(θ) + h2βg(θ) is a
bijection. This function is continuously differentiable:

∇θζ(θ) = I − h

1− β
∇2L(θ) + h2β∇g(θ).

For h small enough, this matrix is invertible. By the inverse mapping theorem, we see that the
inverse mapping is continuously differentiable with Jacobian

∇ζθ(ζ) =

(
I − h

1− β
∇2L(θ(ζ)) + h2β∇g(θ(ζ))

)−1

. (83)

Therefore, the function Tg is also continuously differentiable with derivative

∇ζTg(ζ) =
1

h(1− β)
∇ζ

{
∇L(ζ)−∇L(θ(ζ))

}
+ β∇ζ

{
g(θ(ζ))

}
=

1

h(1− β)

{
∇2L(ζ)−∇2L(θ(ζ))∇ζθ(ζ)

}
+ β∇g(θ(ζ))∇ζθ(ζ)
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=
1

h(1− β)

{
∇2L(ζ)−∇2L(θ(ζ))

(
I − h

1− β
∇2L(θ(ζ)) + h2β∇g(θ(ζ))

)−1}
+ β∇g(θ(ζ))

(
I − h

1− β
∇2L(θ(ζ)) + h2β∇g(θ(ζ))

)−1

=
1

h(1− β)
∇2L(ζ)

+
1

h2

(
− h

1− β
∇2L(θ(ζ)) + h2β∇g(θ(ζ))

)(
I − h

1− β
∇2L(θ(ζ)) + h2β∇g(θ(ζ))

)−1

=
∇2L(ζ)−∇2L(θ(ζ))

h(1− β)
+ β∇g(θ(ζ)) +

1

h2

(
h

1− β
∇2L(θ(ζ))− h2β∇g(θ(ζ))

)
− 1

h2

(
h

1− β
∇2L(θ(ζ))− h2β∇g(θ(ζ))

)(
I − h

1− β
∇2L(θ(ζ)) + h2β∇g(θ(ζ))

)−1

=
∇2L(ζ)−∇2L(θ(ζ))

h(1− β)
+ β∇g(θ(ζ))

+
1

h2

(
h

1− β
∇2L(θ(ζ))− h2β∇g(θ(ζ))

)
×
{
I −

(
I − h

1− β
∇2L(θ(ζ)) + h2β∇g(θ(ζ))

)−1}
. (84)

This matrix is symmetric for any g ∈ Γ because any square matrix A commutes with (I −A)−1

(provided the latter exists). We have proven that Tg is a continuously differentiable function
and its Jacobian is symmetric.

Bounding Tg We need to show that the norm of the function Tg does not exceed γ for any
g ∈ Γ. We have for any ζ ∈ Rd

∥Tg(ζ)∥ ⩽
supθ∥∇2L(θ)∥

h(1− β)
∥ζ − θ(ζ)∥+ β∥g(θ(ζ))∥

(where we used the definition of T in Eq. (15))

=
supθ∥∇2L(θ)∥

h(1− β)

∥∥∥∥− h

1− β
∇L(θ(ζ)) + h2βg(θ(ζ))

∥∥∥∥+ β∥g(θ(ζ))∥

⩽
supθ∥∇2L(θ)∥ supθ∥∇L(θ)∥

(1− β)2
+

(
β + h

β

1− β
sup
θ
∥∇2L(θ)∥

)
γ

⩽
D1D2

(1− β)2
+

(
β + h

β

1− β
D2

)
γ

⩽ γ, (85)

where the last inequality holds for all small enough h because

D1D2

(1− β)2
+

(
β + h

β

1− β
D2

)
γ −→

h→0
D1D2/(1− β)2 + βγ = γ − (1− β) < γ.

Bounding the derivative of Tg Consider the expression ending in (84). We will use

∥∇ζTg(ζ)∥ ⩽

∥∥∥∥∇2L(ζ)−∇2L(θ(ζ))

h(1− β)

∥∥∥∥
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+

∥∥∥∥ 1

h(1− β)
∇2L(θ(ζ))

{
I −

(
I − h

1− β
∇2L(θ(ζ)) + h2β∇g(θ(ζ))

)−1}∥∥∥∥
+

∥∥∥∥β∇g(θ(ζ))

(
I − h

1− β
∇2L(θ(ζ)) + h2β∇g(θ(ζ))

)−1∥∥∥∥
and bound each of the three terms in the right-hand side separately.

The first term is easy to bound:∥∥∥∥∇2L(ζ)−∇2L(θ(ζ))

h(1− β)

∥∥∥∥ ⩽
D3

h(1− β)
∥ζ − θ(ζ)∥

=
D3

h(1− β)

∥∥∥∥− h

1− β
∇L(θ(ζ)) + h2βg(θ(ζ))

∥∥∥∥
⩽

D3

h(1− β)

{
hD1

1− β
+ h2βγ

}
=

D3K1

1− β
.

Now we bound∥∥∥∥ 1

h(1− β)
∇2L(θ(ζ))

{
I −

(
I − h

1− β
∇2L(θ(ζ)) + h2β∇g(θ(ζ))

)−1}∥∥∥∥
⩽

D2

h(1− β)

∥∥∥∥I − (
I − h

1− β
∇2L(θ(ζ)) + h2β∇g(θ(ζ))

)−1∥∥∥∥.
Notice that the eigenvalues of the matrix

I −
(
I − h

1− β
∇2L(θ(ζ)) + h2β∇g(θ(ζ))

)−1

are of the form −hλi/(1− hλi) where {λi} are eigenvalues of the matrix (1− β)−1∇2L(θ(ζ))−
hβ∇g(θ(ζ)). For small enough h, we have

hmax
i

|λi| ⩽ h{(1− β)−1D2 + hβδ} < 1,

so we can bound

|λi|
|1− hλi|

⩽
|λi|

1− h|λi|
⩽

maxi|λi|
1− hmaxi|λi|

=
∥(1− β)−1∇2L(θ(ζ))− hβ∇g(θ(ζ))∥

1− h∥(1− β)−1∇2L(θ(ζ))− hβ∇g(θ(ζ))∥

⩽
(1− β)−1D2 + hβδ

1− h{(1− β)−1D2 + hβδ}
.

Similarly,∥∥∥∥β∇g(θ(ζ))

(
I − h

1− β
∇2L(θ(ζ)) + h2β∇g(θ(ζ))

)−1∥∥∥∥ ⩽
βδ

1− h{(1− β)−1D2 + hβδ}
.

We conclude that

∥∇ζTg(ζ)∥ ⩽
D3K1

1− β
+

D2

1− β

(1− β)−1D2 + hβδ

1− h{(1− β)−1D2 + hβδ}
+

βδ

1− h{(1− β)−1D2 + hβδ}

=
D3K1

(
1− h

{
D2
1−β + hβδ

})
+D2

(
D2
1−β + hβδ

)
+ βδ(1− β)

(1− β)[1− h{(1− β)−1D2 + hβδ}]

=
(D2 − hD3K1)

(
D2
1−β + hβδ

)
+D3K1 + βδ(1− β)

(1− β)[1− h{(1− β)−1D2 + hβδ}]
.
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The inequality

(D2 − hD3K1)
(

D2
1−β + hβδ

)
+D3K1 + βδ(1− β)

(1− β)[1− h{(1− β)−1D2 + hβδ}]
⩽ δ (86)

can be rewritten as

h2βδ2 +

(
β − 1 + h

1 + β

1− β
D2 −

h2β

1− β
K1D3

)
δ +

D2(D2 − hD3K1)

(1− β)2
+

D3K1

1− β
⩽ 0.

This inequality holds for sufficiently small h because the left-hand side converges to

−(1− β)δ +
D2

2 +D1D3

(1− β)2
= −(1− β) < 0

as h → 0.

Bounding the Lipschitz constant of the derivative of Tg Consider the expression ending
in (84). To declutter notation, denote Ai := (1− β)−1∇2L(θ(ζi))− hβ∇g(θ(ζi)) for i ∈ {1, 2}.
First, decompose

∇ζTg(ζ1)−∇ζTg(ζ2) =
∇2L(ζ1)

h(1− β)
−
(
∇2L(θ(ζ1))

h(1− β)
− β∇g(θ(ζ1))

)
(I − hA1)

−1

− ∇2L(ζ2)

h(1− β)
+

(
∇2L(θ(ζ2))

h(1− β)
− β∇g(θ(ζ2))

)
(I − hA2)

−1

=
∇2L(ζ1)−∇2L(ζ2)

h(1− β)

−
(
∇2L(θ(ζ1))−∇2L(θ(ζ2))

h(1− β)
− β∇g(θ(ζ1)) + β∇g(θ(ζ2))

)
(I − hA1)

−1

−
(
∇2L(θ(ζ2))

h(1− β)
− β∇g(θ(ζ2))

){
(I − hA1)

−1 − (I − hA2)
−1

}
= T1 − T2 − T3,

where

T1 :=
∇2L(ζ1)−∇2L(ζ2)

h(1− β)

{
I − (I − hA1)

−1
}
,

T2 :=

(
∇2L(θ(ζ1))−∇2L(ζ1)−∇2L(θ(ζ2)) +∇2L(ζ2)

h(1− β)
− β∇g(θ(ζ1)) + β∇g(θ(ζ2))

)
×

× (I − hA1)
−1,

T3 :=

(
∇2L(θ(ζ2))

h(1− β)
− β∇g(θ(ζ2))

){
(I − hA1)

−1 − (I − hA2)
−1

}
.

