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Abstract

With limited high-quality data and growing com-
pute, multi-epoch training is gaining back its
importance across sub-areas of deep learning.
Adam(W), versions of which are go-to optimizers
for many tasks such as next token prediction, has
two momentum hyperparameters (β1, β2) con-
trolling memory and one very important hyper-
parameter, batch size, controlling (in particular)
the amount mini-batch noise. We introduce a
theoretical framework to understand how mini-
batch noise influences the implicit bias of memory
in Adam (depending on β1, β2) towards sharper
or flatter regions of the loss landscape, which is
commonly observed to correlate with the gener-
alization gap in multi-epoch training. We find
that in the case of large batch sizes, higher β2

increases the magnitude of anti-regularization
by memory (hurting generalization), but as the
batch size becomes smaller, the dependence of
(anti-)regulariation on β2 is reversed. A similar
monotonicity shift (in the opposite direction) hap-
pens in β1. In particular, the commonly “default”
pair (β1, β2) = (0.9, 0.999) is a good choice if
batches are small; for larger batches, in many set-
tings moving β1 closer to β2 is much better in
terms of validation accuracy in multi-epoch train-
ing. Moreover, our theoretical derivations connect
the scale of the batch size at which the shift hap-
pens to the scale of the critical batch size. We
illustrate this effect in experiments with small-
scale data in the about-to-overfit regime.

1. Introduction
Modifications of Adam (Kingma & Ba, 2014) such as
AdamW (Loshchilov & Hutter, 2019) and AdaFactor
(Shazeer & Stern, 2018) have become the standard optimiz-
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ers for important deep learning tasks like training language
models (Brown et al., 2020b; Anil et al., 2023; Touvron
et al., 2023; Dubey et al., 2024). Apart from the learning
rate, the most important hyperparameters are batch size
b, and momentum hyperparameters (betas) (β1, β2). The
choice of their values is a crucial part of preparing the train-
ing pipeline, and practitioners often employ commonly ac-
cepted heuristics when setting these hyperparameters.

Kingma & Ba (2014) recommend setting β1 = 0.9 and
β2 = 0.999. They report a grid search of β1 ∈ {0, 0.9} and
β2 ∈ {0.99, 0.999, 0.9999} on a variational autoencoder
training problem, comparing training speeds after 10 and
100 epochs. Based on this recommendation, the values
(β1, β2) = (0.9, 0.999) have become the default in many
libraries such as PyTorch and Optax. It is conventional
wisdom that adaptive gradient methods work well with their
default hyperparameters (Sivaprasad et al., 2020). This
practical success appears to be the reason why practitioners
rely on default values. Recently, β2 has been adjusted to be
smaller (specifically β2 = 0.95) when training large models
with AdamW (Brown et al., 2020b; Zhang et al., 2022;
Zeng et al., 2022; Biderman et al., 2023; Touvron et al.,
2023; Dubey et al., 2024) because it was observed that this
improves training stability. In short, (β1, β2) are usually
set by empirical tuning, whereas a foundational theoretical
understanding is limited.

When comparing hyperparameter values, different perfor-
mance metrics may be of importance. Large pretraining
runs have often been done with only one (or less) pass over
available data (Brown et al., 2020a). For such a run, some
of the most important metrics are training stability, opti-
mization speed, compute efficiency, etc. However, there
is a potential shift towards multi-epoch training because
of limited high-quality data (Villalobos et al., 2024; Kim
et al., 2025). In addition, parts of the post-training pipeline
are multi-epoch with high potential for overfitting (Xiao,
2025). For multi-epoch training, including pretraining under
data constraints (Kim et al., 2025), generalization properties
are important, such as the gap between validation and train
losses.

Given the existing, and potentially rising (after leaving the
spotlight for a while) importance of multi-epoch training,
we theoretically investigate how the choice of (β1, β2) and
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batch size b can affect loss landscape sharpness, a correlate
of generalization (Jiang et al., 2020; Foret et al., 2021). To
the best of our knowledge, this is the first such investigation.
We extend the framework of the implicit bias of memory
(Cattaneo & Shigida, 2025a), targeting specifically mini-
batch noise effects.

1.1. Organization and Summary of Contributions

We introduce in Section 2 the framework of finding and
interpreting implicit bias terms during mini-batch training
with an algorithm having memory (where presence of mem-
ory means the next iterate depends on the whole history of
previous gradients). This exposition is illustrative and uses
SGD with momentum as an example.

In Section 3, we apply this approach to mini-batch Adam.
We find that mini-batch noise has a large effect on which
(β1, β2) are better for generalization. Fixing β1 at usual
values (0.9 or 0.99), we ask which β2 is the best. For
small batch sizes, higher β2 compensates for implicit anti-
penalization of sharpness by memory in Adam, and there-
fore leads to better predicted generalization. Hence, the
default (β1, β2) = (0.9, 0.999) are suitable for very noisy
training in a regime where overfitting is a concern. How-
ever, as batches grow larger, the monotonicity direction
changes: in the low-noise setting, the larger β2 the stronger
anti-penalization of sharpness, the worse predicted gener-
alization. Hence, with large batches, it is best to take β1

and β2 close to each other. As we review in Section 1.2, the
prescription is consistent with a substantial body of empiri-
cal work, which showcases the usefulness of this theoretical
framework.

We show (in the same section) that a similar trend exists
when β1 is swept, with β2 fixed at a common value like
0.999. For large batches and full-batch training, the larger
β1 the better (consistent with Cattaneo et al. (2024)), but
this monotonicity reverts as mini-batch noise increases: for
small batches, β1 should be much smaller than β2 = 0.999,
again calling for default (0.9, 0.999).

In Section 4, we confirm our theoretical findings by training
a language model on a small dataset, allowing it to overfit
and comparing the best validation losses achieved.

1.2. Related Work

Tuning hyperparameters of Adam Ma et al. (2022) in-
vestigate theoretically and empirically the qualitative fea-
tures of full-batch Adam depending on (β1, β2), dividing
possible training into three regimes (oscillations, spikes
and divergence) and advocating for β1 = β2 for faster and
smoother training. The latter prescription is consistent with
our theory although we focus on different metrics (loss land-
scape sharpness / flatness), and we argue that increasing

mini-batch noise changes the conclusions and recommenda-
tions. Relatedly, Zhao et al. (2025) include Adam’s (β1, β2)
sweeps and find that if β1 = β2, Adam behaves similarly to
signed momentum (Signum), and the recently common set-
ting for language models (β1, β2) = (0.9, 0.95) is close to
this. For small batches, however, it is empirically observed
to be beneficial to increase β2 relative to β1. In particular,
Zhang et al. (2025) recommend (based on empirical sweeps)
taking smaller β2 relative to β1 if batch sizes are large and
higher when batch sizes are small, exactly matching our
theory-based prescription. There are other prior works ad-
vocating for that, and they use different principles (Porian
et al., 2024; Marek et al., 2025). To the best of our knowl-
edge, we provide the first theoretical argument based on
generalization. Other works that have a substantial focus
on (β1, β2) sweeps in Adam include Schmidt et al. (2021);
Orvieto & Gower (2025); Wen et al. (2025); Pagliardini et al.
(2025).

SDE approximations In the context of mini-batch noise,
theoretical analysis of many optimizers often employs ap-
proximations by stochastic differential equations (SDEs). In
particular, Zhou et al. (2020); Xie et al. (2022) approximate
Adam and SGD with (different types of) SDEs, and use the
escaping time from local minima to predict better general-
ization of SGD compared to Adam. The works Malladi et al.
(2022); Compagnoni et al. (2025) also approximate Adam
with SDEs under different assumptions and propose scaling
rules for hyperparameters. Zhou et al. (2024) focus on the
advantages of decoupled weight decay for generalization.
These works differ substantially from the present article in
purpose, methods and assumptions; in particular, typically
β1 and β2 are assumed to converge to 1 at certain rates as
step size goes to zero, whereas we consider them fixed. In
addition, we do not assume that mini-batch noise in the
gradients forms an i. i. d. random sequence (since we con-
sider sampling without replacement), we are agnostic to its
distribution, and we do not use distributional asymptotics.

Sharpness and generalization There has been a long
history of relating flatter minima to better generalization
(Hochreiter & Schmidhuber, 1994; Keskar et al., 2017; Jiang
et al., 2020). There has also been some criticism based on
the sensitivity of standard sharpness measures to rescaling
the network’s parameters even if it does not change the
network’s outputs (Dinh et al., 2017). In response, different
scale-invariant sharpness metrics have been introduced (Yi
et al., 2019; Tsuzuku et al., 2020; Rangamani et al., 2021;
Kwon et al., 2021); however, empirical evidence is still
mixed (Andriushchenko et al., 2023). Numerous works
have explored explicit sharpness penalization to improve
generalization, of which we can only name a few (Foret
et al., 2021; Kwon et al., 2021; Zheng et al., 2021; Kim
et al., 2022; Du et al., 2022; Liu et al., 2022; Li & Giannakis,
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2023; Xie et al., 2024; Tahmasebi et al., 2024; Li et al.,
2024). We study implicit, rather than explicit, penalization
but otherwise our theory-based perspective is consistent
with this literature.

Implicit bias A large strand of literature describes im-
plicit biases of optimization algorithms by proving conver-
gence to a max-margin solution (Soudry et al., 2018; Nacson
et al., 2019b;c; Qian & Qian, 2019; Wang et al., 2022; Gu-
nasekar et al., 2018a; Ji & Telgarsky, 2018b; 2019; 2018a;
Gunasekar et al., 2018b; Ji & Telgarsky, 2020; Nacson et al.,
2019a; Lyu & Li, 2019; Wang et al., 2021). The implicit bias
of weight decay in AdamW is tackled in Zhang et al. (2019);
Zhuang et al. (2022); Andriushchenko et al. (2024); Xie
& Li (2024); Kobayashi et al. (2024) and others. Implicit
regularization by biasing towards flatter minima at conver-
gence is studied in Damian et al. (2021); Arora et al. (2022)
besides works already listed. Most relatedly to our work, a
large body of literature demonstrates implicit penalization
of a gradient norm, using modified equations for SGD with
or without momentum (Barrett & Dherin, 2021; Miyagawa,
2022; Smith et al., 2021; Farazmand, 2020; Kovachki &
Stuart, 2021; Ghosh et al., 2023; Rosca et al., 2023), for
full-batch Adam (Cattaneo et al., 2024), or using correction
terms after removing memory (Cattaneo & Shigida, 2025a).
Beneventano (2023) studies the difference between SGD
with or without replacement with similar methods. We build
on and extend this literature.

2. Proposed Theoretical Framework
Let us start by formulating the setting of multi-batch training
for one (large) epoch, in which batches are sampled without
replacement, as commonly done in practice.

Definition 2.1 (Losses and gradients). We will assume there
are m batches in an epoch with each batch consisting of b
samples, N := mb samples in total, and the kth mini-batch
loss is defined by

Lk(θ) =
1

b

kb+b∑
r=kb+1

ℓπ(r)(θ), k ∈ [0 :m− 1],

where {ℓs}Ns=1 are per-sample losses and π : [1 :N ] →
[1 :N ] is a random permutation of samples chosen uni-
formly (that is, the probability of each permutation is 1/N !),
and θ is the vector of all parameters of a model. The full-
batch loss is the average of mini-batch losses:

L(θ) = 1

m

m−1∑
k=0

Lk(θ) =
1

N

N∑
r=1

ℓr(θ).

To slightly shorten notations, define n := m− 1 (so that Ln

is the last mini-batch loss). The loss gradient and its sign

deserve separate notations (omitting the dependence on θ
whenever this point is fixed and clear from context):

gi := ∇iL(θ), si := sign gi.

Definition 2.2 (Noise derivative tensors, empirical covari-
ance matrix). We will denote

dk := (Lk − L)(θ), dk,i := ∇i(Lk − L)(θ),
dk,ij := ∇ij(Lk − L)(θ), etc.

the mini-batch noise and its derivatives (omitting the depen-
dence on θ). Further, we define the empirical covariance
matrix Σ of per-sample gradients:

Σij :=
1

mb

mb∑
p=1

∇i(ℓp − L)(θ)∇j(ℓp − L)(θ).

Consider a general optimization algorithm that has memory
(recall that this means the update depends on the whole
history of previous iterates rather than one last iterate):

θt+1 = θt − ηF t(θt, . . . ,θ0).

depends on the whole history θt, . . . , θ0

(1)

Cattaneo & Shigida (2025a) convert it into a memoryless
iteration

θ̃t+1 = θ̃t − ηMaint(θ̃t)− η2 Corrt(θ̃t)

only depends on θ̃t (no memory)

, (2)

in such a way that the trajectories {θt} and {θ̃t} stay glob-
ally O(η2)-close for O(η−1) iterations, provided that the
main iterm and the correction term are carefully chosen:

Maint(θ) := F t(θ, . . . ,θ),

Corrt,r(θ) :=
t∑

k=1

∂Ft,r

∂θt−k
(θ)T

t−1∑
s=t−k

F s(θ).
(3)

We give the formal statement below.

Theorem 2.3 (Corollary 3.3 in Cattaneo & Shigida (2025a)).
Let D be an open convex domain in Rdim θ and F t ∈
C2(Dt+1;Rd) be a family of functions, such that for any
t ∈ Z≥0, k1, k2 ∈ [0 : t], r, i, j ∈ [1 : dimθ],

|Ft,r| ≤ γ−1,

∣∣∣∣ ∂Ft,r

∂θt−k1,i

∣∣∣∣ ≤ γk1 ,∣∣∣∣ ∂2Ft,r

∂θt−k1,i∂θt−k2,j

∣∣∣∣ ≤ γk1,k2
,

where γ−1, γk1 and γk1,k2 are families of positive
reals (not depending on t) satisfying

∑∞
k1=1 γk1k

2
1 +

3
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The Effect of Mini-Batch Noise on the Implicit Bias of Adam∑∞
k1,k2=1 γk1,k2

k1k2 < ∞ (sufficiently fast decay of mem-
ory). Then iterations

{
θt

}∞
t=0

and
{
θ̃t

}∞
t=0

, given in Equa-
tions (1) to (3) with the same initial condition θ̃0 = θ0,
satisfy

max
t∈[0:⌊T/η⌋]

∥∥θt − θ̃t

∥∥
∞ ≤ Cη2

for some constant C not depending on η.

2.1. Warm-up: SGD with Momentum

Let us consider the mini-batch version of the simplest al-
gorithm that has memory: SGD with momentum, given by
Equation (1) with Ft(θt, . . . ,θ0) :=

∑t
k=0 β

t−k∇Lk(θk).
We consider this simple example to introduce the main ideas
and concepts underlying our general framework; see Cat-
taneo & Shigida (2025b) for a fine-grained analysis of this
specific algorithm.

Theorem 2.3 gives an approximation (2) with

Maint(θ) =
t∑

k=0

βt−k∇Lk(θ),

Corrt(θ) = β

t−1∑
b=0

βb
b+1∑
l′=1

t−l′∑
b′=0

βb′×

×∇2Lt−1−b(θ)∇Lt−l′−b′(θ).

(4)

The approximating algorithm does not have memory, so
Maint and Corrt only depend on one point, which is already
a significant simplification. However, in this form these
expressions are still very complex and their analysis appears
impossible. The next move (due to Smith et al. (2021)), is
to put t = n and take the average Eπ over all permutations
of samples, which will inform us about the typical (average)
behavior of the algorithm. After some algebra, we find

EπMainn,r(θ) + η EπCorrn,r(θ)

=
1

1− β
gr + η

β + on(1)

(1− β)3

∑
i

grigi

+ η
β + on(1)

2(1− β)2(1 + β)

∑
i

Σii

b

or, in other words,

EπMainn(θ) + ηEπCorrn(θ)

=
1

1− β
∇
(
L+ η

β + on(1)

2(1− β)2
∥∇L∥2

+ η
β + on(1)

2(1− β)(1 + β)

trΣ

b

)
,

where on(1) denotes terms that decay to zero as n = m−
1 → ∞ (exponentially fast). This expression is non-random
and is much easier to analyze. We see two correction terms:

• implicit regularization by memory η β+on(1)
2(1−β)2 ∥∇L∥2

(present already in the full-batch case), and

• implicit regularization by stochasticity
η β+on(1)
2(1−β)(1+β)

trΣ
b (appearing as a result of mini-

batch noise).

The first term implicitly penalizes the squared norm of the
gradient, which is a first-order approximation of ℓ2 sharp-
ness (Foret et al., 2021): for small ρ,

max
∥ϵ∥≤ρ

L(θ + ϵ)− L(θ) ≈ max
∥ϵ∥≤ρ

∇L(θ)Tϵ = ρ∥∇L(θ)∥.

The second term implicitly penalizes gradient noise

trΣ(θ) =
1

mb

mb∑
p=1

∥∥∇i(ℓp − L)(θ)
∥∥2,

which is also related to flatness of the loss landscape, and is
predictive of generalization (Jiang et al., 2020).

Therefore, penalizing both these terms is predictive of mov-
ing toward flatter regions of the loss landscape, and improv-
ing generalization. This is why we can classify them as
“implicit regularization”.

2.2. Summary

Our proposed approach is to interpret implicit biases of mini-
batch versions of optimization algorithms with memory
using the following three steps.

1. Removing memory: use Theorem 2.3 to approximate
the algorithm having memory with a memoryless itera-
tion.

2. Calculating the average correction terms: take ex-
pectation EπCorrn(θ) to remove dependence on mini-
batch loss functions, and potentially make other simpli-
fications without qualitatively changing the situation.

3. Interpretation: interpret the terms in the resulting
expression, especially connecting to known sharp-
ness/flatness or generalization measures (Jiang et al.,
2020).

This simple, yet general framework offers a new approach to
understanding how mini-batch noise influences (on average)
the implicit bias of memory underlying complex optimiza-
tion logarithms used for deep learning tasks.

3. Mini-Batch Noise In Adam
We now apply our proposed theoretical strategy to Adam,
one of the most popular algorithms in deep learning. Its
iteration can be written in terms of three variables {vt},
{mt} and {θt} as follows.

