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Abstract

We analyze gradient descent with Polyak [39] heavy-ball momentum (HB) whose fixed
momentum parameter 8 € (0,1) provides exponential decay of memory. Building on Ko-
vachki and Stuart [35], we prove that on an exponentially attractive invariant manifold the
algorithm is exactly plain gradient descent with a modified loss, provided that the step size
h is small enough. Although the modified loss does not admit a closed-form expression, we
describe it with arbitrary precision and prove global (finite “time” horizon) approximation
bounds O(h*) for any finite order R > 2. We then conduct a fine-grained analysis of the
combinatorics underlying the memoryless approximations of HB, in particular, finding a rich
family of polynomials in S hidden inside which contains Eulerian and Narayana polynomi-
als. We derive continuous modified equations of arbitrary approximation order (with rigorous
bounds) and the principal flow that approximates the HB dynamics, generalizing Rosca et
al. [42]. Approximation theorems cover both full-batch and mini-batch HB. Our theoretical
results shed new light on the main features of gradient descent with heavy-ball momentum,
and outline a road-map for similar analysis of other optimization algorithms.
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1 Introduction

Gradient descent with Polyak [39] heavy-ball momentum (HB) is a well-known optimization
algorithm used in practice. Given a loss function L(0) : R? — R, and initial conditions 00 ¢ R4
and v(© € R, its full-batch iteration is

( ("“)> - ( o) — VLO™) ) » mE L, (1)

v

or, more compactly,

0(n+1) _ a(n) o hZIBkVL(B(nfk)) + han+1v(0)7 (2)
k=0

where 5 € (0, 1) is a momentum (tuning) parameter, which we treat as a fixed constant through-
out this article. The next iterate @ +1) depends on the whole history {0(5) "o, rather than just
the current iterate 0(”), which we interpret as having “memory”. This algorithm or its variants,
often referred to as gradient descent (GD) with momentum, are widely used in modern machine
learning [24, 40, 36, 47, 29, 51, 30]. A mini-batch version of this algorithm is often used when
training large-scale deep learning models.

This article studies the theoretical properties of HB, considering both full-batch and mini-
batch implementations, and establishes three main results. First, we prove that on an expo-
nentially attractive invariant manifold the algorithm is exactly plain gradient descent with a
modified loss, provided that the step size h is small enough. Second, we describe the modified
loss with arbitrary precision and prove global (finite “time” horizon) approximation bounds
O(h®) for any finite order R > 2. Finally, we derive continuous modified equations of arbitrary
approximation order (with rigorous bounds) and the principal flow that approximates the opti-
mization dynamics of the algorithm. Our theoretical results not only shed new light on the main
properties of HB, but also outline a road-map for similar analysis of other popular optimization
algorithms.

1.1 HB is GD on an Invariant Manifold

Kovachki and Stuart [35] proved that there exists a function g,(€) such that {(8,v) : v =
—(1—B)"'VL(0) + hg,(0)} is an exponentially attractive invariant manifold. This perspective
draws on the theory of attractive invariant manifolds [21, 31, 49]. By definition, on this manifold
VL(O™)
1-p

and therefore we obtain an algorithm representation without memory

0+ — o) _ v L6 + hp <_ + hgh(O("))),

1
6+ = g(n) hﬂVL(é)(”)) + h2Bg, (8™). (3)
Leveraging this insight, we further show that g, (-) has a particular structure that makes
(3) plain gradient descent.

Contribution 1. Theorem 2.1 establishes that g;, is a gradient, given by g;, := VG}, with G,
implicitly defined as (the anti-derivative of) the solution of a fixed point equation. This implies
that on an exponentially attractive invariant manifold, HB is plain gradient descent:

h

o) — g _ mV{L — hB(1 - B)G}(O™).

modified loss



We then conduct a fine-grained analysis of how the loss is modified by memory. From the
definition of g,,, it is possible to write a fixed point equation that gives a formal power series
expansion for g, in h (Section 4.2). Furthermore, there are two wishes that we would like to
fulfill. First, we want to have precise approximation guarantees rather than just a formal series
expansion. Second, it is practically useful to cover mini-batch HB, where the loss function can be
different at each iteration, rather than just full-batch. To do that, we use a different approach.

1.2 Finite-Order Memoryless Approximation

Consider the mini-batch version of (2) with the typical setting v(®) = 0:

a(n-‘rl) — O(n) _ hZBkVL(n—k) (e(n—k))’ (4)

k=0

where {L(S)} seZso are mini-batch losses. In practice, L) is the loss function obtained by taking
the sth mini-batch of samples. (For now, we are agnostic to how exactly the samples are batched.)
Mini-batch training usually achieves higher test accuracies [33, 37, 44|, and is therefore widely
used in practice [7, 40]. Cattaneo and Shigida [11] introduced a technique for converting a
numerical optimization method with decaying memory into a memoryless one up to O(h?)
error, that is, a second-order approximation. This paper generalizes their technique and proves
an approximation bound with any desired order.

Contribution 2. For any approximation order R € Zx2, Theorem 3.1 establishes a memoryless
approximation

R
ot — g™ Z wd" (6 (5)
with the global guarantee
sup 16— 8" || = o), (6)
nel0:|T/h]]

where T is any “time” horizon. Furthermore, Theorem 4.1 establishes a tractable form of the
memoryless iteration coefficients dg.”)(e) involving a sum over unlabeled rooted trees with j
vertices.

This contribution provides a higher-order, more detailed understanding of HB and its mem-
oryless representation, which we leverage to obtain new insights on the implicit regularization
and dynamics of the algorithm. For example,

n—1  b+1n-0
di"(0) =~ BVL(”)(O) dy ()= -8 "N BYVELO I (g) VLY (g).
b=0 I'=1b'=0

In the mini-batch case, such an expression can be insightful after averaging over permutations
of samples [45, 4, 11]. We will illustrate it as follows. Assume that there are n + 1 batches in an
epoch, with each batch consisting of B samples, and the kth mini-batch loss is given by

kB+B

Z Cr( k€ [0:n],

r=kB+1

where {65}321)3 are per-sample losses and 7 is a random permutation of [1:(n + 1)B], dis-
tributed uniformly over all ((n+1)B)! such permutations. This corresponds to sampling without



replacement as common in practice. Denote L(0) = [(n + 1)B]~! ZS:{I)B 05(0) and let

1 (n+1)B
Yij = nt+1)B ; 0i(bp — L)9;(£y — L) (7)

be the elements of the empirical covariance matrix 3(0) of per-sample gradients. Then

B (d{"”(8) + hds" (0))

1 B+ on(1) Brol) tr2(6)
__V(L(9)+h2(1_6)2 1-p)(1+5) B )

1-p
regularization by memory regularization by stochasticity

IVLO)|*+ 1

where E, denotes the expectation over m, 0,(1) are terms that go to zero as n — oo (for fixed
B) regardless of B € [1:n + 1] (Lemma E.2).
In the full-batch case L) = L, for example,

(™) gy — _ 1 () gy — _ B+ on(l) oo
d(6) = - 21 ?1/6_) ;)2"(1) V2L(6)V>L(9)VL(6)
B+ )+ on(1) o3
B T V°L(0)[VL(8),VL(6)],
so the memoryless approximation of order R = 3 is approximately
~(nt1) ) h hB s BB+ ) 5 = (n)
0 =X —mv (L+2(1_B)2HVLH +W(VHVLH -VL)>(0 ),

modified loss up to O(h3)

where the dot denotes the scalar product. We see two “implicit regularization” terms added to
the loss by memory: the rescaled squared gradient norm and the rescaled directional derivative
of ||[VL||? along VL.

In both full-batch and mini-batch cases, analyzing the combinatorics of d§-n) (0) leads to
interesting findings. First, in the limit n — oo and after multiplying by a power of 1 — 5, we
investigate the form of the coefficients accompanying the high-order loss derivatives in d;n)(O)
and uncover a rich family of polynomials in 5: in particular, we prove that it contains Eulerian
and Narayana polynomials (Section 5.3). Second, using the natural heuristic that A multiplied
by a high-order derivative (higher than two) of the loss is small, but h times the Hessian (hV2L)
does not have to be small mid-training [14, 1], we can ask what the “principal” part of (5)
looks like, that is, after neglecting the derivatives of the loss of order higher than two (always
multiplied by some positive power of h). This leads to what we can call the principal iteration

0" = 0" — hoy(hv2L(8"™))VL(6™) + NPT,
after taking R formally to infinity, where o3(-) is a power series expansion (in powers of z) of
B 2

1-B+z++/(1-B-2)2—-48z

(Corollary 5.3), and NPT means “non-principal terms” (with V3L etc.). The term “principal
iteration” comes from the analogous term principal flow coined in Rosca et al. [42] for continuous

op(z)



modified equations of plain GD. Third, we combine our framework with continuous approxima-
tions (discussed next) to derive principal flow for HB (Corollary 5.8). See Rosca et al. [42] for
a discussion of the importance of such (complex) flows: they capture oscillatory behavior and
divergence, in contrast to standard continuous approximations. We provide an illustration in
Section 5.4.

In the case of a quadratic loss, the principal iteration and principal flow are both exact (if
HB is initialized on the manifold introduced above; see Section 5.4). To illustrate the implicit
regularization effect further, consider the example of least-squares regression. Let X € RN*¢,
y € RN and

1
1(6) = 51 X6~y

Additionally, let 6* satisfy the normal equations XTX0* = X Ty; in particular, L(0) = ﬁ(G -
0*)TXTX (60— 0%) + C (where C does not depend on 0). Then, the memoryless iteration is the
gradient descent

1 h

(n+1) _ a5 o7 p™ T, [
=0 hVL(0"") with L(#) = 2N(0 0) Uﬁ(N

6 XTX> XTX(6 - 6%).
Introducing 05( XX ) rescales the learning rate (by (1 — 3)~!) and applies a spectral filter
to the Hessian.

1.3 Modified Equations

The discrete iteration without memory (5) has the following advantage over HB: it only has one
evolving variable 0™ ¢ R?, and it can be approximated by a continuous ODE solution without
sacrificing anything in terms of the approximation guarantee. (Enlarging the phase space by
treating HB as an evolution of (0("), v(”)) € R?? or, equivalently, considering higher-order ODEs
does not lead to an improvement in the approximation guarantee [35].) Then, finding continuous
trajectories closely tracking discrete numerical iterations allows to analyze qualitatively the
finite-h behavior of the iteration. This approach, widely used in numerical analysis and machine
learning, is called the method of modified equations, backward error analysis (BEA), or high-
resolution ODE approximation: it has been employed and studied for many decades, e.g. in
works [50, 48, 25, 20, 6, 16, 27, 9, 41, 13, 43, 18, 35] and many others; textbook references
include Stuart and Humphries [46] and Ernst Hairer and Wanner [17]. Recently, this method
was used in machine learning for finding implicit biases of gradient-based algorithms [3, 45, 38,
23, 10, 42]. For us, it is just a corollary of the approximation (5).

Contribution 3. For any approximation order R € Zsa, Corollary 5.1 finds a set of functions
{f§n)(9) :J €[1:R],n € Z=o} such that the (unique) continuous solution to the piecewise ODE

R
Zh] Let)),  t e [nh, (n+ 1)h],

with an appropriate initial condition, has a global approximation guarantee

sup 00 — @(nh)|| = O(h%), (8)
nel0:|T/h)]

where T is any time horizon.

The ODE is defined piecewise because of the dependence of dg-")(‘) on n, and the solution
will be continuous but not necessarily smooth. Nonetheless, in the full-batch case, the ODEs



corresponding to neighboring pieces are the same up to an exponentially decaying error: we
do not lose any information compared to having an ODE only on the attractive manifold but
globally defined, as done for R = 2 in Kovachki and Stuart [35]. The idea of using piecewise
ODEs in this setting is due to Ghosh et al. [23], who derived the modified equations for R = 2.

In contrast to the discrete case, the right-hand side of the modified equation does not
become a gradient for large n, even for full-batch HB. Therefore, HB does not approximately
follow a smooth gradient flow trajectory with a modified loss (with approximation order higher
than h?), as we make explicit in Remark 5.2.

1.4 Organization

The paper continues as follows. In an attempt to make the paper self-contained, we introduce
the relevant mathematical concepts and notation (e. g., labeled and unlabeled rooted trees, their
symmetry coefficients, marking vertices to split the tree into a forest) in Section 1.5. Section 2
states the theorem and briefly outlines the argument corresponding to Contribution 1. Section 3
is devoted to the main approximation theorem corresponding to Contribution 2, removing mem-
ory from HB and controlling the error while doing so. In particular, we introduce a somewhat
complicated-looking recursive definition for the memoryless iteration coefficients dg-n) (). In Sec-
tion 4, we analyze the form of these coefficients, and prove that a much simpler characterization
holds which involves the sum over rooted trees. We use the notation introduced to solve a
fixed-point equation for g; as a series over rooted trees. Section 5 reports corollaries and im-
plications of our main theorems, including an approximation theorem for the modified equation
corresponding to Contribution 3, a study of the polynomials arising in the form of dﬁ.”)(a), a
formalization of the principal iteration, and a discussion of principal flow. All proof strategies
are explained in the main text, and omitted technical details are provided in the Appendix.