To bound T1, use ∥I − (I − hA1)
−1∥ ⩽ h (1−β)−1D2+hβδ

1−h{(1−β)−1D2+hβδ} and conclude

∥T1∥ ⩽
D3(1− β)−1[(1− β)−1D2 + hβδ]

1− h{(1− β)−1D2 + hβδ}
∥ζ1 − ζ2∥.

To bound T2, note that

∇ζ

{
∇2L(θ(ζ))−∇2L(ζ)

}
= ∇3L(θ(ζ))(I − hA)−1 −∇3L(ζ)
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=
(
∇3L(θ(ζ))−∇3L(ζ)

)
(I − hA)−1 +∇3L(ζ)

(
(I − hA)−1 − I

)
where A := (1− β)−1∇2L(θ(ζ))− hβ∇g(θ(ζ)). Therefore,

∥∇2L(θ(ζ1))−∇2L(ζ1)−∇2L(θ(ζ2)) +∇2L(ζ2)∥
⩽ sup

ζ

∥∥∇ζ

{
∇2L(θ(ζ))−∇2L(ζ)

}∥∥∥ζ1 − ζ2∥

⩽
D4 supζ∥θ(ζ)− ζ∥

1− h{(1− β)−1D2 + hβδ}
∥ζ1 − ζ2∥+ h

D3{(1− β)−1D2 + hβδ}
1− h{(1− β)−1D2 + hβδ}

∥ζ1 − ζ2∥

⩽ h
D4K1 +D3{(1− β)−1D2 + hβδ}

1− h{(1− β)−1D2 + hβδ}
∥ζ1 − ζ2∥,

where the last inequality is obtained by bounding supζ∥θ(ζ)− ζ∥ like for Eq. (85). Since also

β∥∇g(θ(ζ1))−∇g(θ(ζ2))∥ ⩽ βλ∥θ(ζ1)− θ(ζ2)∥ ⩽ βλ sup
ζ
∥∇ζθ(ζ)∥∥ζ1 − ζ2∥

⩽
βλ

1− h{(1− β)−1D2 + hβδ}
∥ζ1 − ζ2∥,

we conclude

∥T2∥ ⩽
(1− β)−1[D4K1 +D3{(1− β)−1D2 + hβδ}] + βλ(

1− h{(1− β)−1D2 + hβδ}
)2 ∥ζ1 − ζ2∥.

To bound T3, use

∥(I − hA1)
−1 − (I − hA2)

−1∥ = h∥(I − hA1)
−1[A1 −A2](I − hA2)

−1∥

⩽
h(

1− h{(1− β)−1D2 + hβδ}
)2

×
∥∥∥∥∇2L(θ(ζ1))−∇2L(θ(ζ2))

1− β
− hβ

{
∇g(θ(ζ1))−∇g(θ(ζ2))

}∥∥∥∥
⩽

h(
1− h{(1− β)−1D2 + hβδ}

)2[ D3

1− β
+ hβλ

]
∥θ(ζ1)− θ(ζ2)∥

⩽
h
[
(1− β)−1D3 + hβλ

](
1− h{(1− β)−1D2 + hβδ}

)3 ∥ζ1 − ζ2∥,

and conclude

∥T3∥ ⩽

(
(1− β)−1D2 + hβδ

)[
(1− β)−1D3 + hβλ

](
1− h{(1− β)−1D2 + hβδ}

)3 ∥ζ1 − ζ2∥.

Combining, we get

∥∇ζTg(ζ1)−∇ζTg(ζ2)∥

⩽

(
D3(1− β)−1[(1− β)−1D2 + hβδ]

1− h{(1− β)−1D2 + hβδ}

+
(1− β)−1[D4K1 +D3{(1− β)−1D2 + hβδ}] + βλ(

1− h{(1− β)−1D2 + hβδ}
)2

+

(
(1− β)−1D2 + hβδ

)[
(1− β)−1D3 + hβλ

](
1− h{(1− β)−1D2 + hβδ}

)3 )
∥ζ1 − ζ2∥.
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It is left to note that

D3(1− β)−1[(1− β)−1D2 + hβδ]

1− h{(1− β)−1D2 + hβδ}

+
(1− β)−1[D4K1 +D3{(1− β)−1D2 + hβδ}] + βλ(

1− h{(1− β)−1D2 + hβδ}
)2

+

(
(1− β)−1D2 + hβδ

)[
(1− β)−1D3 + hβλ

](
1− h{(1− β)−1D2 + hβδ}

)3 ⩽ λ

for all sufficiently small h since the left-hand side converges to

3D2D3 +D1D4

(1− β)2
+ βλ = λ− (1− β) < λ

as h → 0.

Lemma A.3 (T is a contraction). For any g1, g2 ∈ Γ, we have

∥Tg1 − Tg2∥Γ ⩽ α∥g1 − g2∥Γ

with some α < 1.

Proof. It is proven in [38, Lemma 15] that for h small enough hK2 < 1 and

sup
ζ∈Rd

∥Tg1(ζ)− Tg2(ζ)∥ ⩽ α1 sup
θ∈Rd

∥g1(θ)− g2(θ)∥ (87)

with

α1 := β + hβ
D2 + hD3K1

1− β
+

h2β

1− hK2

(
βδ +

(D2 + hD3K1)(D2/(1− β) + hβδ) +D3K1

1− β

)
.

Next, fix ζ ∈ Rd, g1, g2 ∈ Γ. Let θ1 be the preimage of ζ under the mapping θ 7→ ζ1(θ) =
θ − h(1 − β)−1∇L(θ) + h2βg1(θ), and θ2 the preimage of ζ under the mapping θ 7→ ζ2(θ) =
θ−h(1−β)−1∇L(θ)+h2βg2(θ). Recall that the form of the derivative of Tgi(ζ) is given in (84).
Decompose

∇ζTg1(ζ)−∇ζTg2(ζ)

=

(
∇2L(θ2)

h(1− β)
− β∇g2(θ2)

)
(I − hA2)

−1 −
(
∇2L(θ1)

h(1− β)
− β∇g1(θ1)

)
(I − hA1)

−1

=

[
∇2L(θ2)−∇2L(θ1)

h(1− β)
− β

{
∇g2(θ2)−∇g1(θ1)

}]
(I − hA2)

−1︸ ︷︷ ︸
T1

+

[
∇2L(θ1)

h(1− β)
− β∇g1(θ1)

](
(I − hA2)

−1 − (I − hA1)
−1

)
︸ ︷︷ ︸

T2

,

where Ai = (1− β)−1∇2L(θi)− hβ∇gi(θi), i ∈ {1, 2}.
To bound T1, first note∥∥∥∥∇2L(θ1)−∇2L(θ2)

h(1− β)

∥∥∥∥ ⩽
D3

h(1− β)
∥θ1 − θ2∥. (88)
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Since

ζ = θ1 −
h

1− β
∇L(θ1) + h2βg1(θ1) = θ2 −

h

1− β
∇L(θ2) + h2βg2(θ2),

we have

∥θ1 − θ2∥ ⩽
h

1− β
∥∇L(θ1)−∇L(θ2)∥+ h2β∥g1(θ1)− g2(θ2)∥

⩽
hD2

1− β
∥θ1 − θ2∥+ h2β∥g1(θ1)− g1(θ2)∥+ h2β∥g1(θ2)− g2(θ2)∥

⩽

(
hD2

1− β
+ h2βδ

)
∥θ1 − θ2∥+ h2β∥g1(θ2)− g2(θ2)∥.

For h small enough, hD2
1−β + h2βδ < 1, and we obtain

∥θ1 − θ2∥ ⩽
h2β

1− hD2
1−β − h2βδ

∥g1(θ2)− g2(θ2)∥. (89)

Continuing (88), we get∥∥∥∥∇2L(θ1)−∇2L(θ2)

h(1− β)

∥∥∥∥ ⩽
D3

h(1− β)

h2β

1− hD2
1−β − h2βδ

sup
θ
∥g1(θ)− g2(θ)∥

=
(1− β)−1hβD3

1− hD2
1−β − h2βδ

sup
θ
∥g1(θ)− g2(θ)∥.