4
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Definition 3.1 (Adam (Kingma & Ba, 2014)). The Adam
algorithm has numerical hyperparameters ϵ, β1, β2 > 0 and
the update rule

mt+1,j = β1mt,j + (1− β1)∇jLt(θt),

vt+1,j = β2vt,j + (1− β2)∇jLt(θt)
2,

θt+1,j = θt,j − η
mt+1,j/(1− βt+1

1 )√
vt+1,j/(1− βt+1

2 ) + ϵ
,

for j ∈ [1 : dimθ], with initial conditions v0 = 0 ∈ Rdim θ ,
m0 = 0 ∈ Rdim θ, arbitrary θ0 ∈ Rdim θ.

This can be written in terms of just one variable {θt} as

θt+1,j = θt,j − η

∑t
k=0 µt,k∇jLk(θk)√∑t

k=0 νt,k|∇jLk(θk)|2 + ϵ
,

where for k ∈ [0 : t], t ∈ Z≥0

µt,k :=
βt−k
1 (1− β1)

1− βt+1
1

, νt,k :=
βt−k
2 (1− β2)

1− βt+1
2

.

Recall from Definition 2.2 that dk, dk,i, dk,ij denote the
mini-batch noise and its partial derivatives. Accordingly,
we will use the notation O(dp) to mean “terms of order at
least p in (derivatives of) noise”. For example, all terms
of the form dk,ijdk,i are O(d2) and all terms of the form
dk,ijldk,ijdk,l are O(d3). In addition, we will use oϵ(1) to
mean terms that go to zero as ϵ → 0 (pointwise in other
quantities, that is, for all other quantities fixed), and on,ϵ(1)
terms that go to zero as n → ∞, ϵ → 0 (in this order).

The following simple assumption on the boundedness of
derivatives is typical in the relevant literature (e. g. Kovachki
& Stuart (2021); Ghosh et al. (2023); Cattaneo et al. (2024)).
Assumption 3.2 (Losses). Assume that per-sample losses
{ℓr(θ)}mb

r=1 are three times continuously differentiable and
uniformly bounded (by a constant not depending on m, b,
θ) in the region of interest.

3.1. Step 1: Removing Memory

Applying Theorem 2.3 under Assumption 3.2, we obtain
that the iteration

θ̃t+1 = θ̃t − ηMaint(θ̃t)− η2 Corrt(θ̃t), (5)

that does not have memory, is globally O(η2)-close to {θt}
for O(η−1) iterations, where the main term is defined as

Maint,j(θ) :=

∑t
k=0 µt,k∇jLk(θ)√∑t

k=0 νt,k|∇jLk(θ)|2 + ϵ
,

and the correction term’s definition is deferred to Ap-
pendix A.1 due to its length. These terms are still very
complex and difficult to interpret. Thus, we proceed to the
next step to simplify the analysis.

3.2. Step 2: Calculating the Average Correction Terms

The following proposition arises from expanding Corrt,j(θ)
up to degree-2 monomials in noise derivatives and then
calculating the average of the result with respect to permu-
tations of samples. In the gradient-dominated regime, as
opposed to noise-dominated regime, such an expansion is
sufficient to see the qualitative effect of noise.

Proposition 3.3. Suppose Assumption 3.2 holds. To avoid
division by zero, assume also that no component of full-
batch gradient g is exactly zero (at a current fixed point θ
which we omit). Then, the expectation Eπ of the correction
term with respect to the uniform law on all permutations
[1 :mb] → [1 :mb] satisfies

|gj |EπCorrn,j = FB(β1, β2)

+MBN1(β1, β2) +MBN2(β1, β2)

+MBN3(β1, β2) +MBN4(β1, β2)

+MBN5(β1, β2) +O(d3) + on,ϵ(b
−1),

(6)

where the full-batch correction is given by

FB(β1, β2) :=

(
β1

1− β1
− β2

1− β2

)
∇j∥g∥1,

and five mini-batch noise corrections are given by

MBN1(β1, β2) := C1(β1, β2)∇j∥g∥1
m− 1

mb− 1

Σjj

g2j
,

MBN2(β1, β2) := C2(β1, β2)
∑
i

(∇j |gi|)
m− 1

mb− 1

Σii

g2i
,

MBN3(β1, β2) := C3(β1, β2)
sj
|gj |

∑
i

siEπd0,ijd0,j ,

MBN4(β1, β2) := C4(β1, β2)
∑
i

1

|gi|
m− 1

2(mb− 1)
∇jΣii,

MBN5(β1, β2) := C5(β1, β2)
sj
|gj |

∑
i

gij
|gi|

m− 1

mb− 1
Σij ,

with the values of {Ci(β1, β2)}5i=1 deferred to Ap-
pendix A.2.

We provide the proof in Appendix A.4. For very small
batches, these degree-2 monomials may not be enough to
achieve an accurate approximation. However, our predic-
tions will be directional, and we will see empirically that
there is no phase shift in the high-noise regime, making
the (likely infeasible) analysis of higher-order terms hardly
useful.

3.3. Step 3: Interpretation

We need to analyze each term in the right-hand side of
Equation (6). Since the analysis can be different for different
choices of hyperparameters, we will confine ourselves to

5
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Figure 1. Schematic illustration: validation accuracy vs. β2 across regimes.
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Figure 2. Minimal validation perplexity (before overfitting) of Transformer-XL trained with Adam on WikiText-2 with different batch
sizes, learning rates {10−3, 10−3.5, 10−4}, β1 = 0.9, ϵ = 10−6 (averaged over three iterations).

situations where one of the betas is fixed at a reasonable
value and we are seeking the best value of the other beta,
based only on loss landscape flatness metrics (as discussed
in the introduction). Specifically, we will focus on two
settings: first, how to set β2 if β1 is fixed (at, say, 0.9 or
0.99); second, how to set β1 if β2 is fixed at the “default”
value 0.999.

How to set β2 if β1 is fixed We will start by focusing on
the setting where β1 is set at its default value 0.9 and β2 is in
the interval [0.9, 1) (aligning well with common practice):

β1 = 0.9, seeking best β2 ∈ [0.9, 1).

It is the simplest to deal with the terms containing
MBN4(β1, β2) and MBN5(β1, β2): Lemma A.1 implies

that they can be neglected because they are small compared
to other terms. In addition, we argue in Appendix A.3.1 that
the term containing C3(β1, β2) is neutral for generalization.

We are left with the sum of three terms: FB(β1, β2),
MBN1(β1, β2) and MBN2(β1, β2). The first term
FB(β1, β2) anti-penalizes (if β1 < β2) the 1-norm of
the gradient, which is a first-order approximation of ℓ∞-
sharpness: for small ρ, one has

max
∥ϵ∥∞≤ρ

L(θ + ϵ)− L(θ)

≈ max
∥ϵ∥∞≤ρ

∇L(θ)Tϵ = ρ∥∇L(θ)∥1.

Thus, we can refer to this term as anti-regularization, same
as in the setting with zero noise (Cattaneo et al., 2024).
The term containing C1(β1, β2) (it can be checked that it

6
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Figure 3. Minimal validation perplexity (before overfitting) of Transformer-XL trained with Adam on WikiText-2 with different batch
sizes, learning rates {10−3.5, 10−4, 10−4.5}, β2 = 0.999, ϵ = 10−6 (averaged over three iterations).

is positive in our setting) provides regularization: it also
penalizes the ℓ1 gradient norm although the magnitude of
this penalization in each component j depends on the per-
component noise-to-signal ratio Σjj/g

2
j .

The term containing C2(β1, β2) is more complicated, so
we resort to the following simplification. Suppose that at
a current point θ the per-component noise-to-signal scale
Σii/g

2
i can be replaced with one constant describing its typi-

cal value, the “simple noise scale” Bsimple from (McCandlish
et al., 2018), given by

Bsimple :=
trΣ∑
j g

2
j

=
trΣ

∥g∥2
.

Of course, we lose the per-component variance of Σii/g
2
i

but this replacement should not qualitatively change conclu-
sions about the effect of noise. After such a replacement,
the terms MBN1(β1, β2) and MBN2(β1, β2) look the same
up to coefficients:

C1(β1, β2)
∇j∥g∥1
|gj |

m− 1

mb− 1
Bsimple,

C2(β1, β2)
∇j∥g∥1
|gj |

m− 1

mb− 1
Bsimple.

We can conclude that the aggregated effect of the
terms in the right-hand side of (6) is providing implicit
(anti-)penalization of an approximate non-adaptive sharp-
ness measure, with magnitude Ctotal

(
β1, β2,

m−1
mb−1Bsimple

)
,

where

Ctotal(β1, β2, λ) :=
β1

1− β1
− β2

1− β2

+ {C1(β1, β2) + C2(β1, β2)}λ.
(7)

If Ctotal(β1, β2,
m−1
mb−1Bsimple) > 0, this can be interpreted as

regularization, otherwise as anti-regularization.

It remains to find out what is the nature of the dependence
of (7) on λ. The following fact is easy to check.
Lemma 3.4. If λ ≥ 0.5082, the function Ctotal(0.9, β2, λ)
is strictly increasing in β2 ∈ [0.9, 1). If 0 < λ < 0.494, it
is strictly decreasing in β2 ∈ [0.9, 1).

