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APPENDIX SA: PROOFS OF MAIN RESULTS

SA.1. Preliminary lemmas We give a sequence of preliminary lemmas which are useful
for establishing our main results. Firstly, we present a conditional version of Strassen’s theorem
for the /P-norm [6, Theorem B.2; 16, Theorem 4], stated for completeness as Lemma SA.1.

LEMMA SA.1 (A conditional Strassen theorem for the /’-norm). Let (2, H,P) be a
probability space supporting the R%-valued random variable X for some d > 1. Let H'
be a countably generated sub-o-algebra of H and suppose there exists a Unif|0, 1] random
variable on (2, H,P) which is independent of the o-algebra generated by X and H'. Consider
a regular conditional distribution F(- | H') satisfying the following. Firstly, F(A|H') is an
H'-measurable random variable for all Borel sets A € B(R?). Secondly, F(- | H')(w) is a
Borel probability measure on R? for all w € Q. Taking 1, p > 0 and p € [1,00], with E* the
outer expectation, if

E*[ sup {P(XEA[”H’)—F(A;’]H’)} <p,

AeB(R4)

where A = {z € R?: ||z — A||, <n} and ||z — A, = infyrca ||z — 2|, then there exists
an R-valued random variable Y with Y |H' ~ F(-|H') and P (|| X = Y|, > 1) < p.

PROOF (Lemma SA.1). By Theorem B.2 in Chen and Kato [6], noting that the o-algebra
generated by Z is countably generated and using the metric induced by the /P-norm. g

Next, we present in Lemma SA.2 an analytic result concerning the smooth approximation
of Borel set indicator functions, similar to that given in Belloni et al. [3, Lemma 39].
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LEMMA SA.2 (Smooth approximation of Borel indicator functions). Let A CR% be a
Borel set and Z ~ N (0,1;). For o,n > 0 and p € [1,00], define

_ _ |z — A", _

gap(z)= (1 T AL and fano () =E[gay(z +0Z)].

Then f is infinitely differentiable and with e =P(||Z||, > n/o), for all k > 0, any multi-index
k= (K1,...,64) € N and all x,y € R, we have |0 f 4y, ()

> 7
k

Fano(@ )= 3 20 fana(ayy| < 1ol
Ano = P Ano > O'kn\/H’

(1-e)l{z € A} < fapo(z) <e+(1—e){z € A%},

PROOF (Lemma SA.2). Drop the subscripts on g4, and fa,,. By Taylor’s theorem with
Lagrange remainder, for a t € [0, 1],

k K
flty) = Y S ] < | 3 L0 ) 0 @) |
|k|=0 |k|=k
Now with ¢(x) = \/1276_952/2,
d d
f(x):E[g(x—i-JW)]:/Rdg(x—l—au)jl_[l¢(uj)dU—/ Jl_[1¢>< ) du

and since the integrand is bounded, we exchange differentiation and integration to compute

o= () & Lo (52

d

- <_01> IHI/Rd g9(z +ou) [[ 0™ ¢ (u;) du

j=1
-1 ]
o
g

where Z ~ N (0, 1;). Recalling that |g(x)| < 1 and applying the Cauchy—Schwarz inequality,

07 f(z)| < H|1_[E ( Z)>2 N U\H\H\ﬁ

as the expected square of the Hermite polynomial of degree ~; against the standard Gaussian
measure is ;!. By the reverse triangle inequality, |g(x + ty) — g(z)| < t||y||,/n. so by (1),

d
g(zr+0Z) H ngb

O—\H\ ’

S L@ S+ 1)~ 91 (@)

|k|=k

d

K5 Z
gz +ty+oZ)—glx+oZ)) H 9(Z;)
7j=1

¢(Z))

|3 e o

|rl=k
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t||pr Z H amj¢

ch T =1

Therefore by the Cauchy—Schwarz inequality,

(Zﬂ(aﬂﬂwﬂy)—a%))) < g - [
|
"ig

v aw(za)?
k|=k <|“| k H' Jl_ll ¢(ZJ)

0" p(Z; Z])
(Z ) ¢( i)

Orthogonality of Hermite polynomials gives zero if x; # n;-. By the multinomial theorem,

! 1/2

1

f(x_'_y)_zlilan ($ n<||y||p<zy )
Is=0 " o
1/2

1yllp k! o Iy llp I 115

Yy < ——F=.
i\ 2] et
For the final result, since f(z) =E[g(z 4+ 0Z)] and I{z € A"} < g(z) <I{z € A?"},

f(@)<P(z+0ZeA™)

_tzHsz Sy H

|rl=k |x|= R

<P (qup ) +1{z € AP (HZ||,, f) —e+ (1—e)l{ze A%},
f@)>P@+oZe A" <I{zc A}P <\|ZHp < g) =(1—e)l{zxcA}.

O

We provide a useful Gaussian inequality in Lemma SA.3 which helps bound the S
moment terms appearing in several places throughout the paper.

LEMMA SA.3 (A Gaussian inequality). Let X ~ N(0,%) where o5 = %;; < o for all
1 <5 <d. Then

d d 3/2
B (IXIB1X1) < 40iog2d 3o} and B [IXIEIX ] < 50viog2d ( 3oa2)

j=1 j=1
PROOF (Lemma SA.3). By Cauchy-Schwarz, with k € {2,3}, we have E [|| X5 X[ ] <

E[|| X 3] 2R E[llX|%] "2 For the first term, by Holder’s inequality and the fourth and sixth
moments of the normal distribution,

E[||X]3] = [(ZX)] ]Xd;kzd;EXQXk <ZIEX4 5) _3<§;g§>2,

d
1

E[)|X] _zd:zd:zd:EXXle <<ZE [X¢] 3>3—15<§;0]2>3.

j=1 k=1 I=1
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For the second term, by Jensen’s inequality and the x> moment generating function,

d
E[|X|2] = [max X ] < 4o? 1ogZE[ X3/ 402)} <40”log Y V2 < d0*log 2d.
Jj=1 j=1
O
We provide an /P-norm tail probability bound for Gaussian variables in Lemma SA.4,

motivating the definition of the term ¢, (d).