Next, use

∥∇g1(θ1)−∇g2(θ2)∥ ⩽ ∥∇g1(θ1)−∇g1(θ2)∥+ ∥∇g1(θ2)−∇g2(θ2)∥
⩽ λ∥θ1 − θ2∥+ sup

θ
∥∇g1(θ)−∇g2(θ)∥

⩽
h2βλ

1− hD2
1−β − h2βδ

sup
θ
∥g1(θ)− g2(θ)∥+ sup

θ
∥∇g1(θ)−∇g2(θ)∥

with the last inequality by Eq. (89). As previously, using ∥(I −hA1)
−1∥ ⩽ [1−h{(1−β)−1D2+

hβδ}]−1, we can now conclude

∥T1∥ ⩽

(
(1− β)−1hβD3(
1− hD2

1−β − h2βδ
)2 +

h2β2λ(
1− hD2

1−β − h2βδ
)2) sup

θ
∥g1(θ)− g2(θ)∥

+
β

1− hD2
1−β − h2βδ

sup
θ
∥∇g1(θ)−∇g2(θ)∥.

To bound T2, use∥∥(I − hA2)
−1 − (I − hA1)

−1
∥∥ = h∥(I − hA2)

−1[A2 −A1](I − hA1)
−1∥

⩽
h(

1− h{(1− β)−1D2 + hβδ}
)2 ∥A2 −A1∥

=
h(

1− h{(1− β)−1D2 + hβδ}
)2∥∥∥∥∇2L(θ2)−∇2L(θ1)

1− β
− hβ

{
∇g2(θ2)−∇g1(θ1)

}∥∥∥∥
⩽

h(
1− h{(1− β)−1D2 + hβδ}

)2[(1− β)−1h2βD3 + h3β2λ

1− hD2
1−β − h2βδ

sup
θ
∥g1(θ)− g2(θ)∥
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+ hβ sup
θ
∥∇g1(θ)−∇g2(θ)∥

]
⩽

(1− β)−1h3βD3 + h4β2λ(
1− h{(1− β)−1D2 + hβδ}

)3 sup
θ
∥g1(θ)− g2(θ)∥

+
h2β(

1− h{(1− β)−1D2 + hβδ}
)2 sup

θ
∥∇g1(θ)−∇g2(θ)∥,

and conclude

∥T2∥ ⩽

(
(1− β)−1D2 + hβδ

)[
(1− β)−1h2βD3 + h3β2λ

](
1− h{(1− β)−1D2 + hβδ}

)3 sup
θ
∥g1(θ)− g2(θ)∥

+

(
(1− β)−1D2 + hβδ

)
hβ(

1− h{(1− β)−1D2 + hβδ}
)2 sup

θ
∥∇g1(θ)−∇g2(θ)∥.

Combining the bounds on T1 and T2 gives∥∥∇ζTg1(ζ)−∇ζTg2(ζ)
∥∥ ⩽ α̃1 sup

θ
∥g1(θ)− g2(θ)∥+ α̃2 sup

θ
∥∇g1(θ)−∇g2(θ)∥,

where

α̃1 :=
(1− β)−1hβD3(

1− h{(1− β)−1D2 + hβδ}
)2 +

h2β2λ(
1− h{(1− β)−1D2 + hβδ}

)2
+

(
(1− β)−1D2 + hβδ

)[
(1− β)−1h2βD3 + h3β2λ

](
1− h{(1− β)−1D2 + hβδ}

)3 ,

=
βh{D3/(1− β) + hβλ}

(1− hK2)3
,

α̃2 :=
β

1− h{(1− β)−1D2 + hβδ}
+

(
(1− β)−1D2 + hβδ

)
hβ(

1− h{(1− β)−1D2 + hβδ}
)2 =

β

(1− hK2)2
.

Combining with (87), we get

sup
ζ
∥Tg1(ζ)− Tg2(ζ)∥+ sup

ζ

∥∥∇ζTg1(ζ)−∇ζTg2(ζ)
∥∥

⩽ (α1 + α̃1) sup
θ
∥g1(θ)− g2(θ)∥+ α̃2 sup

θ
∥∇g1(θ)−∇g2(θ)∥.

Since as h → 0

α1 → β, α̃1 → 0, α̃2 → β,

we have for small enough h that

α := (α1 + α̃1) ∨ α̃2 ⩽
1 + β

2
< 1.

Lemma A.4 (Exponential attractivity). Equation (1) satisfies∥∥∥∥v(n) +
1

1− β
∇L(θ(n))− hgh(θ

(n))

∥∥∥∥ ⩽ ρnh

∥∥∥∥v(0) +
1

1− β
∇L(θ(0))− hgh(θ

(0))

∥∥∥∥,
where ρh := β(1 + hD2/(1− β) + h2δ) < 1 for all sufficiently small h.
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Proof. Define

Vh(θ) := − 1

1− β
∇L(θ) + hgh(θ),

so that (θ(n),Vh(θ
(n))) lies on the invariant manifold. Define the variables obtained by applying

the HB update from this point:

v̂(n+1) := βVh(θ
(n))−∇L(θ(n)), θ̂(n+1) := θ(n) + hv̂(n+1).

They also lie on the invariant manifold, that is, v̂(n+1) = Vh(θ̂
(n+1)). Moreover, the ordinary

variables are expressed through the hatted variables as

v(n+1) = v̂(n+1) + βe(n), θ(n+1) = θ̂(n+1) + hβe(n),

with the error

e(n) := v(n) − Vh(θ
(n)).

Therefore,

∥e(n+1)∥ ⩽ β∥e(n)∥+ ∥Vh(θ̂
(n+1))− Vh(θ̂

(n+1) + hβe(n))∥

⩽ β

(
1 +

hD2

1− β
+ h2δ

)
∥e(n)∥,

where we used that Vh is Lipschitz with constant D2/(1− β) + hδ.

B Proof of Theorem 3.1

In the proof of this theorem, O(·) will denote a term that is bounded (in absolute value or in
norm) by a constant times the argument, where the constant cannot depend on n or h but can
depend on other fixed values (like R, T , β).

Lemma B.1. For all θ ∈ D and all m ∈ [1 :R], we have

∇rd(n)
m (θ) = O(1), ∇rd̃(n,a)

m (θ) = O(am), r ∈ [0 : 2R −m]. (90)

Proof. Note that if d̃
(n,s)
l+1 (θ) actually appears in the sum on the right of (22), then l + 1

cannot exceed m − 1, because l + 1 ⩾ m would mean i ⩽ 0 and this term is ac-

tually absent (there are no history terms if i = 0). Therefore, d̃
(n,a)
m (θ) is defined by{

d̃
(n,s)
j (θ)

}
1⩽j⩽m−1,1⩽s⩽a

and
{
d
(n−s)
j (θ)

}
1⩽j⩽m

. By the same logic, from (21), d
(n)
m (θ) is de-

fined through
{
d̃
(n,k)
j (θ)

}
1⩽j⩽m−1,1⩽k⩽n

.

So, we prove (90) by induction in m. For m = 1 it is easy to check. To prove that the
statement holds for m assuming that it holds for all m′ < m, we notice that since there is

exponential averaging in the definition of d
(n)
m (θ) and the derivatives of the mini-batch losses

are bounded, we have

|d(n)
m (θ)| ≲

n∑
k=1

βk
∑
i,l⩾0

i+l=m−1

∑
(i0,...,il)∈Ki,l

ki0+...+(l+1)il

≲
n∑

k=1

βk
∑
i,l⩾0

i+l=m−1

ki+l ≲
n∑

k=1

βkkm−1 = O(1).
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Adding ∇r in front of d
(n)
m (θ) influences only the number of terms in the sum (but it remains

bounded) and constant coefficients in the bounds above (the induction assumption is chosen
such that we can still apply it if we add derivatives to the history terms), so the statement

∇rd
(n)
m (θ) = O(1) also holds.
Using this and bounds on the previous history terms (and their derivatives), we can also

see

|d̃(n,a)
m (θ)| ≲

a∑
s=1

∑
j⩾1,i,l⩾0
i+j+l=m

∑
(k0,...,kl)∈Ki,l

sk0+...+(l+1)kl

≲
a∑

s=1

∑
j⩾1,i,l⩾0
i+j+l=m

si+l ≲
a∑

s=1

(1 + . . .+ sm−1) ≲
a∑

s=1

sm−1 ≲ am.

Again, adding ∇r in front of d̃
(n,a)
m (θ) only influences the number of terms in the sum (though it

remains bounded) and constant coefficients in these bounds. This proves ∇rd̃
(n,a)
m (θ) = O(am),

completing the induction step.

Lemma B.2. We have θ̃(n−k) − θ̃(n) = O(kh) for any k ∈ [1 :n].

Proof. This follows from the fact that the right-hand side in (5) is O(h), because d
(n)
j (θ) = O(1)

by Lemma B.1 and
R−1∑
j=0

hj =
1− hR

1− h
⩽

1

1− h

(a)
= O(1),

where (a) is because h is bounded away from 1.

Recall that, by definition, (23) will follow from the following bound (25) on the error
introduced by removing memory. By Taylor’s theorem, we have

∇L(n−k)
(
θ̃(n−k)

)
=

R−1∑
i=0

1

i!
∇i+1L(n−k)

(
θ̃(n)

)(
θ̃(n−k) − θ̃(n), . . . , θ̃(n−k) − θ̃(n)︸ ︷︷ ︸

i times

)
+Rem(n−k),

where

Rem(n−k) =
1

(R − 1)!

∫ 1

0
(1− t)R−1

×∇R+1L(n−k)
(
θ̃(n) + t

(
θ̃(n−k) − θ̃(n)

))(
θ̃(n−k) − θ̃(n), . . . , θ̃(n−k) − θ̃(n)︸ ︷︷ ︸

R times

)
dt.

Using the boundedness of derivatives of L(n−k)(·) and Lemma B.2, we can write

∇L(n−k)
(
θ̃(n−k)

)
=

R−1∑
i=0

1

i!
∇i+1L(n−k)

(
θ̃(n)

)(
θ̃(n−k) − θ̃(n), . . . , θ̃(n−k) − θ̃(n)︸ ︷︷ ︸

i times

)
+O(kRhR).

(91)

We will now express the difference θ̃(n−k) − θ̃(n) in (91) through θ̃(n).

Proof of Lemma 3.2. We induct over r.
For r = 1 this is the assertion of Lemma B.2. Further, r ⩾ 2.
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Now make the induction assumption that (27) holds with r replaced by r − j for any
j ∈ [1 : r − 1].

Like in the proof of Lemma B.2, using d
(n)
r (θ) = O(1) by Lemma B.1 and the fact that h

is bounded away from 1, we write for s ∈ [1 : k]

θ̃(n−s+1) = θ̃(n−s) +
r−1∑
j=1

hjd
(n−s)
j

(
θ̃(n−s)

)
+O(hr).

Inserting this, we get

θ̃(n−k) − θ̃(n) =

k∑
s=1

{
θ̃(n−s) − θ̃(n−s+1)

}
= −

k∑
s=1

{r−1∑
j=1

hjd
(n−s)
j

(
θ̃(n−s)

)
+O(hr)

}

= −
k∑

s=1

r−1∑
j=1

hjd
(n−s)
j

(
θ̃(n−s)

)
+O(khr). (92)

By Taylor’s theorem,

d
(n−s)
j

(
θ̃(n−s)

)
=

r−1−j∑
i=0

1

i!
∇id

(n−s)
j

(
θ̃(n)

)(
θ̃(n−s) − θ̃(n)︸ ︷︷ ︸

i times

)
+

1

(r − 1− j)!

∫ 1

0
(1− t)r−1−j

×∇r−jd
(n−s)
j

(
θ̃(n) + t

(
θ̃(n−s) − θ̃(n)

))(
θ̃(n−s) − θ̃(n)︸ ︷︷ ︸

r − j times

)
dt

(a)
=

r−1−j∑
i=0

1

i!
∇id

(n−s)
j

(
θ̃(n)

)(
θ̃(n−s) − θ̃(n)︸ ︷︷ ︸

i times

)
+O

(
sr−jhr−j

)
(b)
=

r−1−j∑
i=0

1

i!
∇id

(n−s)
j (θ̃(n))

(
θ̃(n−s) − θ̃(n)︸ ︷︷ ︸

i times

)
+O

(
kr−jhr−j

)
, (93)

where in (a) we used that the derivatives of d
(s)
j (θ) are bounded (Lemma B.1) and Lemma B.2;

(b) is just because s ⩽ k. By the induction assumption,

θ̃(n−s) = θ̃(n) +

r−1−j∑
l=1

hld̃
(n,s)
l

(
θ̃(n)

)
+O(kr−jhr−j),

which we insert into (93), giving

d
(n−s)
j

(
θ̃(n−s)

)
=

r−1−j∑
i=0

1

i!
∇id

(n−s)
j

(
θ̃(n)

)(r−1−j∑
l=1

hld̃
(n,s)
l

(
θ̃(n)

)
+O(kr−jhr−j)︸ ︷︷ ︸

i times

)
+O

(
kr−jhr−j

)

(a)
=

r−1−j∑
i=0

1

i!
∇id

(n−s)
j

(
θ̃(n)

)(r−1−j∑
l=1

hld̃
(n,s)
l

(
θ̃(n)

)
︸ ︷︷ ︸

i times

)
+O

(
kr−jhr−j

)
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=

r−1−j∑
i=0

hi

i!
∇id

(n−s)
j

(
θ̃(n)

)(r−2−j∑
l=0

hld̃
(n,s)
l+1

(
θ̃(n)

)
︸ ︷︷ ︸

i times

)
+O

(
kr−jhr−j

)

(b)
=

r−1−j∑
i=0

r−1−j−i∑
l=0

hi+l

×
∑

(i0,...,il)∈Ki,l

1

i0! . . . il!
∇id

(n−s)
j

(
θ̃(n)

)(
d̃
(n,s)
1

(
θ̃(n)

)︸ ︷︷ ︸
i0 times

, . . . , d̃
(n,s)
l+1

(
θ̃(n)

)︸ ︷︷ ︸
il times

)
+O

(
kr−jhr−j

)
where in (a) we used that components of ∇id

(n−s)
j (θ) are bounded (Lemma B.1) and for i ⩾ 1

we have (kh)i(r−j) = O
(
(kh)r−j

)
because kh does not exceed T ; in (b) we also used that

d̃
(n,s)
l (θ) = O(sl) by Lemma B.1. Inserting this into (92) gives

θ̃(n−k) − θ̃(n)

= −
k∑

s=1

r−1∑
j=1

hjd
(n−s)
j

(
θ̃(n−s)

)
+O(khr)

= −
k∑

s=1

r−1∑
j=1

hj
r−1−j∑
i=0

r−1−j−i∑
l=0

hi+l×

×
∑

(i0,...,il)∈Ki,l

1

i0! . . . il!
∇id

(n−s)
j

(
θ̃(n)

)(
d̃
(n,s)
1

(
θ̃(n)

)︸ ︷︷ ︸
i0 times

, . . . , d̃
(n,s)
l+1

(
θ̃(n)

)︸ ︷︷ ︸
il times

)

−
k∑

s=1

r−1∑
j=1

hjO
(
kr−jhr−j

)
+O(khr)

= −
r−1∑
m=1

hm
k∑

s=1

∑
j⩾1,i,l⩾0
i+j+l=m

∑
(i0,...,il)∈Ki,l

1

i0! . . . il!
∇id

(n−s)
j

(
θ̃(n)

)(
d̃
(n,s)
1

(
θ̃(n)

)︸ ︷︷ ︸
i0 times

, . . . , d̃
(n,s)
l+1

(
θ̃(n)

)︸ ︷︷ ︸
il times

)

+O(krhr)

(a)
=

r−1∑
m=1

hmd̃(n,k)
m

(
θ̃(n)

)
+O(krhr),

where in (a) we used (22). We have completed the induction step for (27).

We will now conclude the proof of (25). Inserting (27) into (91) gives

∇L(n−k)
(
θ̃(n−k)

)
=

R−1∑
i=0

1

i!
∇i+1L(n−k)

(
θ̃(n)

)(R−1∑
m=1

hmd̃(n,k)
m

(
θ̃(n)

)
+O(kRhR)︸ ︷︷ ︸

i times

)
+O(kRhR)

(a)
=

R−1∑
i=0

1

i!
∇i+1L(n−k)

(
θ̃(n)

)(R−1∑
m=1

hmd̃(n,k)
m

(
θ̃(n)

)
︸ ︷︷ ︸

i times

)
+O(kRhR)
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=
R−1∑
i=0

hi

i!
∇i+1L(n−k)

(
θ̃(n)

)(R−2∑
m=0

hmd̃
(n,k)
m+1

(
θ̃(n)

)
︸ ︷︷ ︸

i times

)
+O(kRhR)

=

R−1∑
m=0

hm
∑
i,l⩾0
i+l=m

∑
(i0,...,il)∈Ki,l

1

i0! . . . il!
∇i+1L(n−k)

(
θ̃(n)

)(
d̃
(n,k)
1

(
θ̃(n)

)︸ ︷︷ ︸
i0 times

, . . . , d̃
(n,k)
l+1

(
θ̃(n)

)︸ ︷︷ ︸
il times

)

+O(kRhR)

where in (a) we used that for i ⩾ 1 we have (kh)iR = O
(
(kh)R

)
because kh does not exceed T .

Using exponential summation gives

−
n∑

k=0

βk∇L(n−k)
(
θ̃(n−k)

)
= −∇L(n)

(
θ̃(n)

)
−

R−1∑
m=0

hm
n∑

k=1

βk
∑
i,l⩾0
i+l=m

∑
(i0,...,il)∈Ki,l

1

i0! . . . il!
×

×∇i+1L(n−k)
(
θ̃(n)

)(
d̃
(n,k)
1

(
θ̃(n)

)︸ ︷︷ ︸
i0 times

, . . . , d̃
(n,k)
l+1

(
θ̃(n)

)︸ ︷︷ ︸
il times

)
+O(hR)

= −
n∑

k=0

βk∇L(n−k)
(
θ̃(n)

)
−

R−1∑
m=1

hm
n∑

k=1

βk
∑
i,l⩾0
i+l=m

∑
(i0,...,il)∈Ki,l

1

i0! . . . il!
×

×∇i+1L(n−k)
(
θ̃(n)

)(
d̃
(n,k)
1

(
θ̃(n)

)︸ ︷︷ ︸
i0 times

, . . . , d̃
(n,k)
l+1

(
θ̃(n)

)︸ ︷︷ ︸
il times

)
+O(hR)

=

R−1∑
m=0

hmd
(n)
m+1

(
θ̃(n)

)
+O(hR),

as desired. Since (25) was sufficient for (23), we have proven (23) as well.

Lemma B.3. Equation (24) follows from (23).

Proof. The argument is standard. Define the error at the nth step

e(n) := θ(n) − θ̃(n)

and local error

δ(n) := θ̃(n+1) − θ̃(n) + h
n∑

k=0

βk∇L(n−k)
(
θ̃(n−k)

)
,

where n ∈ [0 : ⌊T/h⌋]. By definition and Taylor’s theorem, we have

e(n+1) = e(n) − h

n∑
k=0

βk
(
∇L(n−k)

(
θ(n−k)

)
−∇L(n−k)

(
θ̃(n−k)

))
− δ(n)
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= e(n) − h
n∑

k=0

βk

∫ 1

0
∇2L(n−k)

(
θ̃(n−k) + t

(
θ(n−k) − θ̃(n−k)

))(
θ(n−k) − θ̃(n−k)

)
dt− δ(n).

Since the derivatives of the loss are bounded, this implies

∥e(n+1)∥ ⩽ ∥e(n)∥+ hC6

n∑
k=0

βk∥e(n−k)∥+ ∥δ(n)∥

with some constant C6. Denoting s(n) := max0⩽k⩽n∥e(k)∥, we have

s(n+1) ⩽ s(n) + hC7s
(n) + ∥δ(n)∥ = (1 + hC7)s

(n) + ∥δ(n)∥
(a)

⩽ (1 + hC7)s
(n) + C1h

R+1,

with some constant C7, where (a) is by (23). Applying this inequality iteratively, we obtain

s(n) ⩽ (1 + hC7)
ns(0) +

(1 + hC7)
n − 1

C7
C1h

R

=
(1 + hC7)

n − 1

C7
C1h

R
(a)

⩽
eC7nh − 1

C7
C1h

R ⩽ C8e
C7nhhR ⩽ C8e

C7ThR ,

where in (a) we used the inequality 1 + x ⩽ ex for any x ⩾ 0, C8 is some constant. It is left to
apply it with n = ⌊T/h⌋ and put C2 = C8e

C7T .

We have proven both (23) and (24), concluding the proof of Theorem 3.1.

C Proof of Theorem 3.3

Proof of Lemma 3.4. We prove this by induction in m.

Induction base The singleton tree has only the empty marking, and

E
(n−l→n)
,∅,a = E(n−l)

,a

=

n−l−a∑
b=0

βb∇L(n−l−a−b) = E
(n)
,l+a.

Induction step Let r be the root of τ , v1, . . . , vℓ its children, τ1, . . . , τℓ the corresponding
subtrees rooted at the children, V1, . . . , Vℓ their vertex sets (partitioning [1 :m] \ {r}). From the
definition,

E(n−l→n)
τ,m,a =

n−l−a∑
b=0

βb∇ℓ+1L(n−l−a−b)

[ l∑
l′=1

E
(n)
τs,l′

1vs ∈ m +
a+b∑
l′=1

E
(n−l→n)
τs,m∩Vs,l′

1vs /∈ m

]ℓ
s=1

,

which means

∑
m∈Mτ
v1 /∈m

E(n−l→n)
τ,m,a =

∑
m∈Mτ
v1 /∈m

n−l−a∑
b=0

βb×

×∇ℓ+1L(n−l−a−b)

[a+b∑
l′=1

E
(n−l→n)
τ1,m∩V1,l′

, . . . ,
l∑

l′=1

E
(n)
τℓ,l′

1vℓ ∈ m +
a+b∑
l′=1

E
(n−l→n)
τℓ,m∩Vℓ,l′

1vℓ /∈ m

]
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=
∑

m1∈Mτ1

∑
m2∈Mτ\τ1

n−l−a∑
b=0

βb×

×∇ℓ+1L(n−l−a−b)

[a+b∑
l′=1

E
(n−l→n)
τ1,m1,l′

, . . . ,
l∑

l′=1

E
(n)
τℓ,l′

1vℓ ∈ m2 +
a+b∑
l′=1

E
(n−l→n)
τℓ,m2∩Vℓ,l′

1vℓ /∈ m2

]

=
∑

m2∈Mτ\τ1

n−l−a∑
b=0

βb×

×∇ℓ+1L(n−l−a−b)

[a+b∑
l′=1

∑
m1∈Mτ1

E
(n−l→n)
τ1,m1,l′

, . . . ,

l∑
l′=1

E
(n)
τℓ,l′

1vℓ ∈ m2 +

a+b∑
l′=1

E
(n−l→n)
τℓ,m2∩Vℓ,l′

1vℓ /∈ m2

]
.

Here, we used the one-to-one correspondence between markings m not containing v1 and pairs
(m1,m2), where m1 is a marking of τ1 and m2 is a marking of the tree τ \ τ1. Now we apply the

induction hypothesis (since τ1 is a smaller tree) and replace
∑

m1∈Mτ1
E

(n−l→n)
τ1,m1,l′

with E
(n)
τ1,l+l′ :

∑
m∈Mτ
v1 /∈m

E(n−l→n)
τ,m,a =

∑
m2∈Mτ\τ1

n−l−a∑
b=0

βb

×∇ℓ+1L(n−l−a−b)

[a+b∑
l′=1

E
(n)
τ1,l+l′ , . . . ,

l∑
l′=1

E
(n)
τℓ,l′

1vℓ ∈ m2 +

a+b∑
l′=1

E
(n−l→n)
τℓ,m2∩Vℓ,l′

1vℓ /∈ m2

]
.

We deal with the case v1 ∈ m similarly, obtaining

∑
m∈Mτ
v1∈m

E(n−l→n)
τ,m,a =

∑
m2∈Mτ\τ1

n−l−a∑
b=0

βb

×∇ℓ+1L(n−l−a−b)

[ l∑
l′=1

E
(n)
τ1,l′

, . . . ,
l∑

l′=1

E
(n)
τℓ,l′

1vℓ ∈ m2 +
a+b∑
l′=1

E
(n−l→n)
τℓ,m2∩Vℓ,l′

1vℓ /∈ m2

]
.

Adding the latter two equations and using
∑a+b

l′=1E
(n)
τ1,l+l′ +

∑l
l′=1E

(n)
τ1,l′

=
∑l+a+b

l′=1 E
(n)
τ1,l′

gives

∑
m∈Mτ

E(n−l→n)
τ,m,a =

∑
m2∈Mτ\τ1

n−l−a∑
b=0

βb

×∇ℓ+1L(n−l−a−b)

[l+a+b∑
l′=1

E
(n)
τ1,l′

, . . . ,
l∑

l′=1

E
(n)
τℓ,l′

1vℓ ∈ m2 +
a+b∑
l′=1

E
(n−l→n)
τℓ,m2∩Vℓ,l′

1vℓ /∈ m2

]
.

Continuing the same argument with v2, . . . , vℓ, we will arrive at

∑
m∈Mτ

E(n−l→n)
τ,m,a =

n−l−a∑
b=0

βb∇ℓ+1L(n−l−a−b)

[l+a+b∑
l′=1

E
(n)
τ1,l′

, . . . ,

l+a+b∑
l′=1

E
(n)
τℓ,l′

]
.

By definition, the right-hand side is equal to E
(n)
τ,l+a, completing the induction step.

Proof of Lemma 3.5. Consider the following operation. Choose a partition of [1 :m] into i + 1
disjoint non-empty sets (V0, {V1, . . . , Vi}), where 0 ⩽ i ⩽ m−1 (one of the sets is privileged, but
the order in the other ones does not matter); choose a labeled rooted tree τ0 ∈ T•[V0] with root
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v0 ∈ V0, another labeled rooted tree τ1 ∈ T•[V1] with root v1 ∈ V1, and so on, up τi ∈ T•[Vi]
with root vi ∈ Vi.

Now, assign to each of v1, . . . , vi a parent among vertices of τ0 in all possible ways, by
choosing all mappings from {v1, . . . , vi} to V0. Write the following expression corresponding to
the family of all such assignments:

∇iE(n−l)
τ0,a

[ l∑
l′=1

E
(n)
τ1,l′

, . . . ,

l∑
l′=1

E
(n)
τi,l′

]
. (94)

This way, we have constructed a family of labeled rooted trees τ ∈ T•[1 :m] with roots of
τ1, . . . , τi marked.

For example, consider m = 3. When i = 0, there is only one partition V0 = {1, 2, 3} and
nine corresponding marked trees (with no vertices marked):

1

2 3

1

2

3

1

3

2

2

3 1

2

1

3

2

3

1

3

1 2

3

1

2

3

2

1

When i = 1, there are six partitions listed below with corresponding marked trees

V0 = {1}, V1 = {2, 3} 1

2

3

1

3

2

V0 = {2}, V1 = {1, 3} 2

1

3

2

3

1

V0 = {3}, V1 = {1, 2} 3

1

2

3

2

1

V0 = {1, 2}, V1 = {3} 1

2 3

1

2

3

2

1 3

2

1

3

V0 = {1, 3}, V1 = {2} 1

3 2

1

3

2

3

1 2

3

1

2

V0 = {2, 3}, V1 = {1} 2

3 1

2

3

1

3

2 1

3

2

1

When i = 2, there are three partitions with corresponding marked trees

V0 = {1}, V1 = {2}, V2 = {3} 1

2 3

V0 = {2}, V1 = {1}, V2 = {3} 2

1 3
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V0 = {3}, V1 = {1}, V2 = {2} 3

1 2

Sum the expression (94) over the choices of a partition and the trees τ0, . . . , τi:

m−1∑
i=0

∑
(V0,{V1...,Vi})

partition of [1 :m]

∑
τ0∈T•[V0],...,τi∈T•[Vi]

∇iE(n−l)
τ0,a

[ l∑
l′=1

E
(n)
τ1,l′

, . . . ,
l∑

l′=1

E
(n)
τi,l′

]
.

Since all marked trees in T•[1 :m] can be constructed this way and are counted exactly once in
this sum, this equals ∑

τ∈T•[1:m]

∑
m∈Mτ

E(n−l→n)
τ,m,a .

But
∑

m∈Mτ
E

(n−l→n)
τ,m,a is E

(n)
τ,l+a by (32). Hence, we have obtained

m−1∑
i=0

∑
(V0,{V1...,Vi})

partition of [1 :m]

∑
τ0∈T•[V0],...,τi∈T•[Vi]

∇iE(n−l)
τ0,a

[ l∑
l′=1

E
(n)
τ1,l′

, . . . ,
l∑

l′=1

E
(n)
τi,l′

]
=

∑
τ∈T•[1:m]

E
(n)
τ,l+a.

Recall that m!/σ(τ) labeled rooted trees correspond to the same unlabeled rooted tree. Hence,
this can be rewritten as

m−1∑
i=0

∑
(V0,{V1...,Vi})

partition of [1 :m]

∑
τ0∈U•[|V0|],...,τi∈U•[|Vi|]

|V0|!
σ(τ0)

×∇iE(n−l)
τ0,a

[
|V1|!
σ(τ1)

l∑
l′=1

E
(n)
τ1,l′

, . . . ,
|Vi|!
σ(τi)

l∑
l′=1

E
(n)
τi,l′

]
=

∑
τ∈U•[m]

m!

σ(τ)
E

(n)
τ,l+a.

(95)

Let us fix j, (k0, . . . , km−j−i) ∈ Ki,m−j−i and count the number of partitions with |V0| = j,
where among {V1, . . . , Vi} there are k0 sets of size 1, . . ., km−j−i sets of size m−j−i+1. First, we
choose the elements of V0 in

(
m
j

)
ways, then we order the remaining elements in (m−j)! ways and

assign the first k0 elements in this ordering as singletons, the next k1 pairs as two-sets, and so
on. Notice that each partition of V \V0 will be counted k0! . . . km−j−i!1!

k0 . . . (m−j−i+1)!km−j−i

times (because the order of sets with the same length does not matter, and the order within
each set does not matter). So, the required number of partitions is(

m

j

)
(m− j)!

k0! . . . km−j−i!1!k0 . . . (m− j − i+ 1)!km−j−i

=
m!

j!k0! . . . km−j−i!1!k0 . . . (m− j − i+ 1)!km−j−i
.

Thus, (95) can be rewritten as

m−1∑
i=0

m−i∑
j=1

∑
(k0,...,km−j−i)∈Ki,m−j−i

m!

k0! . . . km−j−i!

∑
τ0∈U•[j]

1

σ(τ0)

×∇iE(n−l)
τ0,a

[ ∑
τ∈U•[1]

1

σ(τ)

l∑
l′=1

E
(n)
τ,l′︸ ︷︷ ︸

k0 times

, . . . ,
∑

τ∈U•[m−j−i+1]

1

σ(τ)

l∑
l′=1

E
(n)
τ,l′︸ ︷︷ ︸

km−j−i times

]
=

∑
τ∈U•[m]

m!

σ(τ)
E

(n)
τ,l+a,

where j!1!k0 . . . (m− j− i+1)!km−j−i canceled out with |V0|!|V1|! . . . |Vi|!. Dividing both sides by
m! completes the proof.
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Proof of Theorem 3.3. We prove (35) and (36) by induction over m ⩾ 2.
For m = 2, they are already verified above. Note also that the second statement holds for

m = 1 as well:

d̃
(n,k)
1 =

k∑
l=1

E
(n)
,l .

By definition,

d(n)
m = −β

n−1∑
b=0

βb
m−1∑
ℓ=0

∑
(i0,...,im−1−ℓ)∈Kℓ,m−1−ℓ

1

i0! . . . im−1−ℓ!
×

×∇ℓ+1L(n−1−b)

(
d̃
(n,b+1)
1︸ ︷︷ ︸
i0 times

, . . . , d̃
(n,b+1)
m−ℓ︸ ︷︷ ︸

im−1−ℓ times

)

Insert the induction hypothesis (recall that (36) holds for m = 1 too):

d(n)
m = −β

n−1∑
b=0

βb
m−1∑
ℓ=0

∑
(i0,...,im−1−ℓ)∈Kℓ,m−1−ℓ

1

i0! . . . im−1−ℓ!

×∇ℓ+1L(n−1−b)

(b+1∑
l=1

∑
τ∈U•[1]

1

σ(τ)
E

(n)
τ,l︸ ︷︷ ︸

i0 times

, . . . ,

b+1∑
l=1

∑
τ∈U•[m−ℓ]

1

σ(τ)
E

(n)
τ,l︸ ︷︷ ︸

im−1−ℓ times

)

The sum over U•[s], repeated is−1 times, generates a list of is−1-tuples of trees with
s vertices. On this list, each multiset of is−1 trees with multiplicities µs

1, . . . , µ
s
|U•[s]| appears(

is−1

µs
1...µ

s
|U•[s]|

)
times. Therefore, in the large sum above each multiset of ℓ trees with the total num-

ber of vertices m − 1 and matching the vertex-count multiplicities i0, . . . , im−1−ℓ (equivalently,
each tree τ with m vertices whose root has ℓ children matching these vertex-count multiplicities)
appears

m−ℓ∏
s=1

is−1!

µs
1(τ)! . . . µ

s
|U•[s]|(τ)!

=
i0! . . . im−1−ℓ!∏m−ℓ

s=1

(
µs
1(τ)! . . . µ

s
|U•[s]|(τ)!

)
times, and we can rewrite

d(n)
m = −β

n−1∑
b=0

βb
m−1∑
ℓ=0

∑
(i0,...,im−1−ℓ)∈Kℓ,m−1−ℓ

∑
τ=[τ1,...,τℓ]∈U•[m]:

τ matches i0, . . . , im−1−ℓ

1∏m−ℓ
s=1

(
µs
1(τ)! . . . µ

s
|U•[s]|(τ)!

)
×∇ℓ+1L(n−1−b)

(
1

σ(τ1)

b+1∑
l=1

E
(n)
τ1,l

, . . . ,
1

σ(τℓ)

b+1∑
l=1

E
(n)
τℓ,l

)
.

Using (13) simplifies this further:

d(n)
m = −β

n−1∑
b=0

βb
m−1∑
ℓ=0

∑
(i0,...,im−1−ℓ)∈Kℓ,m−1−ℓ

∑
τ=[τ1,...,τℓ]∈U•[m]:

τ matches i0, . . . , im−1−ℓ

1

σ(τ)

×∇ℓ+1L(n−1−b)

(b+1∑
l=1

E
(n)
τ1,l

, . . . ,

b+1∑
l=1

E
(n)
τℓ,l

)
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= −β
n−1∑
b=0

βb
m−1∑
ℓ=0

∑
τ=[τ1,...,τℓ]∈U•[m]

1

σ(τ)
∇ℓ+1L(n−1−b)

(b+1∑
l=1

E
(n)
τ1,l

, . . . ,
b+1∑
l=1

E
(n)
τℓ,l

)
= −β

∑
τ∈U•[m]

1

σ(τ)
E

(n)
τ,1 .

We have proven that under the induction hypothesis for smaller m, (35) holds.
By definition of the history terms in (22) and the induction hypothesis, to prove (36) it is

enough to show (37).
By the induction hypothesis and (35) already proven, the left-hand side of (37) is

m−1∑
i=0

∑
(k0,...,km−i−1)∈Ki,m−i−1

1

k0! . . . km−i−1!
(96)

×
n−l∑
b=0

βb∇i+1L(n−l−b)

[ l∑
l′=1

∑
τ∈U•[1]

1

σ(τ)
E

(n)
τ,l′︸ ︷︷ ︸

k0 times

, . . . ,
l∑

l′=1

∑
τ∈U•[m−i]

1

σ(τ)
E

(n)
τ,l′︸ ︷︷ ︸

km−i−1 times

]
(97)

+ β
m∑
j=2

m−j∑
i=0

∑
(k0,...,km−i−j)∈Ki,m−i−j

1

k0! . . . km−i−j !
(98)

×∇i
∑

τ0∈U•[j]

1

σ(τ0)
E

(n−l)
τ0,1

[ l∑
l′=1

∑
τ∈U•[1]

1

σ(τ)
E

(n)
τ,l′︸ ︷︷ ︸

k0 times

, . . . ,
l∑

l′=1

∑
τ∈U•[m−i−j+1]

1

σ(τ)
E

(n)
τ,l′︸ ︷︷ ︸

km−i−j times

]
(99)

=
m−1∑
i=0

∑
(k0,...,km−i−1)∈Ki,m−i−1

1

k0! . . . km−i−1!
(100)

×
n−l∑
b=0

βb∇i+1L(n−l−b)

[ l∑
l′=1

∑
τ∈U•[1]

1

σ(τ)
E

(n)
τ,l′︸ ︷︷ ︸

k0 times

, . . . ,
l∑

l′=1

∑
τ∈U•[m−i]

1

σ(τ)
E

(n)
τ,l′︸ ︷︷ ︸

km−i−1 times

]
(101)

− β

m−1∑
i=0

∑
(k0,...,km−i−1)∈Ki,m−i−1

1

k0! . . . km−i−1!
(102)

×∇iE
(n−l)
,1

[ l∑
l′=1

∑
τ∈U•[1]

1

σ(τ)
E

(n)
τ,l′︸ ︷︷ ︸

k0 times

, . . . ,
l∑

l′=1

∑
τ∈U•[m−i]

1

σ(τ)
E

(n)
τ,l′︸ ︷︷ ︸

km−i−1 times

]
(103)

+ β
m∑
j=1

m−j∑
i=0

∑
(k0,...,km−i−j)∈Ki,m−i−j

1

k0! . . . km−i−j !
(104)

×
∑

τ0∈U•[j]

1

σ(τ0)
∇iE

(n−l)
τ0,1

[ l∑
l′=1

∑
τ∈U•[1]

1

σ(τ)
E

(n)
τ,l′︸ ︷︷ ︸

k0 times

, . . . ,

l∑
l′=1

∑
τ∈U•[m−i−j+1]

1

σ(τ)
E

(n)
τ,l′︸ ︷︷ ︸

km−i−j times

]
. (105)

Inserting E
(n−l)
,1 =

∑n−l−1
b=0 βb∇L(n−l−1−b), we see that the sum in Eqs. (100) to (103) evaluates
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to

m−1∑
i=0

∑
(k0,...,km−i−1)∈Ki,m−i−1

1

k0! . . . km−i−1!

×∇i+1L(n−l)

[ l∑
l′=1

∑
τ∈U•[1]

1

σ(τ)
E

(n)
τ,l′︸ ︷︷ ︸

k0 times

, . . . ,

l∑
l′=1

∑
τ∈U•[m−i]

1

σ(τ)
E

(n)
τ,l′︸ ︷︷ ︸

km−i−1 times

]

=

m−1∑
i=0

∑
τ=[τ1,...,τi]∈U•[m]

1

σ(τ)
∇i+1L(n−l)

[ l∑
l′=1

E
(n)
τ1,l′

, . . . ,

l∑
l′=1

E
(n)
τi,l′

]
,

By Lemma 3.5, the sum in Eqs. (104) and (105) is

β
∑

τ∈U•[m]

1

σ(τ)
E

(n)
τ,l+1.

We have obtained that the left-hand side of (37) is equal to

m−1∑
i=0

∑
τ∈U•[m]

τ=[τ1,...,τi]

1

σ(τ)
∇i+1L(n−l)

[ l∑
l′=1

E
(n)
τ1,l′

, . . . ,

l∑
l′=1

E
(n)
τi,l′

]
+ β

∑
τ∈U•[m]

1

σ(τ)
E

(n)
τ,l+1.

Combining this with (33), we see that the left-hand side of (37) is equal to the right-hand side
of (37). This completes the induction step and the whole proof of Theorem 3.3.

D Proof of Corollaries

D.1 Proof of Corollary 6.1

Lemma D.1. For all θ ∈ D and all m ∈ [1 :R], we have

∇rf (n)
m (θ) = O(1), r ∈ [0 : 2R −m].

Proof. If we express f
(n)
m (θ) through

{
d
(n)
j

}
and their derivatives, the derivatives will be of the

form ∇ld
(n)
j where l+ j ⩽ m. Therefore, the derivatives in ∇rf

(n)
m (θ) for r ∈ [0 : 2R−m] will be

of the form ∇ld
(n)
j where l + j ⩽ 2R. So the result follows immediately from Lemma B.1.

Lemma D.2. For all r ∈ [1 :R]

θ(tn+1) = θ(tn) +
r∑

j=1

hjd
(n)
j (θ(tn)) +O(hr+1). (106)

Proof. Differentiating, we get the exact equality on t ∈ [tn, tn+1]

diθ

dti
(t) =

R∑
k1,...,ki=1

hk1+...+ki−i(D
(n)
k1

. . . D
(n)
ki−1

f
(n)
ki

)(θ(t)), 1 ⩽ i ⩽ R + 1.

Taylor’s theorem gives

θ(tn+1) = θ(tn) +

R∑
i=1

hi

i!

diθ

dti
(t+n ) +

hR+1

R!

∫ 1

0
(1− s)R

dR+1θ

dtR+1
(tn + sh) ds.
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= θ(tn) +
R∑
i=1

1

i!

R∑
k1,...,ki=1

hk1+...+ki(D
(n)
k1

. . . D
(n)
ki−1

f
(n)
ki

)(θ(tn))

+
1

R!

R∑
k1,...,kR+1=1

hk1+···+kR+1

∫ 1

0
(1− s)R

(
D

(n)
k1

· · ·D(n)
kR

f
(n)
kR+1

)
(θ(tn + sh)) ds

= θ(tn) +
R∑
i=1

1

i!

∑
1⩽k1,...,ki⩽R
i⩽k1+...+ki⩽R

hk1+...+ki(D
(n)
k1

. . . D
(n)
ki−1

f
(n)
ki

)(θ(tn))

+

R∑
i=1

1

i!

∑
1⩽k1,...,ki⩽R

R+1⩽k1+...+ki⩽iR

hk1+...+ki(D
(n)
k1

. . . D
(n)
ki−1

f
(n)
ki

)(θ(tn))

+
1

R!

R∑
k1,...,kR+1=1

hk1+···+kR+1

∫ 1

0
(1− s)R

(
D

(n)
k1

· · ·D(n)
kR

f
(n)
kR+1

)
(θ(tn + sh)) ds

(a)
= θ(tn) +

R∑
i=1

1

i!

R∑
j=i

hj
∑

k1,...,ki⩾1
k1+...+ki=j

(D
(n)
k1

. . . D
(n)
ki−1

f
(n)
ki

)(θ(tn)) +O(hR+1)

= θ(tn) +

R∑
j=1

hj
j∑

i=1

1

i!

∑
k1,...,ki⩾1

k1+...+ki=j

(D
(n)
k1

. . . D
(n)
ki−1

f
(n)
ki

)(θ(tn)) +O(hR+1)

(b)
= θ(tn) +

R∑
j=1

hjd
(n)
j (θ(tn)) +O(hR+1),

where in (a) we used Lemma D.1 and in (b) we used (73).

It is left to use the boundedness of d
(n)
j (θ) in the region of interest (Lemma B.1).

Lemma D.3. The following global bound holds:

sup
n∈[0:⌊T/h⌋]

∥∥θ̃(n) − θ(tn)
∥∥ ⩽ C9h

R ,

where C9 is some constant.

Proof. Note that θ(0) = θ̃(0), the local error bound is already proven in Lemma D.2, and each

d
(n)
j (·) is Lipschitz because their derivatives are bounded by Lemma B.1. So this result follows

by the same standard argument as for Lemma B.3 with θ̃(n) replaced by θ(tn) and θ(n) replaced
by θ̃(n).

To conclude the proof of Corollary 6.1, it is left to combine Lemma D.3 with (24).

D.2 Proof of Corollary 6.4

Lemma D.4. Neglecting non-principal terms, the following formula holds:

f (n)
m (θ) =

m∑
l=1

(−1)l+1

l

∑
k1,...,kl⩾1

k1+...+kl=m

∇d
(n)
k1

. . .∇d
(n)
kl−1

d
(n)
kl

(θ) + NPT.
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Proof. In other words, we need to show

f (n)
m (θ) =

∑
s:w(s)=m

Cl(s)s+NPT,

with

Cl :=

1 if l = 1,

(−1)l+1
∑l

i=2
(−1)i

i!

∑
l1,...,li⩾1
l1+...+li=l

1
l1...li

if l ⩾ 2,
(107)

where by s we denote expressions of the form ∇d
(n)
k1

. . .∇d
(n)
kl−1

d
(n)
kl

(θ), by w(s) their weight,

which is defined as k1 + . . .+ kl, and by l(s) their length, which is the number of nodes d
(n)
ki

(l
in this case). For two such expressions s1 and s2, we will write s1s2 for their concatenation, for

example if s1 = d
(n)
3 (θ) and s2 = ∇d

(n)
1 (θ)d

(n)
2 (θ), then s1s2 = ∇d

(n)
3 (θ)∇d

(n)
1 (θ)d

(n)
2 (θ).

We will argue by induction over m. For m = 1 the statement is obvious. Ignoring non-
principal terms, we can write

f (n)
m (θ) = d(n)

m (θ)−
m∑
i=2

1

i!

∑
k1,...,ki⩾1

k1+...+ki=m

∇f
(n)
k1

. . .∇f
(n)
ki−1

f
(n)
ki

(θ) + NPT.

Now using the induction assumption, we rewrite it as

f (n)
m (θ) = d(n)

m (θ)−
m∑
i=2

1

i!

∑
k1,...,ki⩾1

k1+...+ki=m

∑
s1,...,si:

w(s1)=k1,...,w(si)=ki

Cl(s1) . . . Cl(si)s1 . . . si +NPT

(a)
= d(n)

m (θ)−
m∑
i=2

1

i!

∑
k1,...,ki⩾1

k1+...+ki=m

∑
s1,...,si:

w(s1)=k1,...,w(si)=ki

(−1)l(s1)+...+l(si)+i

l(s1) . . . l(si)
s1 . . . si +NPT

= d(n)
m (θ)−

∑
s:w(s)=m

m∑
i=2

(−1)i

i!

∑
s1,...,si non-empty:

s=s1...si

(−1)l(s1)+...+l(si)

l(s1) . . . l(si)
s+NPT

(b)
=

∑
s:w(s)=m

Cl(s)s+NPT.

where in (a) we used that Cl = (−1)l+1/l which is proven below, in (b) we used the definition
of Cl given in (107).

It is left to prove Cl = (−1)l+1/l, or, equivalently, for l ⩾ 2 we have

l∑
i=1

(−1)i

i!

∑
l1,...,li⩾1
l1+...+li=l

1

l1 . . . li

?
= 0. (108)

To do this, note that

− ln(1− x) =
∞∑
n=1

xn

n
,

which means that the coefficient before xl in the power series of
[
− ln(1− x)

]i
is∑

l1,...,li⩾1
l1+...+li=l

1

l1 . . . li
,
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and therefore the left-hand side of (108) is the coefficient before xl in the power series

∞∑
i=1

(−1)i

i!

[
− ln(1− x)

]i
= exp{ln(1− x)} − 1 = −x,

which is zero for l ⩾ 2.

Equation (77) is immediate from Lemma D.4 and Corollary 3.9. Taking the limit as n → ∞,

z(∞)
m := lim

n→∞
z(n)m =

m∑
l=1

(−1)l+1

l

∑
k1,...,kl⩾1

k1+...+kl=m

p
(∞)
k1

. . . p
(∞)
kl

,

where

p
(∞)
k :=

{
−(1− β)−1, if k = 1,

− βeck,1(β)

(1−β)2k−1 , if k ⩾ 2.

The generating function ḡβ(x) :=
∑∞

k=0 z
(∞)
k+1x

k satisfies

[ḡβ(x)]k =
k∑

l=0

(−1)l

l + 1

[
{−1− βgβ(x)}l+1

]
k−l

,

where [g(x)]k denotes the coefficient before xk in the power series of g(x). Multiplying both sides
by xk, summing over k and changing the order of summation gives

∞∑
k=0

[ḡβ(x)]kx
k = −

∞∑
k=0

k∑
l=0

1

l + 1

[
{1 + βgβ(x)}l+1

]
k−l

xk

= −
∞∑
l=0

1

l + 1
xl

∞∑
k=l

[
{1 + βgβ(x)}l+1

]
k−l

xk−l

= −
∞∑
l=0

1

l + 1
xl{1 + βgβ(x)}l+1 = −1

x

∞∑
l=1

1

l
{x+ βxgβ(x)}l

=
1

x
ln

(
1 + β − x+

√
(1− β − x)2 − 4βx

2

)
,

as desired.

E Averaging over Dataset Permutations

Let M := n+ 1 be the batch count.
Recall that

L(k)(θ) =
1

B

kB+B∑
r=kB+1

ℓπ(r)(θ), k ∈ [0 :n],

where {ℓs}(n+1)B
s=1 are per-sample losses and π is a random permutation of [1 : (n + 1)B], dis-

tributed uniformly over all ((n+ 1)B)! such permutations.
Note that

Eπ∇2(ℓπ(1) − L)∇(ℓπ(2) − L) = − ∇ trΣ

2(MB − 1)
,

Eπ∇2(ℓπ(1) − L)∇(ℓπ(1) − L) =
∇ trΣ

2
,

where Σ is the empirical covariance matrix of per-sample gradients (7).
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Lemma E.1. The following expressions hold:

Eπ∇2L(0)∇L(1) = ∇2L∇L− ∇ trΣ

2(MB − 1)
, Eπ∇2L(0)∇L(0) = ∇2L∇L+

M − 1

2(MB − 1)
∇ trΣ.

Proof. Indeed,

Eπ∇2L(0)∇L(1) = Eπ
1

B

B∑
r=1

∇2ℓπ(r)
1

B

2B∑
s=B+1

∇ℓπ(s)

= Eπ∇2ℓπ(1)∇ℓπ(2) = ∇2L∇L+ Eπ∇2(ℓπ(1) − L)∇(ℓπ(2) − L)

= ∇2L∇L− ∇ trΣ

2(MB − 1)

and

Eπ∇2L(0)∇L(0) = Eπ
1

B

B∑
r=1

∇2ℓπ(r)
1

B

B∑
s=1

∇ℓπ(s)

=
1

B
Eπ∇2ℓπ(1)∇ℓπ(1) +

B − 1

B
Eπ∇2ℓπ(1)∇ℓπ(2)

=
1

B

(
∇2L∇L+

∇ trΣ

2

)
+

B − 1

B

(
∇2L∇L− ∇ trΣ

2(MB − 1)

)
= ∇2L∇L+

M − 1

2(MB − 1)
∇ trΣ

completing the proof.

Lemma E.2. We have

Eπd
(n)
2 (θ) =

(
C

(n)
0,0 (β) + C

(n)
0,1 (β)

)
∇2L∇L+

(
C

(n)
0,0 (β)

M − 1

2(MB − 1)
− C

(n)
0,1 (β)

1

2(MB − 1)

)
∇ trΣ

=

(
− β

(1− β)3
+ on(1)

)
∇2L∇L+

(
− β

2(1− β)2(1 + β)
+ on(1)

)
∇ trΣ

B
,

where on(1) are terms that go to zero as n → ∞ (for fixed β) regardless of B ∈ [1 :n+ 1], and

C
(n)
0,0 (β) := −β[1− βn(1 + β) + β2n+1]

(1− β)2(1 + β)
, (109)

C
(n)
0,1 (β) :=

−2β2 + 2n(1− β2)βn+1 + 2β2n+2

(1− β)3(1 + β)
. (110)

Proof. Using Lemma E.1, we can write

Eπd
(n)
2 (θ) = −βEπ

n−1∑
b=0

βb
b+1∑
l′=1

n−l′∑
b′=0

βb′∇2L(n−1−b)∇L(n−l′−b′)

= C
(n)
0,0 (β)Eπ∇2L(0)∇L(0) + C

(n)
0,1 (β)Eπ∇2L(0)∇L(1)

= C
(n)
0,0 (β)

(
∇2L∇L+

M − 1

2(MB − 1)
∇ trΣ

)
+ C

(n)
0,1 (β)

(
∇2L∇L− ∇ trΣ

2(MB − 1)

)
=

(
C

(n)
0,0 (β) + C

(n)
0,1 (β)

)
∇2L∇L+

(
C

(n)
0,0 (β)

M − 1

2(MB − 1)
− C

(n)
0,1 (β)

1

2(MB − 1)

)
∇ trΣ

=

(
− β

(1− β)3
+ on(1)

)
∇2L∇L+

(
− β

2(1− β)2(1 + β)
+ on(1)

)
∇ trΣ

B
,
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where C
(n)
0,0 (β) and C

(n)
0,1 (β) can be calculated as

C
(n)
0,0 (β) := −β

n−1∑
b=0

βb
b+1∑
l′=1

βb+1−l′ = −β[1− βn(1 + β) + β2n+1]

(1− β)2(1 + β)
=−→

n→∞
− β

(1− β)2(1 + β)
,

C
(n)
0,1 (β) := −β

n−1∑
b=0

βb
b+1∑
l′=1

n−l′∑
b′=0

βb′ − C
(n)
0,0 (β)

=
−2β2 + 2n(1− β2)βn+1 + 2β2n+2

(1− β)3(1 + β)
−→
n→∞

− 2β2

(1− β)3(1 + β)
.
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