1.5 Technical Background and Notation

We start with well-known definitions of labeled and unlabeled rooted trees. See, for example,
Faris [19] and Kerber [32] for details. For a fixed non-empty finite set V' and a point r € V, a
labeled rooted tree T with root r is a pair (G,r), where G = (V, E) is a connected acyclic graph
with V' as the vertex set (where E is the edge set; |[E| = |V| — 1). Taking a different point of
view, 7 is a function 7: V' \ {r} — V with no non-empty invariant subset (mapping a vertex
to its parent). Let A[V] denote all labeled trees with vertex set V. We will write |7| := |V] for
the number of vertices. It will also be convenient to use the notation A := J;>_; A[1:m] and
Ay ={@}UA.

Two labeled rooted trees 7: V' \ {r} — V and 7': V' \ {r'} — V' are called isomorphic if
there is a bijection 6: V' — V' such that 6(r) = v’ and 7/ = 6070 67! VA An unlabeled
rooted tree with m vertices is an object that corresponds to a class of isomorphic labeled rooted
trees with m vertices. Specifically, we can fix a canonical set of m elements [1:m] and see an
unlabeled rooted tree as an orbit of the permutation group S[1:m] acting on A[1:m]: the action
of reS[l:mjontT €€ A[l:m]isnT=moTo ﬂ-_l’[l:m]\{w(r)}' The set of unlabeled rooted trees

with m vertices will be denoted A [m], and the set of unlabeled rooted trees with any number
of vertices by A := |J7-_; A[m]; in addition, put Ay := {@} U A. For example, the following
orbit (consisting of three labeled rooted trees) is the unlabeled rooted tree %

2 3 13 12

VARRVARRY o)

3

For any such orbit, the order of the stabilizer group of each element is the same. (The stabilizer
group is the subgroup of permutations leaving a labeled rooted tree intact. For example, the



first tree in (9) has stabilizer group {id, 2 <+ 3}.) Hence, for an unlabeled rooted tree 7 we can
define the symmetry coefficient o(7) as the order of the stabilizer group of each element. By the
well-known theorem, the length of the orbit is the order of the group m! divided by the order of
each stabilizer group o(7); so, there are m!/o(7) labeled rooted trees (on a fixed vertex set of
size m) corresponding to an unlabeled rooted tree .

Whenever there is no chance of confusion, we will use the same terms and symbols when
working with labeled and unlabeled rooted trees, for example, we will write o(7) regardless of
whether 7 € A or 7 € A (because each labeled rooted tree has a corresponding unlabeled rooted
tree); we will say an unlabeled rooted tree 7 € A[m] “has |7| = m vertices” even though there
is no such thing as a vertex of an unlabeled rooted tree, etc.

Since the ordering of subtrees does not matter, there is a one-to-one correspondence be-

tween 7 € A[m] and a multiset [, ..., 7] of unlabeled rooted trees whose sum of vertices
is m — 1 (the subtrees rooted at the children of 7’s root). We will sometimes write simply
T =[m,..., 7 to reflect this fact. Fixing some canonical ordering in each set A[s]|, we will de-

note by {ui(7),..., uf j[sH(T)}Z;l the multiplicities of such subtrees: this means that the first

unlabeled subtree with s vertices appears pj(7) times, the second one appears 5 times, and so
on. In particular, 221:_11 (5(r)+ ...+ “fj[s”(T)) = /. Tt is a standard fact that

(10)

”EN

o(1) =0 H

In addition, it will be convenient to call ¢,, € A[m] the chain with m vertices if either
m = 1 or it is the (unique) unlabeled rooted tree corresponding to any element of A[1:m]
whose root has degree 1 and all other vertex degrees do not exceed 2.

Marking Vertices (via Admissible Cuts). For a labeled rooted tree 7 € A[V], define a
marking m of that tree as a subset of non-root vertices of 7 (interpreted as marked) such that
if v € V is marked, then no other vertices in the subtree of v are marked. In other words, the
marked vertices are the upper (farther from the root) vertices of an admissible cut (e.g. Bai
et al. [2]), or the roots of the forest obtained after removing a subtree with the same root [19,
12]. Hence, marking |m| vertices is the same as selecting |m| disjoint subtrees 7i,. .., 7, (rooted
at those vertices), and it splits the tree 7 into [m|+1 labeled rooted trees 7’ = 7\ (7‘{” U...ur”)),

[m|/”
m

T, ... So, we will sometimes write m = (7", {7{", ... ,7'|1,7722‘}) to reflect this fact. Denote 171, ;

’ \m|
the set of all markings of 7 with |m| = 7 marked vertices, and 11, := Ulzlo_l M ; the set of all
markings of 7.

Other Notation. We denote by L(6) the full-batch loss and by L(*)() the sth mini-batch
loss, where 8 € R? is the evolving parameter of fixed dimension d. We denote by V* the
kth derivative tensor, for example, V3L(0)[VL(6),VL(8)] is a vector whose jth component is
Z?l:l 0;uL(0)0;L(0)0,L(0). The notation for the norm ||-|| without indices will always mean
the Euclidean (operator) norm. The set of integers no smaller than some k will be denoted by
Zsy := |k, +00) N Z, and the set of integers between a and b inclusive by [a:0] := [a,b] N Z. A
sum over an empty set is be definition 0, and a product is 1. Section 3 defines the set K, the

memoryless iteration coefficients d;n) (0), the history coefficients ESJ ) (0); Section 5.1 defines the
backward error analysis coefficients f§n)( ). For any operator a, ; such that ||ay ;|| is defined,
we write a, n = O(g) if sup,, ,||an x| < Cg with some constant C', where the supremum is over
the set of admissible n and h which is clear from context.



2 Full-Batch HB is (Almost) GD with a Modified Loss

Kovachki and Stuart [35] proved that for full-batch HB (1) there exists a function g;(0) such
that {(0,v) : v = —(1 — B)"'VL(0) + hgy(0)} is an invariant manifold, which means
(n)
o — _ VLEO™)
1-p

On this invariant manifold, on the one hand,

(n+1)
+ hgh(g(n)) N _VLI(H_B) + hgh(ﬂ(”“))-
,U(n+1) _ _(1 - B)flv[/(a(nJrl)) + hgh(o(nJrl))

1
=-——VL <0<"> - LVL(GW) + hQth(G("))>

1-p 1-p
g (60 {1 VLOM) 11259,
while, on the other hand,
() = gy —vLe™) = —1_66VL(0<”>) + hfBg,(0™) — VL(O™)
= —LVL(W)) + hfBg,(0™).

1-5
This must hold for any 8, so g,,(-) must satisfy

1 h
- mw (0 — mVL(H) + hQth(0)> + hg,, (a -

1
— _mw(o) + hB3g,(0), 6 cR
To prove that such a function exists, they define a mapping T: ' — T, where I" is an
appropriately chosen closed subset of C (Rd, Rd) with the usual sup-norm, by

1
m{VL(C) —VL(6)} + Bg(0), (12)

N 2
VL) + 1250,(0) ) .

Tg(C) =

where 8 <+ ¢ = 0 — h(1 — B)"'VL(0) + h%Bg(0) is a bijection between R? and itself for any
g € T (this fact is Lemma A.1). A fixed point of such a mapping T" would satisfy (11). They
prove that T is a contraction on I', allowing to apply the contracting mapping principle.

We follow the same conceptual approach, but apply some technical tweaks (different metric,
different T'), to prove that the additional requirement g, € C'(R? RY) with symmetric Vg, is
satisfiable as well, which implies that such g, is a gradient. Specifically, define the set

I:= {g e CHRY,RY) : sup ||g|| < v, sup ||[Vg|| < 8, Vg is symmetric and )\—Lipschitz},
OcRr? 6cRr?

with the norm

gllr := sup [|g(@)] + sup [[Vg(O)]], (13)
6cRd OcRd

where both the vector norm and the matrix norm in the right-hand side are Euclidean. The
space {g c CY(RY,RY) : gl < oo} with norm (13) is a Banach space, and I is a closed subset
of it; therefore I' can be seen as a complete metric space with the metric induced by the norm
|| - |[r- The constants -, 6, A are chosen in Appendix A.

The assumptions of the theorem are essentially the same as in Kovachki and Stuart [35],
except we (naturally) need one more derivative of the loss to be Lipschitz.



Theorem 2.1. Assume L(-) € C3(R?,R) with constants D1, D, D3, Dy such that

; V3L(6,) — V3L(6
sup|VIL(0)|| < D; forj € [1:3], sup IV'L(61) (02)l < Dy,
o

01#£0, ”91 _02H

where the norms are Euclidean operator norms. Then, if h is small enough, there exists a unique
g, (+) € T satisfying (11), and the following exponential attractivity property holds:

The proof is a bounding argument very heavy on long equations, so it is moved to Ap-
pendix A. Lemma A.2 proves that indeed T maps I' to itself, and Lemma A.3 proves that T is a
contraction on I'. Since I' is a complete metric space with the metric ||g; — g,||r, the contraction
mapping principle implies that there is a unique fixed point g; € I' of the operator T, i.e.,
Tg;, = g;,- Exponential attractivity is tackled in Lemma A.4.

o™ 4 1_1ﬂVL(0(”)) — hg, (6" )H (8 + h2B6)"

0 4 ﬂVL(@@)) — hg;, (0)

3 Mini-Batch HB: Approximation Theorem

Cattaneo and Shigida [11] introduced a method for removing memory in a class of numerical
optimization algorithms with decaying memory, which can be applied to HB up to O(h?). Fol-
lowing their idea, we prove the approximation of HB by a memoryless iteration with the global
error bound O(h*) where R € Z=. Considering higher-order approximations requires additional
notation and technical work. Denoting

Kig = {(ko,.... k) €25 tko+ ...+ ky =i ki + ...+ k =1},

define the memoryless iteration coefficients

A" (6) = =3 p VL)

. 1
d;)(6 Zﬁk 2 2 iol .. .0 (14)

5120 (ig,...,i1) €Kiy

i+l=m—1
W
19 times 4; times
where the history terms satisfy the iteration
- 1 i 3(n—s ~(n,s) ~(n,s)
-y ¥ Y e (ae).dn'e). o)
s=1 FZLELZ0 (ko) 5 R P m
i+j m

with a € [1:n], and m € Z>.

Although this recursion may look complex, we will use it as the main definition for {dgg ) (0)}
because it is convenient for proving Theorem 3.1. It involves taking high-order derivatives of
recursively defined quantities, specifically Vidg.n_s) in (15), and for this reason it is hard to
analyze. We provide a different, more natural, form in Section 4, where only the loss function is
differentiated.

10



Theorem 3.1 (Approximation by a memoryless iteration). Let a family of loss functions
{LM}, -0 be defined on an open convex domain @ in R%, and assume each loss function
L™ D — R is 2R-times continuously differentiable with bounded uniformly in n derivatives up
to order 2R, where R € Z>s. Let {0(")}20:0 C @ be the HB iteration (4) with initial condition

0 ¢ ®, and {é(n)}zozo C D the iteration (5) with the same initial condition 0" = 9. Let
T > 0 be a fixed “time” horizon. Then, for each h € (0,1/2),
nel0:|T/h]] =0
and, as a consequence,
sup [0 — 8" || < Cu®, (17)

nel0:|T/h]]
where C7 and Cy are some constants depending on T

To build intuition we offer a sketch of out proof next; the full argument can be found in
Appendix B.

3.1 Proof Sketch

By definition, (16) will follow from the following bound on the error introduced by removing
memory:

n R-1
—Y B vLeR (") LS amd™ (8™) + on®), (18)
k=0 m=0
that is, our task is to rewrite the left-hand side in such a way that instead of a function of all
previous é(n_k) it becomes just a function of é(n).
It is shown by induction (Lemma B.1) that d;n) (6) = O(1) which implies 0
O(kh) (Lemma B.2). This allows to claim that the remainder is Rem™ %) = O(k®*h%) in the
Taylor expansion

(k) _ gn) _

R-1

vk (é(n*k‘)) _ Z %vi—i—lL(n—k) (é(n)) (é("*k) _ é(n)’ . 7@(n*k) B é(n),)
i=0 i times (19)
+ Rem (™",
where
Rem (%) = o 1(1 — )R-t
HEEDD
VAL O™ (g™ ™)) 0" — 6™ .. 8" ™).
R ;i?rles

(n—

~ k
This is partial progress: we rewrote VL("—F) (0 )) in such a way that it depends only multi-

linearly on (copies of) é(n_k) — é(n), whereas all loss derivatives are evaluated at the current

k) (1)
through @

which clarifies the meaning of the history terms 35: ’k)(O):

Lemma 3.2. We have forr € [1:R], k € [1:n]

iterate é(n). Now we need to express é(n_ . This is done in the following lemma,

r—1
0" =™ + 3" wmdl™ (@™ + o). (20)
m=1

11



The proof is by induction and given in Appendix B. Inserting this history expansion (20)
into the main term in the right-hand side of (19) and carefully keeping track of the error gives

R—

m 1 17 (nek) (7 [(5(R) 2 () ~(n,k) = (n)
:Zh Z | Z mVHL( k)(a )<d1 (0°7),....d;y, (6 ))
mo z-zl-’%i(r)n (G0,-81) €Xi io times i; times

+ O(K*h%)

It is left to sum this over k& with an exponentially decaying weight 8*. The error O(k®h®)
is polynomial in k but it is not a problem because it will turn into >_p_, BfFO(k®*h%) = O(h%)
by exponential summation. The coeflicients d%) (0) are defined in such a way that the result is
exactly (18) that we need, proving the local error bound (16). A standard argument (Lemma B.3)

for converting a local error bound to a global error bound gives (17).

4 Analyzing the Form of Memoryless Iteration Coefficients

Let us write the first few terms d#})(e) from (14) and describe the pattern that can be used
to generate them. To declutter notation, we will omit the argument 6 since it will be fixed.
By definition, the first memoryless iteration coefficient is just the exponential average of past
gradients:

dgn) - _ Z /BbVL(nfb)'
b=0

Using the definition, we can also write the following expression for dg"):

n—1 b+1 n—1’
dé”) -8 Z Bbv2L(n—1—b) Z Z b vn-U-v)
b=0 I'=1b'=0

This triple sum on the right can be generated as follows. Write the rooted tree consisting of
two nodes (1,2) with corresponding parents (&, 1). Let us introduce a variable [ with value 1,
which we will call the memory distance variable. Corresponding to the root 1, write the symbolic

b+1 b+1

n—l n—1
Z ﬁvaL(nflfb) Z 0= Z 5bv2L(nflfb) Z 0 (21)
b=0 b=0

=1 =1

and call I’ the new memory distance variable (it is now being summed over, so it does not have
a fixed value). We write the second derivative tensor V2L (matrix in this case) because the
number of children is 2; later, the order of the derivative will be £ 4+ 1 where ¢ is the number of
children. Let us go down the tree and consider node 2. Replace (I in (21) with the corresponding
expression:

n—1’

Z gy L=t

b'=0

Again, the order of the derivative VL is equal to the number of children (zero) plus one. The
upper limit of the sum is n minus the current memory distance variable. We do not write a
trailing sum at the end like in (21) because there are no children.

12



We will further illustrate this process by looking at di(,)n). Using (14) again and after some

algebra, we can write

b+1 n—1’ Vb n—1"
=_ 5ZBbV2L(n 1-b) Z Z Bb/sz(nfzub/) Z Z 5b”VL(nfl”fb”) (22)
U=1b= 1"=1b"=0
ﬁ b+1n z’ b1l
Zﬂbv?) n—b—1) {ZZBUVLTL U'=b') ZZﬁbVLn U— b):| (23)
I'=1b'= U=1b'=

There are two non-isomorphic rooted trees with 3 vertices. The first one is a “chain”: the
nodes (1,2, 3) have corresponding parents (&, 1,2). Let us now describe a sum that corresponds
to this tree. As previously, the current memory distance is [ = 1, and the root 1 (having one
child) generates a symbolic expression

b+1 b+1
Zﬁva nleD Zﬁva nleD
'=1 '=1

The current memory distance variable is now [’ (with no fixed value). Next comes node 2 with
one child, generating a symbolic expression

n—1’ U+
Z le v?L(n U'-v") Z .
1"=1

The current memory distance is I (with no fixed value). Finally, node 3 has no children, so it
closes the sum with the expression

n_l//

3 gY L1,

b'=0

Up to coefficient —f in front, we have obtained (22).

The second rooted tree with 3 vertices is the tree consisting of nodes (1,2,3) with cor-
responding parents (&, 1,1) (root with two children). The initial memory distance variable is
denoted as [ and has value 1. The root has two children, so the order of the derivative corre-
sponding to it will be 3, and we will write two [ signs corresponding to two subtrees:

n—l b+l b+l
> gvALeY [Z =Y D} .

b=0 I'=1 '=1

Then we replace the first O with the expression corresponding to node 2 (with initial memory
variable ['):

n—1’

Z BbIVL(n—l’—b’) ’
b'=0

and the second [J with the same expression corresponding to node 3. Up to coefficient —/3/2 in
front, we have obtained (23). The reason for the division by 2 is that this tree has a symmetry
coefficient 2.

This consideration of special cases highlights a pattern in how the memoryless iteration
coefficients are structured. The following result is a formalization of this pattern.

13



Theorem 4.1 (The form of memoryless iteration coefficients). For m > 2, the memoryless

iteration coefficient d' is equal (up to a coeflicient —#3) to a sum over the set A [m] of unlabeled
rooted trees with m vertices: 1
d = -3 Z (7”1)7

Teﬂ

where o(T) is the symmetry coefficient of the tree ( background in Section 1.5). The expression
(n) (n)

: ET l
recurswely by

(8), depending on the iteration number n and memory distance variable l, is defined

n—l I+b I+b
(n) _ byrl+1 7 (n—I—b (n) (n) )
E]) =) pviiL >[Z ETI’ZI,...,ZETNJ, l€[l:n], (24)
b=0 l1=1 le=1
where (11,...,7y) are the subtrees rooted at the children of the root of T (with ¢ € Z=g). In

particular, ESYZL) = g:—é BOV L(n=1=b),

The E(Tnl) expression is an exact translation of our informal observations above into the
mathematical language. For example,

I+b n—11

ZﬁbVQ n—l— b)z ZB’”VL(” hi—b1)

11=1b1=0

We outline the main ideas underlying the proof next, but the formal details are deferred to
Appendix C.

4.1 Proof Sketch

Before sketching the argument for establishing Theorem 4.1, we introduce some preliminary
results. We employ the notation and concepts from Section 1.5.

4.1.1 Auxiliary Quantity Related to (24)

Fix a labeled rooted tree 7 in A[1:m], and choose a marking m € 11, where the marked ver-
tices are v1, ..., v}, with corresponding subtrees 77", ... ,T(:;Zl and the remaining subtree 7’. Let
P1,- -+, Pm| be the parents of the marked vertices (not necessarily distinct). Consider the derlva—

tive of the loss corresponding to p; in the symbolic expression for E(TZ,;Z). Add one to the order of

the derivative and add Z%/:1 Egﬁ) ; as an argument. Continue this process (possibly increasing
1>

the order of the same derivative more than once) until all marked vertices are processed. We
will denote the resulting expression by
ELG.
For example, consider the tree 7 consisting of the root and two leaves, with one of the
leaves marked:

2 3

\/

1
Consider the loss derivative corresponding to vertex p; = 1 in the symbolic expression

n—l—a a+b n—Il—1y

Z ,BbVQ n—I{—b— a)z Z ﬁbIVLn -l — b1)

l1=1 b1=0

14



Increase the order of the derivative and insert 25':1 Ef?,) , giving

n—l—a a+b n—Il—11
S Vi3 5T gt Sl
11=1 b1=0 I'=1

4.1.2 Useful Properties of E(Tnl)

We give two lemmas about E( ") that we will use in the argument. Both lemmas are proven in
Appendix C. The following 1mportant fact is the reason why the induction step in the main
argument goes through.

Lemma 4.2. Let m > 2. For any 7 € A[1:m] we have
Bll.= 3 Bl (25)
mell-

The reason why we invoke marked trees is that differentiation naturally creates such trees.
The following lemma establishes a connection between the sum over marked trees in (25) and
the high-order derivative tensor which arises in the main argument for Theorem 4.1.

Lemma 4.3. We have for m > 2

1 1
Z ko! ... il Z o(10)

=0 j=1 (ko,....km—j—i)EKi,m—j—i ! To€A[4]

1 < 1 < 1
D IS D O D D PO S

H

m—1m—:

reAll] Teﬁ[m—j—z‘ﬂ] TE€A[M]
ko times km,j: times
Remark 4.4. Note that from the definition of Egnl),
l (n) (n)
{+1 -1 n n
it )[Z E, .. ZEU l,] +BE ), = (26)

=1 =1
Replacing Egnl)ﬂ with > . Egn,; ll_m) by Lemma 4.2 and setting | = 1, we get the
following alternative recursion:

EY = v DEY L EM ]+ Y BT

71,10 T,m,1
menl-

The advantage of this form is that the memory distance variable is always 1, but the disadvantage
is that the right-hand side contains a sum over all markings of 7.

4.1.3 Proof Sketch of Theorem 4.1

The strategy is to prove the following two statements simultaneously by induction over m > 2:

d = S —LE®, and (27)



k
=3 > o (28)

=1 reA[m)

For m = 2, they are already verified above. Note also that the second statement holds for

m =1 as well: i
S
=1

By definition,

n—1 m—1
1

dp =53 ) ol i

b=0 =0 (’L’O,...,irm,172)69{&7”717[

—1—p) [ nb+1) ~(n,b+1)
x Vi Ln=1-b) (dl R A
30 times im—1—¢ times

Insert the induction hypothesis (recall that (28) holds for m = 1 too):

n—1 m—1
1

R DV

0! |

10! ..t 1—p!
b=0  £=0 (ig,. .sim—1-¢)EKe,m—1—¢ 0 m=1-t
b+1 1 b+1 1
041 7 (n—1—b) E™
X VEILETEI (Y > OIS E,
o(r ) o(7)
=1 rea(1) I=1 reA[m—1
10 times Gm—1—¢ times

Careful rearrangement is used to simplify this to

n—1 m—1 b+1 b+1 (n)
d%) _ _BZBbZ Z O.(T)VZ—HL(TL 1-b) <ZE7'17[’“"ZZ;ETZ’Z>7

b=0 40 r—fry,...mleAfm] =1

and that is, by definition, equal to —f ZTE Am] U(lT)E( ) . Hence, under the induction hypothesis

for smaller m, (27) holds.
By definition of the history terms in (15) and the induction hypothesis, to prove (28) and

complete the induction step, it is enough to show that

m—

5 5) SIS SR

J=1 =0 (ko,....km—i—j)EKim—i—j

1 n ? 1 n
< Vidl" [Z Z By Y G(T)E;;]: > By,

=17 U=1reA[m—i—j+1] reA[m]

M

1

.. kmfifj!

TV
ko times km—i—; times

(29)
By the induction hypothesis and (27) already proven, we can replace Vidgnfl) in the left-

hand side of (29) by —AV* Zme ATj) U(ITO)ESZEI). The result will involve precisely the big sum

that we saw in Lemma 4.3, applying which we will simplify the left-hand side of (29) to

Z J(T)vz+1Ln 1) |:ZETI " ZET l’:| +ﬁ Z Tl+1

=0 reA[m)] =1 =1 TEﬂ[m]
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Combining this with (26), we see that the left-hand side of (29) is equal to the right-hand side
of (29). This completes the induction step. Omitted technical details are given in Appendix C.

4.2 Connection with the Solution to the Fixed-Point Equation

The result in Theorem 4.1 can be connected to the invariant manifold perspective discussed in
Sections 1.1 and 2. Recall that HB on that manifold can be rewritten as (3) where g;, satisfies
the fixed point equation (11). Then, write g, (@) as a formal power series [8, 28|, sometimes
called B-series, to obtain

TEAZ
where V7L is the elementary differential defined recursively by VZL(0) =0, V°L = VL and
V'L = V“lL[VTlL VL] for 7 =[r,..., 7], g: Ay — R is the coefficient mapping (with

the induced mapping g: ﬂ@ — R denoted by the same symbol), (@) = g(s) = 0.
In addition, define a mapping a: Ay — R by putting a(@) := 1, a(s) = —(1 — 3)7!, and
a(t) = Bg(7) for |7| > 2. Then, by the composition rule (e.g. Faris [19]), we have

I7|
tgn (0~ T25VLO) + WHa,(6) ) - P = k! (30)

where a * g is the subtree convolution, that is, (a * g)(@) = g(@) = 0 and

(axg)(r)=g(@)a(r) + Y galr")...althn) = > g(m)a(rf). .. alry).

mell - me,

Similarly, by the composition rule,

BTl

V(0 (L VEO) + 125 0)) = 3 @ DOVLe). 6

B -y 2
where I: Ay — R is defined by [(@) = 0, I(s) = —(1 — 8)~, I(r) = 0 for |7| > 2, which means

1
(@x)(r) = D Wa)a(q) . alrfy) = —y=a(m) ...a(m)
menl-

for 7 = [r1,...,7]; in particular, (a *1)(s) = —(1 — 8)~!. Combining (30) and (31) gives

V(0 (G VEO) +1260,0) ) + g (6 1S VLE) + nha,(6) )

1-5 1-p B
»
-y T‘“ {(axD)(r) + (% )(7)}VL(O)
TEAY

By (11), this should be equal to

h h h\T
————VL(0) + h*Bg,(0) = — TL(O).
TEAy
Matching the coefficients before equal powers of h gives for 7 = [r,..., 7] with |7] > 2

(ax1)(7) + (axg)(r) = By(7),
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that is,

1
= 5@(71) cooa(m) + Z g(mg)a(m") .. .a(T"}le) +g(7) = Byg(7).
memM - \{2}

Hence, the coefficients g(7) satisfy the recursion

1 1 m m m
g(m) = ma(ﬁ) coealT) — Mf,zenqug{@}g(m Ja (T )--'a(T\mO

with g(@) = g(e) = 0; the same is rewritten in terms of only the a mapping as

1
a(t) = ﬂ—ﬁﬁ)za(ﬁ) cooa(Tmy) — Z a(ty’)a(t") ... a(T",’fﬂ)

1-5 meM \{2}
|7g71>2
with a(@) =1, ale) = —ﬁ. For example,
, B 3 B+ p)
) =— ) =a¥)=—- .
o) =~ ) =a(v) =

This is a similar-looking although not quite the same characterization of g;, as we would obtain
by taking n — oo in (26) (when all losses are equal L(®) = L). Of course, they lead to the same
results (despite the different recursions), for example,

h2
h’g, () = — mVQL(G)VL(@)
— }LB 1+8 s _ 13 1+6 oo 2 4
TV LOVLO), VLE)] ~ sV LOVLO)VL(8) + O(Y),

giving the memoryless update (3)

gn+D) _ gn) _ h{VL(gw) LM

1-5 (1-5)?
2
mv%(a(”)) [VL©O™), VL(O™)]

h?B(1+ B)
TTa—p

V2LO™)VLO™)
+

V2L(O")V2L(OM)VL(O™) + O(h3)}.

Here, in contrast to approximation theorems, by O(h®) we just mean terms of order h® and
higher in the formal infinite sum.

5 Corollaries and Implications

Our main theoretical results (Theorem 3.1 and Theorem 4.1) can be used to obtain useful
additional results for the analysis of HB and variants thereof. This section focuses on deriving
continuous modified equations of arbitrary approximation order (with rigorous bounds), as well
as principal iteration and principal flow approximations capturing the HB dynamics. Our results
generalize the work in Rosca et al. [42]. Due to their practical importance, we consider both
full-batch and mini-batch implementations.
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5.1 Moadified Equation

The global approximation by a memoryless iteration (Theorem 3.1) allows to prove the existence
of a modified equation or, in other words, an approximation by a continuous flow. Define the

BEA coefficients {fgn)(O)}oo by

j=1
J
n n 1 n n n
o) =d”e) - 5 ST 50, (32)
=2 ky,enki>
ki+...+ki=j

with the ith Lie derivative DZ(”) =>y fi(”)l(e)a,. This formula is standard in the literature on
backward error analysis applied to numerical methods [17].
We now state the continuous approximation result.

Corollary 5.1 (Modified equation). Assume the conditions of Theorem 3.1. Let 0(t) = O(R;t)
be the unique continuous solution to the piecewise ODE in @

R—-1
o) =" 1) (33)
1=0

ont € [ty,t,y1] with the initial condition 0(0) = 09 assumed to exist, where we use the
shortcut t,, := nh. Then for each h € (0,1/2)

sup 0" — ()| < Csh®,
ne[0:|T/h]]

where C3 is some constant depending on T.

The proof is by Taylor-expanding 6(t) around ¢, at t,4; and rearranging; this allows to
get the local error bound, which is then converted into the global error bound. Full details are
provided in Appendix D.1.

For example, the second-order approximation is

o(t) = = B'VLED(9(1) + hfs  (0(1)) (34)
b=0
with
n b n—lI
fgn) (0) - _ Z BbV2L(n_b) (0) Z Z ﬂbIVL(n_l_b/) (0)
b=1 =1 b/'=0

n

o %v Zﬂbv?L(nfb) Z 5b’VL(nfb/) (0)
b=0 b'=0

In the simpler full-batch case (where all L(*) = L) (34) is rewritten as
1— IBH+1
1-p
B 1+ 5 _ 4(n + 1)(571—&-1 _ ﬂ”+2) _ 52n+2 _ 52n+3
2(1-p)°

on the segment ¢ € [nh,(n + 1)h]. As n becomes large, this trajectory turns into the smooth

solution to
(1) = ~ =5 VLO(1) - Mv%(a(@)w(e(m (35)
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The equation found in Kovachki and Stuart [35] (after fixing a small typo) is the same ODE
after neglecting ", but for (35) the guarantee (8) (with R = 2) is only true if the initialization
happened exactly on the attractive manifold. Importantly, we did not lose any information but
gained a guarantee regardless of initialization.

Remark 5.2. Note that (35) can be rewritten as

é(t):—llﬁV{ 4(1+B)2||VLHZ}( (1))

This can be seen as gradient flow with a modified loss [18, 35, 23]. However, for R = 3 this is
already not true: f:(,)n) (8) becomes close to

1445+ 62
3(1—-p5)°

which is in general not a gradient.

1+ 108 + 2

V2L(0)V?(8)VL(6) — 30 B

V3L(6)[VL(6),VL(0)],

5.2 Principal lteration

Consider full-batch HB (2). Let us formally take R to infinity in (5) and write a formal series
Sy hmd%”(e). It is an infinite sum of terms that are of two types: terms containing only
derivatives of order no higher than two of the loss, which we will call principal terms, and the
remaining terms (containing derivatives of order at least three), which we will call non-principal

ones. For example, the term in (22) is principal and the term in (23) is non-principal.
Write

[ee] [ee]
> hmd((0) = -8 v {V?L(6)y "' VL(6) + NPT,
m=2

where the notation NPT means “non-principal terms”, {vr(:f )} are coefficients (not depending on

h). Theorem 4.1 and its proof give an easy way to write down a recursion for U( ),

Corollary 5.3 (Principal iteration). Define {vm }>°_, by putting U1 = > Bb and so that
the principal part of dﬁf)(e) is —61)7(,7){V2L (0)}y""1VL(0) for m > 2. Then the coefficients v{l”
satisfy

m—1
vﬁn) ﬁg) 1 +6 Z v](.n_l)vgﬂj + ﬁvﬁ,’}*l), m =2 (36)
j=1
and there are limits vfnoo) = limy 00 vfff), which satisfy v%oo) =(1-p8)"! and
(00) m—1
(00) _ Ym—1 B (00), (00) S 9
Uy 1—/B+1—5j:11}] Vppjy T2 2. (37)

The generating function gg(x) == ", vgﬁ)la:m is given by

1-B—2—/(1-B-12)2—48z

gp(r) = 25

In particular, for m > 1

m+1 (1 _ ﬁ)2m+1’
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where

are the Narayana polynomials.

The proof is given in Appendix D.2.
Informally, Corollary 5.3 means

3" md( () ~ —1_hBVL(0) — 83" Wl A V2L(0)} "V L(6) + NPT
m=1 m=1

= —hVL(6) — Sh Y o\ n{V2L(6)y"VL(6) + NPT
m=0

= —hVL(0) — Bhgs(hV>L(6))VL(Q) + NPT,

where & hides the fact that n is taken to infinity. Therefore, the “full-order” memoryless iteration
is approximately

0 — L(0™) — Bhgs (WL (@™))VL(®™) + NPT (39)

for large n. The series gg (hVQL(é(n))) converges in FEuclidean operator norm when
HV2L(é(n)) | < Rs/h, where Rg = (1 — /B)? is the convergence radius.
Remark 5.4. We thank Boris Hanin for the following interesting observation: gg(x) is the Stieltjes

transform of the standard Marchenko-Pastur law with parameter §, which we can write as

98(z) = Econmp(p)(§ — z) 7.
Hence, (39) becomes

n(ntl) _ A(n)

0" = 8" — hEe yip(s) [T+ B(eI — hv2L(8™)) ' ]vL(8"™) + NPT

as long as ”sz(é("))” < (1 —+/B)?/h as above.

5.3 Comments on Combinatorics

We see from Corollary 5.3 that the coefficients corresponding to E(Tnl) , where 7 is a chain with

m vertices (see Section 1.5 for the definition of a chain), are the rescaled Narayana polynomials.

Remark 5.5. Corollary 5.3 and (69) show in particular that the Narayana polynomials can be
defined as Ny, (8) = Np1(5) where {N,, ;(3)} satisfy the recursion

o] I+b
Nopi(B)=(1=8)*> B> Npo1p(8), m=21>1
b=0 li=1

with initial condition Ny ;(8) = S+ (1 — )l for I > 1. We are not aware of this characterization
in the literature.

Let us now write the coefficient before another type of trees, namely, the trees consisting
only of the root and a number of leaves.
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Corollary 5.6. Define q(n) as such coefficients that

m,l

E", = )V L(0)[VL). ..., VL(6)]

m — 1 times

in (24) in the full-batch case, where t,, consists of a root and m — 1 leaves. Then the limit

qr(nofl) = lim,— 00 qfﬁ)l satisfies

00 1
Q£n+)1,1 = WAm(ﬁ)a m>1,

where

An(B) = (1= )"y !
j=1

are the FEulerian polynomials.

The proof is given in Appendix D.3.
Corollaries 5.3 and 5.6 motivate the following definition.
Definition 5.7. For 7 = [r1,..., 7] € A[m], let e, be the coefficient before E" in Theorem 4.1

7,1

after taking n — oo and multiplying by (1 — 3)?™~1, that is,

oS I+b I+b
eri=en(B) ==Y B> enn- > ey LE€Zs1, L€ L.
b=0 I1=1 l,=1

In particular, e,; = 1.

By induction, e;; is a polynomial of degree no more than m — 1 in the variable [(1 — /)
with coefficients that are themselves polynomials only of S (not depending on [). In particular,
e, is a polynomial in 5 (as opposed to just a rational function).

By Corollaries 5.3 and 5.6, (1 — ﬁ)zm_lvﬁnoo) = €,,,1 Where ¢, is the chain with m vertices;

(1- ﬁ)gm_lqﬁnoc;) = e,,, 1 where ¢, is the tree consisting of a root and m — 1 leaves, whereas

el = Nm—1(8), en,1=Am—1(8).

To conclude, e,1 = e,1(f) in Definition 5.7 form a rich A [m]-parametrized (m > 1) family of
polynomials of 3, containing both the Narayana polynomials and the Eulerian polynomials, and
many other polynomials “in-between”. This combinatorial digression may be of independent
interest.

5.4 Principal Flow

Using the same framework as in Section 5.2, we can derive a “full-order” modified equation up
to non-principal terms.

Corollary 5.8 (Principal flow). Define {zﬁ,? )} as such coefficients that the principal part of
£2(8) is 25 {V2L(0)}" 'V L(). Then,

m
(_1)l+1
2 = l Z p,(g) . .p,(gZ’), (40)
=1 k1,..,k =1
ki+...+ki=m

22



where
w oY itk =1,
P po™, itk e

(c0) (n)

. oy . . n
Moreover, the limiting sequence zmy, = := lim, 00 2Zm

Yoo z,(ffi:rk given by

admits a generating function gg(x) :=

—x — B —x)?— 4Bz
RSN ETE  .

The proof is given in Appendix D.4.
Informally, the “full-order” modified equation (called “principal flow” by Rosca et al. [42])
is approximately

o(t) = 3 A7 WF{V2L(6(1)}"VL(6(t)) + NPT
k=0
= gg(hV2L(6(t)))VL(6(t)) + NPT

for large n. Taking 5 = 0, we recover the result of Rosca et al. [42] (for GD).
For example, consider the one-dimensional case and L(f) = #2/2. The HB iteration (1) is

solved by
0\ (1—h hB\" (6O
o) -1 B v,

(1 —=nh = 22)00 + hBoONAT + (A4 + 2 — 1)0©) — bR\

The general solution is

() _
0 )\+ — )\_ )
o ((B= A0 =00 + (00 + (A — Bo®)an

V.

with

14+ B8—h+\/(1—B—h)?2—4Bh

= 5 ,

taking for simplicity the case Ay # A_ and Ay € R. If the initialization happened on the invariant
manifold we discussed above (attractive if h is small enough), that is, v(®) = 0O (X\, +h—1)/(hB),
then

At

() — )\19(0)‘ (41)
The solution of the principal flow 0(t) = gz (R)6(t) in this case is

0(t) = H(O)exp{zln(l Fh—ht \/(12_ f=hr _‘wh) } (42)

coinciding with (41) at points t = nh.

We note in passing that for large step sizes (1 + /B)? < h < 2 + 203 there is another
attractive manifold of importance v/0 = (h+ A_ —1)/(hf3), where the right-hand side blows up
as h — 0. If the initialization happened there, the solution will be

0 = \m 90,

This also coincides with principal flow (42) by choosing appropriate values of the complex square
root and logarithm. We illustrate both situations in Fig. 1.
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1.5 1.5
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X end
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X end
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Re 6 Re 6
(a) Small h = 0.02 (b) Large h = 3.38

Figure 1: Principal flow (8 = 0.7, #°) = 1) corresponding to the quadratic loss L(#) = 6?/2 on
the complex plane. It is purely real for small enough step size h. For high step sizes, it is not
purely real, and the real values 6(nh) capture the oscillatory behavior of HB (with HB exactly
matching the flow if initialized on the attractive invariant manifold).

6 Concluding Remarks

We studied the theoretical properties of gradient descent with Polyak [39] heavy-ball momentum,
the simplest and one of the most commonly used algorithm with memory in optimization.
We established an approximation of the algorithm by a memoryless iteration with arbitrary
precision. In the full-batch case, this memoryless iteration is (roughly speaking) plain gradient
descent with a modified loss. This loss modification can be seen as implicit regularization by
memory, and can sometimes explain good empirical performance [3, 45, 23]. In the stochastic
(mini-batch) case, additional implicit regularization by mini-batch noise can be identified. These
insights can be of practical importance in machine learning, not just for understanding existing
algorithms, but also for proposing new ones, e.g. by introducing (or strengthening) similar
regularization explicitly [22, 52]. In addition, analyzing the terms of the memoryless iteration
revealed rich combinatorics hidden inside the algorithm, which may be of independent theoretical
interest.

Bernstein and Newhouse [5] notes that “the precise role of EMA [exponential moving
averages| is perhaps still an open problem” in optimization. Even though we tailored the pre-
sentation to be specifically about HB, one of the strengths of our techniques is that they can be
used to study other algorithms with decaying memory (defined by smooth enough functions of
the parameter 8). Thus, our paper not only makes a step in the large task of theoretically under-
standing memory and its effects for a specific optimization algorithm, but also outlines a more
general framework that can be used to analyze other algorithms. For example, our techniques
could be used to study other (ubiquitous) numerical methods with memory such as Adam [34]
or Shampoo [26].
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A Proof of Theorem 2.1

A.1 Constants

It will be convenient to define

Ky :=D1/(1 - B) + hp, (43)
The constants 7, 0 and A are chosen as follows: « is as in [35, Lemma 10|, that is, v € [y, 00)

with
(1—B)"2D1D;

 1-B—hDyB/(1-B)
J is chosen at the end of the proof of Lemma A.2: namely, it needs to be positive and satisfy (48),
and A is chosen to lie in [1(d), 00) with

D3(1—B)7(1 = B)"'Dy + h34]
1 —h{(1 - B)~1Dy + hB6}
L (1= B) ' [DsK + Daf{(1 = B)7' Do + hB0}]
(1= h{(1 = B)~'Da + h35})*
N ((1=B)"1Dy + hBS)[(1 — B)~'Dj] )
(1 - h{(1 - B)~1Ds + hps})’
3 h8[(1—B)"'Dy+hBs]  \ 7'
X (1 - 5 — 3> .
(1—nr{(1—B)"'Da+npBs})" (1 —h{(1—pB)"'Dy+ hp35})

Notice that m(6) > 0 for small enough h.

T1 -

75(6) ::(

A.2 Omitted Lemmas

Lemma A.1 (0 — ( is bijective). For small enough h and for any g € ', the function 6 — { =
0 — h(1 — B)"'VL(0) + h?Bg(8) is a bijection R? — R,

Proof. This is proven in Kovachki and Stuart [35]. O

Lemma A.2 (T maps from I" to I'). For small enough h, the operator T defined in (12) maps
from T toT.

Proof. Take g € T'. By Lemma A.1, the function @ +— ¢ = 0 — h(1 — B8)"IVL(0) + h%Bg(0) is a
bijection. This function is continuously differentiable:

VeC(0) =1 — 1_hBV2L(0) + h?BVg(0).

For h small enough, this matrix is invertible. By the inverse mapping theorem, we see that the
inverse mapping is continuously differentiable with Jacobian

VeOle) = (1 L6 + 1E6Vg(00)) ) (45)

Therefore, the function T'g is also continuously differentiable with derivative

VTg(C) = )VC{VL(C) — VL(0(¢))} + BV {g(0(¢))}

1
h(l—p
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B 16){v2L(g)—v2L(0(c) Ve0(Q)} + BVg(8(¢)Veh(C)

(1l —
I T o2 _ M gep 2 B
- _5){V L) -V L(O(C))<I _Bv L(O(C)) + h Wg(@(C))) }
1
+AVg(8(¢)) <I - 1_hBV2L(0(C)) + hQBVg(G(C))>
1
— V2L(¢)
Ri-5)
1
s (- VPOO) + 1255010 ) (1 - S TAL6(0) + 125Vg(0(0)
- VOO 555606+ (s verio10) - avatorc)
-1
.- <hﬁv2 6(¢)) - h25vg(9(c))> <I _ 1_hﬁv2L(0(C)) + h26V9<9(C)>>
| VL) - VAL(O(C))
- VUG ZVLOW) | poglae)
# (o) - 1sve0(0)
-1
{1 (1= 159 + svglon) | (46)

This matrix is symmetric for any g € I' because any square matrix A commutes with (I — A)~!
(provided the latter exists). We have proven that T'g is a continuously differentiable function
and its Jacobian is symmetric.

Bounding Tg We need to show that the norm of the function T'g does not exceed  for any
g € T'. We have for any ¢ € R?

supg|| V2L(6

Ir9()l < e e 6(0) 1 + slato()|

(where we used the definition of 7" in Eq. (12))

su 2
= el VO 9 (6(6) + 1259(0(0)) | + Sla(6(0))
_ sy V2L(68) | sup, |V L(6) |
< (1~ 5

DDy

B 8
‘(1—5>2+(5+h1—/3D2>”
<7, (47)

+ (84 n 2 mwlne ),

where the last inequality follows from the definition of 71 and since « was taken to be at least
T1.

Bounding the derivative of Tg Consider the expression ending in (46). We will use

V2L(S) — V2L(6(C)) H
h(1 = B)

IVeTg(0)l < H
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g vseo |- (1- 125 vne0) + h26v9<e<c>>)1}
h

n H5v9<e<c>> (1= 257210600 + 12594(6(0))) h

and bound each of the three terms in the right-hand side separately.
The first term is easy to bound:

‘ VQL(C) V2L(9(C)) H

<h( 5llc Q)

H = )+ 123(0(0) |
< h(l—gﬁ){lthﬁ + } 2
Now we bound
it L= (1~ e+ hQﬂng(c)))_l} |
< D2H[ (I - vaL(e(C)) + thVg(e(g))>_l '
h(1—5) 1-3

Notice that the eigenvalues of the matrix

-1
- (z - VL) + mw(e(o))

are of the form —h\;/(1 — h\;) where {\;} are eigenvalues of the matrix (1 — 8)~'V2L(8(¢)) —
hVg(6(¢)). For small enough h, we have hmax;|\;| < 1, so we can bound

Al maxgN (3 - 8)7VAL(8(6)) + hBVg(B(C))|
[1—hXi| = 1=hA| = 1—hmaxi|A;| 1= h[(1-B)"'V2L(8(C)) + hBVg(6(C))l]
(1—B)"1Dy+ h3s
S 1-h{(1—-B)"1Dy +hBs}

Similarly,
sV <e<c>>(f—hv2 (8(¢)) + 128V <0<<;>>)_1 < Bo
g 1-3 J S1—h{(1 = B) 1Dy + hB}
‘We conclude that
— )1 hBé6 )
IVeTg(@ll « D204 P2 P Pl -

1- 3 1-B1_h{(1_B) Dy +hBs} " 1—h{(1_B) Dyt hBa)
 D3Ei (1= {2 + hpd}) + Da(2% + hpB3) + B(1 — )
a (1- )[1—h{(1— )1D2+hﬁ5}]
(D2 = hD3K1) (1225 + hBd) + D3Iy + B3(1 — B)
(1—ﬁ)[1—h{(1— B)~1D2 + h3s}]

The inequality

(D2 — hD3K1) (125 + hB6) + D3Ky + 56(1 — ) -
(1—p)[1— h{(l — B)"1Ds + hfd}] h

(48)
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can be rewritten as

2 _
1+ ﬁ h°p Do hDgKl) i D3 K,y <o.

Dy —
- p 1-p (1-p3)? 1-p
For small enough h, we can ensure that the quadratic equation in the left-hand side has a

positive root, which means we can take any 6 > 0 slightly less than this root, and the inequality
will hold.

D
h2B36% + <5 ~1+hy K1D3>5+ 2(

Bounding the Lipschitz constant of the derivative of T'g Consider the expression ending
in (46). To declutter notation, denote 4; := (1 — 3)~1V2L(0(¢;)) — hBVg(0(¢;)) for i € {1,2}.
First, decompose

VeTg(¢1) — VeTg(Cs) =

el (THOCD  sugac ) - han

ni—-5)  \ Al-p)
VL) | (VEL(B(Cy) by
hiedt )+( r ) 5906120 ) 7 - o)
_ V2L(G) — VPL(G)
h<1—/3>
- (O =V  vgtorc,) + 5va0(ca) ) (1~ han)
V2L(8(Ca)) - -
(G2l avgtoean ) {1 - han - (1= han) )
=T — Ty — T3,
where
V2L(¢)) = V2L(C,) .
Ty := hi=p) {I—(I-hA)'},
2 2 2
T (v L(9(¢)) — (%()1 _B)Lw(cg)) VL) sogbic) + ng(g(CQ))) «
x (I —hA)™,
2
B (W B ﬁng(cz))) {T=hA)™ = (I —hAy) 7'}

To bound T1, use |[I — (I —hAy) | < hi }(L{( 5) )1D12D+2f18}§$65} and conclude

Ds(1—B)~*[(1 = B)" Dy + hf3é]

T < 2 ey 16— Gl
To bound T5, note that
Ve{VEL(6(C)) = VPL(C)} = VPL(6(¢) (I — hA) ™ = VPL(()
1

= (V2L(6(Q)) = VPL(O)) (I = hA) ™ + VPL(¢) ((I — hA) —1I)
where A := (1 — 8)"'V2L(0(¢)) — hVg(0(¢)). Therefore,
IV2L(6(¢1)) — VPL(¢q) — V2L(6(Cs)) + VEL(S)|
< sgpuvc{VQL(e(c» = VLI = ¢
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Dysup||0(¢) — <]l IC = Coll +h D3{(1 — B)~1Dy + hB5}
S 1—-h{(1—pB)"'Dy+hps}">t 2 1—h{(1 — B)~1Dy + hBs}
DK+ Dg{(l — 6)_1D2 + hﬂ5}
1—h{(1—ﬁ)_1D2+h55} |’C1_C2H7

161 = Call

<h

where the last inequality is obtained by bounding sup[|@(¢) — ¢/ like for Eq. (47). Since also

BlIVg(8(¢1)) — Vg(8(Ca))ll < BAIO(C1) — 8(Co)[| < BA Slép”VCG(C)”HC1 — Gl

BA

we conclude
(1—B)'[DsK1 + D3{(1 — ) "Dy + h36}] + BA
(1= h{(1 = B)~1Dy + hps})*

T2 < 161 = Call-

To bound Tj3, use
(I = hA) ™ — (I = hAy) Y| = h||(I — hAy) YAy — Ao)(I — hAy) Y|
< " 5
(1 —h{(1 = B)~1Dy + hp5})
y ’ VZL(0(¢1)) — VZL(8(S,))

-3
h
<
(1= h{(1 = B)~1Ds + h6})*
MO =B Do th8A e o)
S (—h{(1-B) Dy +hasy) T

- h3{Tg(0(¢) - Val0(C.)}

2 e - o(col

and conclude
(1 =B8)""Dy+1B5) [(1 = )" D3 + hBA]

(1 - h{(1 = B)~LDy + hp3o})? 1< = &all-

T3] <

Combining, we get

IVcTg(¢1) = VeTg(Cy)ll
o <D3(1 — B8)7'(1 = B)~' Dy + hd]
= 1 —h{(1—B)"1Dy + hB5}
(1 — B)"'[DsK1 + Ds{(1 — B)"'Ds + hB5}] + BA
(1—h{(1—B)~1Dy + hB6})*
(1= B) " Dy + hB8) [(1 — B) " D3 + hBA]
(1—h{(1 = B)~'Dy + hjs})’

_l’_

)ncl 6l

It is left to note that
D3(1— B)"Y(1 — B)~1Dy + hBJ)
1—h{(1—pB)"1Dy+ hpBd}
(1= B)"'DsK1 + D3{(1 — B)" Dy + hB6}] + BA
(1—h{(1 = B)~'Dy + hfs})*

+
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(1=8)""Da+hB5)[(1 = B)"' D3 + hﬁk]
(1—n{(1—pB)"'Dy+ hﬂé})

for small enough h because A was chosen to be no less than m5(9). O

Lemma A.3 (T is a contraction). For any g;,g5 € I, we have

|Tg, —Tgslr < allg; — gallr
with some o < 1.

Proof. 1t is proven in [35, Lemma 16] that for A small enough hK3 < 1 and

sup [|Tg,(¢) — Tg2(¢)l| < 1 sup [|g1(0) — g2(0)]] (49)
(ER 6cRd

with

Dy + hD3 K h?3
-5 1 — hK,

(D2 + hD3 K1) (D2 /(1 — B) + hfBd) + D3 K,
1-p

Next, fix ¢ € R, g;,g5 € T'. Let 8; be the preimage of ¢ under the mapping 8 — ¢(8) =
0
(4

o1 = B+ hB (85 +

0 — h(1 — B)"1VL(0) + h?Bg,(0), and O, the preimage of ¢ under the mapping 0 +— (,(0) =
0—h(1—B)"1VL(0)+h%Bg,(0). Recall that the form of the derivative of T'g;({) is given in (46).
Decompose

V¢Tg,(¢) — VeTgs(C)

VLo L (L6 ]
= (h(l —5) 5V92(92)) (I —hAy) 1_ <h(1_5) _ 6Vgl(01)> (I — hAy) 1
2 _ 2
- [v L(Za()l _Z))L(al) — B{Vg,(82) — Vgl(el)}] (I — hAs)™!
Ty
V2L(6,) - .
[h(l—ﬁl) ) ngwﬂ] (1= hdo)™ — (I = hA) ™),

T>

where 4; = (1 — 8)"'V2L(0;) — hBVg;(0;), i € {1,2}.
To bound 77, first note

V2L(61) — V2L(0 D
H (hl()1 = (62) ‘ < h(ljﬂ)uel — 0, (50)
Since 5 .
¢=01— mVL(el) + h*Bg,(61) = 65 — mVL(%) + h*Bgy(02),
we have
161 — 02| < HVL(Gl) VL(62)|| + h*Bllg1(81) — g2(62)]|
hDg

STo H91 02| + h?Bllg1(01) — g1(02)I| + h*Bllg1(02) — g2(62)l]

hD
< (1 25+h256>’91 — 03] + h?B|g1(02) — g2(82)]|.
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For h small enough, 7 hD 2 + h2B6 < 1, and we obtain

128
I n255191(02) — 92(62)l] (51)

1601 — 62| <

Continuing (50), we get

H V2L(01) — V2L(8,)
h(1 - B)

D h?
< T e ©) -5

- L h@z s suplgy (0) — g2(0)]

Next, use
IVg1(61) — Vg1 (02)[| + [[Vg1(02) — Vga(6s)]|

IVg1(01) — Vgy(6)]|
A01 — 02| + St;pHVgl(H) — Vgy(0)]

<
<

h2 B\

< su 0) — g,(0)|| +sup||Vg{(8) — Vg, (0

1= B 12 0P||g1( ) —g2(0)|| 0P|| 91(0) — Vg, ()|

with the last inequality by Eq. (51). As previously, using ||[I — hA||™' < [1 —h{(1 — B)" Dy +
hB8}] !, we can now conclude

_ —1h D- h? 2)\
HT1H<<((1 B)"hBDs B )sgpugl(o)—gg(e)n

1— 1Dz p2p5)* (1 - 222 — n2p5)°

B
— Vg1(0) — Vgs(0)].
1 [23_ 1230 SgPH 9:1(0) g2(0)||

To bound T5, use

(I — hAs)™ — (I — hA) 7Y = All(I — hA2) " [As — Ay](I — hAy)7Y|

h
) (1— {1 = B)~LDy + h3s})" 142 = A
- h V2L(6,) — V2L(6:)
T (L h{(L- B) 1Dy + hB5))’ L= O 15(T 0,000 - V(o)

h B)"1h2BDs + K332\

(1-
S (1—h{(1=pB)"1Dy+ hﬂé})z [ 1— @ 1236 Sng!h(o) —g2(0)

+ bV, (0) ~ Vg2<e>u]
(1= B)-1h3BDs + W52
T (1= n{(1 - B)~'Dy + hBs})"

h2B
’ (1-=r{(1-5)" 1D2+hf35})25 oPlVe:(8) = Va: Ol

sup|g.(6) — g:(6)]

and conclude
1— B)"1Dy + hB5)[(1 — B)"th2BDs + h3B2\
o (1i;zr{(f_)g)1§j+hﬁi})33+ o ]SUP||91(0)_Q2(0)H

IT2] <
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_ a1
e

Combining the bounds on 77 and T5 gives
[VeTg1(¢) = VeTgs(C)| < én supllg;(8) — 95(6)|| + G2 5up]| Vg1 (6) — Vg5 (8)]]

where
— (1-5)"'hBD;s h2 B2\
T AR B) D+ hB8))E (1— h{(1—B) Dy + hp5))
s (1= B)~'Da + hB8) [(1 — B)"1h2BDs + h3B2)]
(1—h{(1—B)~1Dy + nBs})°

_ Bh{Ds/(1 = B) + hBA}
(1 — hKo)3 ’

A 8 (1-B)"'Dy+hBs)hs 8

Q9 .

)

T h{(1—B) Dy + hio} (1—h{(1—pB)~'Dy+hps})> (1 —hKz)>
Combining with (49), we get

sngTgl(C) —Tg,(¢)|| + SLClpHVCTgl(C) — V¢Tg,(¢)|
< (a1 + @) Sl;p|!g1(9) —g2(0)]| + a2 Sl;p||Vg1(9) — Vg, (0)]|-

For h small enough (o + aq) V as < 1. O

'.

Proof. The same argument as in [35, Theorem 5] proves this result as well. O

Lemma A.4 (Exponential attractivity). Equation (1) satisfies

o) o) - hgh<0<">>H < (5 + 260"

1
v + 15 VL(O') — hg, (6©)

B Proof of Theorem 3.1

In the proof of this theorem, O(-) will denote a term that is bounded (in absolute value or in
norm) by a constant times the argument, where the constant cannot depend on n or h but can
depend on other fixed values (like R, T, ).

Lemma B.1. For all @ € D and all m € [1:R], we have

vl (9) = 0(1), Vdr @) =0@™), rel0:2R —m]. (52)
Proof. Note that if El(zls )(0) actually appears in the sum on the right of (15), then [ + 1

cannot exceed m — 1, because [ + 1 > m would mean ¢ < 0 and this term is ac-
(n,a)

tually absent (there are no history terms if i = 0). Therefore, d,, () is defined by
~(n,s) n—s . n .
{dj (0)}1@@17171@@ and {d§ )(0)}1<j<m' By the same logic, from (14), dgn)(O) is de-

~(n,k)
fined through {dj (6 }Kjémfl,lékén'
So, we prove (52) by induction in m. For m = 1 it is easy to check. To prove that the
statement holds for m assuming that it holds for all m’ < m, we notice that since there is
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exponential averaging in the definition of dgg)(H) and the derivatives of the mini-batch losses

are bounded, we have

!dﬁ,?(e)\sfjﬁk DD DR cara G

k=1 7,01>0 (io,...,il)GfK“
i+l=m—1
n n
SDDEAED DR A DL (OF
k=1 4,020 k=1
i+l=m—1

Adding V" in front of ' )(0) influences only the number of terms in the sum (but it remains
bounded) and constant coefficients in the bounds above (the induction assumption is chosen
such that we can still apply it if we add derivatives to the history terms), so the statement
v7d™(9) = O(1) also holds.

Using this and bounds on the previous history terms (and their derivatives), we can also
see

‘31(:@)(0)’ < Za: Z Z gkot At (+D)k

s=1 j>1,i,l>0 (ko,‘..,kl)eg{iyl

i+j+l=m
a a a
< Z STy (1445 < Z s < g™
s=1 j>1,i,1>0 s=1 s=1
i+j+l=m

(n,a)

Again, adding V" in front of d,, () only influences the number of terms in the sum (though it

remains bounded) and constant coefficients in these bounds. This proves V’"EEZ ’“)(9) = O(a™),

completing the induction step. O
Lemma B.2. We have 8" " — g™ = O(kh) for any k € [1:n].

Proof. This follows from the fact that the right-hand side in (5) is O(h), because dgn)(O) =0(1)
by Lemma B.1 and

R—1
. 1-p® 1 (a
J = < = 17
= < 2 o)

where (a) is because h is bounded away from 1. O

Recall that, by definition, (16) will follow from the following bound (18) on the error
introduced by removing memory. By Taylor’s theorem, we have

R—-1
vre e ) = 3 2w @) @Y 6™ g 6") 1 RemnH),
i=0

i times

where

1 1
(n—k)y _ = _ n\R-1
Rem R—1)] /0 (1—1)

x VAL O™ g™ ™)) 6" — 6™ ... 8" 0" .

R times
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Using the boundedness of derivatives of L("~%)(.) and Lemma B.2, we can write

VL(n k Z Z'vz—i-lL n—k) (9( ))(é( k) - é(”),“"é(”—k) _ é(”)) —i—O(kmh‘(R).

4 times

(53)

We will now express the difference 6" " in (53) through o™

Proof of Lemma 3.2. We induct over r.

For r =1 this is the assertion of Lemma B.2. Further, r > 2.

Now make the induction assumption that (20) holds with r replaced by r — j for any
jelr—1].

Like in the proof of Lemma B.2, using d&”)(e) = O(1) by Lemma B.1 and the fact that h
is bounded away from 1, we write for s € [1: k]

r—1
é(n_s+1) _ é(n_S) n Z hjdg-n_S) (é(n—s)) +O(h").
j=1

Inserting this, we get

é(n k) O(n Z{en s) (n— s+1)}

:_Z{Zhﬂd(" 26" ) +O(h7")}

k r—1
=-S5 wd (@) o). (54)
s=1 j=1
By Taylor’s theorem,
d(nfs) (é(n—s)) - 7"_21:_] lvid(nfs) (é(n)) (é(n_S) B é(n))
N i 7! J —_—————
= i times

+ o /1(1 )
(r=1=7)"Jo
% vr—jd§”*8) (é(n) 4 t(é(”—s) - é(@)) (é(n—é’) _ é(n)) dt

r — j times

r—1—j 1
2y Svid 0 e") @~ 8"+ o(s )
7!
i=0 7 times
0= 1o (), z(n—s) =(n) .
T~ SV e (0" 0" ok ), (55)
= 7 times

where in (a) we used that the derivatives of dgfg) (0) are bounded (Lemma B.1) and Lemma B.2;
(b) is just because s < k. By the induction assumption,

r—1—j

0" ="+ 3 wa™ @) + ok —in),
=1
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which we insert into (55), giving

(n—s) 1 p(n—s)
N

r—1—j r—1—j
_ vld(n s) < Z nld (ns —I—O(kr JpT— g)) +O(kr—jhr—j)
1=0 =1
¢ times
r—1—j 1 ~ r—1—j ~(n,5) , = . A
@ Z Z.Tvzd‘gn—s) (0(")) ( hldln’s (0(”))) + O(kT—]hT—])
i=0 =1
% t?rrnes
r=1-j3 ., . (n r—2—j . (n . .
=Y A @) (X K 6")) + o )
=0 =0
¢ times
(:) r—l—jr—1—j—t hi+l
=0 =0
1 i 3(n—s) /7 (n,s) ~(n,s) ,~(n
* T e (@), a6
(o) €K 0----2"

10 times 4; times

+ Ok h )

where in (a) we used that components of V’d(n °) () are bounded (Lemma B.1) and for ¢ > 1

we have (kh)!"=9) = O((kh)"™7) because kh does not exceed T; in (b) we also used that
~(n,5)

d, " (0) = O(s") by Lemma B.1. Inserting this into (54) gives
é(n—k) _ é(n)
k r—1
= 33 wd (8" Y) + o(khT)
s=1 j=1
k r—1 .T—l—jr—l—j—i '
- _ Z Z B Z Rt
s=1j=1 =0  I=0
1 © o (n—s) s =(n ~(n,s) ,=(n n,s) ,~(n
x v @) (@), 0")
(i0,-.,11) €Kit 10 times 1; times
k r—1 ' ) ‘
= > WoEIn ) + Okh")
s=1 jfl
- 1 ;o A1)\ [ ~(n.s) 2(n) ~(n,8) 2 (n)
z—thZ > S v @) (a7 (0", dl (07)
ZO. “ .. Zl. N——— N————
§=1 5215120 (io,..., 1) €Kiy ip times 1; times
+j+l=m 0 !
+ O(K"h")
r—1
@S wman™ @) + o),
m=1
where in (a) we used (15). We have completed the induction step for (20). O
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We will now conclude the proof of (18). Inserting (20) into (53) gives

= Z Lgitipmn (Z prd ) + O(k:mhm)> + O(K*h®)
= 0 !
7 tlmes
(a i n— k m
Z Z‘V“L <Zh a" )+O(kmhm)
i times
R—-1 hl A _ R—2 ~(n.k)
= X T @) (X wmd ) ) ot
i=0 m=0
i times
~ L itttk (g (50 () (k) (1)
S U0 DD i (&™), 6"
m=0 z—zﬁiéi?n (io,...,iz)EgQ,z 20 t:,mes 4; times
+O(k*n™)

where in (a) we used that for i > 1 we have (kh)™® = O((kh)®) because kh does not exceed 7.
Using exponential summation gives

k=0
— —vL™ (™)
LD S S S
4,120 (ig,...,i1) €K 0r-- -2
i+l=m
< VI LR () <3§””“) @™),....a@" ))> + O
io times iy times
. Zn: FAZACICAS
k=0
- 1
_Zh Zﬁkz 2
m=1 0,20 (ig,...,i) €Kiy 0 !
7,+l m
w i+l (n—Fk) (é(”)) <d§" k) (0( )) dgzlk) (0( ))) +O(h*%)
io times i times
R—1 3
=3 wmd, (8") + o),
m=0

as desired. Since (18) was sufficient for (16), we have proven (16) as well.
Lemma B.3. Equation (17) follows from (16).
Proof. The argument is standard. Define the error at the nth step

e = gm) _ g™
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and local error

6 =0 6" 113" prvrn P (6" ),
k=0
where n € [0: |T/h|]. By definition and Taylor’s theorem, we have

e(n+1) h25k< v (k) (gn— k:)) _ vk (é(n—k))> _sm

Since the derivatives of the loss are bounded, this implies

le™ V| < [le® +hCy Y BHle™ M| + 118
k=0

with some constant Cy. Denoting s(™ := maxgcr<n €], we have

(a)
s < s L hCss™ 4+ 60| = (1 + hC5)s™ + (|67 < (14 hC5)s™ + ¢ R%H,
with some constant C5, where (a) is by (16). Applying this inequality iteratively, we obtain

1+hrC5)" -1
s < (14 hogyns©® ¢ EHAC)" =10 e
5
n_ (a) Csnh
= WHRO)" =L & 7 T L0 bR < el < TR,
Cs Cs

where in (a) we used the inequality 1 + x < e* for any x > 0, Cp is some constant. It is left to
apply it with n = |T'/h] and put Cy = C(,@C 5T, O

We have proven both (16) and (17), concluding the proof of Theorem 3.1.

C Proof of Theorem 4.1

Proof of Lemma 4.2. We prove this by induction in m.

Induction base For the tree 7 with vertices {1,2} where 1 is the root, we have

n—l—a n—l—a a+b
_1 —1 l
By + By " = > gLt SEG > VLTS Bl
=1 I'=1
n—l—a l+a+b

ZZﬁbVinabZEl/_ a’

=1 2

where we used

n—U' a+bn—1-1'
S5+ S a0 - 55 oSS e
I'=1 I'=1 I'=1b1=0 I'=1 b1=0
n—1’ l+a+b n-1'
-3 5 porer 1SS pogenrn
I'=1b:=0 '=14+1b:=0
l+a+bn—U l+a+b
S e~ g
I'=1 b1=0 =
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Induction step Let r be the root of 7, vy,

, Vg its children, 7y,
subtrees rooted at the children, V7,

,T¢ the corresponding
Vp their vertex sets (partitioning [1:m]\ {r}). From the
definition,
n—l—a l
n—l—n) _ bx70+1 1 (n—l—a—b) n—l—n)
ES’J"@ Z B Y% L |:Z ET 17 Ué €m + Z 'E'rs,mﬂ\/5 l’]"Us ¢ m ’
/=1 =1 s=1
which means
n—l—a
n—l—n) _ b
> Bla =) Z B
meNl, mell: b=0
vigm vigm
a+b a+b
041 7 (n—l—a—b) Z (n—Il—n) Z Z (n—Il—n)
x V L |: ET1,I7ZQV1,I/’ ETZ I ]-vg em+ Tg,nzﬁVg,l’ vg ¢ m
=1 =1 =1

SR

mi ETIZTI mo emT\Tl b=0

a+b
0+1 1 (n—l—a—b) (n—Il—n) (n—Il—n)
XV L( |:§ :ETl,ml,l’ ) 2 :ETg I/ v € m2 + E :
'=1

Te,m2MNVy, l’]‘W ¢ ”22:|
l/_ l/_

n—l—a
> 2 Ax

ma€Nlp\ -, b=0

a+b a+b
0+1 1 (n—l—a—b) (n—l—n) (n) (n—l—n)
xV L {Z Z T1,m,l 0 Z ETz l’lvf emy + Z Te,m2NVy, l’lw & ma
Here, we used the one-to-one correspondence between markings m not containing v; and pairs
)

(m1,mg2), where m; is a marking of 71 and my is a marking of the tree 7\ 71. Now we apply the
induction hypothesis (since 7; is a smaller tree) and replace >

n—l—a
n—l—n) __ b
> BLL= ) X8
menl:

I'=1m1€Mr '=1

(n—Il—n) (n)
m1 €M, ET1,1721,l/ with ET l+l’

ma€Nly\ -, b=0
vigm
a+b a+b
l+1 71 (n—l—a—b (n—l—n)
XV L( )[E: nl+l/"' E:qu' ve€"l2+§:
l/_

Tp,m2NVp, l/]‘W ¢ mo
l/_ l/_
We deal with the case v € m similarly, obtaining

n—l—a

n—l—n) __ b
> ELL= ) )8
meNl,

mo €1 b=0
v1EM 2 T\T1

l
« vf+1L(nflfa7b) |:

!

(n) (n) (n—Il—n)
=1 V=1 V=1
Adding the latter two equations and using Zl/

E™ I+a+b ga(n) .
7_1 l+l’ + lef A Zl 1"—1‘7_1 I gives

n—Il—a
n—Il—n) __ b
> BLLM= ) 28
menl

ma€M\-  b=0

38



l4+a+b a+b
2+1 1 (n—l—a—b) (n) (n—l—n)
x V7L E : ET1,Z/7 : § :ET[ I/ v € m2 + § : Tg,mgﬂVg U W & ma

=1 I'=1 I'=1
Continuing the same argument with vs, ..., vy, we will arrive at
n—l—a I+a+b I+a+b
Z T737ZZCL~>7L _ Z /BbvéJran l—a—b) [ Z Eﬁ e Z E(TZ)Z/]
menl; I'=1 I'=1
By definition, the right-hand side is equal to E! l)+ , completing the induction step. ]

Proof of Lemma 4.3. Consider the following operation. Choose a partition of [1:m] into ¢ + 1
disjoint non-empty sets (Vp,{V1,...,V;}), where 0 < i < m — 1 (one of the sets is privileged,
but the order in the other ones does not matter); choose a labeled rooted tree 7y € A[Vp] with
root vy € Vp, another labeled rooted tree 7, € A[V4] with root v; € V1, and so on, up 7; € A[V}]
with root v; € V.

Now, assign to each of v1,...,v; a parent among vertices of 7y in all possible ways, by
choosing all mappings from {vi,...,v;} to V. Write the following expression corresponding to
the family of all such assignments:

VIECD [Z EY,. ... ZE%Z,]. (56)

I'=1 I'=1

This way, we have constructed a family of labeled rooted trees 7 € A[1:m] with roots of 71,...,7;

marked.
For example, consider m = 3. When ¢ = 0, there is only one partition and three corre-
sponding marked trees (with no vertices marked):

2 3 31 12

Vomquza ¥ Y Y

When ¢ = 1, there are six partitions listed below with corresponding marked trees

Vo= {1}7‘/1 = {273}

Vo={2},Vi={1,3}

W N W0 RN —
W— N ND—W— R R W)

Vo={3},V1={1,2}

| |

R S
3 2 i 1 2 T

Vo= {1,3,vi=qy Y 1Y
31 i‘l’) 21 i

Vo= {23nvi=qy ¥ LY
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When ¢ = 2, there are three partitions with corresponding marked trees
2\/3
Vo={1},1={2},Va = {3} i
13
Vo=1{2hVi={1hVe= {3} ¥
12

Vo= {31,V = {1}, Ve = {2} Y

Sum the expression (56) over the choices of a partition and the trees 79, ..., 7;:
m—1
> ¥ DIl P wrea
=0 (Vo,{Vi...,Vi}) 7o€A[Vb),...,Ti€A[V}] '=1 I'=1

partition of [1:m)]
Since all marked trees in A[1:m] can be constructed this way and are counted exactly once in
this sum, this equals
2. > BL
T m,a N
TEA[L:m] meN;
But > ,cm. ES”,;T”) is Ei l)+a by (25). Hence, we have obtained

m—1 l l

> DRI 2 el SEND wY - B D
=0 (Vo {Vi...,Vi}) 70€AVol,...,ri€AV] =1 r=1 r€A[1:m)]
partition of [1:m)]

.

Recall that m!/o(7) labeled rooted trees correspond to the same unlabeled rooted tree. Hence,
this can be rewritten as

> X >

; ~ _o(m
=0 (Vo,{V1...Vi}) roeA[Voll,...,s€A[|Vil]
partition of [1:m]

l l
i n-n | V1! 3 (n) Vil! m ] _ m! )
xV ETo,a [0(7'1) En,l” T U(Ti) 2 :En,l’ Z o 7-) ET,l+a'

I'=1 =1 TEA[m)

Let us fix 7, (ko, ..., km—j—i) € Kim—j—i and count the number of partitions with |Vy| = j,
where among {V7, ..., V;} there are kg sets of size 1, .. ., ky,—j_; sets of size m—j—i+1. First, we
choose the elements of Vo in (j ) ways, then we order the remaining elements in (m—j)! ways and
assign the first kg elements in this ordering as singletons, the next k; pairs as two-sets, and so
on. Notice that each partition of V'\ Vj will be counted k! ... ky—j—i 11170 ... (m—j —i+1)1Fm—i-i
times (because the order of sets with the same length does not matter, and the order within
each set does not matter). So, the required number of partitions is

<m> (m —j)
J ) kol kp—j—i!1lko co(m—j =i+ 1) kmy—
m)!
Vol kLR (= § — i L)

Thus, (57) can be rewritten as
m—

m! 1
Z kol ... il Z o(10)

j=1 (kO) k- Y 1)67{2m j—i ! T()Ej[j]

3

7

I\
=)

7



1 < 1 < N
ST OIS D D D PO IR S
reAll] =1 Teﬁ[m—j—z‘+1] =1 Te€A[M]

ko times km,j: times

where j!11%0 .. (m — j —i+4 1)%¥m-i=i canceled out with |Vp|!|V4|!...|Vi|!. Dividing both sides by
m! completes the proof. O

Proof of Theorem 4.1. We prove (27) and (28) by induction over m > 2.
For m = 2, they are already verified above. Note also that the second statement holds for

m =1 as well:
k
n)
=Y E.]
=1

By definition,

n—1 m—1

)LD DEED DR e

200 T 1—p!
b=0  £=0 (ig,.sim—1-¢)EKe,m—1—¢ 0 m-1-t
_1—p) [ 5(nb+1) ~(n,b+1)
x Vi Ln—1-b) <d1 e, d
10 times tm—1—¢ times

Insert the induction hypothesis (recall that (28) holds for m = 1 too):

n—1 m—1 1
(n) — _ b - -
A’ = BZB Z Z iol . im—1—s!
b=0  £=0 (ig, . ,tmn—1-£)EKe,m—1—1
& (m) - L )
{417 (n—1-b) n
LN (Y S B Y Sy
=1 rea(1) I=1 reA[m—e
10 times Tm_1_¢ times

The sum over A [s], repeated is_1 times, generates a list of i5_i-tuples of trees with s ver-

tices. On this list, each multiset of 7,1 trees with multiplicities pf, ..., uf sl appears (M1 Z“L !
Als]|

times. Therefore, in the large sum above each multiset of ¢ trees with the total number of vertlces
m — 1 and matching the vertex-count multiplicities g, . .., 4,—1—¢ (equivalently, each tree 7 with
m vertices whose root has ¢ children matching these vertex-count multiplicities) appears

iol i1

o ML ()] T (s () ufj[S”(T)!)

times, and we can rewrite

n—1 m—1
AR INDY ) ) e

b=0 =0 (i0,cim—1-0)€Keim—1-¢  T=[r1,...,;m]€A[m]: = (“1(7)!"‘”|ﬁ[s]\(7)!)

7 matches ig, ..., 0m_1_¢
Ta! - TR -
x Vit (n—1-b) ( ) EV" )
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Using (10) simplifies this further:

n—1 m—1
1
(n) — _ b
dm—ﬁZBZ' | > 2 o(r)
b=0 £=0 (i0,.strm—1—0)EKt m—1—2 T=[T1,.. 77'@]6%[ |:
Tmatches 80y« v sbm—1—0
b+1 b+1
o I (n—1-b) (Z EW, ... Z E" >
=1
b+1 b+1 -
_ b 0417 (n—1-b) "
LR s (S Se)
b=0 =0 r—[r, ... 7]cA[m)] =1 =1

_—/BZ 1 (n)

Teﬂ

We have proven that under the induction hypothesis for smaller m, (27) holds.

By definition of the history terms in (15) and the induction hypothesis, to prove (28) it is
enough to show (29).

By the induction hypothesis and (27) already proven, the left-hand side of (29) is

1
2o R %)

. 1!
=0 (ko,....km—i—1)EKim—i—1 me

» ZIBbVZJran 1-b) [Z Z Tl/’_' Z Z U(lT)EYﬂ (59)

=1 er[u V=1 reA[m—i

ko times Kim—i—1 times

m—

“ 1
B 2. P B — (60)

k4!
Jj=2 =0 (k()v km—i— J)eg(z m—i—j J

x V! Z_a TO’ [

+

Z 3 (1 o Z 3 0(17)13532} (61)

UV=1rea1) V=1 re Alm—i—j+1]

ko times km—i—j times

[y

m—

1
=2 2. P — (62)

, o]
1= (ko, km—ic1)EKim—i—1 met

o Zﬂvaan 1-b) [Z Z rl”" Z Z U(lT)EYﬂ (63)

=1 6/7[1] V=1 7reA[m—i]

ko times Kyn—i—1 times

m—1

-8 2 ko! .. : (64)

k1!
1=0 (ko,....km—i—1)E€EKim—i—1 m—i—l

7 n n l 1 n
XVEEJ ! [Z Z 537---,; )3 O(T)E(T,lz] (65)

;([1 reA[m—i)

ko times Kkim_;_1 times



m—

> 2

J=1 =0 (ko,....km—i—;)EKi m—i—j

<Y V] [Z > LB DS B o

T0E€A] =1 eﬂ[l] U=1reAm—i—j+1]

.

1

.. km—i—j!

ko times km—i—j times
Inserting Esﬁ_l) =3 l 1 gbW L(=1-1-b) e see that the sum in Egs. (62) to (65) evaluates to

m—1 1

3 > ol !

i=0 (ko,...skm—i— 1)69(im i1
1
i+1 7 (n=1) (n)
Naviany s [ l'?" E E O’(T)ET’II:|

=1 Eﬂ[l =1 re A[m—i)
ko times km_;_1 times
- Z Lvi—&-lL(n—Z) [i E™ i E™ ]
' ) 0_(7_) TL,U00 il |
1=0 r=[r,...,;]€A[m] =1 =1

By Lemma 4.3, the sum in Egs. (66) and (67) is
6 Z Tl+1
Teﬂ[m]

We have obtained that the left-hand side of (29) is equal to

1, N
> Leneo[Sen, 3 B+ ¥ B

=0 reA[m] =1 =1 Teﬂ[m]

T=[T1,...,7i]

m—1

Combining this with (26), we see that the left-hand side of (29) is equal to the right-hand side
of (29). This completes the induction step and the whole proof of Theorem 4.1. O

D Proof of Corollaries

D.1 Proof of Corollary 5.1
Lemma D.1. For all @ € D and all m € [1:R], we have
V' FM(0) =0(1), rel0:2R —m].

Proof. If we express fﬁ,’f)(e) through {dgn)} and their derivatives, the derivatives will be of the
form Vld(n) where [+ j < m. Therefore, the derivatives in V" (n)(O) for r € [0: 2R —m] will be
of the form Vld( ") where [ + 7 < 2R. So the result follows immediately from Lemma B.1. [

Lemma D.2. For all r € [1: R]

O(tni1) )+ Z Wd (8(t,)) + O(h" ). (68)
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Proof. Differentiating, we get the exact equality on t € [t,, tp41]

i R
d'e g n n n .
0= > A D f6), 1<i< R AL
k1,...,ki=1

Taylor’s theorem gives

®
h hCRJrl de+10
Oltn+1) = 6(tn) + Z} 7 dtz ) TR 1)

R R
1 n
=0(t)+ 5 }: hk1+ (D D ) (6(t))

=1 ki,yeki=
1 R
Faa 2 Mo DR )e)
’ kl,...,k(k+1:1

R
—0)+Y s S (D D ) e(t)

7!
=1 1<k, ., ki <R
i<k1+. k<R

R
1 .
D5 3 phttk (Dt DM ) (6(t,)
i=1 1<k, ki <R
RH1<k1 4.+ <iR
R

(@ _1|_ i Z hk1+...+kr/e+1(Dl(€l kﬁ fkﬁﬂ)( (~))

R

o +Zj,2hﬂ S DD FN6() + O

=1 k1,...,k; =1
ki+...+ki=j

i
- ]. n n n
=0(t)+ > WY = S (DD FI)(O(t)) + O(h*HY)
j=1 =1 " ky,..k;>1
kit 4ki=j

k1,....kg11=1

+Zh]d —{—O(h‘R—H)

where  is between t,, and t,1; in (a) we used Lemma D.1 and in (b) we used (32).
It is left to use the boundedness of dg.”)(e) in the region of interest (Lemma B.1). O

Lemma D.3. The following global bound holds:

sup HO(n) —6(tn)]| < Czh*,
nel0:[T/h]]

where C7 is some constant.

Proof. Note that 6(0) = 9(0), the local error bound is already proven in Lemma D.2, and each
d(n)(-) is Lipschitz because their derivatives are bounded by Lemma B.1. So this result follows

J
by the same standard argument as for Lemma B.3 with é(n) replaced by 6(t,) and 6™ replaced
5(n)
by 68" . O

To conclude the proof of Corollary 5.1, it is left to combine Lemma D.3 with (17).
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D.2 Proof of Corollary 5.3

Define {vf: .} by the recursion

n—I I+b
b
o) = Zﬂ > vpliy, mE Lo,
b=0 l1=1
) n—I
n b
vy, —Zﬁ.
b=0

It is immediate from Theorem 4.1 that uﬁlj ) = U'r(:,)l‘

Next, define ¢, € A[m] the chain with m vertices (defined in Section 1.5). Applying (26)
with [ = 1 gives
VZLE™ |+ BE!™,=E",.

cm,1

By Lemma 4.2 with [ = a = 1, we have also

(n) . 2 : (n—1—n)
(m, - Et‘m,m,a .
mel.,,

Combining and using the definition of E((:L n% a m) gives (36).

(n)

It is clear from (36) that for each fixed m the sequence vy,” can be bounded by a constant

not depending on n (but depending on m), and from (69) that each vﬁg)l (
(n) (c0) (n)

v, ) is non-decreasing in n. Hence, there is a limit vy, ’ := lim, oo vp . The initial condition is
v%oo) = lim;, 500 22;01 B° = (1 — B)~!. Equation (37) is now immediate from (36) by taking the
limit n — oo.

From (37), we get that the generating function gz(x) needs to satisfy the quadratic equation
ga(z) — (1= )" = (1 — §)Lags(z) + B(1 — B)~\2gs(x)? and have gs(0) = (1 — #), which
gives (38).

The Narayana polynomials defined above satisfy the recurrence (e.g. Coker [15])

and in particular

m—2

Nin(8) = (14 B)Nm—1(8) + 8 ) Ni(B)Nin—i—-1(5)

k=1

for all m > 3, which means that N,,(3) := N (8)/(1 — 8)?™+! satisfy

k=1

But (37) can be rewritten as

(c0) 1+8 () Z

/
U1 = (1- 5)2”(m/—1)+1 m =3,

, J—1)+417

so N,,(B8) and U7(noj>r)1 satisfy the same recurrence. It is easy to see that their elements with
m € {1,2} are equal, concluding the result.
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D.3 Proof of Corollary 5.6
From Theorem 4.1,

I+b gn 141 -1
By

l1=1

so their limit is

CONNNNS SR o PO
qml - (1 _B)m—l bz_:ﬂ (l+b)
In particular, qsi)u = W S B+ b)m = = Tp ﬁ)m ﬁfl (B).

D.4 Proof of Corollary 5.8

Lemma D.4. Neglecting non-principal terms, the following formula holds:

-1 +1 "
a)zz( ) S val...vd” di"(6) + NPT.
=1 i, k=1
k1++kl:m

Proof. In other words, we need to show
fO)= > Cype+ NPT,
sw(3)=m

with
1 if =1,

Cp = ! .
: (_1)l+1 ZZ 2 i leh ,lzl21l ll 7 ifl>2
1+...+li=

(70)

where by s we denote expressions of the form Vd;ﬁn) Vd( ") d(”)(e) by w(s) their weight,
which is defined as k1 + ... + k;, and by [(s) their length, Wthh is the number of nodes d,(ﬁ_) (l
in this case). For two such expressions 4; and 4o, we will write 4149 for their concatenation, for
example if 5 = d\") (6) and 95 = Vd\™ (0)d{™ (9), then 515, = Vd (0)Vd(" (8)d\"(6).

We will argue by induction over m. For m = 1 the statement is obvious. Ignoring non-
principal terms, we can write

n U 1 n n n
=2 k1ye.,ki>1
ki+..4+ki=m

Now using the induction assumption, we rewrite it as

fg;)( d(n Z l Z Z Cl(dl) e Cl(.f)i)dl ...4; + NPT

2!
=2 Kkl 1ot
k1+.. +k1_mw(J1) k1,e.w(s5)=k;

® ) 1 (—1)Ho0) i)+
=d, (0)— — 1...9; + NPT
D P FIIES
k1+...+ki:mw(=”1):kl ..... w((ii):ki
m _1)i (_l)l(.al)+...+l(oi)
—dm(g) — (7 NPT
m'(6) 2 2 010 7

s:w(8)=m =2 41,...,9; non-empty:
4=41...34
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—~
=

= Cl(d)d + NPT.

s:w(s)=m
where in (a) we used that C; = (—1)!*!/l which is proven below, in (b) we used the definition

of Cj given in (70).
It is left to prove C; = (—1)"*1/1, or, equivalently, for [ > 2 we have

—1) 1 2
Z(i!) D A (1)

i=1 Iyl =1
li+...4+10;=1
To do this, note that
"
—In(1 —xz) —

which means that the coefficient before z! in the power series of [— In(1 — :E)}Z is

1
Z Iy... 07

l1,..5l;>1
4. +L=l

and therefore the left-hand side of (71) is the coefficient before z! in the power series

>4

=1

i

—In(1 - l‘)] =exp{ln(l —z)} — 1 = —x,

which is zero for [ > 2. O

Equation (40) is immediate from Lemma D.4 and Corollary 5.3. Taking the limit as n — oo,

m [+1
() 1 () _ N~ (D) S g
. _nh};ozm _l 7 ki, k=1 PPl
= 1R =
k1+...+kl:m

where
(00) ( — )_1, ifk:L
by = (o0 .
—pPv vy, , if k> 2.

The generating function gg(x) := > -, zkofl)xk satisfies

—

(=1
[+1

E

[95(x)]k = {1~ Bgs()} "], s

l

Il
=)

where [g(x)]) denotes the coefficient before 2 in the power series of g(x). Multiplying both sides
by 2*, summing over k and changing the order of summation gives

[e.9]
Z g kx =
k=0

Mg
Eﬁ;r

{1+ Bga@) ot

£
Il

o

o~

xl

I
|
Nk
I\H T
Mg -

T
o
i

1 [{1 + Bgﬁ(x)}lﬂ]kfzxkil
l
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== > a1+ B} = oY T+ faga(@)f
=0 =1
1n<1+ﬁ—x+\/1— —x)? —45:6)

2 Y

as desired.

E Averaging over Dataset Permutations

Let M := n + 1 be the batch count.

Recall that
kB+B

Z Cr € [0:n],

r=kB+1

where {65}321)3 are per-sample losses and 7 is a random permutation of [1:(n + 1)B], dis-
tributed uniformly over all ((n + 1)B)! such permutations.

Note that
VirX
Eﬂv2(£7r(1) - L)V(EW(Q) o L) - _m’
Virye
Eﬂv2(€ﬂ(1) - L)V(&r(l) —-L)= 2

where ¥ is the empirical covariance matrix of per-sample gradients (7).

Lemma E.1. The following expressions hold:

> M—1
Vi E,V2LOvLO = v2LvE + gV S

21Oy M = y2 =
E,V°LYVL VeLVL SMB—1)' 3(MB —1)

Proof. Indeed,

B 2B
E.VLOVLD =k in% 1 Z \Y
T B w(r) B m(s)
r=1

s=B+1
= Eﬁv2fﬂ(1)v5ﬁ(2) = V?LVL + Eﬂ-v2 (fﬁ(l) — L)V(ZW(Q) — L)
Virs

_ 2 _
= VALVL = 5o

and

B

B

1 1

271(0 0) __ 2

E.V2LOvLO = Ex— dv b0 g > Vi)
s=1

r=1

= EEWV fﬂ(l)vgﬂ(l) + TEWV fﬂ(l)vgﬂ(z)

1/ 9 Viry B-1(_, Viry
=— LVL INL — ——
B(V Vit >+ B <V v 2(MB—1)>

M—-1
=V2IVL+ ——  — >
VLV +2(MB—1)Vtr

completing the proof. ]
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Lemma E.2. We have

Exd(0) = (G5 + RN 1Y+ (0 55— O Dy )T
B I5} Virxe
- (‘ a—pp " 0"<1)>V2LVL * (‘2(1 R E) 0”(1)> B

where o, (1) are terms that go to zero as n — oo (for fixed [3) regardless of B € [1:n + 1], and

(g . BlL—B"(1+B)+ B>
(n) . _2B2 + 2n(1 o 52)/8n+1 + 2/82n+2
Proof. Using Lemma E.1, we can write
n—1 b+1 n—l'
Eﬂdgn) (0) = —f8E, Z ﬂb Z Z le/VQL(nflfb)VL(nfl’fb’)
b=0  I'=1b'=0
= O (BEVALOVLO 4+ Of) (5B, v2LO VLD
ey (viivi+ -2l gus)+ o) (viovn - - Y S
— o0 2(MB — 1) 0.1 2(MB — 1)
n n n M -1 n
= (C((),o) (B) + 05,1) (8))VZLVL + <C((),o> (@m - 5,1) (ﬂ)W) Viry
= B 2 _ p Viry
= (v o)V (g o)
where C(()T(L)) (8) and C’(()ﬁ) (B) can be calculated as
) —pS S gy _ BB B B
T s = T AP e (L-BR(FH)
n—1 b+1 n—l' )
Cl(B) = -BY B33 8 - )
b=0  UI'=1b'=0
—2ﬂ2 4 2n(1 _ 52)6n+1 + 252n+2 252
— - : O
(1= AP(+5) o (1= B)*(1+ )
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