We have obtained the following prediction: for fixed β1 =
0.9, on the interval β2 ∈ [0.9, 1) the quantity (recall that
N = mb is the number of samples)

N/b− 1

N − 1
Bsimple (8)

reverts the dependence of the approximate “regularization
magnitude” (7) on β2: if it is significantly less than 0.5,
(7) is decreasing in β2, and if it is significantly higher than
0.5, (7) is increasing in β2. Theoretically, the transition
happens very quickly around the point where the batch size
is 2NBsimple

N+2Bsimple−1 (although simplifications that we made likely
make the theoretical transition quicker than it is in practice).
This is schematically illustrated in Figure 1.

If β1 is fixed at 0.99 rather than 0.9, the qualitative picture
is the same except the transition between increasing and
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decreasing Ctotal(0.99, β2, λ) is less sharp. The relevant
lemma is below.

Lemma 3.5. If λ ≥ 2.685, the function Ctotal(0.99, β2, λ) is
strictly increasing in β2 ∈ [0.9, 1). If 0.5 < λ < 2.684, it is
strictly convex in β2 with a unique minimizer inside (0.9, 1).
If 0 < λ < 0.499, it is strictly decreasing in β2 ∈ [0.9, 1).

In summary, for both cases (β1 ∈ {0.9, 0.99}): if (8) is
much higher than 0.5 (batch size small enough), the co-
efficient is increasing in β2 at least near 1 (the higher β2,
the higher the penalization of sharpness, often leading to
better generalization), and it is best to take β2 as high as
possible while keeping the training stable (e. g. 0.999); if
(8) is significantly less than 0.5 (batch size large enough),
the coefficient is decreasing in β2 (the higher β2, the lower
the penalization of sharpness, often leading to worse gener-
alization), and it is best to take β2 as low as possible while
keeping the training convergent (e. g. β2 equal to β1).

How to set β1 if β2 is fixed Next, we will consider the
one-dimensional sweep of a different kind, where β2 is fixed
at some (say, default) value and β1 varies. This sweep is
less common in practice but it still useful for understanding
the full picture:

β2 = 0.999, seeking best β1 ∈ [0.9, 1).

The following lemma describes this situation.

Lemma 3.6. If λ ≥ 1.002, the function Ctotal(β1, 0.999, λ)
is strictly decreasing in β1 ∈ [0.9, 1). If 0 < λ < 0.995, it
is strictly increasing in β1 ∈ [0.9, 1).

In this case, we can conclude: if (8) is much higher than
one (batch size small enough), the approximate “regulariza-
tion magnitude” (7) is decreasing in β1 (the higher β1, the
weaker the bias towards flatter regions, the worse general-
ization), and it is best to take β1 is low as possible while
keeping the training stable (e. g. 0.9); if (8) is much less
than one (batch size large enough), the coefficient is increas-
ing in β1 (the higher β1, the higher penalization, the better
generalization), and it is best to take β1 as high as possible
while keeping the training convergent (e. g. β1 = β2).

Conclusion At this point, we found that in the high-noise
(small-batch) regime the choice of default hyperparameters
β1 = 0.9 and β2 = 0.999 makes sense. In the low-noise
(large-batch) regime, our theoretically motivated suggestion
is to take β1 roughly equal to β2, but we have not yet found
out at which value. The following lemma aims to answer
this question.

Lemma 3.7. The function Ctotal(β, β, λ) is strictly increas-
ing in β ∈ [0.5, 1) for any λ > 0.

Therefore, the value at which β1 = β2 should be taken is
likely quite close to 1.

After this (partly mathematical, partly heuristic) theoretical
analysis, we can arrive at the following concluding rule of
thumb.

If (8) is much higher than 1 (batch size smaller than
NBsimple

N+Bsimple−1 ), take β1 as small and β2 as large as possi-
ble while keeping the training stable enough (e. g., the
default values β1 = 0.9, β2 = 0.999 are a reasonable
first choice).

If (8) is significantly less than 0.5 (batch size larger
than 2NBsimple

N+2Bsimple−1 ), take β1 = β2 as high as possible
while keeping the training convergent (e. g., β1 = β2 =
0.999 is a reasonable first choice).

The analysis above provides a novel theoretical perspective
on the dependence of the best choices of β1 and β2 on the
batch size. Of course, we made some bold simplifications,
justifying only directional rather than precisely quantitative
predictions. In particular, Bsimple technically both depends
on the hyperparameters of the training run, and varies during
training. However, only the scale of this quantity matters,
and it is not difficult to estimate (McCandlish et al., 2018).
Thus, the concluding rule of thumb can guide practical
choices of β1 and β2, avoiding very large grids.

4. Experiments
We train Transformer-XL (Dai et al., 2019) on WikiText-2
(Merity et al., 2017) with different batch sizes and learning
rates. The implementation follows Dai et al. (2019); Zhang
et al. (2020) as in Kunstner et al. (2023). We fix the default
value β1 = 0.9, and sweep β2. The model quickly overfits
as training loss continues to go to zero. Therefore, we train
for sufficiently many epochs to let the model overfit, and
plot the minimal validation perplexity achieved, depending
on β2.

The results are shown in Figure 2. We observe that in
small-batch Adam, larger β2 mostly helps the model gener-
alize better (decreases minimal validation perplexity), and
this behavior smoothly transitions into the opposite as the
batch size increases. Note also that the improvements from
tuning β2 are quite substantial (getting up to 13.01%; see
Appendix B for additional details).

Similarly, we sweep β1 fixing β2 = 0.999, and observe
in Figure 3 that increasing the batch size largely reverts
the dependence of the optimal validation perplexity on β1

(for small batch sizes, taking β1 = 0.9 is near-optimal,
whereas for large batch sizes it can be highly suboptimal and
taking β1 much closer to β2 is better from the perspective
of generalization).
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A. Theoretical Analysis: Details
A.1. Omitted Expression

In Equation (5), the correction term Corrt,j(θ) is given by

Corrt,j(θ) :=
Lt,j(θ)

Rt,j(θ)
− Mt,j(θ)Pt,j(θ)

Rt,j(θ)3
, (9)

with the following auxiliary notations used:

Mt,j(θ) :=

t∑
k=0

µt,k∇jLk(θ),

Rt,j(θ) :=

√√√√ t∑
k=0

νt,k|∇jLk(θ)|2 + ϵ,

Lt,j(θ) :=

t−1∑
k=0

µt,k

dim θ∑
i=1

∇ijLk(θ)

t−1∑
l=k

Ml,i(θ)

Rl,i(θ)
,

Pt,j(θ) :=

t−1∑
k=0

νt,k∇jLk(θ)

dim θ∑
i=1

∇ijLk(θ)

t−1∑
l=k

Ml,i(θ)

Rl,i(θ)
.

A.2. Values of Constants

The values of {Ci(β1, β2)}5i=1 in are given by

C1(β1, β2) :=
1− β2

1

β1(1− β1β2)
+

(1− β1)
2

β1(1− β1β2)2
+

3(1 + β1)

2(1− β1)(1 + β2)

− 2

β1(1− β1)
+

3

2− 2β2
+

3

(1 + β2)2
− 2,

C2(β1, β2) :=
(β1 − β2)(β1β

2
2 − β1β2 + β1 + β2

2 − 2β2)

(1− β1)(1− β2)(1 + β2)(1− β1β2)
,

C3(β1, β2) :=
[
(1− β2)(1 + β2)

2(1− β1β2)
2
]−1{−2β2

1β
5
2 + (β2

1 + 8β1)β
4
2 + (−5β2

1 + 2β1 − 4)β3
2

+ (2β2
1 − 2β1 − 1)β2 − 2β1β

5
2 + (2β1 + 1)β2

2

}
,

C4(β1, β2) :=− (β1 − β2)
2

(1 + β1)(1 + β2)(1− β1β2)
,

C5(β1, β2) :=
β2(β2 − β1)(2β2 − 3β1 − 1)

(1 + β1)(1 + β2)2(1− β1β2)
.

A.3. Simplification of Terms

First, the following lemma implies that the terms containing C4(β1, β2) and C5(β1, β2) are small compared to other terms
and can therefore be neglected.

Lemma A.1 (C4(β1, β2) and C5(β1, β2) are small). The following bounds hold:

sup
β2∈[0.9,1)

|C4(0.9, β2)/C1(0.9, β2)| < 3× 10−4,

sup
β2∈[0.9,1)

|C5(0.9, β2)/C1(0.9, β2)| < 4× 10−3,

sup
β2∈[0.9,1)

|C4(0.99, β2)/C2(0.99, β2)| < 10−3,

sup
β2∈[0.9,1)

|C5(0.99, β2)/C2(0.99, β2)| < 6× 10−3,
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sup
β1∈[0.9,1)

|C4(β1, 0.999)/C2(β1, 0.999)| < 6× 10−5,

sup
β1∈[0.9,1)

|C5(β1, 0.999)/C2(β1, 0.999)| < 5× 10−4.

Proof. Direct numerical optimization verifies this result.

A.3.1. THE TERM WITH C3(β1, β2) IS NEUTRAL FOR GENERALIZATION

We assert that C3(β1, β2)
sj
|gj |

∑
i siEπd0,ijd0,j provides neither regularization nor anti-regularization, i. e. is neutral. We

start by rewriting

sj
|gj |

∑
i

siEπd0,ijd0,j =
sj
|gj |

∑
i

siEπ(∇ijL0 −∇ijL)d0,j =
sj
|gj |

∑
i

siEπ∇ijL0d0,j .

In the gradient-dominated (as opposed to noise-dominated) regime, the sign of a mini-batch gradient component is typically
the same as the sign of the full-batch gradient component: sign∇iL0 ≈ sign∇iL = si. Then

sj
|gj |

∑
i

siEπ∇ijL0d0,j ≈
1

gj

∑
i

Eπ(∇j |∇iL0|)d0,j = Eπ
d0,j
gj

∇j

∑
i

|∇iL0| = Eπ
d0,j
gj

∇j∥∇L0∥1.

The factor d0,j/gj can be equally likely positive or negative, so there is no preferred choice whether the 1-norm of the
gradient is penalized or anti-penalized. Since our interest is the sign of (anti-)penalization, we can interpret this term as
neutral for our purposes.

A.4. Proof of Proposition 3.3

The plan is to first expand Corrn,j(θ) up to degree-2 monomials in noise derivatives (that is, up to O(d2)) and then calculate
Eπ[·] of the result.

A.4.1. EXPANDING THE CORRECTION UP TO QUADRATIC TERMS IN NOISE

Proposition A.2 (Expansion of the correction up to quadratic terms in noise). The additive components Ln,j(θ)/Rn,j(θ)
and Mn,j(θ)Pn,j(θ)/Rn,j(θ)

3 of the correction defined in Equation (9) admit the following formal expansion up to O(d2)
and vanishing quantities as ϵ → 0:

Ln,j(θ)Rn,j(θ)
−1 =

[
Ln,j(θ)Rn,j(θ)

−1
]
0
+

[
Ln,j(θ)Rn,j(θ)

−1
]
1
+

[
Ln,j(θ)Rn,j(θ)

−1
]
2

+O(d3),

where1

[
Ln,j(θ)Rn,j(θ)

−1]
0
=

∇j∥g∥1
|gj |

n−1∑
k=0

µn,k(n− k)(1 + oϵ(1)),[
Ln,j(θ)Rn,j(θ)

−1]
1
= [skipped],[

Ln,j(θ)Rn,j(θ)
−1]

2

=
1

|gj |
∑
i

gijsi
|gi|2

n−1∑
l=0

l∑
k,p=0

µn,k

3ν2
l,p − νl,p − 2µl,pνl,p

2
d2p,i(1 + oϵ(1))

+
1

|gj |
∑
i

1

|gi|

n−1∑
l=0

l∑
k,p=0

µn,k(µl,p − νl,p)dk,ijdp,i(1 + oϵ(1))

+
1

|gj |
∑
i

gijsi
|gi|2

n−1∑
l=0

l∑
k=0

∑
0≤p<q≤l

µn,k(3νl,pνl,q − µl,pνl,q − µl,qνl,p)dp,idq,i(1 + oϵ(1))

1We skip the monomials of degree exactly 1 in noise derivatives because they are mean-zero and will not influence the expectation
Eπ[·].
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− sj
|gj |2

n∑
r=0

νn,r

∑
i

gij
|gi|

n−1∑
l=0

l∑
k,p=0

µn,k(µl,p − νl,p)dp,idr,j(1 + oϵ(1))

− sj
|gj |2

n∑
r=0

νn,r

∑
i

si

n∑
k=0

µn,k(n− k)dk,ijdr,j(1 + oϵ(1))

+
∇j∥g∥1
2|gj |3

n∑
r=0

(3ν2
n,r − νn,r)

n∑
k=0

µn,k(n− k)d2r,j(1 + oϵ(1))

+
∇j∥g∥1
|gj |3

n∑
k=0

µn,k(n− k)
∑

0≤p<q≤n

3νn,pνn,qdp,jdq,j(1 + oϵ(1)),

and

Mn,j(θ)Pn,j(θ)

Rn,j(θ)3
=

[
Mn,j(θ)Pn,j(θ)

Rn,j(θ)3

]
0

+

[
Mn,j(θ)Pn,j(θ)

Rn,j(θ)3

]
1

+

[
Mn,j(θ)Pn,j(θ)

Rn,j(θ)3

]
2

+O(d3),

where [
Mn,j(θ)Pn,j(θ)

Rn,j(θ)3

]
0

:=
∇j∥g∥1
|gj |

n−1∑
k=0

(n− k)νn,k(1 + oϵ(1)),[
Mn,j(θ)Pn,j(θ)

Rn,j(θ)3

]
1

:= [skipped],[
Mn,j(θ)Pn,j(θ)

Rn,j(θ)3

]
2

:=
∇j∥g∥1
|gj |3

n−1∑
r=0

(n− r)νn,r

n∑
k=0

(4ν2
n,k − νn,k − 2µn,kνn,k)d

2
k,j(1 + oϵ(1))

+
2∇j∥g∥1
|gj |3

n−1∑
r=0

(n− r)νn,r

∑
0≤p<q≤n

(4νn,pνn,q − µn,pνn,q − µn,qνn,p)dp,jdq,j(1 + oϵ(1))

+
sj

|gj |2
∑
i

gij
|gi|

n−1∑
l=0

l∑
k,p=0

n∑
r=0

νn,k(µl,p − νl,p)(µn,r − 2νn,r)dp,idr,j(1 + oϵ(1))

+
sj

|gj |2
∑
i

si

n−1∑
k=0

n∑
r=0

(n− k)νn,k(µn,r − 2νn,r)dk,ijdr,j(1 + oϵ(1))

+
∇j∥g∥1
|gj |3

n−1∑
k=0

n∑
r=0

(n− k)νn,k(µn,r − 2νn,r)dk,jdr,j(1 + oϵ(1))

− ∇j∥g∥1
|gj |3

n−1∑
p=0

(n− p)νn,p

n∑
k=0

n∑
r=0

νn,k(µn,r − 2νn,r)dk,jdr,j(1 + oϵ(1))

+
∇j∥g∥1
2|gj |3

n−1∑
r=0

(n− r)νn,r

n∑
k=0

(3ν2
n,k − νn,k)d

2
k,j(1 + oϵ(1))

+
∇j∥g∥1
|gj |3

n−1∑
r=0

(n− r)νn,r

∑
0≤p<q≤n

(3νn,pνn,q)dp,jdq,j(1 + oϵ(1))

− sj
|gj |2

∑
i

gij
|gi|

n−1∑
l=0

l∑
k,p=0

νn,k(µl,p − νl,p)

n∑
r=0

νn,rdp,idr,j(1 + oϵ(1))

− sj
|gj |2

∑
i

si

n−1∑
k=0

(n− k)νn,k

n∑
r=0

νn,rdk,ijdr,j(1 + oϵ(1))

− ∇j∥g∥1
|gj |3

n−1∑
k=0

(n− k)νn,k

n∑
r=0

νn,rdk,jdr,j(1 + oϵ(1))
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+
1

|gj |
∑
i

gijsi
2|gi|2

n−1∑
l=0

l∑
k,p=0

νn,k(3ν
2
l,p − νl,p − 2µl,pνl,p)d

2
p,i(1 + oϵ(1))

+
1

|gj |
∑
i

gijsi
|gi|2

n−1∑
l=0

l∑
k=0

∑
0≤p<q≤l

νn,k(3νl,pνl,q − µl,pνl,q − µl,qνl,p)dp,idq,i(1 + oϵ(1))

+
1

|gj |
∑
i

1

|gi|

n−1∑
l=0

l∑
k,p=0

νn,k(µl,p − νl,p)dk,ijdp,i(1 + oϵ(1))

+
sj

|gj |2
∑
i

gij
|gi|

n−1∑
l=0

l∑
k,p=0

νn,k(µl,p − νl,p)dk,jdp,i(1 + oϵ(1))

+
sj

|gj |2
∑
i

si

n−1∑
k=0

(n− k)νn,kdk,jdk,ij(1 + oϵ(1)).

The proof is immediate from lemmas collected below.

Proof. To get the expansion for Ln,j(θ)/Rn,j(θ), multiply the expansions for Ln,j(θ) (from Lemma A.4) and Rn,j(θ)
−1

(from Lemma A.3).

To get the expansion for Mn,j(θ)Pn,j(θ)/Rn,j(θ)
3, multiply the expansions for Pn,j(θ)Rn,j(θ)

−1 and Mn,j(θ)Rn,j(θ)
−2

from Lemma A.5.

Now we state and prove the lemmas.

We start with a very simple expansion separated for pedagogical reasons to illustrate the approach (all following expansions
are done similarly).

Lemma A.3 (Illustration of the approach: expansions for Mn,j(θ) and Rn,j(θ)
−1). We have

Mn,j(θ) = gj +

n∑
k=0

µn,kdk,j , (10)

Rn,j(θ)
−1 = |gj |−1(1 + oϵ(1))

− sj
|gj |2

n∑
k=0

νn,kdk,j(1 + oϵ(1))

+
1

2|gj |3
n∑

k=0

(3ν2n,k − νn,k)d
2
k,j(1 + oϵ(1))

+
1

|gj |3
∑

0≤p<q≤n

3νn,pνn,qdp,jdq,j(1 + oϵ(1))

+O
(
d3
)
.

Proof. Equation (10) follows directly from definitions. The expansion Rn,j(θ)
−1 is obtained by the following chain of

equalities:

Rn,j(θ)
−1 =

(
g2j + ϵ+ 2gj

n∑
k=0

νn,kdk,j +

n∑
k=0

νn,kd
2
k,j

)−1/2

= (g2j + ϵ)−1/2 − (g2j + ϵ)−3/2gj

n∑
k=0

νn,kdk,j −
1

2
(g2j + ϵ)−3/2

n∑
k=0

νn,kd
2
k,j

+
3

2
(g2j + ϵ)−5/2g2j

( n∑
k=0

νn,kdk,j

)2

+O(d3)

17



935
936
937
938
939
940
941
942
943
944
945
946
947
948
949
950
951
952
953
954
955
956
957
958
959
960
961
962
963
964
965
966
967
968
969
970
971
972
973
974
975
976
977
978
979
980
981
982
983
984
985
986
987
988
989

The Effect of Mini-Batch Noise on the Implicit Bias of Adam

=
1

(g2j + ϵ)1/2
− gj

(g2j + ϵ)3/2

n∑
k=0

νn,kdk,j −
1

2(g2j + ϵ)3/2

n∑
k=0

νn,kd
2
k,j

+
3

2

g2j
(g2j + ϵ)5/2

n∑
k=0

ν2ν,kd
2
k,j + 3

g2j
(g2j + ϵ)5/2

∑
0≤p<q≤n

νn,pνn,qdp,jdq,j +O(d3)

= |gj |−1(1 + oϵ(1))−
sj
g2j

n∑
k=0

νn,kdk,j(1 + oϵ(1))

+
1

2|gj |3
n∑

k=0

(3ν2n,k − νn,k)d
2
k,j(1 + oϵ(1))

+
1

|gj |3
∑

0≤p<q≤n

3νn,pνn,qdp,jdq,j(1 + oϵ(1)) +O(d3),

where we used
∑n

k=0 νn,k = 1.

Lemma A.4 (Warm-up: expansions for Ln,j(θ) and Pn,j(θ)). The following formal expansions (up to quadratic terms in
noise) hold:

Ln,j(θ) =
∑
i

gijsi

n∑
k=0

µn,k(n− k)(1 + oϵ(1))

+
∑
i

gij
|gi|

n−1∑
l=0

l∑
k,p=0

µn,k(µl,p − νl,p)dp,i(1 + oϵ(1))

+
∑
i

si

n∑
k=0

µn,k(n− k)dk,ij(1 + oϵ(1))

+
∑
i

gijsi
|gi|2

n−1∑
l=0

l∑
k,p=0

µn,k

3ν2l,p − νl,p − 2µl,pνl,p

2
d2p,i(1 + oϵ(1))

+
∑
i

1

|gi|

n−1∑
l=0

l∑
k,p=0

µn,k(µl,p − νl,p)dk,ijdp,i(1 + oϵ(1))

+
∑
i

gijsi
|gi|2

n−1∑
l=0

l∑
k=0

∑
0≤p<q≤l

µn,k(3νl,pνl,q − µl,pνl,q − µl,qνl,p)dp,idq,i(1 + oϵ(1))

+O(d3),

Pn,j(θ) = gj∇j∥g∥1
n−1∑
k=0

(n− k)νn,k(1 + oϵ(1))

+ gj
∑
i

gij
|gi|

n−1∑
l=0

l∑
k,p=0

νn,k(µl,p − νl,p)dp,i(1 + oϵ(1))

+ gj
∑
i

si

n−1∑
k=0

(n− k)νn,kdk,ij(1 + oϵ(1))

+∇j∥g∥1
n−1∑
k=0

(n− k)νn,kdk,j(1 + oϵ(1))

+ gj
∑
i

gijsi
2|gi|2

n−1∑
l=0

l∑
k,p=0

νn,k(3ν
2
l,p − νl,p − 2µl,pνl,p)d

2
p,i(1 + oϵ(1))
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+ gj
∑
i

gijsi
|gi|2

n−1∑
l=0

l∑
k=0

∑
0≤p<q≤l

νn,k(3νl,pνl,q − µl,pνl,q − µl,qνl,p)dp,idq,i(1 + oϵ(1))

+ gj
∑
i

1

|gi|

n−1∑
l=0

l∑
k,p=0

νn,k(µl,p − νl,p)dk,ijdp,i(1 + oϵ(1))

+
∑
i

gij
|gi|

n−1∑
l=0

l∑
k,p=0

νn,k(µl,p − νl,p)dk,jdp,i(1 + oϵ(1))

+
∑
i

si

n−1∑
k=0

(n− k)νn,kdk,jdk,ij(1 + oϵ(1))

+O(d3).

Proof. Multiplying the formal expansions for Mn,j(θ) and R−1
j (θ) from Lemma A.3 gives

Mn,j(θ)Rn,j(θ)
−1

= sj(1 + oϵ(1))

+ |gj |−1
n∑

k=0

(µn,k − νn,k)dk,j(1 + oϵ(1))

+
sj

2|gj |2
n∑

k=0

(3ν2n,k − νn,k − 2µn,kνn,k)d
2
k,j(1 + oϵ(1))

+
sj

|gj |2
∑

0≤p<q≤n

(3νn,pνn,q − µn,pνn,q − µn,qνn,p)dp,jdq,j(1 + oϵ(1))

+O(d3).

Inserting this into the definitions of Ln,j(θ) and Pn,j(θ) gives the result.

Lemma A.5 (Preparation: expansions for Pn,j(θ)Rn,j(θ)
−1 and Mn,j(θ)Rn,j(θ)

−2). We have

Pn,j(θ)Rn,j(θ)
−1 =

[
Pn,j(θ)Rn,j(θ)

−1
]
0
+
[
Pn,j(θ)Rn,j(θ)

−1
]
1
+

[
Pn,j(θ)Rn,j(θ)

−1
]
2

+O(d3),

where

[
Pn,j(θ)Rn,j(θ)

−1
]
0
:=sj∇j∥g∥1

n−1∑
k=0

(n− k)νn,k(1 + oϵ(1))

[
Pn,j(θ)Rn,j(θ)

−1
]
1
:=sj

∑
i

gij
|gi|

n−1∑
l=0

l∑
k,p=0

νn,k(µl,p − νl,p)dp,i(1 + oϵ(1))

+ sj
∑
i

si

n−1∑
k=0

(n− k)νn,kdk,ij(1 + oϵ(1))

+
∇j∥g∥1
|gj |

n−1∑
k=0

(n− k)νn,kdk,j(1 + oϵ(1))

− ∇j∥g∥1
|gj |

n−1∑
r=0

(n− r)νn,r

n∑
k=0

νn,kdk,j(1 + oϵ(1))

[
Pn,j(θ)Rn,j(θ)

−1
]
2
:=

sj∇j∥g∥1
2|gj |2

n−1∑
r=0

(n− r)νn,r

n∑
k=0

(3ν2n,k − νn,k)d
2
k,j(1 + oϵ(1))
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+
sj∇j∥g∥1

|gj |2
n−1∑
r=0

(n− r)νn,r
∑

0≤p<q≤n

(3νn,pνn,q)dp,jdq,j(1 + oϵ(1))

− 1

|gj |
∑
i

gij
|gi|

n−1∑
l=0

l∑
k,p=0

νn,k(µl,p − νl,p)

n∑
r=0

νn,rdp,idr,j(1 + oϵ(1))

− 1

|gj |
∑
i

si

n−1∑
k=0

(n− k)νn,k

n∑
r=0

νn,rdk,ijdr,j(1 + oϵ(1))

− sj∇j∥g∥1
|gj |2

n−1∑
k=0

(n− k)νn,k

n∑
r=0

νn,rdk,jdr,j(1 + oϵ(1))

+ sj
∑
i

gijsi
2|gi|2

n−1∑
l=0

l∑
k,p=0

νn,k(3ν
2
l,p − νl,p − 2µl,pνl,p)d

2
p,i(1 + oϵ(1))

+ sj
∑
i

gijsi
|gi|2

n−1∑
l=0

l∑
k=0

∑
0≤p<q≤l

νn,k(3νl,pνl,q − µl,pνl,q − µl,qνl,p)dp,idq,i(1 + oϵ(1))

+ sj
∑
i

1

|gi|

n−1∑
l=0

l∑
k,p=0

νn,k(µl,p − νl,p)dk,ijdp,i(1 + oϵ(1))

+
1

|gj |
∑
i

gij
|gi|

n−1∑
l=0

l∑
k,p=0

νn,k(µl,p − νl,p)dk,jdp,i(1 + oϵ(1))

+
1

|gj |
∑
i

si

n−1∑
k=0

(n− k)νn,kdk,jdk,ij(1 + oϵ(1)),

and

Mn,j(θ)Rn,j(θ)
−2 =

[
Mn,j(θ)Rn,j(θ)

−2
]
0
+
[
Mn,j(θ)Rn,j(θ)

−2
]
1
+

[
Mn,j(θ)Rn,j(θ)

−2
]
2

+O(d3),

where [
Mn,j(θ)Rn,j(θ)

−2
]
0
:=

sj
|gj |

(1 + oϵ(1)),

[
Mn,j(θ)Rn,j(θ)

−2
]
1
:=

1

|gj |2
n∑

k=0

(µn,k − 2νn,k)dk,j(1 + oϵ(1)),

[
Mn,j(θ)Rn,j(θ)

−2
]
2
:=

sj
|gj |3

n∑
k=0

(4ν2n,k − νn,k − 2µn,kνn,k)d
2
k,j(1 + oϵ(1))

+
2sj
|gj |3

∑
0≤p<q≤n

(4νn,pνn,q − µn,pνn,q − µn,qνn,p)dp,jdq,j(1 + oϵ(1)).

Proof. The expansion for Pn,j(θ)Rn,j(θ)
−1 follows by multiplying the expansions for Rn,j(θ)

−1 (from Lemma A.3) and
Pn,j(θ) (from Lemma A.4).

Raising the expansion for Rn,j(θ)
−1 (from Lemma A.3) to the second power yields

Rn,j(θ)
−2 =

1

|gj |2
(1 + oϵ(1))

− 2sj
|gj |3

n∑
k=0

νn,kdk,j(1 + oϵ(1))
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+
1

|gj |4
n∑

k=0

(4ν2n,k − νn,k)d
2
k,j(1 + oϵ(1))

+
8

|gj |4
∑

0≤p<q≤n

νn,pνn,qdp,jdq,j(1 + oϵ(1)) +O(d3).

Multiplying this by the expansion for Mn,j(θ) (from Lemma A.3), we obtain the expansion for Mn,j(θ)Rn,j(θ)
−2,

concluding the proof.

A.4.2. CALCULATING THE EXPECTATION OF THE RESULT

Next, we calculate Eπ[·] of the result.
Proposition A.6 (Calculating Eπ[·] of the expansions obtained). We have

Eπ
Ln,j(θ)

Rn,j(θ)
=

β1

1− β1

∇j∥g∥1
|gj |

(1 + on,ϵ(1))

+
β1(β1β

2
2 − β1β2 + β1 + β2

2 − 2β2)

(1− β1)(1 + β2)(1− β1β2)

1

|gj |
∑
i

gijsi
|gi|2

Eπd
2
0,i(1 + on,ϵ(1))

+
β1(β2 − β1)

(1 + β1)(1− β1β2)

1

|gj |
∑
i

1

|gi|
Eπd0,ijd0,i(1 + on,ϵ(1))

− β1β2(β2 − β1)(1− β2)

(1 + β2)(1− β1β2)2
sj

|gj |2
∑
i

gij
|gi|

Eπd0,id0,j(1 + on,ϵ(1))

− β1β2(1− β1)(1− β2)

(1− β1β2)2
sj

|gj |2
∑
i

siEπd0,ijd0,j(1 + on,ϵ(1))

+
β1(1− 2β2)

(1− β1)(1 + β2)

∇j∥g∥1
|gj |3

Eπd
2
0,j(1 + on,ϵ(1))

+O(d3) + on,ϵ(b
−1),

and

Eπ
Mn,j(θ)Pn,j(θ)

Rn,j(θ)3

=
ρ

1− ρ

∇j∥g∥1
|gj |

(1 + on,ϵ(1))

−
[
(1− ρ)(1 + ρ)2(1− βρ)2

]−1{
4β2ρ5 + 2βρ5 + 3β2ρ4 − 6βρ4 − 3ρ4 − 5β2ρ3 − 10βρ3 + 3ρ3

+ 3β2ρ2 + 6βρ2 + 9ρ2 + β2ρ− 4βρ− 3ρ
}∇j∥g∥1

|gj |3
Eπd

2
0,j(1 + on,ϵ(1))

+
ρ(ρ− β)[β2(ρ2 − 3ρ− 1) + β(3ρ2 − ρ+ 2) + 1− 2ρ]

(1 + β)(1 + ρ)2(1− βρ)2
sj

|gj |2
∑
i

gij
|gi|

Eπd0,id0,j(1 + on,ϵ(1))

+
3β2ρ5 − β2ρ4 + 3β2ρ3 − β2ρ+ βρ5 − 8βρ4 − 2βρ2 + βρ+ 4ρ3 − ρ2 + ρ

(1− ρ)(1 + ρ)2(1− βρ)2
sj

|gj |2
∑
i

siEπd0,ijd0,j(1 + on,ϵ(1))

+
ρ(βρ2 − βρ+ β + ρ2 − 2ρ)

(1 + ρ)(1− ρ)(1− βρ)

1

|gj |
∑
i

gijsi
|gi|2

Eπd
2
0,i(1 + on,ϵ(1))

+
ρ(ρ− β)

(1 + ρ)(1− βρ)

1

|gj |
∑
i

1

|gi|
Eπd0,ijd0,i(1 + on,ϵ(1)) +O(d3) + on,ϵ(b

−1). (11)

Proof. Consider the average of the term like dp,idq,j where the mini-batch indices p and q are not equal:

Eπdp,idq,j = Eπ
1

b

(p+1)b∑
r=pb+1

∇i(ℓπ(r) − L)1
b

(q+1)b∑
s=qb+1

∇j(ℓπ(s) − L)

=
1

b2

(p+1)b∑
r=pb+1

(q+1)b∑
s=qb+1

Eπ∇i(ℓπ(r) − L)∇j(ℓπ(s) − L)
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= Eπ∇i(ℓπ(1) − L)∇j(ℓπ(2) − L)

=
1

mb(mb− 1)

∑
1≤r1 ̸=r2≤mb

∇i(ℓr1 − L)∇j(ℓr2 − L)

=
1

mb(mb− 1)

( mb∑
r1=1

∇i(ℓr1 − L)
mb∑

r2=1

∇j(ℓr2 − L)−
mb∑
r=1

∇i(ℓr − L)∇j(ℓr − L)
)

= − 1

mb− 1

1

mb

mb∑
r=1

∇i(ℓr − L)∇j(ℓr − L)︸ ︷︷ ︸
O(1)

= O((mb)−1) = on(b
−1),

so, when taking expectations, we can neglect all second-degree monomials of noise derivatives where the two derivatives
correspond to different mini-batches (with indices p ̸= q in this example). Having made this observation and recalling the
expansions obtained in Proposition A.2, it is left to use the linearity of expectation and calculate basic exponential series
limits:

Eπ
Ln,j(θ)

Rn,j(θ)

=
∇j∥g∥1
|gj |

n∑
k=0

µn,k(n− k)︸ ︷︷ ︸
−→

n→∞
β1

1−β1

(1 + oϵ(1))

+
1

|gj |
∑
i

gijsi
|gi|2

n−1∑
l=0

l∑
k,p=0

µn,k

3ν2l,p − νl,p − 2µl,pνl,p

2︸ ︷︷ ︸
−→

n→∞

β1(β1β2
2−β1β2+β1+β2

2−2β2)

(1−β1)(1+β2)(1−β1β2)

Eπd
2
0,i(1 + oϵ(1))

+
1

|gj |
∑
i

1

|gi|

n−1∑
l=0

l∑
k=0

µn,k(µl,k − νl,k)︸ ︷︷ ︸
−→

n→∞
β1(β2−β1)

(1+β1)(1−β1β2)

Eπd0,ijd0,i(1 + oϵ(1))

− sj
|gj |2

∑
i

gij
|gi|

n−1∑
l=0

l∑
k=0

l∑
p=0

µn,kνn,p(µl,p − νl,p)︸ ︷︷ ︸
−→

n→∞
β1β2(β2−β1)(1−β2)

(1+β2)(1−β1β2)2

Eπd0,id0,j(1 + oϵ(1))

− sj
|gj |2

∑
i

si

n∑
k=0

νn,kµn,k(n− k)︸ ︷︷ ︸
−→

n→∞
β1β2(1−β1)(1−β2)

(1−β1β2)2

Eπd0,ijd0,j(1 + oϵ(1))

+
∇j∥g∥1
2|gj |3

n∑
r=0

(3ν2n,r − νn,r)

n∑
k=0

µn,k(n− k)︸ ︷︷ ︸
−→

n→∞
2β1(1−2β2)

(1−β1)(1+β2)

Eπd
2
0,j(1 + oϵ(1))

+O
(
d3
)
+ on,ϵ(b

−1),

and similarly,

Eπ
Mn,j(θ)Pn,j(θ)

Rn,j(θ)3
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=
β2

1− β2

∇j∥g∥1
|gj |

(1 + oϵ(1))

+
∇j∥g∥1
|gj |3

β2

1− β2

n∑
k=0

(4ν2n,k − νn,k − 2µn,kνn,k)︸ ︷︷ ︸
−→

n→∞
β2(3−5β2)

1−β2
2

− 2β2(1−β1)
1−β1β2

Eπd
2
0,j(1 + oϵ(1))

+
sj

|gj |2
∑
i

gij
|gi|

n−1∑
l=0

l∑
k,p=0

νn,k(µl,p − νl,p)(µn,p − 2νn,p)︸ ︷︷ ︸
−→

n→∞

β2(β2−β1)(β2
1β2

2−2β2
1β2−β2

1+3β1β2
2+β1−2β2)

(1+β1)(1+β2)2(1−β1β2)2

Eπd0,id0,j(1 + oϵ(1))

+
sj

|gj |2
∑
i

si

n−1∑
k=0

(n− k)νn,k(µn,k − 2νn,k)︸ ︷︷ ︸
−→

n→∞

β1β2(1−β1)(1−β2)(1+β2)2−2β2
2(1−β1β2)2

(1−β1β2)2(1+β2)2

Eπd0,ijd0,j(1 + oϵ(1))

+
∇j∥g∥1
|gj |3

n−1∑
k=0

(n− k)νn,k(µn,k − 2νn,k)︸ ︷︷ ︸
−→

n→∞

β1β2(1−β1)(1−β2)(1+β2)2−2β2
2(1−β1β2)2

(1−β1β2)2(1+β2)2

Eπd
2
0,j(1 + oϵ(1))

− ∇j∥g∥1
|gj |3

β2

1− β2

n∑
k=0

νn,k(µn,k − 2νn,k)︸ ︷︷ ︸
−→

n→∞
− β2(1−β2)(1+β1)

(1−β1β2)(1+β2)

Eπd
2
0,j(1 + oϵ(1))

+
∇j∥g∥1
2|gj |3

β2

1− β2

n∑
k=0

(3ν2n,k − νn,k)︸ ︷︷ ︸
−→

n→∞
2β2(1−2β2)

(1−β2)(1+β2)

Eπd
2
0,j(1 + oϵ(1))

− sj
|gj |2

∑
i

gij
|gi|

n−1∑
l=0

l∑
k,p=0

νn,k(µl,p − νl,p)νn,p︸ ︷︷ ︸
−→

n→∞

β2
2(β2−β1)

(1+β2)2(1−β1β2)

Eπd0,id0,j(1 + oϵ(1))

− sj
|gj |2

∑
i

si

n−1∑
k=0

(n− k)ν2n,k︸ ︷︷ ︸
−→

n→∞

β2
2

(1+β2)2

Eπd0,ijd0,j(1 + oϵ(1))

− ∇j∥g∥1
|gj |3

n−1∑
k=0

(n− k)ν2n,k︸ ︷︷ ︸
−→

n→∞

β2
2

(1+β2)2

Eπd
2
0,j(1 + oϵ(1))

+
1

|gj |
∑
i

gijsi
2|gi|2

n−1∑
l=0

l∑
k,p=0

νn,k(3ν
2
l,p − νl,p − 2µl,pνl,p)︸ ︷︷ ︸

−→
n→∞

2β2(β1β2
2−β1β2+β1+β2

2−2β2)

(1+β2)(1−β2)(1−β1β2)

Eπd
2
0,i(1 + oϵ(1))
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+
1

|gj |
∑
i

1

|gi|

n−1∑
l=0

l∑
k=0

νn,k(µl,k − νl,k)︸ ︷︷ ︸
−→

n→∞
β2(β2−β1)

(1+β2)(1−β1β2)

Eπd0,ijd0,i(1 + oϵ(1))

+
sj

|gj |2
∑
i

gij
|gi|

n−1∑
l=0

l∑
k=0

νn,k(µl,k − νl,k)︸ ︷︷ ︸
−→

n→∞
β2(β2−β1)

(1+β2)(1−β1β2)

Eπd0,jd0,i(1 + oϵ(1))

+
sj

|gj |2
∑
i

si

n−1∑
k=0

(n− k)νn,k︸ ︷︷ ︸
−→

n→∞
β2

1−β2

Eπd0,ijd0,j(1 + oϵ(1)) +O(d3) + on,ϵ(b
−1),

concluding the proof.

Lemma A.7. We have for all k ∈ [1 :mb], i, j ∈ [1 : dimθ]

Eπdk,idk,j =
m− 1

mb− 1
Σij ,

Eπdk,ijdk,j =
m− 1

2(mb− 1)
∇iΣjj ,

where Σ is the empirical covariance matrix of per-sample gradients:

Σij :=
1

mb

mb∑
p=1

∇i(ℓp − L)∇j(ℓp − L).

Proof. For any r ∈ [1 :mb] we have

Eπ[∇ij(ℓπ(r) − L)∇j(ℓπ(r) − L)] = 1

mb

mb∑
p=1

∇ij(ℓp − L)∇j(ℓp − L) = 1

2
∇iΣjj ,

and for r ̸= r̃,

Eπ[∇ij(ℓπ(r) − L)∇j(ℓπ(r̃) − L)] = 1

mb(mb− 1)

mb∑
p,q=1
p ̸=q

∇ij(ℓp − L)∇j(ℓq − L)

= − 1

mb(mb− 1)

mb∑
p=1

∇ij(ℓp − L)∇j(ℓp − L)

= − 1

2(mb− 1)
∇iΣjj .

Next,

Eπdk,idk,j = Eπ

(
1

b

kb+b∑
r=kb+1

(∇iℓ(π(r)) −∇iL)
)(

1

b

kb+b∑
r=kb+1

(∇jℓπ(r) −∇jL)
)

=
1

b2

kb+b∑
r=kb+1

Eπ(∇iℓπ(r) −∇iL)(∇jℓπ(r) −∇jL)

+
1

b2

∑
kb+1≤r ̸=r̃≤kb+b

Eπ(∇iℓπ(r) −∇iL)(∇jℓπ(r̃) −∇jL)
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=
1

b
Eπ(∇iℓπ(1) −∇iL)(∇jℓπ(1) −∇jL)

+
b− 1

b
Eπ(∇iℓπ(1) −∇iL)(∇jℓπ(2) −∇jL)

=
1

mb2

mb∑
p=1

(∇iℓp −∇iL)(∇jℓp −∇jL)

+
b− 1

mb2(mb− 1)

mb∑
p,q=1
p̸=q

(∇iℓp −∇iL)(∇jℓq −∇jL)

=
1

mb2

mb∑
p=1

(∇iℓp −∇iL)(∇jℓp −∇jL)

− b− 1

mb2(mb− 1)

mb∑
p=1

(∇iℓp −∇iL)(∇jℓp −∇jL)

=
m− 1

mb− 1
Σij .

Similarly,

Eπdk,ijdk,j =
m− 1

mb− 1

1

mb

mb∑
p=1

(∇ijℓp −∇ijL)(∇jℓp −∇jL)

=
m− 1

2(mb− 1)
∇iΣjj .

Combining Proposition A.6 and Lemma A.7 concludes the proof of Proposition 3.3.

B. Further Evidence and Experiment Details
The benefit of tuning the hyperparameters As pointed out above, the improvements in validation perplexity before
overfitting can be substantial if one tunes β2 (Table 1). In this sense, multi-epoch training can be qualitatively different from
large online runs, where Adam is quite stable with respect to (β1, β2) (Zhao et al., 2025).

Note also that for some experiments with moderate to large batch sizes the best β2 is less than β1 = 0.9 and is at the left
boundary of the sweep (which means the optimal β1 for validation accuracy is even less). This is consistent with the fact
that in the large batch regime, taking β2 much larger than β1 is not the best from the perspective of generalization.

Estimating Bsimple In Figure 4, we plot how the Bsimple quantity changes during training for a few runs from Figure 2 with
different learning rates and batch sizes. We see that the scale of Bsimple at relevant epochs is a few hundreds.
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Table 1. Transformer-XL trained from scratch on WikiText-2: “optimal” hyperparameter values β2(η) we found, and relative improvements
∆(η) in validation perplexity for different learning rates η and batch sizes (after averaging over three iterations). Note that all “optimal”
β2’s are smaller than even 0.99, let alone the default 0.999.

Batch Size β2(10
−3) ∆(10−3)

128 0.972 4.11%
256 0.972 3.07%
512 0.934 4.72%
1024 0.934 3.60%
2048 0.957 5.59%
4096 0.848 5.09%
8192 0.848 5.87%

16384 0.848 5.29%

Batch Size β2(10
−3.5) ∆(10−3.5)

128 0.981 1.39%
256 0.957 3.95%
512 0.957 3.91%

1024 0.900 4.95%
2048 0.934 6.31%
4096 0.934 5.68%
8192 0.934 6.11%
16384 0.769 7.43%

Batch Size β2(10
−4) ∆(10−4)

128 0.981 3.14%
256 0.972 5.61%
512 0.934 6.33%
1024 0.934 7.36%
2048 0.848 8.58%
4096 0.900 10.49%
8192 0.848 9.11%

16384 0.769 13.01%
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(a) batch size 128, η = 10−4
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(b) batch size 512, η = 3.16× 10−4
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(c) batch size 4096, η = 0.001

Figure 4. The estimated simple noise scale B̂simple for different training runs of Transformer-XL on WikiText-2.

26