LEMMA SA.4 (Gaussian ¢P-norm bound). Let X ~ N (0, %) where ¥ € R™*? is positive
semi-definite. Then E [|| X ||,] < ¢p(d) maxi<j<a \/2;; where ¢,(d) = /pd?/? for p € [1,00)
and ¢oo(d) = +/21log 2d.

PROOF (Lemma SA.4). For p € [1,00), as each X is Gaussian, we have (E[\Xj\p})l/p <

\/PE[X?] = \/p¥;;. Therefore
1/p 1/p
E[lX],] < (ZE | X1 ) (pr/zzpﬂ) < V/pd?P max \/%;;

1<5<d
7=1

by Jensen’s inequality. For p = oo, with 0% = max; ¥, for ¢ > 0,

d d
E[[|X]le] < tlogZE[aXﬂ/t] < “OgZE |:26Xj/t]
Jj=1 =1

2

<tlog (2de”2/(2t2)) <tlog2d+ %,

again by Jensen’s inequality. Setting t = m gives E[[| X ||| < 0v/2]l0g2d. O

We give a Gaussian—Gaussian #P-norm approximation as Lemma SA.5, useful for ensuring
approximations remain valid upon substituting an estimator for the true variance matrix.

LEMMA SA.5 (Gaussian—Gaussian approximation in /’-norm). Let X1, 3, € R4 pe
positive semi-definite and take Z ~ N (0, I4). For p € [1, 00| we have

—¢2
P H(zm—zm) ZH >t>§2dex
< 1 2 » p 2d2/pH2}/2 1/2H2

PROOF (Lemma SA.5). Let ¥ € R**? be positive semi-definite and write o7 = ¥;;. For
p € [1,00) by a union bound and Gaussian tail probabilities,
p tp0§?
> p
ol

P (|22, > t) :P(Zd: (21/22)j ' >tp> < JZEIP( ‘ (z2z).

= !

d o]\ & t —2
=> P||o;Z;]" > = P(\Z'l>>§2dexp< )
JZ_; T el 2 77 lollp 2|lo |3

j=1
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The same result holds for p = oo since

(21/2Z> ) Z]P’ (‘ (21/22)j >t>
_ ip(yajZﬂ >1) < 2ieXp (;;) < 2dexp (2‘;,,220) :

j=1 j=1 J

P([|=22|,, >t) =P <max

1<j<d

Now we apply this to the matrix X = (21/2 — 2;/2)2. For p € [1,00),

d

d
ol =322 = 30 (82 - 23%)))" < dmas (212 - 2y%)2)"

= ) 33 1<j<d 33
1/2 1/2y2||P/2 1/2 1/2
<d|(= -5 =alm -2
Similarly for p = co we have
_ 1/2 172, 2\ /2 1/2 1/2
oo = ax (2)" = maxe (51 - 55%)%) < |51 - 55,

Thus for all p € [1, 00] we have ||o||, < all/pHEU2 ny/

e (|(s1-217) 2

,» With d'/> = 1. Hence

t2 _t2
t) <2d 2d ex
,,>>— eXp(zn H2> p<2d2/puz;/2 1/21\)

g

We also include, for completeness, a variance bound (Lemma SA.6) and an exponential
concentration inequality (Lemma SA.7) for a-mixing random variables.

LEMMA SA.6 (Variance bounds for a-mixing random variables). Let Xi,..., X, be
real-valued o-mixing random variables with mixing coefficients «(j). Then

(i) If for constants M; we have | X;| < M; a.s. then

ZX] < 4Za(j) ZM}.

(i) Ifa(j) <e ¥ /Co then for any r > 2 there is a constant C,. depending only on r such that
>x
i=1

PROOF (Lemma SA.6). Define a~!(t) =inf{j € N: a(j) <t} and Q;(t) = inf{s € R:
P(|X;| > s) <t}. By Corollary 1.1 in Rio [18] and Holder’s inequality for r > 2,

ZX] S4Z /0 a ! (1)Qi(t)* dt

<4Z </ = dt> B ( 01 |Qi(t)lrdt>i dt.

Var

Var

<C.C, ZE Rekis
=1

Var
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Now note that if U ~ Unif[0, 1] then @;(U) has the same distribution as X;. Therefore

ixi] <4 (/01 o l(1)7= dt) éEHXiW.

If a(j) < e %/ then ! (t) < =C=!8! 50, for some constant C, depending only on r,

r—2
e

Var

2
r

n 1 T%Q n ) n
Var ZXz»] <20, </O (—logt)™=2 dt) S E[X| <C.Co > E[X|]
=1 i=1

i=1

Alternatively, if for constants M; we have | X;| < M; a.s. then

ixi] < 4/1 a () dtiMf < 4ia(j) iMf.
0 i=1 j=1 i=1

Var
i=1
O
LEMMA SA.7 (Exponential concentration inequalities for a-mixing random variables)
Let X1,...,X, be zero-mean real-valued variables with a-mixing coefficients a(j) <
—25/Ca
e .

(i) Suppose | X;| < M a.s. for each 1 <i < n. Then for all t > 0 there is a constant Cy with

>
=1

]P (
(i) Suppose further 37;_, |Cov[X;, X;]| < o2. Then for all t > 0 there is a constant Cy with
n
(|3
i=1
PROOF (Lemma SA.7).

constants where necessary.
(i) By Theorem 1 in Merlevede, Peligrad and Rio [15],

P(iX,-

i=1
Replace t by M+/nt + M (logn)(loglogn)t.
(i) By Theorem 2 in Merlevede, Peligrad and Rio [15],

P(iXi

i=1
Replace ¢ by o\/nvt + M/t + M (logn)>t.

> ClM(m+ (logn)(loglog n)t)) < Cre '

> Oy ((ov/n+ M)Vt + M(log n)%)) < Che™.

We apply results from Merlevede, Peligrad and Rio [15], adjusting

C1t?
>t ] < — .
) = o ( nM? + Mt(logn)(loglog n))

>t <e 02t2
X — .
=P\ T e 2 + Mt(logn)?
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SA.2. Main results To establish Theorem 2.1, we first give the analogous result for
martingales as Lemma SA.8. Our approach is similar to that used in modern versions of
Yurinskii’s coupling for independent data, as in Theorem 1 in Le Cam [13] and Theorem 10
in Chapter 10 of Pollard [17]. The proof of Lemma SA.8 relies on constructing a “modified”
martingale, which is close to the original martingale, but which has an H-measurable terminal
quadratic variation.

LEMMA SA.8 (Strong approximation for vector-valued martingales). Let X1,...,X,
be R%-valued square-integrable random vectors adapted to a countably generated filtration
Ho, ..., Hn. Suppose that E[X; | H;—1] = 0 for all 1 < i < n and define the martingale
S=>"1Xi Let Vi=Var[X, | Hi—1] and Q=" | V; — ¥ where ¥ is a positive semi-
definite Hy-measurable d x d random matrix. For each > 0 and p € [1,00] there is T |
Ho ~ N(O, E) with

. . Bp,Qt2 Bp,3t3 7'['3t3
B (1S~ Tl > 5n) < juf {28(121, > 1) + min { 22T ol 7

+ inf {2y(M) + 8,(M.n) +<,(M.n)}

where the second infimum is over all positive semi-definite d X d non-random matrices, and

Boe =D E [IXISIXillp + V2SIV Zil, | A(M) =P(Q £ M),
i=1

n+m

S (M) =P (|[(S+2)2 =2 z] 2n),  m=3" 3 E[[ELXF|Hil]];

=1 |k|=3
e (M) =P (||(M = )22]|, > 9, Q= M),
fork €{2,3}, with Z,Zy, ..., Z, i.i.d. standard Gaussian on R® independent of H.,.

PROOF (Lemma SA.8).

Part 1: constructing a modified martingale
Take M > 0 a fixed positive semi-definite d x d matrix. We start by constructing a new
martingale based on .S whose quadratic variation is 3 + M. Take m > 1 and define

k
Hy=S+M-) "V, r=sup{ke{0,1,...,n}: Hy = 0},
i=1
- 1 _ondm
Xi:XiH{igT}—i—ﬁHTl/?Zi]I{n—i—l§i§n+m}, S= ZXZ
where Z,,11,. .., Zpim is an ii.d. sequence of standard Gaussian vectors in R? independent

of ‘H,,, noting that Hy = X + M > 0 a.s. Define the filtration ’HO, .. Hn+m, where H; = H;
for 0 <4 < n and is the o-algebra generated by H,, and Z,,11,...,Z; forn+1 <1 <n+m.
Observe that 7 is a stopping time with respect to 7—21 because H,»H — H; =—-V;;1 20 almost
surely, so {7- <i} ={Hi1 0} for 0 <i < n. This depends only on Vi,...,Viys and X
which are H,;-measurable. Similarly, {r =n} = {H, = 0} € H,_1. Let V; = V;I{i < 7} for
1<i<mnandV;=H,/m forn+1<i<n+m.Note that X; is H;-measurable and V; is
H,;_1-measurable. Further, E[X | Hi_ 1] =0 and IE[X X T Hi 1] V.



8

Part 2: bounding the difference between the original and modified martingales
By the triangle inequality,

- 1 m
1S — 5|, < Z X\ +|—= > HY*z
i=7+1 \/mi:nJrl

P
The first term on the right vanishes on {7 = n} ={H, = 0} ={Q < M}. For the second term,
note that ﬁ D H}?Z; is distributed as H}/*Z, where Z is an independent standard

Gaussian. Also ]P’(HHTUQZHP >n) < }P’(HH}/QZHP >, Q= M) +P(Q £ M). Therefore
P15 — Sll, > n) < 2B(Q £ M) + (| (M —)"2Z]|, >, 2 < M)
2) =2y(M) +¢e,(M,n).

Part 3: strong approximation of the modified martingale

Ijet Zl, . Zn+m be i.i.d. N(0,1;) and independent of ’Hn+m Define X; = V1/2Z and
S = erlm X;. Fix a Borel set A C R and o, > 0 and let f = f Ano be the functlon defined
in Lemma SA.2. By the Lindeberg method, write the telescoping sum

n+m

E[f(5) - £(S) | Ho| = ZE[ Yi+ Xi) = F(Yit+ %) | Ho

where Y; = Z;;ll X+ Z;TL X;. By Lemma SA.2 we have for k > 0

E[£(Yi+ %) = f(Yi+ Xi) | Ho] — ij; E 07 (vi) (X5 = X5) | Ho|

1 L
S [l lls -+ 15 5315 | 0]

With k € {2,3}, we bound each summand. With || = 0 we have X = X/, so consider
|| = 1. Noting that 7" V; = % + M, define

i1 n+m 12 i
=1 j=1 j=1

j=i+1

1/2

and let H, be the o-algebra generated by H,_; and Z;. Note that Y; is #;-measurable and that
Y; and Y have the same distribution conditional on ’Hn+m So

S B[R () (X2 = XE) | o] =B [VORT (%= 7122) | o]
|v|=1 )

:E:Vf( Z—)TXZ-]H] [Vf( YTV 22, ]HO}

:E:Vf( i)TE[XiHL-MHO]—E[Z] [Vf( TVW]H}

:E:Vf( i)TE[}mi_l] \Ho} —0=0.

Next, if |x| = 2 then

> B[00 (%5 - X7) |7

|k|=2
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1/2 ~1/2
= B [XIV2 (V)X - 2TV ()W 2, | o)

— SE[E[Te V2 F(T) X XT | i) | Ho| —*E TV VY | o B (2.2

=-E Trv“{f( $)E [XX | H, 1] \%}——E[Trv? K—)‘Z—IHO]ZO.

Finally if || = 3, then since X; ~ A/(0,V;) conditional on H,, ,,, we have by symmetry of
the Gaussian distribution and Lemma SA.2,

> B[ (% - %) )

r|=3
| & s ][] - 2o 002 [ ] 1]
[x|=3
- | Refersoe g1 ]| < & 5 e e[ ] 4]
|r|=3 |k|=3

Combining these and summing over ¢ with £ = 2 shows

n+m

_ 3 1 N - . y
B [1(8) = £(8) | 0] < 55 3 B [IApIKE + 1K Kl5 | )

On the other hand, taking k£ = 3 gives

[1(39)~1(9) |9] < e 3

n+m

+ oo 2 BB [ 7] 0],

i=1 |k|=3

n+m

18+ 1Kl Xl | o]

For 1 <i < n we have | X;| <|/X;| and || X;| < HV1/2Z ||. Forn+1<i<n+m we

have X; = H;/QZZ-/\/M and X; = H;/2Zi/\/m which are equal in distribution given H,.
Therefore with

> 1/2 1/2
Boie = 2B (1K IG5 + 1V 2oV 22l | Ho
i=1
we have, since k € {2, 3},
n+m ~ ~ B 2
> E[IRllp I Kl + 1Kl I Kl | Ho| < B+ —=E [ HFZIlp | HY2Z 5 | Ho]
: vm
i=1
Since H; is weakly decreasing under the semi-definite partial order, we have H, < Hy =X +
M implying that |(H);;| < |2 4+ M||max and EU(HTUQ i1 Ho] < /8/ml|E+ M [
Hence as p > 1 and k € {2, 3},

E[|H2 21| HY2 215 | o] <E 1225 | 0]
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<" max B [|(HY22);4 | #o]
1<j<d

< 3d |2 4+ M||EED/2 < 6qt ||| D2 4 6dt || M|

max max

Assuming some X; is not identically zero so the result is non-trivial, and supposing that 3 is
bounded a.s. (replacing ¥ by 3 - I{||X]||max < C'} for an appropriately large C' if necessary),
take m large enough that

2 1
3 S 12 215 | Ho < 4 B

Further, if || = 3 then ‘IE [X' r

of the Gaussian distribution [E

;&z

i—1]| < |E[XF| Hi1]| for 1 < < n while by symmetry

|'H, 1] =0forn+1<:<n+m. Hence with

>]z
i M+ 23

Z UE[XﬂHzelH ’7‘10}7

we have

E[£(8) - £(8) | #o| < min { oo | Boo s | Bos T } |

402n  4o2n’ 403y 4dodn o3
Along with Lemma SA.2, and with o =7/t and ¢ =P(|| Z||, > t), we conclude that
P(S € A|Ho) =E[I{S € A} — £(S) | Ho] +E[£(S) — f(S) | Ho] + E[f(S) | Ho]

SEP(§€A|HO)+min{35p72+ ﬁp,Q 3/8;?,3_’_ /Bp‘,S +7T3}

402n  4o2n’ 403n  4o3n o3

+e+(1—e)P(Se€ A | Ho)

- 3Byt t2 36,4t° 5wt
P(SeAi‘:"mo)+2P<||Zup>t>+mm{ Post” | Boat” 3Pt | Post” | 73 }

4m3 a3 7 At 4nt n?

Taking a supremum and an outer expectation yields with 5, , = E [prk] and 73 = E[73],

E* [ sup {IF’(S’ € A|Ho) — P(S S Afi” | HO) }]

AEB(R)

t? 13 43
S2P(”Z||p>t)+m1n{/@pvi 7/81%32L +7T33 }
n n n

Finally, since S = Yo f/il/ 2Zin N (0,X + M) conditional on H,, the conditional Strassen
theorem in Lemma SA.1 ensures the existence of S and T'| Ho ~ N (0, + M) such that
2 Bpat® | wst?
/Bp 2 /Bp 3 + 3 } } ’

@) IP’(HS—THP>377)<%I>1£{2P(|]Z\|p>t)+min{ e+

since the infimum is attained by continuity of || Z]|,,.
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Part 4: conclusion

We show how to write T = (X 4 M)Y/2W where W ~ N(0, I;) and use this representation to
construct T' | Ho ~ N (0, X). By the spectral theorem, let ¥ + M = UAU " where U isad x d
orthogonal random matrix and A is a diagonal d x d random matrix with diagonal entries
satisfying A\; > --- >\, >0and \,y; =--- = A\g = 0 where r = rank(X + M). Let A" be
the Moore—Penrose pseudo-inverse of A (obtalned by inverting its non-zero elements) and
define W = U(A+)Y/2U TT +UW, where the first  elements of W are zero and the last d — 7
elements are i.i.d. A'(0, 1) independent from 7. Then, it is easy to check that W ~ A/(0, I)
and that T = (X + M)'/2WW. Now define T' = $'/?WV so

S BT =Tl >n) = B(((S+M)Y2 = SUW| > ) = 8,(M, ).

Finally (2), (4), (5), the triangle inequality and a union bound conclude the proof since by
taking an infimum over M = 0, and by possibly reducing the constant of 1/4 in (3) to account
for this infimum being potentially unattainable,

P(||S =T, > 5n) <P(|IS =T, > 3n) +P(I|S = S|, >n) +P(IT = Tl, > n)
) [ Bpat® Bpst®  mst?
S%ES{QP(||Z||P>t)+mm{ 1;73 ’ 1;74 + 3
+ ]3}1&?0{27(1\4) + 0p(M, 1) + £5(M,n) }.

O
Applying Lemma SA.8 and the martingale approximation immediately yields Theorem 2.1.

PROOF (Theorem 2.1). Apply Lemma SA.8 to the martingale ;" | X;, noting that S —
Y Xi=U. g

Bounding the quantities in Theorem 2.1 gives a user-friendly version as Proposition 2.1.

PROOF (Proposition 2.1).  We set M = v?I; and bound each term appearing on the right-
hand side of the main inequality in Proposition 2.1

Part 1: bounding P(||Z||,, > t)
By Markov’s inequality and Lemma SA.4, we have P(||Z]|, > t) <E[||Z||,]/t < ¢,(d)/t.

Part 2: bounding ~(M)
With M = 1?1, and by Markov, v(M) =P(Q A M) =P(||Q]]> > v?) <v2E[[|Q|2].

Part 3: bounding 6(M,n)
By Markov’s inequality and Lemma SA .4, using max; ]M]] < ||M||2 for M >0,

S, (0.m) =P (| (S 4+ M)/~ /%) Z]| > ) < % B[54 a2 - s ]

For semi-definite matrices the eigenvalue operator commutes with smooth matrix functions so

\/)\ )+ 02— \/)\j(Z)’ <v

(2 + M)V2 -1/, = max,

and hence 9, (M, n) < ¢p(d)v/n.
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Part 4: bounding (M, n)
Note that (M — Q)'/27 is a centered Gaussian conditional on ,,, on the event {Q < M}.
We thus have by Markov’s inequality, Lemma SA.4 and Jensen’s inequality that

ep(M,m) =P (||(M = )22]|, =0, @< M)

< [ =M [0r -2z, | ]

g%éd)E [H{QjM}&% (M—Q)j]} g%éd)E[ [ =]
< 200 [0, + ] < 2249 (BT +v).

Thus by Theorem 2.1 and the previous parts,

. . ﬁp72t2 Bp73t3 71'3153
]P’(HS -7, > 677) < %25{2]P’(||ZH,, > t) +II1111{ e + P

+ inf {27(M) +8,(M. 1) + (M. 0)} + (U], > )

2 3 3
<inf {W 4 min { ﬂil%?t /Bp,?)t I 3t }}

T t>0 7)3 ’ 7]4 7)3
2E[]|©2 2¢,(d d)/E[[[€
44M{ 2] %(W}+¢A) L, 50, 5 ).
v>0 14 n n

In general, set t = 21/3¢p(d)1/3/6’;21/377 and v = E[||Q2]/3¢,(d)~/3n/3, replacing n with
n/6 to see

2\ 1/3 o\ 1/3
P(\\S—T||p>6n)g24<W> +17<IE[”Q||;W> v (jul,> D).

Whenever 73 = 0 we can set t = 21/4¢)p(d)1/4 ;§/4n, and with v as above we obtain

P57l > ) <24 (B ) g (ENRAGYT gy 1y

D
Uk n

g

After establishing Proposition 2.1, Corollaries 2.1, 2.2 and 2.3 follow as in the main text.
PROOF (Corollary 2.1).  Proposition 2.1 with P(||U][, > ¢) < % Yo+ Gumivr). O
PROOF (Corollary 2.2). By Proposition 2.1 with U =0 a.s. g
PROOF (Corollary 2.3). By Corollary 2.2 with 2 =0 a.s. |

We conclude this section with a discussion expanding on the comments made in Remark 1
on deriving bounds in probability from Yurinskii’s coupling. Consider for illustration the
independent data second-order result given in Corollary 2.3: for each n > 0, there exists
Ty | Ho ~ N(0,3) satisfying

d)2 1/3
PW%—Twwwﬂ§m<@W$(>> |
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where here we make explicit the dependence on the sample size n for clarity. The naive
approach to converting this into a probability bound for ||.S,, — T}, ||,, is to select 7 to ensure
the right-hand side is of order 1, arguing that the probability can then be made arbitrarily
small by taking, in this case, 7 to be a large enough multiple of 5;1;,/23 ¢p(d)2/ 3. However, the
somewhat subtle mistake is in neglecting the fact that the realization of the coupling variable
T, will in general depend on 7, rendering the resulting bound invalid. As an explicit example

of this phenomenon take > 1 and suppose ||S,, — T,,(n )|| = 7 with probability 1 — 1/n and
180 — Tn(n)]| —nw1thpr0bab1l1ty 1/n. Then P(||S,, — Tr(n)|| > n) = 1/n but it is not true
for any 7 that ||.S,, — T,,(n)|| <

We propose in Remark 1 the following fix. Instead of selecting 7 to ensure the right-hand
side is of order 1, we instead choose it so the bound converges (slowly) to zero. This is easily
achieved by taking the naive and incorrect bound and multiplying by some divergent sequence

R,. The resulting inequality reads, in the case of Corollary 2.3 with n = ﬂ;’/;’qbp(d)w SR,

24
P(I1Sn = Tully > 8,5 85(d)* "Ry ) < 7= = 0.

mn

We thus recover, for the price of a rate which is slower by an arbitrarily small amount, a valid
upper bound in probability, as we can immediately conclude that

||Sn - Tnllp S,IP’ B;l,/;)‘z’p(d)z/gpbn-
SA.3. Strong approximation for martingale empirical processes We begin by pre-

senting some calculations omitted from the main text relating to the motivating example of
kernel density estimation with i.i.d. data. First, the bias of this estimator is bounded as

e h 27%
lEl l l <2 . me 2df§a\/;e 2h2 |

Next, we do the calculations necessary to apply Corollary 2.3. Define k;; = 1 —K (
andk;»:(kij'1<j<N).Then||l<:i||oo_ hras and E[||k;(13] < 35 [T K(€)?d¢ <
Let V = Var[k;] € RV*N, 50 assuming that 1/h >1og 2N, by Lemma SA.3,

—x

K(&)de—1

h
-z
h

—963

n2hf
Boo2 = 7 [|[kil31Eilloc] + nE [I1VY/2Z 3V 2] o
< N 4N+/log2N < N
- \@thQW \/§n2h3/27r3/4 — n2h2’
Finally, we verify the stochastic continuity bounds. By the Lipschitz property of K, it is
easy to show that for z, 2" € X we have ‘1K( L ‘”) — lK (X )‘ < o= h2 'l almost surely,

2
and also that lE[ ’ K ( I) — %K (%) ’ } < % By chaining with the Bernstein—
Orlicz norm and polynomial covering numbers,

logn

sup || S(2) - S(')|| ., Se 0
| I ooy
whenever log(N/h) < logn and nh 2 logn. By a Gaussian process maximal inequality [20,

Corollary 2.2.8] the same bound holds for 7'(x) with

logn
L 7@ =T o e 0y s
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PROOF (Lemma 3.1). For z,2’ € [a,1 — a], the scaled covariance function of this nonpara-
metric estimator is

nh Cov [3(r), 4(')] = 1 B [K <Xih_w) " <X;xﬂ

i (55 ) e e (55

x

1 % t? 1 z—2\? ,
=5/ exp<—2)exp<—2<t+ . ))dt—h[(m)[(x)

“h

where I(z) = \}Tr N (i, /g)/ het/2 e, Completing the square and a substitution gives

2—z—a'

I 2 2R
nhCov [§(z), §(z")] = %exp <_411 (:1: ;Lx ) ) / . exp (—t*) dt — hI(z)I(2').

—x—x
2h

Now we show that since x, 2" are not too close to the boundary of [O 1], the limits in the above

integral can be replaced by +oco. Note that —%;- ”C < 5% and 2_§h 2l > ¥ s0
00 , 2—5;1’ ) - i ) 2
/ exp(—t )dt—/ exp(—t )dt§2/ exp(—t )dtgfexp - -
—o0 S a/h a h

Therefore since [*°_ e~ dt = /T,

N 2
nhCov [§(x), g(a")] — LeXp (—1 <$ ;x ) ) +hl(2)I(2))| <

. 2
Define the N x N matrix ¥;; = # exp (—1 (w;%) . By Baxter [1, Proposition 2.4,
Proposition 2.5 and Equation 2.10], with By, = {b € R%: Yoien b #0} < k:},

inf inf ZZ 129 10ib; 6_/\@ & \/7 Z exp 7re—|—27rz)
keN peRk Z’f 4\

i=1 Z 1=—00

We use Riemann sums, noting that me + 27z = 0 at x = —e /2 ~ —1.359. Consider the sub-
stitutions Z N (—oo, —3] — (—o0, —2], {—2, -1} = {-2,—1} and Z N [0, 00) > [—1,00).

Ze (re+2mi)? /AN < / ? 7(7Te+27rx)2/4/\dx+€*(W€*47T)2/4/\

1€EZ

4 o (me=2m?/4x +/°° o~ (met2mn)/ax g
~1

Now use the substitution t = ’Te;:%”” and suppose A < 1, yielding

me—4m

Z —(me+2mi)? /AN < \/>/ VA —t2 dt+€—(71'6—47r)2/4)‘

1E€EZL

f

+ 6—(7re—27r)2/4)\ —t2 dt
w;\/i‘ir
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< <1+1 A )e(‘/re47r)2/4)\+ <1+1 A >€(77627r)2/4/\

mdr — e T e — 21
13 2 8 2 9 5
< 22 o—(me—am)? /AN | O —(me—2m)? /AN ~ ¥ ).
=12° +7e =3P\ T
Therefore
4 o bibs e ME—d)? 4 5
inf inf Licz Z]ez : J2 < —exp|—— <de
kEN beBy, Y ez b vV 4\
From this and since f]ij = ﬁe"\(i_j)z with A\ = m < 2—2, for each h and some ¢ < h,
Amin(2) < 26107,
Recall that

dij — iij +hI(zi)I(z)| <

Now for any positive semi-definite N x N matrices A and B and vector v we have Apn (A —
va) < Amin(A4) and Apin (B) < Amin(A) + || B — All2 < Amin(A) + N|| B — A||max- Hence
N a2

2 h?

3 N 2 2 2
Amin(2) < Ain(Z — AITT) + Nh exp <_a> < 9e—h/9
Ta Tad

O

PROOF (Proposition 3.1). Let F; be a §-cover of (F,d). Using a union bound, we can write

fE€Fs

P(;leljgls(f)T(f)\ 22t+77) <P (sup 1S(f) = T(f)| 277)

+P( sup |S(f)=S(f)|=t)+P| sup [T(f)=T(f)|>t].
d(f,f")<é d(f,f")<é

Part 1: bounding the difference on Fj

We apply Corollary 2.2 with p = oo to the martingale difference sequence F5(X;) = ( f(X5):

fe .7:5) which takes values in Rs|. Square integrability can be assumed otherwise 85 = oco.

Note > "7 | Fs(X;) = S(Fs) and ¢oo(Fs) < /2log 2| Fs|. Therefore there exists a condition-
ally Gaussian vector T'(F5) with the same covariance structure as S(Fs) conditional on H,
satisfying

P (sup 1S(f) = T(f)| >77> < 245 (2log 2.73))* +17 <\/210g2‘F5|\/EHQ5”2]>§.
) "

feFs n

Part 2: bounding the fluctuations in S(f)
Since || S(f) — S(f) H‘w < Ld(f, f"), by Theorem 2.2.4 in van der Vaart and Wellner [20]

ah1<s 15 - S(f/)‘mw <Gyl </05¢_1(Ne) de + 51/)‘1(1\73)) = Oy LJy(0).

Then, by Markov’s inequality and the definition of the Orlicz norm,

: t\7'
g (d(ﬁ?’r))gé Sth =57 t) =Y (CwLJw(5)> '
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Part 3: bounding the fluctuations in T'(f)

By the Vorob’ev—Berkes—Philipp theorem [10], T'(F5) extends to a conditionally Gaussian
process T'(f). Firstly since ||T'(f) — T(f’)m2 < Ld(f, ') conditionally on H, and T'(f) is
a conditional Gaussian process, we have || T(f) — T(f")|| oy S 2Ld(f, f') conditional on H,

by van der Vaart and Wellner [20, Chapter 2.2, Complement 1], where 15 (z) = exp(2?) — 1.
Thus again by Theorem 2.2.4 in van der Vaart and Wellner [20], again conditioning on H,,

§
< C’lL/ V1og N.de = C1LJ5(9)
P2 0

for some universal constant C; > 0, where we used 15 ' () = /log(1 + «) and monotonicity
of covering numbers. Then by Markov’s inequality and the definition of the Orlicz norm,

! t? -
g Qé‘ﬁ?g T(h=T(N= t) < (oo () 1) V!

2
<92 —_— .
= exp<0%L J2<6>2>

sup |T(f) - T(f’)!H
d(f,f)<é

Part 4: conclusion
The result follows by scaling ¢ and 7 and enlarging constants if necessary. O

SA.4. Applications to nonparametric regression

PROOF (Proposition 4.1). 'We proceed according to the decomposition given in Section 4.1.
By stationarity and Lemma SA-2.1 in Cattaneo, Farrell and Feng [5], we have sup,, ||p(w)||1 <
1 and also ||H|[y <n/kand |H Yy S k/n.

Part 1: bounding B 2 and B 3
Set X; = p(W;)e; so S =51, X; and set o = o?(W;) and V; = Var[X; | H;_1] =
o2p(W;)p(W;)T. Recall from Corollary 2.2 that for r € {2,3},

n
1/2 1/2
Boor = Y EIIXills1Xilloo + IV ZilI5 1V Zill |
i=1
with Z; ~ N (0,1) i.i.d. and independent of V;. For the first term, we use sup,, [|p(w)|2 <1
and bounded third moments of ¢;:

E [[|X:ll5]| Xilloo] < E [lesl*lp(Wa)IH] S 1.

For the second term, apply Lemma SA.3 conditionally on #,, with sup,, [[p(w)|2 < 1 to see

k r/2
1/2 o 11 (1 1/2 1/2
(V22051 2il] 5 VioB2E | e (0} ( 370 )
L J=

k r/2
<V10g2k E {07! max p(Wz—)j<Zp(Wi)§>

1<j<k

<V1og2k E [07] < v/log 2k.

Putting these together yields S 2 S ny/log 2k and S 3 S nv/log 2k.
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Part 2: bounding )
Set @ =3"", (V; — E[V;]) as in Lemma SA.8 so

Q=) (oip(Wi)p(Wi)" —E [ofp(Wi)p(W)T] ).
i=1
Observe that €1; is the sum of a zero-mean strictly stationary c-mixing sequence and so
E[le] < n by Lemma SA.6(i). Since the basis functions satisfy Assumption 3 in Cattaneo,
Farrell and Feng [5], 2 has a bounded number of non-zero entries in each row, and so by
Jensen’s inequality

1/2

E[ll€22] <ElI1€F] ZZE < Vnk.

Part 3: strong approximation
By Corollary 2.2 and the previous parts, with any sequence R,, — oo,

IS — Tl Sp 8% (10g 2k) /2 Ry, + 1/1og 2k /E[[Q[[2] R

<pn'3\/log2kR, + (nk)"*\/log 2kR,,.

If further E [5? ] ’Hi_l] = 0 then the third-order version of Corollary 2.2 applies since

ﬂgZiZEUE[XﬂHi ; } ZZE[\p B3 | H,_ 1]@:0,

=1 |;€|:3 =1 |K,| 3

giving
IS — Tloo Se BY%(log 2k)%/* Ry, + \/log 2k/E[|Q[2] Ry, Sp (nk)Y1/log 2k R,,.
By Hoélder’s inequality and with | H~t||; < k/n we have

sup [p(w)"H 'S = p(w) " H'T| < sup [p(w)|1[[H LIS = Tlloo S0 E[1S = Tloo-
weW weWw

Part 4: convergence of H

We have H — H =31 (p(W;)p(W:)T — E [p(W;)p(W;)T] ). Observe that (H — H);; is
the sum of a zero-mean strictly stationary a-mixing sequence and so E[(H — H )?l] <n
by Lemma SA.6(i). Since the basis functions satisfy Assumption 3 in Cattaneo, Farrell and
Feng [5], H — H has a bounded number of non-zero entries in each row and so by Jensen’s
inequality

o[l 04] =2 |y Sl <2 | 5 (SSii-mul) | 2

1<i<k

Part 5: bounding the matrix term
Note |[H ||y < ||[H Y|y + || H Y|4 ||H — H||1||H |1 so by the previous part, we deduce

-1
T N

L~ B~ H|y|H )y~ 1= Vakk/n ™

1l <
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as k3 /n — 0. Also, note that by the martingale structure, since p(W;) is bounded and supported
on a region with volume at most of the order 1/k, and as W; has a Lebesgue density,

Zszp ZE aip(W, %

So by the Gaussian maximal inequality in Lemma SA.4, ||T']| 0 Sp 4/ ”loikg%. Since k% /n — 0,

Var([Tj] = Var[S;] = Var

Slelgv p(w)T(H" — H—l)S‘ < sggv||p(w)TH1Hﬁ_1H1Hﬁ CHIL I H YIS - T

+ sup [lp(w) "L H L H = HILH T oo
weW
k k
<p —Vnk— <n1/3 log 2k + (nk)Y*\/log 2k>
n n

k —k [nlog2k _ k2
SRR/ RAY Olf <p °\/log 2k.
n n n

Part 6: conclusion of the main result
By the previous parts, with G(w) = p(w)TH~'T,

sup [p(w) — pu(w) — p(w) T H T
wew

= sup (p(w)TH—l(s ) 4 p(w)T (Y — HHS + Bias(w)‘

weWw
k
Sp *||S—T||oo+ \/@—i— sup |Bias(w)|
n weW
k
SPE (”1/3 log2k+(nk)1/4\/@) \/@—F sup |Bias(w)|
weW

<pn23k\/log 2kR,, +n3*k*/*\/log 2kR,, + \/log2 + sup |Bias(w)]

weW
<pn~23k\/log2kR,, + sup |Bias(w)|
weWw
since & /n — 0. If further E [e} | #;_1] = 0 then
2

k k .
sup |ji(w) — i(w) — p(w) TH | S “||S = Tl + " /log 2k + sup |Bias(w)|
weW n n weWw

<p n~3/*k5*\/log 2kR,, + sup |Bias(w)|.
weWw

Finally, we verify the variance bounds for the Gaussian process. Since o (w) is bounded,

Zp Ez]H 'p(w)

=1

Var[G(w)] = p(w)"H~* Var

w) H'E ZP(I/Vi)p(VVi)Taz(Wi)] H™'p(w)

S @) IHEH2 < k/n.
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Similarly, since o%(w) is bounded away from zero,
Var[G(w)] 2 [[p(w) [5IHSIH 5" 2 k/n.

Part 7: bounding the bias

We delegate the task of deriving bounds on the bias to Cattaneo, Farrell and Feng 5], who
provide a high-level assumption on the approximation error in Assumption 4 and then use it
to derive bias bounds in Section 3 of the form sup,,¢y |Bias(w)| Sp k7. This assumption is
verified for B-splines, wavelets and piecewise polynomials in their supplemental appendix. []

PROOF (Proposition 4.2).

Part 1: infeasible supremum approximation
Provided that the bias is negligible, for all s > 0 we have

plw) —pw)| N (| Gw)
316115 ¥ (Sgil?v p(w,w) = t) ¥ (welI/DV Vp(w,w) = t)
G(w) fi(w) — p(w) — G(w)
Sigl%a?P(tSSggv Vp(w,w) St+8> +]P)<Slel$v p(w,w) >S> '

By the Gaussian anti-concentration result given as Corollary 2.1 in Chernozhukov, Chetverikov
and Kato [8] applied to a discretization of W, the first term is at most s1/logn up to a constant

3 3\ 1/6 .
factor, and the second term converges to zero whenever % <%) — 0. Thus a suitable

k2 (logn)®
n

value of s exists whenever — 0.

Part 2: feasible supremum approximation
By Chernozhukov, Chetverikov and Kato [7, Lemma 3.1], with p(w,w") = E[p(w,w")],

G(w) ‘ G(w)
sup |P| sup | ——=|<t | W)Y | - P| | —=—| <t
teﬂg <w€1}?\7 Vo(w,w)| ) ( p(w,w)
(w,0/) ORI
plw,w p(w,w 2/3
<p su — logn
NPw,w/EW Vow,w)p(w ,w')  /plw,w)p(w’, w') (log)

n\1/3 .
Se (%) s [plw,w) = plw, )| (logn)*
w,w’ W

n(logn)? 1/3

<p <k> v sup ‘p(w)Tﬁfl (VAar[S] — Var[S}) H'p(w)

w,w’eW
2\ 1/3
< (k(loi; n) > ’

and vanishes in probability when M |

Var[S] — Var[] H:/ '

Var[S] — Var[S] ||, = 0. For the plug-in estimator,

| varts) - varfs]| = ||Zp<wi>p<wﬁ>&2<m> —nE [p(Wy)p(W] )0 (W)
i=1

2

<p sup [62(w) — o*(w)| || A,
weWw

_l’_

Zp(m)p(mT)02(WG) —nE [p(Wi)p(W; )o*(W;)]
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<p = sup |62(w) — o%(w)| + Vnk,
k weW

where the second term is bounded by the same argument used to bound ||& — H|);. Thus,

the feasible approximation is valid whenever (logn)? sup,,cyy |62 (w) — o%(w)| —p 0 and
M — 0. The validity of the uniform confidence band follows immediately. O

PROOF (Proposition 4.3).  We apply Proposition 3.1 with the metric d( f, fu/) = |[|w — w'||2
and the function class

F= {(Wi,si) — elTH(w)_lKh(VVi —w)pp(W; —w)e; : w e W} ,
with 1 chosen as a suitable Bernstein—Orlicz function.

Part 1: bounding H (w) ™!
Recall that H(w) = > E[Kp(W; — w)pp(W; — w)pp(W; — w)T] and let a(w) € R* with
|la(w)||2 = 1. Since the density of W; is bounded away from zero on W,

a(w)TH (w)a(w) = nE [(a(w)Tph(m —w)) K (W; — w)]
> n/w (a(w)Tph(u - w))QKh(u —w)du

zn/w_w (a(w)Tp(u))ZK(u) du.

h

This is continuous in a(w) on the compact set ||a(w)||2 = 1 and p(u) forms a polynomial
basis so a(w)"p(u) has finitely many zeroes. Since K (u) is compactly supported and h — 0,
the above integral is eventually strictly positive for all z € VW, and hence is bounded below
uniformly in w € W by a positive constant. Therefore sup,,cyy | H(w) 2 < 1/n.

Part 2: bounding s
Let F;s be a §-cover of (F,d) with cardinality |F5| =< 6~ and let F5(W;,e;) = (f(Wi,e;) :
fe .7:5). Define the truncated errors &; = g;I{—alogn < ¢; < blogn} and note that
E[elil/¢] < oo implies that P(i : &; # ¢;) < n!~(aV9)/C Hence, by choosing a and b
large enough, with high probability, we can replace all €; by &;. Further, it is always possible
to increase either a or b along with some randomization to ensure that E[¢;] = 0. Since K is
bounded and compactly supported, W; has a bounded density and |&;| < logn,

911/2

£ Wizl = B[] H(w) ™ Kn(Ws = w)pn(Wi — w)&i]|

<E [||H (w) " [3K0(W; —w)? o (W; — w) |30 (W)] 2

,S nilE [Kh(Wz — w)Q] 1/2 5 nflhfm/{
17 W)l < W1 )~ K (W = w)llpn(Ws = wlalédl |
ST [Kn(Wi —w) || logn Sn”'h ™ logn.
Therefore

E [[|Fs (Wi, &) 1511 F5 (Wi, €0)llo] < Z H‘f(Wufi)m; max I|f (Wi, 6|
fEFs

e}

<n7357"h T logn.
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Let Vi(Fs) = E[fg(Wi,éi)fg(W},éi)T ] 7—[2;1] and Z; ~ N(0,1;) be iid. and inde-
pendent of H,. Note that V;(f, f) = E[f(W;,&)? | Wi] £ n~2h=?™ and E[V;(f, f)] =
E[f(W;,&)% <n~2h~™. Thus by Lemma SA.3,

E|[ViF) 2 Zi ]| Vi(Fo) 22| | = [ [[IVi(F) 2l Vi(Fa) 22 | 1|
Vi(f, N Y V;(f,f)]
feFs
<n 32T /log(1/6).

Thus since log(1/§) < log(1/h) <logn,

< 4,/10g 2| F;5|E
< 4V/log2| 75| E | max

Bs = DB [IF5(Wi, 5 I3IFs(Wa, €)oo + |[Vi(Fo) 224l 1Vi(Fo) 22|
=1

logn
~ n2p2mim’
Part 3: bounding Q;
Let C'x > 0 be the radius of a ¢?-ball containing the support of K and note that
V(S )] = [E[e] H(w) ™ pu(W; = w)el H(w) ™ pu (Wi — )

x Kp(W; —w)Kp(W; —w')é?

)
<n 2K (W; —w) K, (W; —w')
<n2h KL (Wi — w)I{||w — w'||y < 2Ckh}.
Since W; are a-mixing with a(j) < e=%/C=, Lemma SA.6(ii) with r = 3 gives

> