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Abstract

We analyze gradient descent with Polyak [43] heavy-ball momentum (HB) whose fixed
momentum hyperparameter 5 € (0,1) provides exponential decay of memory. Building on
Kovachki and Stuart [38], we prove that on an exponentially attractive invariant manifold
the algorithm is exactly plain gradient descent with a modified loss, provided that the step
size h is small enough. Although the modified loss does not admit a closed-form expression,
we describe it up to O(h*)-errors for arbitrary finite order R, and prove global (finite “time”
horizon) trajectory approximation bounds O(h*®). We then conduct a fine-grained analysis of
the combinatorics underlying the memoryless approximations of HB, in particular, finding a
rich family of polynomials in 8 hidden inside which include and lie coefficient-wise in between
Eulerian and Narayana polynomials. We prove that these polynomials are h-polynomials of
certain graph-associahedra. As corollaries of the main results, we derive continuous modified
equations of arbitrary finite approximation order (with rigorous bounds) and the principal
flow that approximates the HB dynamics, generalizing Rosca et al. [47]. Approximation
theorems cover both full-batch and mini-batch HB. The results shed new light on the main
features of HB and outline a roadmap for similar analysis of other optimization algorithms.

*Authors are in alphabetic order.
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1 Introduction

Gradient descent with Polyak [43] heavy-ball momentum (HB) is a well-known optimization
algorithm used in practice. Given a loss function L: R¢ — R, and initial conditions 8(0) ¢ R?
and v(© € R, its full-batch iteration is

(1) 6" — hVL(0™) + hpv™
<v(n+1)) = < B,v(n) o VL(O(n)) > 5 n e Z>07 (].)

or, more compactly,

0(n+1) — o(n) - hZIBkVL(g(nfk)) + hﬂ"“v(o), (2)
k=0

where 5 € (0,1) is a momentum hyperparameter, which we treat as a fixed constant throughout
this article. The next iterate 1) depends on the whole history {0(5) T_o, rather than just
the current iterate (™, which we interpret as having “memory”. This algorithm or its variants,
often referred to as gradient descent (GD) with momentum, are widely used in modern machine
learning [26, 45, 39, 52, 32, 56, 33]. A mini-batch version of this algorithm is often used when
training large-scale deep learning models.

This article studies the theoretical properties of HB, considering both full-batch and mini-
batch implementations, and establishes four main results. First, we prove that for a fixed full-
batch loss, on an exponentially attractive invariant manifold the algorithm is exactly plain
gradient descent with a modified loss, provided that the step size h is small enough. Second, we
approximate the gradient of the full-batch modified loss with uniform error O(h®) and prove
global (finite “time” horizon) approximation bounds O(h®) for any finite order R > 2. Third, we
analyze the combinatorics hidden in the modified loss, and find a rich family of tree-parametrized
polynomials with a geometric characterization, including Narayana and Eulerian polynomials.
Finally, we derive continuous modified equations of arbitrary approximation order (with rigorous
bounds) and the principal flow that approximates the optimization dynamics of the algorithm.
The results not only shed new light on the main properties of HB, but also outline a roadmap
for similar extensive analysis of other popular optimization algorithms.

1.1 HB is GD on an Invariant Manifold

Kovachki and Stuart [38] proved that there exists a function g,(€) such that {(8,v) : v =
—(1—B)"1VL(6) + hgy(0)} is an exponentially attractive invariant manifold. This perspective
draws on the theory of attractive invariant manifolds [22, 34, 54]. By definition, on this manifold

VLO™) (n)
1-8 + hgn(0 )>,

and therefore we obtain an algorithm representation without memory

ot = ) — hvL(O™) + hp (

1
gt = g _ hﬂVL(B(")) + h%Bgn (™). (3)
Using this perspective, we further show that gp(-) has a particular structure that makes
(3) plain gradient descent.

Contribution 1. Theorem 2.1 establishes that g; is a gradient, that is, g, = VG)}, for some
G,. This implies that on an exponentially attractive invariant manifold, HB is plain gradient
descent:

o) — g _ 1f/jv{L — hB(1 - B)G}(O™). <

modified loss



We then conduct a fine-grained analysis of how the loss is modified by memory. From the
definition of gy, it is possible to write a fixed point equation that gives a formal power series
expansion for gy in h (as we do in Section 5), and therefore automatically for G}, as well. We go
further because there are two wishes that we would like to fulfill. First, we would like to have
precise approximation guarantees rather than just a formal series expansion. Second, it is useful
to cover mini-batch HB, where the loss function can be different at each iteration, rather than
just full-batch. To do that, we take a different perspective.

1.2 Finite-Order Memoryless Approximation

Consider the mini-batch version of (2) with the typical setting v(®) = 0:

k=0

where {L(S)}SEZ>O are mini-batch losses. In practice, L) is the loss function obtained by tak-
ing the sth mini-batch of samples. (For now, we are agnostic to how exactly the samples are
batched.) Mini-batch training usually achieves higher test accuracies [36, 41, 49], and is there-
fore widely used in practice [8, 45]. Proposition 2.3 proves that mini-batch HB is exactly plain
gradient descent with (implicitly defined) step-dependent losses, as long as the step size h is
small enough (providing a sharp bound on h). However, this does not yield concrete explic-
it correction terms arising from memory. Cattaneo and Shigida [13] introduced a technique for
identifying such corrections, converting a numerical optimization method with decaying memory
into a memoryless one up to O(h?) error, that is, a second-order approximation. We generalize
their technique and prove an approximation bound to any desired order.

Contribution 2. For any approximation order R € Z>2, Theorem 3.1 establishes a memoryless
approximation

R
gt — g(n) 4 Z hjdg.")(a(”)) (5)
j=1
with the global guarantee
sup [0 — ™| = O(h™), (6)
n€l0:|T/h]|]
where T is any fixed “time” horizon. N

This contribution provides a higher-order, more detailed understanding of HB and its mem-
oryless representation, which can be used to make qualitative conclusions on the dynamics of
the algorithm, in particular in the context of implicit regularization. The first two coefficients
of the memoryless iteration (5) are

n n—1 b+1 n—1’

d”(0) =~ pvrte), dyl @) =85 53 gVELO-IY(g) vtV (g).

b=0 b=0 U=1b=0

In the mini-batch case, such an expression can be informative after averaging over permutations
of samples [50, 4, 13]. We will illustrate it as follows. Assume that there are n + 1 batches in an
epoch, with each batch consisting of B samples, and the kth mini-batch loss is given by

kB+B

1
L(k)(g) = B Z ew(r)(e)? ke [OITL],
r=kB+1



where {Ks}ggl)B are per-sample losses and 7 is a random permutation of [1:(n + 1)B], dis-
tributed uniformly over all ((n+1)B)! such permutations. This corresponds to sampling without

replacement as common in practice. Denote L(0) = [(n + 1)B]~! Z(n+1)B l5(0) and let

s=1
1 (n+1)B
Xij = n+1)B pZ:; 95(lp — L)0;(L, — L) (7)

be the elements of the empirical covariance matrix 3(8) of per-sample gradients. Then

E(d{"”(6) + hdy"” (0))

1 B+ on(1) 2 B+ on(1) trZ(O))
=——V((14+0,(1))LO)+ h———=||VL(O)||+h ,
57 ea0)20) + R IV IO+

regularizatio‘rq by memory regularization by stochasticity

where E, denotes the expectation over m with 6 held fixed, o,(1) are terms that go to zero as
n — oo (for fixed 3).

In the full-batch case L(*) = L and after neglecting o0,(1) terms (that is, taking n — oo),
the first three coefficients are

o 1
di™(0) == 5 VLO).
4 (0) = — u_%)v%(a)w(a),
(8)
d)(0) = — ffljﬁfg V2L(6)V*L(0)VL(6)
B(1+ ) 3
- mv L(0)[VL(6),VL(8)],
so the limiting memoryless approximation of order R = 3 is
S+ _ gy _ M M8 oy MPBOEB) 2| ) 5(n)
0"t =9 : _Bv (L+ 21 _ﬁ)QHVLH + 11— ) (VIIVL|*- VL) |(6™), (9)

modified loss

where the dot denotes the scalar product. We see two “implicit regularization” terms added to
the loss by memory: the rescaled squared gradient norm and the rescaled directional derivative
of ||[VL||? along VL.

The loss differentials from (8) are parametrized by rooted trees, e.g.,

V2L(O)V2L(6)VL(0) = VEL(H), VPL(0)[VL(9),VL(0)] = VYL

In general, we can write the memoryless iteration coefficients as the sum over such rooted trees:

d\™(6) = —(1_5)23-1 2. eﬁf)W(e), jz2, (10)

i|r|=j
where |7| denotes the number of vertices in the tree, o(7) is the symmetry coefficient defined
later, and {e-1(B)} are polynomials of 5 (the subscript 1 will be clear later). We completely
characterize this family of polynomials.



Contribution 3. Theorem 3.3 establishes a tractable form of the memoryless iteration coeffi-
cients dg.n) () involving a sum over unlabeled rooted trees with j vertices, in particular leading to
(10). Theorem 4.3 writes the polynomials e, 1(3) as h-polynomials of certain graph-associahedra.
Corollary 4.6 infers that they are palindromic, monic, and unimodal, include Eulerian and

Narayana polynomials and lie coefficient-wise between the two. N

The characterization of the polynomials (in particular their independence of the choice
of the root of 7) allows us to construct explicitly the modified loss of the limiting full-batch
memoryless approximation to HB at any finite order (Proposition 5.5). This fine-grained analysis
leads to interesting findings. First, using the natural heuristic that A multiplied by a high-order
derivative (higher than two) of the loss is small, but h times the Hessian (hV2L) does not have
to be small mid-training [16, 1], we can ask what the “principal” part of (5) looks like, that is,
the part remaining after neglecting the derivatives of the loss of order higher than two (always
multiplied by some positive power of h). This leads to what we can call the principal iteration

0+ = 60 — hog (hW2L(6™))VL(6™) + NPT,

after taking R formally to infinity and in the limit n — oo, where og(:) is a power series
expansion (in powers of z) of

2
_1—B+z+\/(1—ﬁ—z)2—4ﬁz

(Corollary 3.9), and NPT means “non-principal terms” (with V3L, VAL or higher). The term
“principal iteration” comes from the analogous term principal flow coined in Rosca et al. [47] for
continuous modified equations of plain GD. Second, we combine our framework with continuous
approximations (discussed next) to derive the principal flow for HB (Corollary 6.4). See Rosca
et al. [47] for a discussion of the importance of such (complex) flows: they capture oscillatory
behavior and divergence, in contrast to standard continuous approximations. We provide an
illustration in Section 6.2.

In the case of a quadratic loss, the principal iteration and principal flow are both exact (if
HB is initialized on the manifold introduced above; see Section 6.2). To illustrate the implicit
regularization effect further, consider the example of least-squares regression. Let X € RN*4,
y € RN and

op(z)

1
L(O) = ﬁHXG - yHZ-

Assume that 2| XTX|| < (1 — /B)? to ensure the convergence of the power series defining
Jg(%XTX ). Additionally, let 6* satisfy the normal equations XTX6* = XTy: in particular,
L(0) = 7(0 —0*)TXTX (6 — 6*) + C (where C does not depend on ). Then, the memoryless
iteration is the gradient descent

1

) — 600 _ i (6™) with L(6) =
0 6" —hVL(6™) with L(0) = 3+

RS (JZXTX> XTX(6-6%).

Introducing Jﬁ(%XTX ) rescales the learning rate (by (1 — 3)~!) and applies a spectral filter
to the Hessian.

1.3 Modified Equations

The discrete iteration without memory (5) has the following advantage over HB: it only has
one evolving variable 0 ¢ R% and it can be approximated by a continuous ODE solution
without sacrificing anything in terms of the approximation guarantee. (Enlarging the phase space



by treating HB as an evolution of (0(”),1;(”)) € R?? or, equivalently, considering higher-order
ODEs does not by itself guarantee a higher approximation order [38].) Then, finding continuous
trajectories closely tracking discrete numerical iterations allows us to analyze qualitatively the
finite-h behavior of the iteration. This approach is called the method of modified equations,
backward error analysis (BEA), or high-resolution ODE approximation. It is widely used in
numerical analysis and deep learning theory; see, for example, works [55, 53, 27, 21, 6, 18, 29,
11, 46, 15, 48, 19, 38] and many others; textbook references include Stuart and Humphries [51]
and Hairer, Lubich, and Wanner [30]. Recently, this method was used in deep learning theory
for finding implicit biases of gradient-based algorithms [3, 50, 42, 25, 12, 47]. For us, it is just a
corollary of the approximation (5).

Contribution 4. For any approximation order R € Z>2, Corollary 6.1 finds a set of functions
{f](n)(O) :J € [1:R],n € Z>p} such that the (unique) continuous solution to the piecewise ODE

R
6(t) =Y WLEM(B(1), te nh, (n+1)A],

=1

with an appropriate initial condition, has a global approximation guarantee

sup (|00 — 8(nh)|| = O(R™), (11)
n€l0:|T/h]]
where T is any fixed time horizon. <

The ODE is defined piecewise because of the dependence of dg-")(-) on n, and the solution
will be continuous but not necessarily smooth. Nonetheless, in the full-batch case, the ODEs cor-
responding to neighboring pieces are the same up to an exponentially decaying error: we do not
lose any information compared to having an ODE only on the attractive manifold but globally
defined, as done for R = 2 in Kovachki and Stuart [38]. The idea of using piecewise ODEs in this
setting is due to Ghosh et al. [25], who derived the modified equations for R = 2. In an indepen-
dent and concurrent work, Lyu et al. [40] derived piecewise modified equations of arbitrary order
for full-batch HB. Although their construction and proof use a different method, they yield the
same values for { f](")} as the full-batch case of Corollary 6.1 (differently characterized).

In contrast to the discrete case, the right-hand side of the modified equation does not
(in general) become a gradient for large n, even for full-batch HB. Therefore, HB does not
approximately follow a smooth gradient flow trajectory with a modified loss (with approximation
order higher than h?), as we make explicit in Remark 6.3.

1.4 Organization

We continue as follows. In an attempt to make the paper self-contained, we introduce the relevant
mathematical concepts and notation (e.g., labeled and unlabeled rooted trees, their symmetry
coefficients, marking vertices to split the tree into a forest) in Section 1.5. Section 2.1 states the
theorem and briefly outlines the argument corresponding to Contribution 1. Section 2.2 shows
a related representation of mini-batch HB as plain GD with step-dependent losses. Section 3 is
devoted to the main approximation theorem corresponding to Contribution 2, removing memory
from HB and controlling the error while doing so. In particular, we introduce in Section 3.1
a somewhat complicated-looking recursive definition for the memoryless iteration coefficients
dg-") (0). In Section 3.2, we prove that a much simpler characterization holds which involves the
sum over rooted trees. We use the notation introduced there to derive the principal iteration.

In Section 4, we analyze the combinatorial structure of dg-n)(O), in particular proving that the
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polynomials e, 1(3) are h-polynomials of graph-associahedra. Section 5 is devoted to matching
the memoryless iteration perspective and the consequences of the fixed-point argument yielding
g, in particular proving the equality of formal power series and proving O(h*®) bounds for the
discrete trajectories arising from the two perspectives. Section 6 derives the modified equations
corresponding to Contribution 4 and the principal flow. Proof strategies are explained in the
main text, and omitted technical details are provided in the Appendix.

1.5 Technical Background and Notation

We start with well-known definitions of labeled and unlabeled rooted trees. See, for example,
Faris [20] and Kerber [35] for details. For a fixed non-empty finite set V' and a point r € V, a
labeled rooted tree T with root r is a pair (G, r), where G = (V, E) is a connected acyclic graph
with V' as the vertex set (where E is the edge set; |E| = |V| — 1). Taking a different point of
view, 7 is a function 7: V' \ {r} — V with no non-empty invariant subset (mapping a vertex to
its parent). Let 7 *[V] denote all labeled rooted trees with vertex set V. We will write |7| := |V/|
for the number of vertices. It will also be convenient to use the notation 7¢ := (J>_; 7°[1:m]
and I3 :={@}UT°".

Two labeled rooted trees 7: V' \ {r} — V and 7": V' \ {r'} — V' are called isomorphic if
there is a bijection 6: V' — V' such that 6(r) = v’ and 7/ = 6070 67! gy An unlabeled
rooted tree with m vertices is an object that corresponds to a class of isomorphic labeled rooted
trees with m vertices. Specifically, we can fix a canonical set of m elements [1:m] and see an
unlabeled rooted tree as an orbit of the permutation group S[1:m] acting on 7 *[1:m]: the action
ofre S[l:mjonTe€JT*l:m]isnr =moTo0 7771‘[1;m]\{7r(r)}' The set of unlabeled rooted trees
with m vertices will be denoted U®[m|, and the set of unlabeled rooted trees with any number
of vertices by U® := (Jo-_; U*[m]; in addition, put U := {@} U U®. For example, the following
orbit (consisting of three labeled rooted trees) is the unlabeled rooted tree %

3 (12)

For any such orbit, the order of the stabilizer group of each element is the same. (The stabilizer
group is the subgroup of permutations leaving a labeled rooted tree intact. For example, the
first tree in (12) has stabilizer group {id,2 <+ 3}.) Hence, for an unlabeled rooted tree 7 we can
define the symmetry coefficient o(7) as the order of the stabilizer group of each element. By the
well-known theorem, the length of the orbit is the order of the group m! divided by the order of
each stabilizer group o(7); so, there are m!/o(7) labeled rooted trees (on a fixed vertex set of
size m) corresponding to an unlabeled rooted tree 7.

Whenever there is no chance of confusion, we will use the same terms and symbols when
working with labeled and unlabeled rooted trees, for example, we will write o(7) regardless of
whether 7 € 7® or 7 € U® (because each labeled rooted tree has a corresponding unlabeled
rooted tree); we will say an unlabeled rooted tree 7 € U®*[m] “has |7| = m vertices” even though
there is no such thing as a vertex of an unlabeled rooted tree, etc.

Since the ordering of subtrees does not matter, there is a one-to-one correspondence be-

tween 7 € U®*[m] and a multiset [7i,...,77] of unlabeled rooted trees whose sum of vertices
is m — 1 (the subtrees rooted at the children of 7’s root). We will sometimes write simply
T = [71,...,7] to reflect this fact. Fixing some canonical ordering in each set U*[s], we will

m

denote by {ui(7),... ,ufu.[SH(T)}S:_ll the multiplicities of such subtrees: this means that the
first unlabeled subtree with s vertices appears pf(7) times, the second one appears 5 times,



m—1

and so on. In particular, >0 (p5(7) + ... + ufu.[s”(T)) = /. It is a standard fact that

m—1[U°[s]|

o(r)=o(m)...o(m) [T T] w() (13)

s=1 t=1

In addition, it will be convenient to call ¢,, € U®*[m| the chain with m vertices if either
m = 1 or it is the (unique) unlabeled rooted tree corresponding to any element of T *[1:m]
whose root has degree 1 and all other vertex degrees do not exceed 2.

Similarly to the rooted variants, we denote by T [V] the set of labeled unrooted trees with
(non-empty) vertex set V', that is, connected acyclic graphs (V, E). Two labeled unrooted trees
G = (V,E) and G' = (V' E') are isomorphic if there is a bijection 6: V. — V' such that
{u,v} € E if and only if {6(u),6(v)} € E’ for every pair of distinct vertices u,v € V. An
unlabeled unrooted tree with m vertices is an isomorphism class of labeled unrooted trees with m
vertices. Denote their set by U[m]. Equivalently, its elements are the orbits of S[1:m] acting on
T [1:m] by relabeling vertices, thus U[m] = J[1:m]/S[1:m]. We also write T := J,>_; T [1:m]
and U :=J>_; U[m)].

Marking Vertices (via Admissible Cuts). For a labeled rooted tree 7 € J*[V], define a
marking m of that tree as a subset of non-root vertices of 7 (interpreted as marked) such that
if v € V is marked, then no other vertices in the subtree of v are marked. In other words, the
marked vertices are the upper (farther from the root) vertices of an admissible cut (e.g. Bai
et al. [2]), or the roots of the forest obtained after removing a subtree with the same root [20,
14]. Hence, marking |m| vertices is the same as selecting |m| disjoint subtrees 71, ..., 7}, (rooted
at those vertices), and it splits the tree 7 into [m|+1 labeled rooted trees 77’ = 7\ (7{"U. . .UT|’,’7ZZ‘),

T, ..., 7% . So, we will sometimes write m = (7§, {7{",..., 7" }) to reflect this fact. Denote 171 ;
1> > m| ) 0> 1> > U m| f

the set of all markings of 7 with |m| = ¢ marked vertices, and 1, := UL‘;'O_I M ; the set of all
markings of 7. For example, the following tree has marking m = {2,5} highlighted in red:

Cutting the edges 1-2 and 3-5 gives

m

m m
TO =

| I
1, 7—1 - 2, 7—2 = 5.

Here 7}’ contains the original root, and 7{” and 735" are the subtrees rooted at the marked vertices.

In contrast, {2,4} is not a marking of 7 since 4 is a descendant of 2.

Other Notation. We denote by L(6) the full-batch loss and by L(*)(8) the sth mini-batch
loss, where 8 € R? is the evolving vector of parameters of fixed dimension d. We denote by V*
the kth derivative tensor, for example, V®L(0)[VL(8),VL(8)] is a vector whose jth compo-
nent is Z?J:l 0;uL(0)0; L(0)0,L(0). We write VT L for the elementary differential of L, defined
recursively by VZL(0) = 0, V*L(8) = VL(6) and V7L(0) = VHIL(O) [V L(6),...,V™L()]
for 7 = [r1,...,77]. The notation for the norm |-|| without indices will always mean the
Euclidean (operator) norm. The set of integers no smaller than some k will be denoted by
Z>y = |k,+00) N Z, and the set of integers between a and b inclusive by [a:b] := [a,0] N Z. A
sum over an empty set is by definition 0, and a product is 1. Section 3 defines the set K, the

memoryless iteration coefficients dg-n) (0), the history coefficients d‘,}} ) (0); Section 6.1 defines the

9



backward error analysis coefficients f;n)(O). For any operator a,,j, with a defined norm ||a, ||
and any nonnegative scalar function g, 5, we write a,_ n, = O(gnp) if ||@annl < Cgp,p on the set
of admissible n and h which is clear from context, with some constant C' not depending on n or

h.

2 Exact Representations

We present two results in this section. The first one says that for small enough A, full-batch
HB is GD with one modified loss on an attractive invariant manifold. If HB is not initialized
on that manifold (U(O) is not appropriately chosen), the dynamics get closer to GD because of
the exponential attraction but never exactly coincide with it. The second result says that HB
in the general (mini-batch) case, even with v(°) = 0 (as done in practice), can be viewed as GD
if we allow the loss to change at each iteration. Moreover, the resulting family of losses does
not depend on the initialization 8(9). These results are exact but the losses are not explicitly
constructed.

2.1 Full-Batch HB is GD with a Modified Loss on an Invariant Manifold

Kovachki and Stuart [38] proved that for full-batch HB (1) there exists a function g (@) such
that {(0,v) : v = —(1 — 8)"'VL(0) + hg,(0)} is an invariant manifold, which means

(n)
v = _VlL(_BB) +hgn(0™) =

On this invariant manifold, on the one hand,

(me1) _ VL")

(n+1)
1-3 + hgh(B )

v = (1 B) VL") + hgn(6TY)

:—1VL<MM-hVLwWU+h%mMmmO

1-8 1-5
+ hgy, <e<”> - 1_hﬁVL(9<”>> + h%gh(e‘"))) ,
while, on the other hand,
o7 — ol — TLO) = — VL") + hig(6") ~ VL(6™)
=~ 5 VL6") + g (6).

This must hold for any 8™, so g,(-) must satisfy

g <9 - e+ hQth(0)> + hgn <9 T1-3

1-8 1-8

:_1iBVLwaw%wy 6 cRY.

To prove that such a function exists, they define a mapping T: ' — T, where I' is an
appropriately chosen closed subset of C (Rd, Rd) with the usual sup-norm, by

VL(O) + h?/sghw))
(14)

Tg(¢) = —— 55{VL(C) = VL(®)} + (o). (15)

h(l —

10



where 8 <+ ¢ = 0 — h(1 — B)"'VL(0) + h?Bg(0) is a bijection between R? and itself for any
g € I' (this fact is Lemma A.1). A fixed point of such a mapping 7" would satisfy (14). They
prove that T is a contraction on I', so the contraction mapping principle applies.

We follow the same conceptual approach, but apply some technical tweaks (different metric,
different T), to prove that the additional requirement g, € C'(R%,R%) with symmetric Vgy, is
satisfiable as well, which implies that such gy, is a gradient. Specifically, define the set

I''={ge€ CYRY,RY) : sup ||g| < 7, sup || Vgl < 8, Vg is symmetric and A-Lipschitz },
OcRd OcRd

with the norm

lgllr == sup [|g(8)[| + sup [[Vg(8)], (16)
OcRd OcRd
where both the vector norm and the matrix norm in the right-hand side are Euclidean. The
space {g € C1(R%,R?) : [|g||r < oo} with norm (16) is a Banach space, and T' is a closed subset
of it; therefore I' can be seen as a complete metric space with the metric induced by the norm
| - [[r- The constants «y, , A are chosen in Appendix A.
The assumptions of the theorem are essentially the same as in Kovachki and Stuart [38],
except we (naturally) need one more derivative of the loss to be Lipschitz.

Theorem 2.1. Assume L(-) € C3(R% R) with constants D1, Dy, D3, Dy such that

. 3L _ 3L
sup||V/L(0)|| < Dj for j € [1:3], sup IV°L(61) = V" L(6)]] < Dy,
0 010> 1601 — 62|

where the norms are Euclidean operator norms. Then, if h is small enough, there exists a unique
gn(+) € T satisfying (14), and the following exponential attractivity property holds:

1
’U(O) + mVL(e(O)) — hgh(e(o))

I

1
v 4 va(G’(n)) - hgh(e("))H < Ph

where

=01 h<d ) < 1.

Ph 5( t1o 3 + >

In particular, g, is a gradient, that is, there exists Gj, € C*(R%,R) such that g, = VG},, and
HB initialized on the invariant manifold {(8,v) : v = —(1 — 8)"'VL(0) + hgp(0)} is exactly
gradient descent:

ot = g 1h/BVLh(0(")), Ly =L~ hB(1 - B)G.

The proof is a bounding argument very heavy on long equations, so it is moved to Ap-
pendix A. Lemma A.2 proves that indeed T maps I' to itself, and Lemma A.3 proves that T is a
contraction on I'. Since I' is a complete metric space with the metric ||g1 — g2||r, the contraction
mapping principle implies that there is a unique fixed point g, € I' of the operator T, i.e.,
Tgn = gn. Exponential attractivity is tackled in Lemma A .4.

Corollary 2.2 (Critical points). In the setting of Theorem 2.1 and as long as h is sufficiently
small,
{0:VL(O)=0}={6:VL,(0) =0}

Moreover, at every common critical point 0., the Hessians V2Ly,(0,) and V2L(0,) have the same
numbers of positive, negative, and zero eigenvalues.

11



Proof. From the definition of gy,

h
VL, — (1 - B)VL] <9 - 1_BVL,L(0)> = BVLL(0). (17)
Thus, VL, (0) = 0 implies VL(0) = 0. Conversely, if VL(6) = 0, then (6,0) is a fixed state
of HB. The exponential attractivity bound in Theorem 2.1 forces any fixed state to lie on the
invariant manifold, where the update of 8 is —h(1 — ) "'V L(0), so VL,(6) = 0.
Fix a critical point 8,. Since g;, € T, for sufficiently small h we have

h|[V2Ly(6.)]| < hDy + h25(1 — B)8 < (1 — B)%. (18)
Differentiating (17) at 8, and rearranging yields

V2L(6.)|T - hVQLh(G*)} = V2L,(6.) [1 —

h 2

(1-5)
We see that each eigenvector of V2L;,(0,) with eigenvalue y is an eigenvector of V2L(0,) with
eigenvalue
L=l =
L—hu/(1—5)
Both the numerator and denominator of this fraction are positive by (18), which means the

eigenvalues have the same sign. Applying this fact to an orthonormal eigenbasis of V2Ly,(6,)
proves the claim. O

2.2 Mini-Batch HB is GD with Step-Dependent Losses

In the previous section, we proved that full-batch HB is exactly GD with one modified loss,
provided that the initialization is on the invariant manifold. However, typically HB is initialized
with v(©) = 0, and a mini-batch version is used. In this section, we prove that in this case HB
is also exactly GD but the loss is step-dependent. Note that while the modified loss depends on
the step, it does not depend on the initialization 8(9). Moreover, we provide a sharp condition
on the step size for which this can be true.

Proposition 2.3. Assume that a family of loss functions L™ € C?(R? R) for n > 0 satisfies

sup sup |[VZL™(6)| < Ds.
n>0 gcRd

If hDy < (1 — /B)?, the sequence of maps F;,: R? — R? given by

Fy(0) = 0 — hvLO)(0), (19)
F.(0) = (1+ )0 — hVL™(0) — BF, ', (6), n>1, (20)

is well-defined and has a symmetric Jacobian VF,, for each n. The HB iteration (4) with the
typical setting v(©) = 0 satisfies

0"t = F,(6), n>0.
As a consequence, this iteration is exactly gradient descent

ot = () — pv LM (™M), n >0,

12



with a step-dependent modified loss not depending on 89
= (n) L2 LT
hL'™(0) = 5”9” — 0' F,(t0)dt.
0

The step size condition hDy < (1—+/B)? is sharp in the following sense. If Dy > (1—+/B)2,
there is a scalar loss L() = \?/2 with 0 < A < D for which no family of maps G,,: R — R
satisfies 0"+ = G, (™) for every initialization §°) € R with v(®) = 0.

Proof. We prove by induction that {F,,} are well-defined and have symmetric Jacobians satis-
fying
VBI X VF,(0) < (1+ 3+ hDy)I.

For n = 0, the bound
(1= hDy)I X VFy(0) < (1+hDo)I, 1—hDy> /B

holds. Assume it holds for n — 1. Then, the map

1

has a Jacobian with eigenvalues between zero and 1 — M%’ thus it is a contraction on RY.
Then F,,_1(0) = ¢ has a unique solution, which means F,,_; is invertible, and F,, in (20) is
well-defined. Differentiating (20) gives

VE,(0) = (1+8)1 — hV°L™(0) — B[VE,(F, 1, (0))] .

n—1

This is a symmetric matrix since V2L (0) is symmetric and VF,_; is symmetric by the
induction hypothesis. Since the inverse matrix has nonnegative eigenvalues no larger than 1//33,
we have

VF,(6)
VE,(6)

(1+ B —hDy — B//B)I = /BI,

=
= (14 5+ hDy)I,

concluding the induction step. .
The symmetry of the Jacobian now implies that F},(8) = @ — hVL(" (@) by differentiating
under the integral. Since

o) =9 — pvL© (90 = Fy (),
and whenever 8 = F,_1(01), we also have
6"+ = (1+ B)e™ 59 n=l) _ pv L™ (™)
=(1+p)0"™ — BE, 1 (6 — hVL™M (™)
:Fn(e( ))a nz 1)
we obtain the desired representation of the HB iteration.
We now prove the last claim. Initialize with #(©) = 1 and v(© = 0. If A\ = (1 —v/B)?, the
solution is
0" = (1+n(1—+/B))s"? > 0.
Choose A satisfying
(1 —+/8)? < hA < min{hDy,1}.

13



If all iterates (") were positive, we would have

pn) g(n+1) pn) g(n—1)

gin—1) ~ pn) ~ gln-1) + 5 o) (1+8—hx)

SO A A hA) = hx — (1 — /B)?
= 0(n71)ﬁ e(n) _( +B_ )_ _( - ﬁ) >07

which does not decay with n. Thus the ratios decrease at least by a fixed amount, and will
eventually become negative, contradiction. Fix such n that 6 is the first nonpositive iterate.
Decreasing A to (1 — /B)?/h would render ) positive; continuity in A implies that there is an
intermediate value of A for which #(™ = 0. Fix that A and note that

9(n+1) _ _Be(nfl) 7& 07

because two consecutive zero iterates would imply that all previous iterates are zero as well,
contradicting #(°) = 1. Thus, if such G,, exists, it must satisfy G,,(0) = #*+1) % 0. But for
a different initialization () = 0, we would have both 8™ = 0 and G,(0) = ) = 0,
contradiction with the fact that G,, works for all initializations. O

3 Approximation

In the form of Proposition 2.3, the modified losses are difficult to analyze because they are
defined recursively and not explicitly (involving the inverse of F;,_;). We now start the analysis
of the memoryless approximations to HB, which will lead to more explicit descriptions of the
(truncated) modified losses.

3.1 Main Bound

Cattaneo and Shigida [13] introduced a method for removing memory in a class of numerical
optimization algorithms with decaying memory, which can be applied to HB up to O(h?). Fol-
lowing their idea, we prove the approximation of HB by a memoryless iteration with the global
error bound O(h*®) where R € Zo. Considering higher-order approximations requires additional
notation and technical work. Denoting

Kig={(ko,.... k) €T tho+ ...+ k=i, ky + 2k + ... + 1k =1},

define the memoryless iteration coefficients

d”(6) =~ svLiP(e),
k=0

. 1
di@) == 8" > X (21)
k=1

‘ L io!. ..
1,120 (ig,...,i1) €Ki g
i+l=m—1
<L) (&) A0). e
N—— N———
ip times 4 times
where the history terms satisfy the iteration
~n.a a 1 i 3(n—s n,s n,s
BAO=-3 Y Y e (de) ). e2)
=1 210030 (Ko, ke, 0 ko & -
e , o times k; times
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with a € [1:n], and m € Z>;.

Although this recursion may look complex, we will use it as the main definition for {dg:f ) (0)}
because it is convenient for proving Theorem 3.1. It involves taking high-order derivatives of re-
cursively defined quantities, specifically Vzd(n ) n (22), and for this reason it is not ideal. We
provide a different, more natural, form in Sectlon 3.2, where only the loss function is differenti-
ated.

Theorem 3.1 (Approximation by a memoryless iteration). Let a family of loss functions
{L(™},~0 be defined on an open convex domain @ in R% and assume each loss function
LM : @ — R is 2R-times continuously differentiable with bounded uniformly in n derivatives up
to order 2R, where R € Z=s. Let {0(” }n C D be the HB iteration (4) with initial condition
0 ¢ D, and {0(" }n:[) C @ the iteration (5) with the same initial condition 8©°) = (0), Let
T > 0 be a fixed “time” horizon. Then, for each h € (0,1/2),

sup ‘é(n—H) —6m 4 hZBkvL(n_k) (é(n—k)) ‘ < O pRH1 (23)
ne€l0:|T/h]] k=0
and, as a consequence,
sup HO(") — 9(")H < Coh*®, (24)

nel0:|T/h]]

where C7 and Cy are some constants depending on T, 5, (R and the uniform derivative bounds
but are independent of n and h.

To build intuition we offer a sketch of our proof next; the full argument can be found in
Appendix B.

Proof Sketch

By definition, (23) will follow from the following bound on the error introduced by removing
memory:

- ZﬁkVL nk) Z nrdly (67) + O(h%), (25)
k=0
that is, our task is to rewrite the left-hand side in such a way that instead of a function of all

previous 8" %) it becomes just a function of 6(m.
It is shown by induction (Lemma B.1) that d;n) (6) = O(1) which implies §*%) — (") =
O(kh) (Lemma B.2). This allows us to claim that the remainder is Rem™* = O(k®h?®) in the

Taylor expansion

R—

v (k) (é(n—k)) — J:Z:; %Vz‘-l-lL(n—k‘) (g”(n)) (é(n—kz) — é(n); ;i'n;e’sé(n_k) _ é(n)) o)

+ Rem (™)
where
1 1
Rem (%) = 7(5% — )i /0 (1—t)*1
X VRHLLR) (G 4 1 (§R) _ GOV)) (Bnh) _ G G0) g .
R times
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This is partial progress: we rewrote VL("—k) (é("_k) ) in such a way that it depends only multi-
linearly on (copies of) 8("~%) — §(") whereas all loss derivatives are evaluated at the current
iterate 8. Now we need to express (%) through 6. This is done in the following lemma,

which clarifies the meaning of the history terms do k)(O):
Lemma 3.2. We have for r € [1: R], k € [1:n]

r—1
gn—k) — gn) Z h’”(fgf;’k) (é(n)) + O(K"h"). (27)
m=1

The proof is by induction and given in Appendix B. Inserting this history expansion (27)
into the main term in the right-hand side of (26) and carefully keeping track of the error gives

v (k) (é(n—k))

— 1 i — n(n n n(n n n
SY Y Y e @) (@), 0)

0 150 (i e 0% ... 1!
- zfﬁil;m (ZO)'“?ZZ)E‘ 1,1 iO times Zl times
+ O(E*n*).

It is left to sum this over & with an exponentially decaying weight 8*. The error O(k®h®)
is polynomial in k but it is not a problem because it will turn into Y p_, B*FO(KRhR) = O(h®)
by exponential summation. The coefficients dgf) (9) are defined in such a way that the result is
exactly (25) that we need, proving the local error bound (23). A standard argument (Lemma B.3)

for converting a local error bound to a global error bound gives (24).

3.2 Simpler Form of Memoryless Iteration Coefficients

In this section, we will free ourselves from the complicated expressions used in Section 3 to prove
Theorem 3.1. We will write a much simpler recursion for the memoryless iteration coefficients
d%‘), which will be convenient for analyzing their properties. As a result of this freedom, we will
almost automatically obtain the principal iteration and recognize Narayana polynomials in its
additive terms.

Let us write the first few terms d{” (0) from (21) and describe the pattern that can be
used to generate them. To declutter notation, we will omit the argument € since it will be fixed.
By definition, the first memoryless iteration coefficient is just the exponential average of past
gradients:

_S gL,
b=0

(),

Using the definition, we can also write the following expression for d

b+1 n-1’

:_BZBbVZL(n 1-b) ZZﬁb’ L(n - b’

I'=1b=

This triple sum on the right can be generated as follows. Write the rooted tree consisting of
two nodes (1,2) with corresponding parents (&, 1). Let us introduce a variable [ with value 1,
which we will call the memory distance variable. Corresponding to the root 1, write the symbolic

sttt b+1 b+1
Z BvaL n—l—b) Z 0= Z BvaL n—1-b) Z O (28)
I'=1 '=1
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and call I’ the new memory distance variable (it is now being summed over, so it does not have
a fixed value). We write the second derivative tensor V2L (matrix in this case) because the root
has one child; later, the order of the derivative will be £+ 1 where £ is the number of children. Let
us go down the tree and consider node 2. Replace [J in (28) with the corresponding expression:

n—1’

Z gV L=t
b'=0

Again, the order of the derivative VL is equal to the number of children (zero) plus one. The
upper limit of the sum is n minus the current memory distance variable. We do not write a
trailing sum at the end like in (28) because there are no children.

We will further illustrate this process by looking at d:())")
algebra, we can write

. Using (21) again and after some

b+1 n—U' U4b n—1"

_ ﬁZﬁbsz(n 1-b) Z Zﬁb/v2 n—1l'—b") Z Z ,Bb”VL n—1"—b") (29)
I'=1b= I"=1b"=0
B — b+1 n—U' b+1 n—l'

-5 Z BrvALntY {Z P2 Z ot B Bb’VLW’b’)] . (30)
b=0 I'=1b'=0 '=1b"=0

There are two non-isomorphic rooted trees with 3 vertices. The first one is a “chain”: the
nodes (1,2, 3) have corresponding parents (&, 1,2). Let us now describe a sum that corresponds
to this tree. As previously, the current memory distance is [ = 1, and the root 1 (having one
child) generates a symbolic expression

b+1 b+1
ZﬁbVQ nlb)ZD ZﬂbVQ nleD
'=1 '=1

The current memory distance variable is now [’ (with no fixed value). Next comes node 2 with
one child, generating a symbolic expression

n—1’ U'+b
Z ,Bb/sz(n_l/_b/) Z .
b'—0 =1

The current memory distance is I (with no fixed value). Finally, node 3 has no children, so it
closes the sum with the expression

n_l//

s gY Lm0,

b'=0

Up to coefficient —f in front, we have obtained (29).

The second rooted tree with 3 vertices is the tree consisting of nodes (1,2,3) with cor-
responding parents (&, 1,1) (root with two children). The initial memory distance variable is
denoted as [ and has value 1. The root has two children, so the order of the derivative corre-
sponding to it will be 3, and we will write two [ signs corresponding to two subtrees:

b+1 b+1
Z/Bbv3 (n—b— 1)|:ZD ZD:|

I'=1 I'=1
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Then we replace the first O with the expression corresponding to node 2 (with initial memory
variable ['):

n—1’

Z Bb’VL(n—l/—b’)7

b'=0

and the second O with the same expression corresponding to node 3. Up to coefficient —3/2 in
front, we have obtained (30). The reason for the division by 2 is that this tree has a symmetry
coefficient 2.

This consideration of special cases suggests a pattern in how the memoryless iteration
coefficients are structured. We formalize this pattern in the next result.

Theorem 3.3 (The form of memoryless iteration coefficients). For m > 2, the memoryless
(n)

iteration coefficient dy,’ is equal (up to a coefficient —f3) to a sum over the set U®[m| of unlabeled
rooted trees with m vertices:
=-F Z E},

TeU[m

where o(7) is the symmetry coefficient of the tree ( background in Section 1.5). The expression

Einl) = Eﬁ;) (8), depending on the iteration number n and memory distance variable l, is defined

recursively by

I+b I+b
B =3 gyt ot IS B B re il (31)
b=0 =1 l=1
where (11, .. Tg) are the subtrees rooted at the children of the root of T (with ¢ € Zx¢). In

particular, E = ﬁbVL(”_l_b); for | > n, the sum is empty and Ey;) =0.

The E_gnl) expression is an exact translation of our informal observations above into the
mathematical language. For example,

I+b n—11

ZBbVZ n—l— b)z ZBZHVLTL h—b1).

li=1b1=

We outline the main ideas underlying the proof next, but the formal details are deferred to
Appendix C.

Before sketching the argument for establishing Theorem 3.3, we introduce some preliminary
results. We use the notation and concepts from Section 1.5.

Auxiliary Quantity Related to (31)

Fix a labeled rooted tree 7 in J*[1:m|, and choose a marking m € 1., where the marked

m

" " and the remaining subtree 73"

vertices are v, ..., v, with corresponding subtrees 77", ... Tl

Let p1,...,pm be the parents of the marked vertices (not necessarily distinct). Consider the
derivative of the loss corresponding to p; in the symbolic expression for E(Z_l). Add one to the
order of the derivative and add Zl, 1 E ,,l)l, as an argument. Continue this process (possibly in-

creasing the order of the same derivative more than once) until all marked vertices are processed.
We will denote the resulting expression by

E(n l—>n)

T,m,a
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For example, consider the tree 7 consisting of the root and two leaves, with one of the

leaves marked:
2 3

\/
1
Consider the loss derivative corresponding to vertex p; = 1 in the symbolic expression
n—l—a a+b n—Il—1y
— Z ,Bb VQL(nflfbfa) Z Z ﬁblVL(nflfllfln).
b=0 hi=1 b;=0
Increase the order of the derivative and insert Zé’:l E.(j;,), giving
n—l—a a+b n—Il—11
Z oy (n-l-b-a {Z Z gory [n=l=li—bn) Z .1/]‘
b=0 li=1 b1=0 =1

Useful Properties of Ei"l)

We give two lemmas about E( ") that we will use in the argument. Both lemmas are proven in
Appendix C. The following 1mportant fact is the reason why the induction step in the main
argument goes through.

Lemma 3.4. Let m >1,n > 0,1 € [0:n], a > 1. For any 7 € T*[1:m| we have
l
Tl+a - Z E’rnnz a_m (32)
mell;

The reason why we invoke marked trees is that differentiation naturally creates such trees.
The following lemma establishes a connection between the sum over marked trees in (32) and
the high-order derivative tensor which arises in the main argument for Theorem 3.3.

Lemma 3.5. We have form >2,n>0,l€[0:n],a>1

1 1
> Tl i 2= o)

=0 j=1 (ko,....km—j—s)EKim—j—i

%< V' $07 )[ Z HZE;},..., Z (—z:: Tl,]z Z mEi,z)Jra.

TeEU[1] I'=1 TeU [m—j—i+1] TEU® M|

,_\

m—1m—1t

ko times km—j—q times

Remark 3.6. Note that from the definition of Eg),

ve+1L " [Z ETl SR Z ET[ ll] * /BETZ—H - E( ) (33)
=1 I'=1

Replacing EYE)H with anemf ng;i_m) by Lemma 3.4 and setting | = 1, we get the

following alternative recursion for n > 1:
1
B =L BN BN 48 Y BT (34)
menl-

The advantage of this form is that the memory distance variable is always 1, but the disadvantage
is that the right-hand side contains a sum over all markings of 7. N
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Proof Sketch of Theorem 3.3

The strategy is to prove the following two statements simultaneously by induction over m > 2:

dP =-p Y — and (35)
TEU'[m]
m —Z Z o) (36)
=1 TeU*[m]
For m = 2, they are easily verifiable. Note also that the second statement holds for m =1
as well:
k
C](ln,k) E™
I=1

By definition,

n—1 m—1
1

dp =53 > ol i

b=0 =0 (’L’O,...,irm,172)69{&7”717[

11— b+1 b+1
Xv€+lL(n1b)(J(1m+)7_“, &EZ’_Z) )
\‘f_/ \W—/
30 times iy —1—¢ times

Insert the induction hypothesis (recall that (36) holds for m = 1 too):

m—1 1

n—1
dm =53 gy 2. R —
b=0

£=0 (0, sim—1-0)EKpm—1-¢

£+1 7 (n—1-b) «— 1 E™ - L o
X VL (z > LE LYY J(T>ET’Z>.

=1 TGU’[I =1 TeU®[m—{]

10 times im—1—¢ times

Careful rearrangement is used to simplify this to

b+1 b+1
=—BZB”Z > vt b)<ZETll,...,ZE£Z)>
b=0 =0

T=[T1,...,Te] EU®[M] =1 =1

and that is, by definition, equal to —f ZTEI{‘[m] ﬁ E" ) . Hence, under the induction hypothesis

for smaller m, (35) holds.
By definition of the history terms in (22) and the induction hypothesis, to prove (36) and

complete the induction step, it is enough to show that

<.

" 1

-2 2. Kol km_ij!

J=11=0 (ko .km—i—j)EKim—i—j
1 | 2 L o)
SRS LS S I o BT

l'= 1T€U'[1 U'=1reU*[m—i—j+1]

ko times km—i—; times

(37)
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For j > 2, by the induction hypothesis and (35) already proven, we can replace V’d( D

the left-hand side of (37) by —8V* 2 reusl] %TO)E;) 1 D. for j =1, by =VitlL(=D) BVZE(" l)
The result will involve precisely the big sum that we saw in Lemma 3.5, applying which we will
simplify the left-hand side of (37) to

l

m—1 1 A N
Z Z mVz-i—lL(n—l) |: 7'1 l” .. Z E7(_ g,:| + B Z ‘I‘l+1

i=0  reU*[m] =1 =1 reusim
T=[T1,0,7i]

Combining this with (33), we see that the left-hand side of (37) is equal to the right-hand side
of (37). This completes the induction step. Omitted technical details are given in Appendix C.

3.3 Specializing to the Full-Batch Case

A useful special case of Theorem 3.3 is when the loss is the same at all iterations, L™ = L. In
this case, the expression Ey;) in (31) can be factored into a scalar coefficient and an elementary
differential of the loss:

g _ i ()
(1= )2t
(n)

where e/ (8) are defined below.

V'L, 1<i<n, (38)

Definition 3.7. For 7 = [ry,..., 7] € U*[m], n € Z=o, | € Z>,, define einl) (B) recursively by

l+b
£ (5) = (1 )t Zﬁbﬂ(z L®). (39)

;=1
The outer sum is zero when [ > n, and the empty product is one. In particular,

n—I

B =18 g =1-p" 1<i<n a
b=0
By induction over the size of the tree, einl) is a polynomial in 8. By Theorem 3.3 applied
to the full-batch case, we have

1— Bn—i—l

(n) _
d,’ = - VL,
(n) (40)
n B erq(B) .
d%):_m E 01(7_) V'L, mZ>=2.

TEU®[m)]

(n)

Another simple induction verifies that e_ /() is non-decreasing and bounded in n, specif-
ically 0 < el )(5) < Crp(1 + 1)1 it will therefore be useful to define large-n limits of the

quantities above.

Definition 3.8. For 7 = [r1,...,7] € U*[m] and | € Z3,, define e, ;(B) = e(;f)(ﬁ) = e
recursively by

I+b
era(B) = (1 - B+ Zﬂbﬂ(zem(,@)).

li=1
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In particular, e,; = 1. In the full-batch case L™ = L. the corresponding limiting memoryless
iteration coefficients are

d\>) .= h_}m ™. m>1, (41)
where the limit is taken at fixed 6. N
Explicitly,
1
d™ = -—_vI,
1 1— 5V
(42)
g B 1B grp, > 2.
WS 2 e Y

TEU® M|
Equipped with these notations, we now begin investigating the form of the memoryless
iteration coefficients, starting with “principal” terms.

3.4 Principal Iteration

Consider full-batch HB (2). Let us formally take R to infinity in (5) and write a formal se-
ries > >, hmdﬁ,’;). It is an infinite sum of terms that are of two types: terms containing only
derivatives of order no higher than two of the loss, which we will call principal terms, and the
remaining terms (containing derivatives of order at least three), which we will call non-principal
ones. For example, the term in (29) is principal and the term in (30) is non-principal.

Write
> nmdly :—ﬂz im’ B) —h™{V*L}" VL + NPT,

(n)
where the notation NPT means “non-principal terms”, {(173)%} are coefficients correspond-
ing to the chain ¢, with m vertices. (Since the derivatives of order higher than two are not
allowed, no vertex is allowed to have more than one child, leaving only ¢,;,.)

Corollary 3.9 (Principal iteration). The chain-parametrized polynomials 6‘(,:1)71(5) satisty,

e=1-5" nz0, ¥ =0, m>1, (43)
652)71 =(1- 6)26((‘2)7171 + Be. (n 1) + B8(1 Z e(;l l)e(m S omz2nzl (44)

Accordingly, their limits satisfy

€cy,1 = 1, (45)
m—1
Cemt = (1= Bec, 1 +B8 D ecnee, ;1, m=2. (46)
j=1
Consequently,
Cemyt,l Nm(/@)v m =1,
where

£

are the Narayana polynomials, and the generating function gg(z) :== Y (1’”‘;@#@3} is given

by

—B—x— — B —x)?—4px
D (a7)
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Proof. Applying Definition 3.7 to the chain ¢, gives, for m > 2,

— I+b

Q(m,l = 2 Z Bb Z e(m L (48)

b=0 =1

Applying (33) with [ =1 gives

V2LE™ | +BE",=E",.

cm,1

By Lemma 3.4 with [ = a = 1, we have also

(n) . (n—1—n)
¢m,2 - 2 : E(‘m,nz,l .
me.,,

1—n)
,m,1

Combining and using the definition of E(n
diate by taking the limit n — oo.
The Narayana polynomials satisfy the recurrence (e.g. Coker [17])

gives (44). Equations (45) and (46) are imme-

m—2

Nin(B) = (14 B)Ni—1.(8) + 8 Y Ni(B)Nim—i-1(5)

k=1

for all m > 3, which means that e, , 1 and Ny,(3) satisfy the same recurrence. Moreover,
eyl =1 =Ni(8) and e.;,1 = 1+ 3 = No(53). Hence e, ;1 = Np,(B) for all m > 1.
From Egs. (45) and (46), we get that the generating function gg(z) needs to satisfy the

quadratic equation gg(z) — (1 — )~ = (1 — B)tzgs(z) + B(1 — B)zgs(z)? and have gs(0) =
(1 — B)~L, which gives (47). O

Informally, Corollary 3.9 means

> hmdy) = ~hVL — phgg(hV?L)VL + NPT,

m=1

where = hides the fact that n is taken to infinity. Therefore, the “full-order” memoryless iteration
is approximately

o0t — 9 — KV L(6™) — Bhgs(hV2L(6™))VL(6™) + NPT (49)

for large n. The series gg (hV2 (é(”))) converges in FEuclidean operator norm when
HVQL )H < Rg/h, where Rz = (1 — /B)? is the convergence radius.

Remark 3.10. We thank Boris Hanin for the following interesting observation: gg(x) is the Stielt-
jes transform of the standard Marchenko-Pastur law with parameter 3, which we can write as

98(z) = Econmp(p)l(§ — z)~'.
Hence, (49) becomes
00+ = 60V — KB yip(s [T + B(T — hV2L(6™)) 1] VL(8™) + NPT
as long as |V2L(6M)|| < (1 — v/B)?/h as above. a
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4 Analyzing the Combinatorics of Memoryless HB Approximations
Recall from Corollary 3.9 that the coefficients e, 1, where ¢, is a chain with m vertices, are the
Narayana polynomials.

Remark 4.1. Corollary 3.9 and (48) show in particular that the Narayana polynomials can be
defined as Np,(8) = Ny,1(8) where {N,,1(0)} satisfy the recursion

0o I+b
Nea(B) = (1= 82> 8" N1, (B), m=21>1
b=0 1=1

with initial condition Ny () = 8+ (1 — )l for I > 1. With the help of ChatGPT 6, we found
that this recursion is equivalent, after normalization, to Blecher, Brennan, and Knopfmacher [7,
Eq. (2.7)]. N

Let us now write the coefficient before another type of trees, namely, the trees consisting
only of the root and a number of leaves.

Corollary 4.2. Let ¢, be the rooted tree consisting of a root and m — 1 leaves. For m,l > 1,
oo
eea(B) = (L= 5™ Y B°(1+b)"™ " (50)
b=0

In particular,
6Zm+1,l(/8) - Am(ﬁ% m 2 17

where

An(B) = (1 =gy Y 77!
j=1

are the Eulerian polynomials.
Proof. Equation (50) follows from Definition 3.8 since e,; = 1. O

By Corollaries 3.9 and 4.2, for m > 2

€em,l = Nm—l(ﬂ); €rm,1 = Am—l(ﬁ)- (51)

We see that e, 1 = e,1(f) in Definition 3.8 form a rich U*®[m]-parametrized family of polynomials
of B, containing both the Narayana polynomials and the Eulerian polynomials. For m = 6, the
family is

eee1(B) = 14+ 108+ 2082 +108° + g* = N5(B),

es  (B)=1+138+288% +138° + 8%,
1

e,\:/':l(ﬁ) =1+ 148+ 308% 4+ 148 + g4,
6\=y’1<ﬁ) =1+ 178 +408° + 178° + B,
6:v.71(ﬁ) =1+ 198 +44p8% + 198° + g4,

ers1(8) = 14268 + 6632 +268° + g* = A5(B).

It is easy to see a clear pattern: they are all palindromic, monic (the leading coefficient is 1),
unimodal (the coefficients increase up to a point and then decrease), and lie coefficient-wise
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between the Narayana and Eulerian polynomials. In fact, they are not merely unimodal but
v-positive (which implies unimodality), that is, for m = || > 2, they can be written as

(m-2)2) |
er1(B) = Z Vrg B (1+ B)™ 272

=0
with nonnegative reals {7, ;}. For example,

2y pn 1(5) = (14 8)* +158(1 + B)% +83%

We will now prove that these properties hold in general. Perhaps unsurprisingly, the argument
is not direct. It uses a short excursion into geometric combinatorics: we will identify e, ; with
the h-polynomial of a graph-associahedron.

Recall that a simplicial complez on a finite vertex set V is a collection A of subsets of
V', called faces, such that every subset of a face is again a face. Its dimension is dim A :=
maxpea(|F| — 1). If fi—1 denotes the number of faces of A with i vertices (with f_; = 1
corresponding to the empty face), its h-polynomial is defined by

d d
WA B) = fiaf1—p" = ", d=dimA+1.
1=0 i=0

The coefficient vector (ho, ..., hq) is called the h-vector of A. The Stanley-Reisner Hilbert series
has the following two forms:

h(A, |F|
o E(d) x <52>

FeA m

where 111 ranges over finite multisets of vertices of A whose support is a face of A, and |17|
denotes total multiplicity (see, for example, [24, Theorems 6.9 and 6.15]).

For any graph G, we will use V(G) and E(G) to denote its vertex and edge sets. If 7 €
T*[1:m] is a (labeled) rooted tree, let L(7) be the line graph, that is, the graph whose vertices
are the edges of 7, with two vertices adjacent if and only if the corresponding edges share an
endpoint. Let

B(L(7)) :={@ # 1 C V(L(1)) : L(7)[I] is connected }

be the graphical building set of L(7), which is the family of tubes: nonempty subsets of V(L(7)) =
E(7) whose induced subgraph of L(7) is connected. Denoting by {e, : a € E(7)} the standard
basis of R”(7)| the graph-associahedron of L(r) is the nestohedron associated to B(L(7)), i.e.,
the Minkowski sum
Pg(r(r)) = Z conv{e, : a € I} C RF(),
1€B(L(7))

Its corresponding (dual) simplicial complex Ar = Ag( ;) is the nested set compler, or tubing
complex, of L(7). Thus, the vertices of A, are the proper tubes B(L(7))\{V (L(7))}, and the faces
can be defined [44, Section 7.1] as sets of pairwise compatible tubes. Two tubes I, J € B(L(T))
are compatible if they are either nested or disjoint and non-adjacent in L(7), equivalently, if
either I C J, JC I, orelse INJ =g and IUJ ¢ B(L(T)).

Assume |7| > 1 to avoid the trivial case of a single vertex. The cone over A is the simplicial
complex

~

A :=cone(A;) :=A;U{FU{E(T)}: F € A;}.
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In words, we add one new vertex which is labelled by the full tube V(L(7)) = E(7), and allow this
vertex to be added to every existing face. The simplicial complex A; has dimension |E(T)] — 2,
and thus A, has dimension |E(7)| — 1. Applying (52) to A, gives

where 771 ranges over finite multisets of pairwise compatible tubes of L(7), with the full tube
E(7) allowed. Since A is dual to the graph-associahedron Ppr(;)) and coning does not change
the h-polynomial, we have further

h(Pyro):B) . h(Ar,B) h(A., B) |
_ E(r = _ E@| _ E@)] Z ﬁ : (53)
(1= p)IEDI (1—=p)IE@ (1 - p)EF) —
For 7 = e, we use the convention A, = BT = {@}. Then dim A, = dimBT = —1,

h(A;,) = 1, and the multiset sum is 1.
The main result of this section will be

Theorem 4.3. For every rooted tree T,

er1(B) = MPgr (7)), B)-

In words, e,1(83) is the h-polynomial of the graph-associahedron of the line graph of 7. In
particular, e, 1(3) does not depend on the choice of root.

The proof strategy is identifying a bijection between functions z: E(7) — Z~¢ (attaching
natural numbers to edges of 7) and multisets 11 of pairwise compatible tubes of L(7), and
suitably constructing a functional Ji(x), such that, on the one hand

er1(B) T ()
(1= B)EDI — 'E(Z);Z B, (54)

and on the other hand
Ji(z) = m|.

S @ =3 g,
m

z: E(1)—Z>0

Since it is a bijection,

Then (54) gives
67- 1( |m|

which combined with (53) proves the theorem.
We implement this now, starting by giving the definition of Ji(x) (in fact J;(z) for natural
[) and constructing the bijection.

Lemma 4.4. Let T be a labeled rooted tree. For each function x: E(T) — Zs¢ and integer | > 1
define

Ze, .., if v is not the root,
ho(z) ::{ €int)

[, if v is the root,
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J(@) = Y (max we—hv(fﬁ)) ;

veV (r) ecout(v) +
out(v)#2

where ej(,) is the edge incoming to vertex v from its parent in 7, (a)+ = max(a,0) and out(v)
is the set of edges outgoing from vertex v to its children in 7. Then there is a bijection between
functions x: E(1) — Z~o and multisets 111 of pairwise compatible tubes of L(7) with the full
tube E(1) allowed, such that

Ji(z) = |m. (55)

Proof. Given z: E(1) — Z~y, define for each k > 0 the superlevel edge set

Eop(z) ={e€ E(1): xc > k}.

=

Let ®(x) be the multiset of all connected components of E-i(x), as k ranges over Z=s. Each
such component is a connected set of edges of 7, i.e., a tube of L(7). These tubes are pairwise
compatible: indeed, components at the same level are disjoint and non-adjacent, and components
at different levels are either nested or disjoint and non-adjacent.

The map @ is injective by

ze=14+#{I € ®(x):ecl}, (56)

where occurrences are counted with multiplicity. Indeed, e belongs to exactly one component of
E-i(z) for each k = 2,...,z. and to no component for k > z.; thus the right-hand side of (56)
is 1+ (xe—1) = ze.

We now show surjectivity. Let 771 be a finite multiset of pairwise compatible tubes of L(7),
with the full tube E(7) allowed. Define

zme)=1+#{I €M :ecI}.
We argue that ®(zy;) = 11 by induction on |171|. The base case 11l = @ is trivial. Assume
M + &. Let C4,...,C, be the distinct inclusion-maximal tubes appearing in 771. Since they are
pairwise compatible and inclusion-maximal, they are disjoint and non-adjacent, and thus they
are exactly the connected components of Exo(x). Let 11" be the multiset obtained from 171 by
removing one copy of each C;. Then

() = xm(e) —1, e CrU---UC,,
R Y e¢ CLU---UC,.

Consequently, for every k > 3,
Exp(zm) = Exp—1(zm).

Hence the components appearing in levels k& > 3 of ®(xj;) are exactly the components appearing
in ®(xy). By induction, ®(xy) = M. Together with the level 2 components C1, ..., C,, this
gives ®(xz;) = M, completing the proof of surjectivity.

Finally, we prove (55). Every connected component of E-i(z) has a unique top vertex
(closest to the root). For any v € V(7), the vertex v is the top vertex of a connected component
in F>p(x) exactly when at least one outgoing edge e of v has x. > k and either v is the root
or its incoming edge ein(v) has ., () < k. Since hy(z) = 1 < k at the root and h,(z) = z,, (v
elsewhere, these conditions are equivalent to maxeeout(v) Te = k > hy(z). Thus the number of
components of Ex(z) is

Z 1{ max x>k > hv(z:)}.
eV (r) ecout(v)
out(v)#2
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Summing over k > 2 gives

]_Z Z { max T, > k‘>hv(x)}: Z (eerglli)((v)xe—hv(ﬂf)>+=J1(ﬂf)

€out
k>2 veV(r) ecout(v) veV(r)

out(v)#2 out(v)#2
as desired. ]
We now prove a slight generalization of (54).

Lemma 4.5. Recall Ji(z) defined in Lemma 4.4. For every rooted tree T, we have

er1(B) _ Z 5Jl(x).

— BIEM)]
(1 6) z: E(1)—>Z>0
Proof. We argue by induction on the number of vertices of 7. For 7 = e, both sides are equal to
one. Suppose T = [11,...,7¢]. Since

4

|E(T)| =€+ |E(m),

=1

the definition of e, ;(3) gives

e’r,l(ﬁ) b S 67'1,5
A= pEal — B> 8 HZ

b>0 zlsl

Interchanging the b-sum with the s;-sums (permitted by Tonelli’s theorem) yields

eri(B) S ena(B)
ogr s X (00 5 )i

S1ye.0,8p21 b>max(0,max; s;—1) =1
y4
_ Z 5 max; $;—) 4 H €7i,si (5)
o — B)IE)]”
81,---,8021 =1 (1 ﬂ) '

By induction, this means

::]N

(lefrﬁ Z 6 max; s;—1)+ ( Z BJSi (x)) .

----- s¢21 =1 “z: E(1;)—=Z>0

The right-hand side simplifies to

Z Z - Z /B(maxi si—1) 4+ Jsy (i) Z ﬁJl(w)

$158021 21:E(11)—=Z>0 zo:E(10)—Z>0 z: E(T)—Z>0
concluding the induction step. O
The proof of the theorem is now immediate, given below.

Proof of Theorem 4.5. If 7 = e, both sides are 1. Hence assume |E(7)| > 1. By Lemma 4.5, we

have
era(B) S e

— B)IE()]
(1 'B) z: BE(1)—Z>0
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By Lemma 4.4, the right-hand side is equal to
Z gl
m

where 771 ranges over finite multisets of pairwise compatible tubes of L(7), with the full tube
E(7) allowed. By (53), this is equal to

h(Pg(r(r)): B)
(1= BIEDT

Combining, we have

67,1(5) _ h(P@(L(T))’/B)
(1— B)IE@I (1— B)IEMI

as desired. O

Having made the excursion to geometric combinatorics, we can now find the properties of
the polynomials e, ;(f) in the rich literature on graph-associahedra.

Corollary 4.6. The polynomials e, () are palindromic, monic, ~y-positive, and satisfy the
coefficient-wise inequalities

N|T|—1(/8) Lcoeff 67,1(/6) Lcoeff A|7—|—1(/8) (57)

Proof. The case T = o is trivial, with No(8) = Ao(5) = 1. Assume from now on that |E(7)| > 1.
Since L(7) is connected, Pyr(r)) is a simple polytope of dimension |E(7)| — 1, hence its h-
polynomial is palindromic and monic [44, Section 2.2]. Since L(7) is chordal, Py(r ;) is a chordal
graph-associahedron, hence its h-polynomial is y-positive [44, Theorem 11.6].

Finally, by [9, Theorem 9.2], for every connected graph G on m vertices one has

h(PQ%(Pm)’B) Scoeff h(PQ%(G),B) Scoeff h(PQ%(Km)a B)a

where P, is the path on m vertices and K,, is the complete graph. The graph-associahedron of
P,, is the associahedron, whose h-polynomial is N,,, (), and the graph-associahedron of K, is
the permutohedron, whose h-polynomial is A,,(3). Substituting G = L(7) gives (57). O

5 Matching the Fixed-Point and Memory Perspectives
The result in Theorem 3.3 can be connected to the invariant manifold perspective discussed in

Sections 1.1 and 2.1. Recall that HB on that manifold can be rewritten as (3) where g, satisfies
the fixed point equation (14). Then, write g5 (@) as a formal B-series [10, 31] to obtain

7|
rgn(0) = Y T;“gmw(o), (58)

TEITS
where g: U — R is the coefficient mapping (with the induced mapping g: 73 — R denoted by

the same symbol), g(@) = g(s) = 0. We stress that this is not really an equality but a formal
expansion. The next result is the characterization of the coefficients g(7) in (58).
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5.1 Matching Power Series
Proposition 5.1. Let a: U — R be defined by

=1, a()=—-(1-p8)"" (59)
a(t) = Bg(r) for|t| = 2.

Then it is the unique solution with initial conditions (59) to the following recursion (for T =
[T1,...,7¢] with £ >1):

1
a(t) = 0 G(Tl)'--a(Té)—ﬂ > alw)alr) - alr). (60)
1726‘77—731|;{2®}

Proof. By the composition rule (e.g. Faris [20]), we have

7|
tan(6 - 125 VLO) +125a0) ) = 3 T ax ) (r)TLO), (61)

|
B TETS ‘ |
where a * g is the subtree convolution, that is, (a * g)(@) = g(@) = 0 and
(axg)(7) = g(@)a(r) + Y g(rg)a(r{")...a(rn) = D g(rg)a(r{")...alrly).
mel, menl-

Similarly, by the composition rule,

ATl

T “(a*l)( T)VTL(0), (62)

h h
—mw <9 — mVL( )+ hzﬁgh(0)> = g;.

where [: UY — R is defined by I(@) =0, I(s) = —(1 — 8)7%, I(1) = 0 for |7| > 2, which means

1
(ax1)( Z W70 )a(r") .. - a(r)y) = ———=a(m1) ... a(7)

1
me-

for 7 = [r1,...,7]; in particular, (a *1)(s) = —(1 — 8)~!. Combining (61) and (62) gives

h h b
157k (0 “1_ VO + h259h(9)> + gy, <6’ — VO + h25gh(6)>
I7|
=2 ]fﬂ!{(a*l)(f)+(a*g)(7)}VTL(9).
€72

By (14), this equals

~ " Sre) + 126gu(0) = -

h h\T
T3 T3 + ) T)VTL(8).

l
LT

Matching the coefficients of each rooted tree in the formal B-series identity gives for 7 =
[T1,...,7¢] with |7| > 2

(ax1)(7) + (axg)(T) = By(T),
that is,

1
7 gm)alm) + Y galr)...alry) +g(r) = By(r).
meM - \{@}

30



Hence, the coefficients g(7) satisfy the recursion

1 1
o(7) = o gpa(r) )~ =5 Do el alrh)

meM - \{2}
with g(@) = g(s) = 0; the same is rewritten in terms of only the a mapping as (60).

By definition, the right-hand side of

p(nth) _ gn) _ <_h1_1ﬁVL(0) + h25gh(9)>

has a formal power series expansion (omitting )

vwz- G LS

0=6(n)

TET*[1:5] Jj=1"" reg 1))
For illustration,
B - _ BA+8)
a(:) _(1 _ 5)37 a(t) - CL(V) - ( _ 5)57
giving the update
(nt1) _gny _ __ N (n) hB 2 (n)
0 0" = 1_6{VL(0 )+(1_B)2v LO™)VLO™)
h*B(1 + B) 379 (n) (n)
WV L(6™)[VL(6™),VL(6™)]
2
+ h(f{l ;)B)VQL(O(”))VQL(O(”))VL(B(”)) +.. }

(63)

with the dots denoting higher-order terms in h. This is exactly the same update as we saw in
(9), the memoryless approximation of the corresponding order in the large-n limit. We now show
that, expectedly, this is true at all orders: in the limit n — oo, the memoryless approximation

coefficients are characterized by the same power series as in (63).
Taking the limit n — oo and formally (R — oo of the right-hand side in

R
o(nt+1) _ g(n) — Z hjdgn) R

< hVL™ (0 ﬁZhJ > E ) ~
9=6(")

) TET *[1:5]
in the full-batch case, we obtain the following formal expression:

—hVL — 52 > g VTL———V —BZ > a(n)VTL,

: TET *[1:75] : TET *[1:]]

() = 1 ifr=2,
T=Ya-p2e () itr#o

with e, 1(3) defined in Definition 3.8. We have the following proposition.

where we set
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Proposition 5.2. Let q be defined as in (65) and let

1 iftT =09,
a(r)=< —(1-p)7' ifr=.
—Bq(T) if |7] > 2.

Then a = a. In particular, the power series in (64) and (63) coincide.
Proof. Taking the limit n — oo in the full-batch special case of (34) yields
q(t) =q(m1)...q(7) + B Z a(70")a(m1") - - a(Tp)- (66)
mel,
This means that for every non-empty tree 7 we have

(q=a)(r) =q(m)+ Y a(g)a(r") .. alrin)

meNl,

—g(r) —a(r)...a(r) — B S a(a(r). . a(r) (67)

mell -
-0, (68)

1, ift =02,
0, otherwise.
By associativity,
gx(axq)=(gxa)xq=ecxq=q.
In other words, for any non-empty tree 7
g+ (@xq)(n)+ Y (@axq) (el - alrn) = alr),
meM-\{2}

or, equivalently,

(@axq)(r)=— Y (@axq))alr").  alrfy).

meM \{@}

Additionally, (a * q)(@) = 1. A simple induction shows that only e satisfies this recursion and
initial condition, thus
a*xq=c. (69)

For any 7 with the number of vertices at least 2, we can rewrite (@ * q)(7) = 0 as

~ ]‘ ~ ~ m\ A m ~ m
0=a(r)+q(r)+ = ﬂa(ﬁ) cooa(m) + E q(m5)a(r?) .. .a(T‘m|).
meM \{o}
Im'[>2

Inserting q(7) = —a(1)/p yields

() = T gma(nan)..alm) ~ 1= X At
I75'1>2

This is the same recursion as (60). Since the initial conditions a(@) = a(@) = 1 and a(s) =
a(e) = —1/(1 — B) match, we conclude that a = a. O

This was a fact about formal power series, with no approximation or convergence implica-
tions. The corresponding finite-RR result gives closeness of trajectories.
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5.2 Matching the Trajectories

Recall the limiting memoryless approximation coefficients d§°°) (0) from (41). By (42), they are
given by

() gy _ 1
d(6) = - 5 VL(6),
de) -2 3 gnve), s
'TEff‘[l:j]
and rewritten as )
d§.°°>(e):ﬁ S an)viLe), =1
TET *[1:4]

Proposition 5.3. Assume L(-) € C*+t)V4(R4 R) and

sup|V/L(6)|| < Dj, je[1:(R+1)v4].
o
Then, for h small enough, the maps

FA(6) i= 6~ " VL(O) + 5g1(0).

R
Pi(0) =0+ 1d™ ()
j=1

satisfy

sup || F,(0) — P,(6)| < Csh™ 1,
OcRd

where C3 depends on R, 3, and {D;} but not on h. Consequently, two iterations
ot = F, ("), 6t = p, (™),
starting at the same initial position 8(©) = 00 € R?, satisfy the global closeness bound

max [|0™ — 6| < Cyh*, (70)
nel0:|T/h]]

on any finite time interval [0,T], where Cy depends on T, R, 3, and {D;} but not on h or 00,

Remark 5.4. Here 0 is the full-batch HB trajectory initialized on the invariant manifold, that
is, with
1
v = T3 VL(O) + hg,(6™).

The global approximation by the Pj-based recurrence would in general fail for other initializa-
tions, including the standard v(®) = 0: the initial momentum discrepancy can produce an error
of order h that persists during further iterations. The finite-n result, Theorem 3.1, handles this
issue. N

Proof. By the definition of gy, we have
F,(Fy(0)) — (1 + B)Fy(6) + 56 + hVL(F,(8)) = 0.
Accordingly, define the defect of the truncated map P by

En(0) := Py(Py(0)) — (14 3)Py(0) + 80 + hVL(P;,(0))
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R
= 3" W [d"(Py(8)) - d(8)] + hVL(Py(6)).
j=1

Taylor-expand d§-°°)(Ph(0)) up to degree R — j around 6, and VL(P,(0)) up to degree R — 1
around 6. By the composition rule, the coefficient before h™ in the resulting expansion of Ey(8),
m € [1:R], is

i' Z [(a xa)(t)— (14 Ba(r) +a(m) ... a(n)] VTL(6).
" reTe[1:m]
This coefficient is zero. Indeed, for the singleton , the bracket is
2a(e) — (1 + B)afe) + 1 = 0;
for |7| > 2, we have
(axa)(t) — (14 B)a(r) + a(11) ...a(m)
=(1-Ba(r) — 1 ?Ba(ﬁ) coa(Te) + Z a(rg’)a(r(") ... a(7,) =0
meM \{@}

12

by the recursion (60) for a. The kth derivatives of d® involve derivatives of L of order at
most j + k, and supg||P,(0) — 8| = O(h). Thus, under the assumptions, the remainder after
truncating the expansion in h at order R is bounded by O(h/RR=7+1) + O(hh®) = O(A*+1),
and we have
sup||Ex(0)|| < Cph®tL. (71)
0

The fixed-point equation gives

F '0)=0+ 1_hﬁVL(9) — h2g,(0).

Further, by the contraction mapping principle, the equation
S (00)
0=¢—> hid>(6)
j=1

has exactly one solution in @ for each ¢ € R? as long as h is small enough, because
Z?:l hjdg-oo)(e) is O(h)-Lipschitz. Thus, P}, (0) is bijective and in particular invertible.
The following two identities are now immediate from definitions:

F,(0) + BF, 1(6) = (1+ B)6 — hVL(8),
Py(0) + 8P, (6) = (1+ 8)0 — hVL(6) + Ex(P, ' (9)).

Subtracting them, we get
Py(0) = Fi(0) = —5(P; ' (6) — F,(9)) + Ex(P,(6)),
which after taking supremum norms and using (71) yields

S%P”Ph(e) - F,(0)] < ﬁsgpllpilw) — F, 1(0)] + Cph™Tt. (72)
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Let Kiuy,n be the Lipschitz constant of Fj~ 1 Recall from (83) and the proof of Lemma A.2 that

it can be bounded as 1 5

Ith < < bl
’ 1—hKy 1+
for small enough h (so that hKy < ) Then
1P, 1(8) -y, (0)]| = | By, (Fu(P,(0)) — F, ' (0)]
1

< Kinv i | Fn (P H(0)) — Po(P;1(0))]
< Kinv SngFh(a) - P,(0)].

K;

Inserting this into (72), we conclude

Sl;pllPh(a) — Fu(0)| < 6Kinv,n Sl;pHPh(ﬁ’) — Fy(0)|| + Cpn™*!

< 725wl P(6) — Fi(6)] + O™,
or
supl[P(6) ~ Fy(6)] < 5 Co
as desired. The global bound follows by a standard argument as in Lemma B.3. O

5.3 Finite-R Losses
Recall that the R = 2 correction to the loss in (9) is (up to a scalar multiple),

d
> oaLaL=|VL|*.

i=1

This corresponds to attaching a coordinate index i to the single edge of the tree 3, attaching a
first-order derivative 9;L to each of the two leaves and summing over i. For (R = 3, the correction
is (up to a scalar multiple)

d d
> > 0Lo,;Lo;L=VLV’LVL,

i=1 j=1

corresponding to attaching coordinate indices i,j to each edge of %, attaching corresponding
first- and second-order derivatives to vertices (the leaf incident to edge ¢ receives 0;L, the leaf
incident to edge j receives 0;L, and the non-leaf vertex incident to both edges receives 0;;L),
and summing over all indices. In general, for an unlabeled unrooted tree 7 € U define

(I)T(L): Z H ley (v) ZFdeg(v)(”)L

i: E—=([l:d]veV

where e1(v), . .., €qeg(v)(v) are the edges incident to v, the map i: £/ — [1:d] is a labeling of the
edges by coordinate indices, and (V, E) is a representative of the isomorphism class 7 (clearly,
(L) does not depend on the choice of representative).

Proposition 5.5. Fix R > 2 and assume L € C®(R% R). The following equality holds:

R
0+ > Wd o) =0 oo,

m=1

35



with the modified loss given by

R
ma ' er,1(B)
= L $(L);
Z 2m 2 Z |Aut(7)] ~(L);
m=2 TEU[m]
|Aut(7)| denoting the order of the automorphism group of any representative of the isomorphism

class T.
Moreover, under the assumptions of Proposition 5.3, we have for sufficiently small h

sup|[ VLI (6) ~ VL(8)] < (1 = A)Csh",

where

Lp:=L—hB(1-PB)Gh
is the full-order modified loss from Contribution 1. In particular, for every reference point 0, €
R,
(LR = La)(0) = (L) = La)(8.)] < (1 = B)Csh™ [0 — 6., 0 € R,

Thus, normalizing the losses in such a way that Lgm (0.) = Ly,(6,) = 0 leads to the bound O(h®)
on their difference uniformly on any fixed bounded set.

Proof. Fix m € [2:R] and 7 € U[m] with a representative G = (V, E). For each r € V, let
G, := (G, 1) be the rooted tree obtained by choosing r as the root. Directly differentiating, we
obtain

0a®r(L) = Z Zaaie1<r>~--iedeg(T)<r>L H aie1<v>--~iedeg(v)<v>L

i: E—[l:d)reV veV\{r}
- Z Z aaiel(r»--iedeg@)(wL H aiel<v>---iedeg(v)<v>L
reV i: E—[1:d] veV\{r}
Gr
- Z{V L}a7
reV

or in other words

L)=) VL.

reV

Group the sum over 7 € V by the orbits of the action of Aut(G) on V (r and 7’ lie in the same
orbit if and only if G, and G, are isomorphic as rooted trees):

Vo (L)= > [0]VoL,
OeV/Aut(G)

where 7o € O is a representative of the orbit O. The stabilizer group of ro under the action of
the group Aut(G) is precisely the automorphism group of G, as a rooted tree, whose order is
o(Gy, ), which gives by the orbit-stabilizer theorem

[Aut(G)]

O| = )
0] o(Gro)

and we can continue

[Aut(G)]

VEroL.
U(Gro)

Vo (L) = Y

O€V/Aut(G)
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Every rooted isomorphism class corresponds to exactly one pair consisting of an unrooted iso-
morphism class and a vertex orbit. This correspondence gives

eT,l(ﬁ) _ ep,l(ﬁ)
\Y (gu%m] At <I>T(L)) peg;[m] Lo VL

Inserting this into VLE?] and recalling (42), we have

R m—1
R] _ Bh ep1(B)
AELI e A
=2 peU®[m)]

m

R
=—(1-8))_ hmdie).
m=1

The gradient bound now follows directly from Proposition 5.3 since

v - v, = %(Fh — P).

The scalar-loss bound follows by integrating VLE?] — VL;, along the segment between 6, and

0. O

For example, since

®y(L) = VLI,
Pap(L) = VL'V?LVL,

and the automorphism orders of the two trees are 2, we have

1 h?
IVL|? + PUL PN G ey,

3] _ ph
RN 2(1 - )

(1-p)?
Note that neglecting the third-order derivative in

B(1+ B)h?

Bh oo
VILVL+ 50— g

8 _
VL =VL+ 55

[2(V2L)*VL + VPL[VL,VL]].

would generally result in a non-gradient. In particular, the principal iteration in Section 3.4,
while explicit and useful to capture instabilities, is typically not gradient descent.

6 Continuous Time

Our main theorems (Theorem 3.1 and Theorem 3.3) can be used to obtain useful additional
results for the analysis of HB. This section focuses on deriving continuous modified equations
of arbitrary approximation order (with rigorous bounds), as well as the principal flow capturing
the HB dynamics, generalizing Rosca et al. [47]. Due to their practical importance, we consider
both full-batch and mini-batch implementations.
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6.1 Moaodified Equation

The global approximation by a memoryless iteration (Theorem 3.1) helps find a modified equa-
tion or, in other words, an approximation by a continuous flow. Define the BEA coefficients

{£7(0)}72, by

J
n n 1 n n n
£9) = d\”(8) - Z S > @D ) e), (73)

with the ith Lie derivative Dgn) = fi(")l(o)a,. This formula is standard in the literature on
backward error analysis applied to numerical methods [30].
We now state the continuous approximation result.

Corollary 6.1 (Modified equation). Assume the conditions of Theorem 3.1. Let 0(t) = O(R;t)
be the unique continuous solution to the piecewise ODE in @

R—1
()= nfl o) (74)
7=0

ont € [tn,tny1] with the initial condition 8(0) = 0), assumed to exist on t € [0, T], where we
use the shortcut t,, := nh and the derivatives are one-sided at t,, t,,+1. Then for each h € (0,1/2)

sup [|0") — 6(t)|| < C5h*,
n€l0:|T/h]]

where C5 is some constant depending on 3, R, T and the uniform derivative bounds, but is
independent of n and h.

Remark 6.2. The ODE solution is easily proven to exist by classical existence results if @® = R¢,
but since @ is not restricted, we assume this to avoid uninformative technicalities. N

The proof is by Taylor-expanding 6(t) around ¢, at t,11 and rearranging; this allows us to
get the local error bound, which is then converted into the global error bound. Full details are
provided in Appendix D.1.

For example, the second-order approximation is

6(t) = — > VLD (9(1)) + hf{” (6(t) (75)
b=0
with
n b n—l
£57(0) ==Y BVPLOD(9) Y Y B VL 6)
b=1 =1 b/'=0

B %Zﬁbv%(wb) Z 8V LO) ().
b=0 y=0

In the simpler full-batch case (where all L(*) = L) (75) is rewritten as

. _ An+1
0(t) — —ll_ﬁﬂVL(G(t))
LB A (BT — pE) — g — g2 V2L(6(1)VL(B(1)).

2(1-p)°
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on the segment t € [tn,t,+1]. As n becomes large, the coefficients converge to those of the
autonomous ODE

. 1 145

0(t)=———=VLO(t) —h—/——=
The equation found in Kovachki and Stuart [38] (after fixing a small typo) is the same ODE.
For (76), initialization on the invariant manifold is enough for the guarantee (11) with R = 2,
but generally, initialization outside the manifold can lead to an O(h) trajectory difference. We
did not lose any information but gained a guarantee in the case of the common setting v(®) = 0,
typically outside the manifold. (A minimally modified argument would work for any ’U(O).)

V2L(0(t))VL(O(t)). (76)

Remark 6.3. Note that (76) can be rewritten as

610) = 259 { L g T IV o),

This can be seen as gradient flow with a modified loss [19, 38, 25]. However, for R = 3 this is
already not true: f?fn) (8) becomes close to

1+48+ 2 2 9 1+108+ 8% _,
WV L(0)V"L(6)VL(6) — wv L(0)[VL(6),VL(8)],
which is in general not a gradient. N

6.2 Principal Flow

In this subsection, assume that L =L. Using the same framework as in Section 3.4, we can
derive a “full-order” modified equation up to non-principal terms.

Corollary 6.4 (Principal flow). Define {zy(,? )} as such coefficients that the principal part of
f,ng)(e) is Zm){VZL( 0)}"1VL(0). Then,

zfg) = Z l Z p,(g) .. .p,(;;), (77)
=1 ki, k=1
ki+..+kj=m
where -
Py = o
*(fig’)lzgﬁ)u ifk>2
Moreover, the limiting sequence zﬁnoo) = limy, 00 zﬁg ) admits a generating function gg(z) :=

Py z,if%:vk given by

st = L (L2t T

The proof is given in Appendix D.2.
Informally, the “full-order” modified equation (called “principal flow” by Rosca et al. [47])
is approximately

O(t) = 3 A7 WV L(6(1)}"VL(6(t)) + NPT
k=0
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~ gs(hV2L(0(t))) VL(6(t)) + NPT

for large n. Taking § = 0, we recover the result of Rosca et al. [47] for GD.
For example, consider the one-dimensional case and L() = 62 /2. Its gradient is unbounded
but we can identify the invariant manifolds directly without appealing to Theorem 2.1. The HB

iteration (1) is solved by
O\  (1—h hB\" (6O
o™ ) T\ -1 B 00,
The general solution is

(1 —=h—=22)00 + hBvONY + (A4 +h —1)0©) — pBuO)A"

(n) —
’ Ay — A 5
o™ — ((B - A0 — 0(0)))@ + (9(0) + Ay — 5)0(0)))\2
Ay — Ao

with

14+ B8—h+\/(1—B—h)2—4Bh

= 5 ,

excluding for simplicity the case of a double root A\ = A_ (which happens for h = (1 £ /B)?).
For 0 < h < (1 — +/B)?, the square root is positive and 0 < A_ < Ay < 1. The \; eigenspace
{(0,v) : v =540} with s4 := (A + h —1)/(hB) is an invariant graph: if the initialization is on
it, that is, v(©) = 5,0, then

At

6 = 190, (78)

It is attractive since D — 5 90D = X (v — 5, 0(™)). The solution of the principal flow
0(t) = gg(h)6(t) in this case is

1+6—h+\/(1—6—h)2—4ﬁh>}7 (79)

8(t) = 6(0) exp{zln( 5

coinciding with (78) at points ¢t = nh.
For large step sizes (1 ++/B)%2 < h < 2+ 28, the A_ eigenspace {(0,v) : v = s_0} with
s—:=(h+X_—1)/(hp) (blowing up as h — 0), is invariant and attractive. If the initialization

happened there, the solution will be
o) = \np0),
This also coincides with principal flow (79) by choosing appropriate branches of the complex

square root and logarithm. We illustrate both situations in Fig. 1.
For intermediate step sizes (1 —+/B)? < h < (14 +/B)?, the eigenvalues are not purely real:

, 1+58—h
)‘:I: = \/Beilwv COSY = ————=—, P& (0777)7
2V
and the invariant eigenlines v = s460 are complex. Taking the square root with a positive
imaginary part and the logarithm so that log Ay = %ln B + iy, the complex principal flow has
the solution

Y AYIC) ) _ (0)
z(t) = <9(0) - i(l h)é +f/%vsin<p V5o COS@) exp{z(;lnﬁ +ig0>}

whose real part coincides with the HB trajectory at points ¢ = nh, that is

1—h)eO 0) _ (0)
Re z(nh) = 0™ = g"/? [9(0) cos(ny) + (L= h)677 + f/%vsincp VBT cos o sin(ngp)]

for every n > 0, and any v(®.
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- principal flow = principal flow
HB HB init. on manifold
1.01 A start 1.0 O HB init. off manifold
X end A start
0.5 0.5 1 —= X end
fer) @ =
€ 00 * A e 0.01-= - / DALY D
—0.51 —0.51
—1.0 1 -1.01
-1.5 T T T T T T T -1.5 T T T T
-0.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
Re 6 Re 6
(a) Small h = 0.02 (b) Large h = 3.38

Figure 1: Principal flow (8 = 0.7, #°) = 1) corresponding to the quadratic loss L(#) = 6?/2 on
the complex plane. It is purely real for small enough step size h. For high step sizes, it is not
purely real, and the real values 6(nh) capture the oscillatory behavior of HB (with HB exactly
matching the flow if initialized on the attractive invariant manifold).

7 Concluding Remarks

We studied the theoretical properties of gradient descent with heavy-ball momentum [43], one
of the simplest and most commonly used optimization algorithms with memory. We established
an approximation of the algorithm by a memoryless iteration to arbitrary precision. In the
full-batch case, this memoryless iteration is (roughly speaking) plain gradient descent with a
modified loss. This loss modification can be seen as implicit regularization by memory and can
sometimes explain good empirical performance [3, 50, 25]. In the stochastic (mini-batch) case,
additional implicit regularization by mini-batch noise can be identified. These insights can be
of practical importance in machine learning, not just for understanding existing algorithms,
but also for proposing new ones, e.g., by introducing (or strengthening) similar regularization
explicitly [23, 57]. In addition, analyzing the terms of the memoryless iteration revealed rich
combinatorics hidden inside the algorithm, which may be of independent interest.

Bernstein and Newhouse [5] note that “the precise role of EMA [exponential moving aver-
ages] is perhaps still an open problem” in optimization. Even though we focused the presentation
specifically on HB, one of the strengths of our techniques is that they can be used to study other
algorithms with decaying memory (defined by smooth enough functions of the parameter 8).
Thus, our paper not only takes a step toward the broader goal of understanding memory and
its effects on a specific optimization algorithm, but also outlines a more general framework that
can be used to analyze other algorithms. For example, our techniques could be used to study
other (ubiquitous) numerical methods with memory such as Adam [37] or Shampoo [28].
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A Proof of Theorem 2.1

A.1 Constants

Fix the constants defining I' as follows:

1+ )
! (1= B
D35+ D1Ds
§ =14 =2 : (80)
(1-p)°
3DsD3 + DDy
A=1 3
(1-5)
It will also be convenient to define the auxiliary bounds
Ky := Dy /(1= B)+ hp, (81)

A.2 Omitted Lemmas

Lemma A.1 (0 — ( is bijective). For small enough h and for any g € ', the function 6 — { =
0 — h(1 — B)"'VL(6) + h?Bg(0) is a bijection R — R,

Proof. This is proven the same way as in Kovachki and Stuart [38]. Specifically, for fixed ¢ € R?
and g € ', the map
h
0— ¢+ mVL(@) — h?Bg(0)

is Lipschitz with constant hDy/(1 — ) + h?36 = hK>, which is less than 1 for small enough h.
By the contraction mapping theorem, it has a unique fixed point. The existence and uniqueness
of the fixed point is equivalent to the surjectivity and injectivity of the map 68 — (¢ in the
statement. O

Lemma A.2 (T maps from I" to I'). For small enough h, the operator T defined in (15) maps
from T toT.

Proof. Take g € T'. By Lemma A.1, the function 8 + ¢ = 0 — h(1 — B8)"'VL(0) + h%Bg(0) is a
bijection. This function is continuously differentiable:

VoC(6) = I - 1 VPLO) + 173V (6).

For h small enough, this matrix is invertible. By the inverse mapping theorem, we see that the
inverse mapping is continuously differentiable with Jacobian

~1
Veole) = (1= 25 VP00 + 126Vg(6(0)) ) (33)

Therefore, the function T'g is also continuously differentiable with derivative

V¢Tg(() = MVC{VL(C) —VL(0(¢)} + 8Vc{g(0(¢))}
- h(ll_g) {V2L() = V2L(8(C)V¢O({)} + BVg(8(¢))VB(C)
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_ 1 2 o2 _ L 2 2 -
= 20 {v L(¢) -V L(O(C))(I 35V L(6(C)) + h ﬂvg(B(C))> }
~1
+ 39000 (1 {15 VPLO0) + 125V5(6(0)) )
1
— V2L(¢)
W= )
1
(- VP EO) + 125%a(0(0) ) (1 15T L0(0) + 126V (6(c)))
2 _ 2
= U VLD - sogioie) + o (1159720600 - 1599(0(0))
-1
— (V) — 125vg(0e) ) (1 - 15 VL00) + 12599(0(0)) )
VA - VILO)
_ =5 + BVg(8(¢))
+ (w000 - 1avae(0))
~1
{1 (1- 5w + avae0)) (34)

This matrix is symmetric for any g € I' because any square matrix A commutes with (I — A)~!
(provided the latter exists). We have proven that T'g is a continuously differentiable function
and its Jacobian is symmetric.

Bounding Tg We need to show that the norm of the function T'g does not exceed « for any
g € T'. We have for any ¢ € R?

supy||V2L(6)

Ira()l < el e~ 6(0) 1 + slato()

(where we used the definition of 7" in Eq. (15))

=l CLON| 1 oria¢)) 1250160000 | + slatercy

< Supellm((eﬂsupa”w( 1 ’ sulo||v2L<“’>‘>7

h B)? +<ﬂ+h1—ﬁ 0
D1Ds B
<(1—6)2+<ﬂ+h1—ﬂD2>7
<7, (85)

where the last inequality holds for all small enough h because

DDy
(1-p)?

N (m hl_ﬁﬁD2>'y s DID /(1= §) + fy =7 — (1 - 6) <,

Bounding the derivative of T'g Consider the expression ending in (84). We will use

I A e

h(1—5)
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g vseo |- (1- 125 vne0) + h26v9<e<c>>)1}
h

n H5v9<e<c>> (1= 257210600 + 12594(6(0))) h

and bound each of the three terms in the right-hand side separately.
The first term is easy to bound:

‘ VQL(C) V2L(9(C)) H

<h( 5lle 8¢l

H ! )+ 155(0(0)|
h(l—/ﬁ){l 1/3”‘25 }: et
Now we bound
i v ren]r - (1- v « wsvaon)

<yl (- v <e<c>>+h2/3v9<e<c>>)_l |

Notice that the eigenvalues of the matrix
h -1
1= (1= 259 L00) + 129 01c)) )

are of the form —h\;/(1 — h\;) where {\;} are eigenvalues of the matrix (1 — 8)"!V2L(0(¢)) —
h5Vg(0(¢)). For small enough h, we have

hmax|\i| < h{(1 — B)~'Dj + hps} < 1,

so we can bound

Ml N maxA (1= B)TIVEL(9(C)) — hBVg(8())]
[1—hA] = 1=nhA| © 1= hmaxi|Ai| 1= h[l(1—B8)~TVZL(0(C)) — hBVg(8(C)) |l
(1—B8)"1Dy + hpBs
S 1—-h{(1-B)"1Dy+ hB6}"

Similarly,
b, ) - ps
HBVQ(O(C)) (I — =gV L) +h 6V9<9<C>>> ST h{(1-B)"'Dy + hpo}
We conclude that
DsK, Dy (1—B)"'Dy+ hBo Bo
IVeTg(O)ll < 1_5 1—B1—h{(1—B)'Dy+hB3} ' 1—h{(1—B)'Ds+ hpB5}
- DsKi(1— {2 ) + Da ({25 + hB6) + B6(1 - B)

(1- 6)[1 —h{(1 = 5)" 1D2 + hpo}]
(D2 — hD3K1) (125 + hBo) + D3Ky + B6(1 — )
(1 =) = hr{(1 = B)~' Dy + hf35}]
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The inequality

(D3 — hDs K1) ({225 + hB5) + Dy K1 + B5(1— B)
(1= B)[1 = h{(1 = B)~"Dy + hf33}] S0 (86)

can be rewritten as

1+ ﬂ h2ﬁ DQ(DQ — hDgKl) D3 K,y
R a-pp  1-5°"

This inequality holds for sufficiently small h because the left-hand side converges to

h2B6% + <5— L+ he K1D3>6+

2
—(1=p)6 + D(Qltlz;)f?’ =—-(1-p)<0

as h — 0.

Bounding the Lipschitz constant of the derivative of T'g Consider the expression ending

in (84). To declutter notation, denote A; := (1 — B)"1V2L(0(¢;)) — hBVg(0(¢;)) for i € {1,2}.
First, decompose

2 2
VeTg(¢) - VeTg() =yt (Vhfl“i(gl)” - wgw(cm) (7 hAy

VZL(@; " (V2L< €D 5990012 ) (1 - o)™
G) —

( h(1—8)
*L( L(¢2)
h(l - 5)
L(6

_ ( (8! )()1 - 2L(6(¢2)) — BVg(0(¢)) + BVg(B(Q))) (I —hAy)~!
(VQL(())

S 59 (0¢) ) {1~ hay) !~ (1 = hty) )
=Ty — T, —T;,

where

V2L(¢1) — VQL (¢2)

T = Wi {I—(I—-h4)"},
2 2 2 2
T (v L(0<cl>> v L(% _ﬂ)L(G(Cz)) TVPLG)  soae) + Wg(g@z))> «
x (I — hAy)™,

21.(0
T (W _ ﬁVg<a<<2>>) (L= hA)™ — (1 — hdp) ).

To bound T1, use ||[I — (I — hAy) 7| < h }E{( 2 )lng;f}fﬁ&} and conclude

D3(1 = B)"'[(1 = B)"" D2 + h3d]
171 < 1= h{(1— B)"'D; + hpo} €1 — Caf|-

To bound T5, note that
Ve{VEL(6(C)) — VPL(C)} = VPL(6(C) (I — hA) ™ = VPL(()
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= (V3L(0(C)) — VPL(C))(I — hA) ' + VAL(¢)((I — hA) ™' — 1)
where A := (1 — 5)71V2L(0(C)) — hpVg(0(¢)). Therefore,

IV2L(8(¢1)) — V2L(C1) — < <c2>>+v2 ()]l
<supuv¢{v2L (0(¢) = VL I¢ — ¢l

Dysup,[|0(¢) — ¢ I
S1—n{(1=B)"TDy+hps}">"
D4K1—|—D3{(1— ) 1D2+h,8(5}

1—h{(1—pB)"1Ds + hpBd}

D3{(1 = B)~' Do + nf35}
L= h{(1-B)"'Ds + hBo}

1¢1 — G2l

Call + A 11 — G

<h

where the last inequality is obtained by bounding sup[|@(¢) — ¢ like for Eq. (85). Since also
BlIVg(0(¢1)) — Va(0(C2))ll < BAI0(C1) — 0(C2)ll < BA Slépllvca(C)HHQ — ¢

m

we conclude
(1= B)"HD4K1 + Ds{(1 — 8)"' Dy + hB36}] + BA

(1 - h{(1 - B)~'D2 + h36})? €1 — Gl

IT2] <

To bound T3, use

12 = hA)™ = (I = hAo) ™M = I — hAy) ™ Ay — Asl(I — hAs) ™|

h
<

S (b B) 1D, + 130
) ’ VQL(B(C1)1) :Bv%(e(@)) — hB{Vg(8(¢r)) — Vg<0<<2>>}H
h

D
) (1= h{(1 = B)~1 Dy + h3o})? [1 —35 " hm] 166 =6l

A=A D B e o)
S (- h{(1—B) 1Dy + hBsY)E T

and conclude

(1= 8)"'Dy + hpo) [(1 — B) "' D5 + hi3A]

(1= h{(1 - B)"' Dy + hps})* (IS ] F

1T5]] <

Combining, we get

IV¢Tg(¢1) — VeTg(C)ll
< <D3(1 —B) (1 = B)"' Dy + hf3?]
= 1—h{(1—B)"1Ds + h36}
(1= 8)"'[DsK1 + D3{(1 = B)"" Dz + hB5}] + A
(1= h{(1—B)~1Dy + hB6})*
(1= B)"'Da + hB8) [(1 — B) ' D3 + hBA]
(1—h{(1—B)~1Dy + hB6})°

)ucl Gl
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It is left to note that
D3(1 - B)"[(1 = B)"" D2 + h3d]
1—h{(1—B)~1Dy + hf35}
(1 — B)"'[DsK1 + Ds{(1 — B)"'Ds + hB5}] + BA
(1= h{(1—B)~1Dy + hB6})*
(1= B) Do+ ho) [(1— B)~"Ds + hBA] _ \
(1—h{(1 = B)~' Dy + hjs})’

_l’_

for all sufficiently small h since the left-hand side converges to

3D2D3 + D1 Dy
(1-p)?
as h — 0. O

FBA =A—(1-8) <A

Lemma A.3 (7T is a contraction). For any g1,g2 € I, we have

|Tg1 — Tg2|r < /g1 — g2|lr
with some o < 1.

Proof. Tt is proven in [38, Lemma 15] that for h small enough hKs < 1 and

sup [|T'g1(¢) — Tg2(C)|| < a1 sup [|g1(6) — g2(0)|| (87)
¢eERE 6cRd

with

Dy + hD3K h?
a1 =+ hs 21_53 ! 1—h/BK2

(D2 + hD3K1)(D2/(1 — B8) + hBd) + D3K1>
1-3 '

Next, fix ¢ € RY, g,g2 € I'. Let 61 be the preimage of ¢ under the mapping 8 — ¢;(0) =
0 — h(1 — B)"IVL(6) + h?Bg1(0), and O the preimage of ¢ under the mapping 0 + (2(0) =
0—h(1—pB)"1VL(0)+h?Bg2(0). Recall that the form of the derivative of Tg;({) is given in (84).
Decompose

(55 +

V¢Tg1(¢) — VeTga(C)
([ V2L(6y) _
= (M - ﬁV92(92)>(I - hAQ) t— <
B [VQL(OZ) —V2L(6y)
a h(1—p)

V2L(6y)
h(1—5)

— B{Vg2(62) — Vg1(91)}} (I —hAy)™!

- 5V91(91)> (I —hA)™

T

- 5V91(91)] (I = hA)™" = (I —RhA)TY),

~~

Ts

{VQL(Ol)
h(1 - 5)

where 4; = (1 — B)"'V2L(0;) — h5Vgi(6;), i € {1,2}.
To bound 77, first note

<7~
S h(1-B)

H V2L(6,) — V2L(0,)
h(1—5)

161 — 02]|. (88)

48



Since B b
¢=6— ——VL01) + h*Bgi(61) = 62 — ——VL(02) + h*Bg2(62),

1- 1-p
we have
16102l < {5 IVL(O) = VL(O:)]| + h*3|g1 (61) — 92(6) |
< 1hD2 101 — 0]l + h2Bllg1(61) — g1.(02)] + h25llg1 (8) — g2(62)]
< (1’”2 ; ma) 101 — 0] + h2B]91(0:) — g2(62)].

For h small enough, 7 hDy + h?B6 < 1, and we obtain

h28
161 — 62| < g h265”gl(02) — g2(02)]]- (89)
Continuing (88), we get
V2L(61) — V2L(0 D h?
H (hl()l_ﬁ) (62) ’ < h(1—3ﬁ) = th/B W55 supllg1(8) — g2(6)]
_ (- 5)’1hﬁD3

=D gy e (©) o)l

Next, use

1IV91(61) — Vga(02)| < [IVg1(61) — Vg1(02) || + [|Vg1(62) — Vga(6s)]]

<

<01 — 02 + SI;PHV91(9) —Vg2(0)|
_ 1%

S hD2 hQBé 0

sup||g1(0) — g2(0)|| + Sl;pHVsh(@) - Vg (0)]

with the last inequality by Eq. (89). As previously, using ||(I —hA;)~Y| < [1—h{(1—B)"' Dy +
hB8}]~!, we can now conclude

(1-8)"'hBDs e > 0) — g2(0
||T1||<((1 s T G ) o) - el
5

M D, hgﬁésngVSh(O)—ng(@)”.

To bound T5, use

[(1 = hA2)™ — (I = hA) Y| = hlI(I — hA2) " [A2 — Ad)(I — hA) |

h
) (1—h{(1 - B)"1Dy + h3s})” 142 = i
h V2L(6,) — V2L(6
= (1*h{(1*,8)71D2+h,85})2 ( 21)_5 ( 1) _hB{Vgg(Og)—vgl(al)}H
h (1— B)~'h?BDs + h3B%\
) (1= h{(1 = B)"' Dz + hBo})’ { 1 2D: — p235 supllg1(0) — g2(6)]
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+ hp SngVgl(G) — Vag2(0)|

1—B)"'h3BD3 + h*B2\
b (1(— h{fi - ﬂ)ﬁ_llg)g + hﬁﬁ5})3 Sgpngl(m R

h2
Taona- B)—ﬁlpg hpay) orIve )~ Va0l

and conclude

((1 = B)"'Da + hB5) [(1 — B)"*h2BD3 + h3B2)]
(1—h{(1 - B)~1Ds + hs})°

-1
o wo

IT2]| <

sgp\lm(@) —g2(0)||

Combining the bounds on 77 and T5 gives
|VeTg1(¢) — VeTg2(C)|| < Sl;PHgl(e) —92(0)|| + a2 Sl;PHVgl(e) —Vga(0)|l,

where
- (1-58)"'hBD;s h232)
aq = 5 -+ 5
(1-hr{(1=B)"'Dy+hB6})" (1 —h{(1—B)"'Ds+ hBs})
N (1= B)"'Dy+ hBo) [(1 — B)"'h*BD3 + h*52)]
(1= h{(1 = B)"1Ds + hBo})”

_ Bh{Ds/(1 - B) + hpA}
(1— hK,)? ’

- B (1= B)"'Da+ hBo)hs B

a9

)

= —|— .

1=h{(1=B)""Da+hB6} * (1 - h{(1—B)~1Dy+hps})* (1 —hKy)?

Combining with (87), we get
s%pHTm(C) —Tg2()|l + SlépHVng(C) — VTga(€)||
< (a1 +an) Sgpllgl(f)) —92(0)|| + a2 Sgpllvm(@) - Vg2 (0)|l.
Since as h — 0
o= B, & —0, da—f,

we have for small enough h that

1
o= (a1—|—d1)\/d2<%ﬂ<l.

Lemma A.4 (Exponential attractivity). Equation (1) satisfies

v 4 1_16VL(0(0)) — hgn ()

where py, := (1 + hDo/(1 — 3) + h%8) < 1 for all sufficiently small h.

1

I

<
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Proof. Define

Vi(6) = _1—15VL(0) + han(0),

so that (0™, V;,(8(™)) lies on the invariant manifold. Define the variables obtained by applying
the HB update from this point:

) = BV, (6™) — VL(O™), "D =9 4 ppn ),

They also lie on the invariant manifold, that is, 5™+D = V;,(8+D). Moreover, the ordinary
variables are expressed through the hatted variables as

,U(n-i-l) _ ,l/]\(n-i-l) + ﬁe(n)’ e(n-‘rl) _ é\(n-i-l) + hﬂe("),

with the error
e .— () _ Vh(B(")).

Therefore,
e < Bllet™ | + V(8 D) — Vi (87T + hBe™))|
<
\ﬂ<1—|— 1—ﬁ+h 5>He I,
where we used that Vj, is Lipschitz with constant Ds/(1 — 3) + hd. O

B Proof of Theorem 3.1

In the proof of this theorem, O(-) will denote a term that is bounded (in absolute value or in
norm) by a constant times the argument, where the constant cannot depend on n or h but can
depend on other fixed values (like R, T', 3).

Lemma B.1. For all @ € D and all m € [1:R], we have

v'd™(0) = 0(1), V'd"™ (@) =0(™), rel0:2R —m). (90)
Proof. Note that if dﬁf)(a) actually appears in the sum on the right of (22), then [ + 1
cannot exceed m — 1, because [l + 1 > m would mean ¢ < 0 and this term is ac-

tually absent (there are no history terms if ¢ = 0). Therefore, &(Jf’a)(ﬂ) is defined by

{(fign’S)(g)}lgjgmfl,lgsga and {d§"75)(0)}1gjgm. By the same logic, from (21), d$,?>(0) is de-

fined through {dgn’k)(g)}lgjgm—l,lgkgn'

So, we prove (90) by induction in m. For m = 1 it is easy to check. To prove that the
statement holds for m assuming that it holds for all m’ < m, we notice that since there is
exponential averaging in the definition of dfﬁ)(g) and the derivatives of the mini-batch losses
are bounded, we have

O SS Y Y e

k=1 7,1>0 (Z'O,u-,il)eg{i,l
i+l=m—1
n n
Sy S e e -om
k=1 4,020 k=1
i+l=m—1
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Adding V" in front of dg,? )(9) influences only the number of terms in the sum (but it remains
bounded) and constant coefficients in the bounds above (the induction assumption is chosen
such that we can still apply it if we add derivatives to the history terms), so the statement
v d™(9) = O(1) also holds.

Using this and bounds on the previous history terms (and their derivatives), we can also
see

1d) (9)| < Za: Z Z Gho+ I+

s=1 j>1,i,1>0 (ko,...,kl)Eg{Ll
i+j+l=m
a

SN si+lgi:l(1+...+sm-1)gzsm—lgaw
S= =

s=1 5>1,i,1>0
i+j+l=m

Again, adding V" in front of “J} ) (0) only influences the number of terms in the sum (though it

remains bounded) and constant coefficients in these bounds. This proves vrdy ’“)(0) = O(a™),
completing the induction step. O

Lemma B.2. We have ("% — (") = O(kh) for any k € [1:n).

Proof. This follows from the fact that the right-hand side in (5) is O(h), because dg.n)(B) =0(1)
by Lemma B.1 and

R—1
R X 1 ()
B = < 2 o(1),
I

where (a) is because h is bounded away from 1. O

Recall that, by definition, (23) will follow from the following bound (25) on the error
introduced by removing memory. By Taylor’s theorem, we have

R—-1
VLE-R (h) = 3 LgHILeR) (g0 (9K — () . 6=k _ gm) | Rem™H),

£ gl
1=0

i times

where

1 1
(n—k)y _  +~ _ \RrR-1
Rem _((R—l)!/o(l t)
x YR+ (n—k) (é(n) + t(é(n—k) — é(n))) (é(n—k) —om .. gk _ é(n)) dt.

R times

Using the boundedness of derivatives of L("%)(.) and Lemma B.2, we can write

R—1
VLR (60 H) = 37 il,vmm—m (6) (60 — g0 k) _ g 1 O(R* %),
i=0

¢ times

(91)
We will now express the difference %) — (™) in (91) through 6.

Proof of Lemma 3.2. We induct over r.
For r =1 this is the assertion of Lemma B.2. Further, r > 2.
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Now make the induction assumption that (27) holds with r replaced by r — j for any
€l:r—1J.
Like in the proof of Lemma B.2, using d&")(e) = O(1) by Lemma B.1 and the fact that h
is bounded away from 1, we write for s € [1: k]

r—1
é(n_s'H) _ é(n—s) + Z hjd§n—s) (é(n—s)) + O(hr)
j=1

Inserting this, we get

9 B(n Z{an s) _ p(n— s+1)}

k

_ Z{Z hjd(n s) e(n—s)) + O(hr)}
k r—1 ' B

=-S5 " 1d"V (0 ) + O(kh"). (92)
s=1 j=1

By Taylor’s theorem,
(n—5) (5 "= 1 sn-9) (5 (@ 5
00 = 3 T ) @6
=0 7 times

1 ! —
el Al

% Vrfjdg,n—s) (07 + (6= — §)) (67— — §™)) s

r — j times

r—1-—j
Y LTI @) (@) 6 o)
=0 " ¢ times
r—1—j 1
(:) —'Vld(n s)(a( ))(é(n—s) . é(n)) 4 O(k:r_jhr_j)’ (93)
=0 " i times

where in (a) we used that the derivatives of d§3)(0) are bounded (Lemma B.1) and Lemma B.2;
(b) is just because s < k. By the induction assumption,

r—1—j
6= =" + 3" pldi™ (™) + Ok In ),
=1
which we insert into (93), giving
dg"_s) (é(n—s))
r—1—j 1 ~ r—1—j ~ ' . ' ‘
= 3 v (9<n>)< SO nld™ (67 + O(k’“ﬂh”)) +O(kIRr)
=0 =1
zti‘r:’les
( )'r—l—j 1 r—1—j
=y Ev% (Z n'd" (6 )+O(k’" Ipr=3)
=0 =1
¢ times
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1—j r—2—j
= Z Vzd(n s) ( Z hl A}Zf > _|_O(k.7‘—jhr—j)

1=0 -0

i times

® = pi+

1=0 =0

1 i 3(n—=s) /' p(n n,s) / A(n n,8) 1 A(n
* ol il!v‘i§‘ (6 ))(&(1 (@™, ....d (8" >)>
(%0,-.-,01)EK; 1 ~

10 times 4; times

+O (k")

where in (a) we used that components of Vidgnfs) () are bounded (Lemma B.1) and for ¢ > 1
we have (kh)(r=7) = O((kh)™7) because kh does not exceed T; in (b) we also used that
dln’s) (0) = O(s') by Lemma B.1. Inserting this into (92) gives

gn—k) _ g(n)

1
_Z hjdn s) (n— S))—I—O(l{}hr)

k r—
s=1 j=1
1

r— —jr—1—j—i

k r—1
S D ICD I A
s=1 =0

=1 j=1 1=0

X
(20,-+1) €Ki 1

1 i 3(n—s) rp(n n,8)  A(n n.8)  A(n
Z'0!--.2'1!v d§ )(0( ))(&(1 1(,0( ))""adl+1)(0( ))>
10 times i, times

k r—1
=2 > WO TN)+Okh)
s=1 j*l
k
1 o i )
= — Z h™ Z Z Z - . Vld(,” s) (G(n)) (Ci(ln,S) (g(n))7 o &En’f) (0("))>
s=1 521,120 (io,...,i1)€XK; 4 iol .. gl & o) ary (e")

i+j+l=m 0 times i; times

+O(K"h")

r—1
(2) S hmdER (60 + Ok ),

m=1

where in (a) we used (22). We have completed the induction step for (27). O
We will now conclude the proof of (25). Inserting (27) into (91) gives

v (k) (é(n*k))
R-1

=> Z'V’“L(” k) <Z R (6M) + 0(/&#)) + O(k* ™)
- 1 times
Z VZ“L(” R (Z R ( > +O(K*n™)
1 times
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_ Z szrlL(n k) <Z hmA(rrTLLJfl ) +O(kmhm)

ztlrnes
R—1
m 1 7 n— A(n n,k) [ Aln n,k n
SX Y Y T ) (@ @), 6
m=0 Ziéi?n (20,“.,11)6\7(@1 io times i, times
+ O(K*p*)

where in (a) we used that for i > 1 we have (kh)™® = O((kh)®) because kh does not exceed 7.
Using exponential summation gives

_ zn: lava A (é(n*k))

k=0
— —VL(") (é(n))
m k 1
- Zh Zﬂ > > ol il
Zif?ﬂ (205-+81) €Ki 1
« it (n—k) (é(n)) <£l“gn,k) (é(n)), gl(zlk) (0(n))> +O(h%)
10 times 4; times
S zn: BFV LR (9
k=0
m 1
_Zh Zﬂkz 2 Bl
m=1 Zi§>(3n(zo, i) €K
% itlp (n—k) (é(n)) <&(1n,k) (é(n)% &Ezlk) (0(n))> +O0(h%)
20 ‘;irmes 47 times
= Z rd, (67) + O(h%),

as desired. Since (25) was sufficient for (23), we have proven (23) as well.
Lemma B.3. Equation (24) follows from (23).
Proof. The argument is standard. Define the error at the nth step

e .— g(n) _ gn)

and local error

50 = 60D _ G 4 3 G L) ().
k=0

where n € [0: |T/h|]. By definition and Taylor’s theorem, we have

e(m+1) — o) _y, Zn: gk (v L0=R) (9(n=k)) _ g (n=h) (g<nfk>)) _ s
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_ hz gk / V2L (G0R) 4 (9RO (9 ) — Gk gy — 50,
k=0

Since the derivatives of the loss are bounded, this implies
le®™ VI < (e +hCs Y BHle™ M| + (16|
k=0

with some constant C. Denoting s(™ := maxgcp<,||€® ||, we have

(a) .
s < s 4 hCrs™ 4 6™ = (14 hCr)s™ + (6™ < (1 + hCy)s™ 4+ C AR+
with some constant C7, where (a) is by (23). Applying this inequality iteratively, we obtain

(1+hC)" —1
7
(1 +hC)" -1 () eCrrh

1R <
07 ! C?

s < (1 + hCy)"s© 4 C1h*

Clhm § Cgecmlhhm § Cgec7Thm,

where in (a) we used the inequality 1 + z < e® for any x > 0, Cg is some constant. It is left to
apply it with n = [T'/h] and put C = CgeC7T. O

We have proven both (23) and (24), concluding the proof of Theorem 3.1.

C Proof of Theorem 3.3

Proof of Lemma 3.4. We prove this by induction in m.

Induction base The singleton tree has only the empty marking, and
E.(’bea—’é*") _ E.(;Ll—l)

n—l—a

— Z IBbVL('rLflfafb) :E.(;L_)i_a

Induction step Let r be the root of 7, v,...,vp its children, 7q,...,7, the corresponding
subtrees rooted at the children, Vi, ..., V} their vertex sets (partitioning [1:m]\ {r}). From the
definition,

n—l—a a+b Y/
n—l—n bl+1 7 (n—l—a—b) (n) 1 n—l—n)
B = Y AL [T B S E g
=1 =1 =1

which means

n—l—a
> ELL =D ) B

meNl, me- b=0
vi€m vi¢m
a+b a+b
0+1 1 (n—l—a—b) Z (n—l—n) Z Z (n—l—n)
x V7L En,mﬁvl,l” ET@ I/+ve €m + T¢,mNVp, l’ W ¢ m
I'=1 I'=1 =1
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n—Ii—

a
= > 2 B"x
m1€Mry ma 67777_\,_1 b=0

a+b l

041 7 (n—l—a—b) Z (n—l—n) Z (n Z (n—Il—n)

xV L Eﬁ,nzl,l’ ) ETg I/ v € m2 + T, 17220\/5 4 Ué ¢ mo
I'=1 =1 I'=1

n—l—a
= Z ﬁbx
m2€M\,,  b=0
a+b a+b
o i+ [ (n—l—a-b) [Z Z T:':mll?” . ZETZ ’ v£€1722+z TZ,H;‘Z v UZ¢’722:|
U'=1m1€M I'=1 I'=1

Here, we used the one-to-one correspondence between markings m not containing v; and pairs
(m1,mga), where m; is a marking of 71 and my is a marking of the tree 7\ 71. Now we apply the

induction hypothesis (since 71 is a smaller tree) and replace anlemn Egl;zlfl/n) ith Ei )l e

n—l—a
ORI VI

mel, memT\Tl b=0
vigm
Za+b () " 4 Z
L+1 7 (n—l—a—b) n (n—l—n)
XV L ETl,l+l’7 Tt ETZ I -ve € m2 + Te,m2NVy, l’]'W ¢ ma
I'=1 '=1 '=1

We deal with the case v € m similarly, obtaining

n—l—a
D M o

mell, ma€NMl\ ., b=0
v1EM
~ L) ~ L) §= gt
l+1 71 (n—l—a—b n n n—Il—n
L [ B S B S B
=1 =1 =1
Adding the latter two equations and using Z?,Hi e l +v T Zl, 1 T?)l/ = Zf,i“ﬁ b Eil )l, gives
n—l—a
—1 b
> ELL= ) X8
mel- 172267717.\71 b=0
l+a+b n) (n ) )
0+1 —l—a—b n (n—Il—n
xV L(n v |: Z En e ETZ I/ v € m2 + Z Tg,maNVy, l’lw ¢ ”22:|
=1 =1 =1
Continuing the same argument with va, ..., vy, we will arrive at
n—l—a l+a+b l+a+b (n)
n—l—n) _ byrl+1 1 (n—l—a—b n
S Bl = 3 AV w5 R
mel, =1 =1
By definition, the right-hand side is equal to Ei l)+ .» completing the induction step. O

Proof of Lemma 3.5. Consider the following operation. Choose a partition of [1:m] into ¢ + 1
disjoint non-empty sets (Vg,{V1,...,V;}), where 0 < i < m—1 (one of the sets is privileged, but
the order in the other ones does not matter); choose a labeled rooted tree 79 € T *[Vy] with root
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vg € Vp, another labeled rooted tree 7 € J°*[V1] with root v; € Vi, and so on, up 7 € T°*[Vj]
with root v; € V;.

Now, assign to each of v1,...,v; a parent among vertices of 79 in all possible ways, by
choosing all mappings from {vy,...,v;} to Vp. Write the following expression corresponding to
the family of all such assignments:

l l
ViECD [Z EW, ... Efﬂ . (94)

=1 '=1

This way, we have constructed a family of labeled rooted trees 7 € J°[1:m| with roots of
T1,...,T; marked.

For example, consider m = 3. When i = 0, there is only one partition V5 = {1,2,3} and
nine corresponding marked trees (with no vertices marked):

||
23 2 3
Vol
1 1 1

3 1
IR
Vol
2 2 2

I
12 1 2
VoL
3 3 3

When ¢ = 1, there are six partitions listed below with corresponding marked trees

3 2

[

2 3

Vo= {1},Vi= {23} | |

3 1

Il

Vo= {20, Vi = {1,3} 4 |

2 1

Il

Vo={3}vi={12} | }
3 3
2 3 ‘2 1 3 l
Vo= {1,25,vi=g Y 1Y
3 2 ZL 1 2 l
Vo—{3hvi=f2y ¥ | Y |
1 1
N S
={23vi=01} ¥ L Y |

When ¢ = 2, there are three partitions with corresponding marked trees

Vo={1}Vi={2LVa={3}
Vo={2hVi={1}Va={3} Y
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1 2

Vo={3hVi={1hVa={2} Y
Sum the expression (94) over the choices of a partition and the trees 79, ..., 7;:

Z Z V'E Toa [ZEnw“ ZET,L,Z’:|'

=0 (Vo,{V1...,Vi}) 70T °*[Vol,...,.i€T V4] I'=1 I'=1
partition of [1:m]

m—1

.

Since all marked trees in 7 °[1:m] can be constructed this way and are counted exactly once in

this sum, this equals
> 2 B
T,m,a

TET *[L:m] meNl;

But > ,cm. Eg,;fl_m) is E%:— . by (32). Hence, we have obtained

l
E E \Y Eroa)|:§ :ET - E‘ri,l’:| - ET,H—a'
=0 (Vo,{Vi...,Vi}) 70€T*Vol,...,Ti€T*[Vi] I'=1 I'=1 TET *[1:m]
partition of [1:m)]

m—1

Recall that m!/o(7) labeled rooted trees correspond to the same unlabeled rooted tree. Hence,
this can be rewritten as

iy Vol!
> )3 ‘<')

=0 (Vo ,{V1..,Vi}) mo€U*[Vol],... €U [|Vi]]

partition of [1:m] (95)
Y AR ml o)
<vE & B = T e

TEU® [m)]

Let us fix 7, (ko,. .., km—j—i) € Kim—j—i and count the number of partitions with |Vy| = j,
where among {V1, ..., V;} there are kg sets of size 1, .. ., ky,—j—; sets of size m—j—i+1. First, we
choose the elements of Vb in (j ) ways, then we order the remaining elements in (m—j)! ways and
assign the first kg elements in this ordering as singletons, the next k; pairs as two-sets, and so
on. Notice that each partition of V' \ Vj will be counted ko! . . . by j—i!11K0 . (m—j —i+1)km—ii
times (because the order of sets with the same length does not matter, and the order within
each set does not matter). So, the required number of partitions is

(m> (m — j)
3 ) kol hmj_i! 1o (m — j — i 4 1)lem—i
m!
_J‘kO' Ko — j— i111ko ..(m—j—i—kl)!km—j—i'

Thus, (95) can be rewritten as

m! 1
Z ]{30' 72' Z O'(To)

1=0 j=1 (k07 km— i— 1)€J/{zm —j—i

! !
iBD L (n) L ml )

TEU®[1] Tell'[m—j—i+1] TEU® M|

Ot

-~

ko times km—j—; times

where 11150 ... (m — j — i+ 1)%¥m—i=i canceled out with [Vp|!|V4|!...|Vi|!. Dividing both sides by
m! completes the proof. O
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Proof of Theorem 3.3. We prove (35) and (36) by induction over m > 2.
For m = 2, they are already verified above. Note also that the second statement holds for

m =1 as well:
k

S

By definition,

n—1 m—1
. 1
dyw =533 > ol i

. . 10: .
b=0 £=0 (Z07"'7/Lm—1—2)6‘7(£,m—1—l
—1— ,b+1 b+1
xV‘“L("lb)<&§"+),..., &S;;) >
R —
10 times tm—1—¢ times

Insert the induction hypothesis (recall that (36) holds for m = 1 too):

n—1 m-1
) 1
d =53 S >, A ——

b=0  ¢=0 (io,-yim—1-¢)EKp,m—-1-¢

b+1 b+1 1
it (n—1- b(z Z 717-- Z Z (7(7’)E£7’1l)>

=1 TEU‘[l] =1 reU*[m—{]
10 times tm—1—¢ times

The sum over U°®[s|, repeated is_; times, generates a list of i5_j-tuples of trees with

s vertices. On this list, each multiset of i5_; trees with multiplicities pf,..., ufu.[sﬂ appears

(HT i;? ) times. Therefore, in the large sum above each multiset of £ trees with the total num-
U [s]|

ber of vertices m — 1 and matching the vertex-count multiplicities i, . . ., %,_1—¢ (equivalently,

each tree 7 with m vertices whose root has ¢ children matching these vertex-count multiplicities)

appears
ia!

o is—1! _ io! 1!
1;[ s e (DY T (s (r ) By (7))

times, and we can rewrite

n—1 m—1
1

WL 2 2 T2 (i ()1

b=0 =0 (i0,-ersim—1-0)ERKt m—1—2 T=[T1,...,Te] EU*[M]:
7 matches i9,...,%m_1_¢

b+1 b+1

1 1
041 7 (n—1—b) (n) (n)
x VL <a(7’1) E E“’l’”"a(rg) E En,l>'

=1 =1

- Koy (7))

Using (13) simplifies this further:

n—1 m—1 1
RO VD> >
" . , o(7)
b=0 =0 (ig,.osim—1—2)EKe,m—1—2  T=[T1,...,T]EU[M]:
7 matches ig,...,0m_1_¢

b+1 b+1
% véJrlL(nflfb) <Z E(n Z E )
T, Tyl

=1
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n—1 m—1 b+1 b+1 n)
SRd CD DENED DI -1 o Ll W) AU 985
b=0  £=0 T:[n,...,n]eu'[ ] =1 =1

1
=-A Z (7-

TEU® M|

We have proven that under the induction hypothesis for smaller m, (35) holds.

By definition of the history terms in (22) and the induction hypothesis, to prove (36) it is
enough to show (37).

By the induction hypothesis and (35) already proven, the left-hand side of (37) is

—_

m—

1
> [ B A (96)

5 k!
=0 (koyooskm—i—1) €Ki m—i—1 met

D S S R R L B

r=1reuen) U'=1reU*[m—i]

~
ko times kpm—i—1 times

+ﬁz Z ko! . : 1 (98)

kil
J=2 =0 (ko,....km—i—j)EKim—i—j med

i 1 (nl 1 (n)
Y T E > el S ] e

I'=1r1eue" [1] I'=1reU*[m—i—j+1]
ko Eirmes km—i—; times
—1
)ONEEEDS 1 (100
B kol.. . km—i_1!

i=0 (ko, km_i1)EXim—i—1
l

XZﬁbvz+1Ln - b[z S o l”._ Z 3 a(lr)E%] (101)

I'=1rele[1] U'=1reU*[m—i]

~
ko times kyp—i—1 times

m—1
-8 2. Fol " (102)

‘ ckm—i—q!
1=0 (ko,....km—i—1)€EKim—i—1 me

x V'E [Z > ——E.... Z 3 U(lT)Eif;?] (103)

I'=1 EU'[I U'=17eU®[m—i]

~
ko times ki —i—1 times

m—

oY e (100

kil
J=1 =0 (ko,....km—i—j)EKim—i—j meed

" ;[ [Z > LB B B 0

0'
4] r=1reusp 7 U'=171eU® [m—i—j+1]

.

ko times km—i—j times
Inserting E.(ﬁ_l) =3 l L gbw L(n=1-1-b) " we see that the sum in Egs. (100) to (103) evaluates
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to

3

1
2 R

ckm—i—1!
(k07 7km i— 1)€g{zm i—1 mee

7 n— l 1 n
> > e © et

Shgh

l'=17€U°[1 I'=1reU*[m—i]
ko times kyp—i—1 times
m—1 1 l (n) l (n)
it n=D) "
S RS R

1=0 7=[71,...,7;]€U*[M] I'=1 =1

By Lemma 3.5, the sum in Egs. (104) and (105) is
B Z Tl+1
TEU‘[m]

We have obtained that the left-hand side of (37) is equal to

m—1 l l
L i1yt (n) (n)
Z Z ﬁer L( )|:ZE71,I”""ZETZV + B Z Tl+1
=0 Trel®m] =1 =1 reusim) ’
T=[T1,...,Ti]

Combining this with (33), we see that the left-hand side of (37) is equal to the right-hand side
of (37). This completes the induction step and the whole proof of Theorem 3.3. O

D Proof of Corollaries

D.1 Proof of Corollary 6.1
Lemma D.1. For all @ € @ and all m € [1:R], we have
V(@) = 0(1), rel0:2R —m)].

Proof. If we express (n )(9) through {d(.n)} and their derivatives, the derivatives will be of the

form Vldg- ") where [+ j < m. Therefore, the derivatives in V" (”)(9) for r € [0: 2R —m] will be

of the form V d( ") where [ + J < 2R. So the result follows immediately from Lemma B.1. [

Lemma D.2. For all r € [1: R]

O(tn+1) )+ Z Wd" )+ O(h™). (106)

Proof. Differentiating, we get the exact equality on t € [t,, ty41]

; R
di6 » 0 pln .
= > e D ) O0), 1<i< R+ L
K1, k=1

Taylor’s theorem gives

m . .
ht dte hJH—l dJH—le
Oltnin) = 0(0) + > 0 S + /0 (1= )% S (b + sh) ds.

1=
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R R
1 n

i=1 " kyi,..,ki=
1 7 1
e (
+W Z hk1+ +km+1/0 (1_8)ﬂ(Dl(c .. ‘fkﬂ+1)( (tn+8h))d8
k1,.. 7kJ€+1_1
+Z S bR D fY)0()
! 1<k, ki <R
i<kit...+ki<R
* 1
+)° 5 S Bt (D;(!f) o D,ﬁ?flfé?))(f)(tn))
i=1 " 1<k, .. ki <R
R+1<k 4. Ak IR
Ly ' (n)
k1+--+kg R (0
+W Z R+ +ﬁ+1/0 (1—29) (Dk1 . k(k fkm+1)(0(tn+sh))ds
k1,.. ,k@+r1

o(t,) +Z ZhJ S DD FI)0(t)) + O(h*HY

=1 k1,...,k; =1
P

J
= 0(tn) + hjz,l S . DP £I)O(t)) + O(h*HL

where in (a) we used Lemma D.1 and in (b) we used (73).

It is left to use the boundedness of dg.")(e) in the region of interest (Lemma B.1).

Lemma D.3. The following global bound holds:

sup  ||0™) —0(t,)|| < Coh*,
n€l0:|T/h|]

where Cy is some constant.

Proof. Note that 6(0) = 9”(0)7 the local error bound is already proven in Lemma D.2, and each

J

d(-n)(-) is Lipschitz because their derivatives are bounded by Lemma B.1. So this result follows

by the same standard argument as for Lemma B.3 with 6™ replaced by 0(t,) and 0" replaced

by ().

To conclude the proof of Corollary 6.1, it is left to combine Lemma D.3 with (24).

D.2 Proof of Corollary 6.4

Lemma D.4. Neglecting non-principal terms, the following formula holds:

m -1 I+1 "
:Z( ) S va...vd” d”(6) + NPT.
=1 ki, k=1
k1+...+kl=m
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Proof. In other words, we need to show

£0(0)= > Cyys+NPT,

sw(s)=m

with
1 ifl=1,

C = . 107
=

where by s we denote expressions of the form Vdén) Vd( ) d(n) (), by w(s) their weight,
which is defined as k; + ... + k;, and by [(s) their length, Wthh is the number of nodes d,(ﬂ_) (
in this case). For two such expressions 41 and 49, we will write 4149 for their concatenation, for
example if 51 = d") () and 55 = Vd{" (0)d{" (6), then 519, = V(" (0)Vd\" (6)d\" (0).

We will argue by induction over m. For m = 1 the statement is obvious. Ignoring non-
principal terms, we can write

< 1 n n n
O =P O =Y 5 > VEY.VED £7(0)+ NPT
=2 k1,...,ki =1
ki+...+k;=m

Now using the induction assumption, we rewrite it as

1
fr(r?)( d(n Z ;' Z Z Cl(dl) R Cl(.f)i)dl ...4; + NPT
=2 kiyeki>l 91y
k1. +ki=m w(s1)=Fk1,...,w(s;)=k;

(a) ™ 1 (_1)[((11)+...+l(./)i)+i

= — ¢ e dg NPT
)= P 0. Ay ot
=2 kl,...,k}i>1 15035t

k1+...+ki=m w(s1)=Fk1,...,w(s;)=k;

m _1 7 _1 l(dl)+...+l(di)

s:w(s)=m =2 d1,~~~,d)z' %On-?mpty? l(dl) o l(di)
I=41...9;

s+ NPT

where in (a) we used that C; = (—1)"*1/l which is proven below, in (b) we used the definition
of Cj given in (107).
It is left to prove C; = (—1)"*1/I, or, equivalently, for [ > 2 we have

l

>C

3 L 2, (108)

=1 U st b
ILh+...+1;=l
To do this, note that
oo xn
In(l —2z) = —
1=y
n=1

l1,..,0i>1
4. +L=l
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and therefore the left-hand side of (108) is the coefficient before 2! in the power series

> E b ma- o) = ewftat -2} - 1= -,

i=1

which is zero for [ > 2. O

Equation (77) is immediate from Lemma D.4 and Corollary 3.9. Taking the limit as n — oo,

(00) . m _ N\~ (D (00) (o)
e i= lim ) =) == ) m
=1 k1,...,k;>1
k1+...+kl:m

where

(OO) *(1*,8)_1, lfk:].,
BT e ks

The generating function gg(z) := > 7 z,(ﬁ%xk satisfies

Zk (-1)!
[gﬁ(x)]k‘ = l+ 1 [{71 - ﬁgﬁ(l‘)}“_l] k—0’
=0

where [g(x)];, denotes the coefficient before 2* in the power series of g(x). Multiplying both sides
by «¥, summing over k and changing the order of summation gives

oo

Z[Qﬂ( ZZ {1+ Bgs(@)} et
i 1 xli {1+59 }l+1] 7Z$k—l
k=l

== > {1+ sl = —éz%mm%(m)}l
=0 =1

<+ —:1:+\/1— B —x) 4ﬁx>

1
=—In
T

as desired.

E Averaging over Dataset Permutations

Let M :=n + 1 be the batch count.

Recall that
kB+B

Z lng € [0:n],

r=kB+1

where {Zs}gil)B are per-sample losses and 7 is a random permutation of [1:(n + 1)B], dis-
tributed uniformly over all ((n 4 1)B)! such permutations.

Note that
VirX
ExV*(lrr) = DV (e = L) = 5y
Virxe
EWVQ(E,T(U - L)v(&r(l) -L)= 9

where ¥ is the empirical covariance matrix of per-sample gradients (7).
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Lemma E.1. The following expressions hold:

Viry EviOvLO —virvr+ M- gus.

21Oy M = y2 -~
E,V°LYVL VLVL SMB 1)’ 3B 1)

Proof. Indeed,

1 B 1 2B
271(0 1 2
E-VLOVLY =Er s > VPt D Veaiy)
r=1 s=B+1
= ErV?lr1) Vi) = VPLVL + ExV? (L) — L)V (Lr2) — L)

Virx
_ 2 _
=V*LVL SOMB 1)

and

B B
1 1
271(0 0 2
E,V2LOvLO) = Er DAY eﬁ(r)EE V(o)
r=1 s=1

== EEWV Eﬂ(l)V&r(l) + TEWV Eﬂ(l)V&r(g)

Virx +B—1
2 B

- ;(vQLVL n <V2LVL -5 Viry >

(MB—1)

M—-1
2
=VILVL+ —Vtr¥
V<LV +2(MB_1)V1“

completing the proof. O

Lemma E.2. We have

N . n n M-1 n 1
B.df(6) = (C53(6) + O BN VLV + ()51 - O Oz =

(L o) 7 o)) YIS
‘( T ”(”>V W“( 20 BRI ) ”(1)> B

where o, (1) are terms that go to zero as n — oo (for fixed [3) regardless of B € [1:n + 1], and

)VtrE

n 1— g1+ B) + B>+
o™ gy .- L , 109
n _2B2 + 2n(1 _ /82)/8%4—1 + 2/82n+2
M) = 110
Proof. Using Lemma E.1, we can write
n—1 b+1 n—1’
Eﬂdgn) (0) _ _BEW Z Bb Z Z Bb’vZL(nflfb)VL(nfllfb’)
b=0 U'=1b'=0
= OV (BEVALOVLO 4+ Of) (B)E,v2LO VLD
_ () e A va 2 (n) 21 Virx
0070(5)<V v +2(MB—1)Vtr >+CO71(6)<V v 72(MB—1)
_ (™) (n) 2 (n) M-1 1
= (Coyp (B) + Co1 (B)) VPLVL + <Co,0 (6)2(MB gy 0,1 (5)2(MB — 1)>Vtr§]

_(__ B o 2 _ p o Virx
‘( TP "(”>V LV“( 20— BRI+ ) "(”) B
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where C(%) (8) and C'(()jll) (B) can be calculated as

n—1 b+1

, _an 2n+1
éﬁ))(ﬁ) =B S g _ B =gt 48+ B

(1-BP2(1+8)  noe (1—-B2(1+5)

b=0 I'=1
n—1 b+1 n-1’

) =83 83" 8 - cliB)

b=0 I'=1b'=0

282 4 2n(1 — BBt 4 25202 L 232 B
(1-8)°(1+p) noo (1=p)3(148)
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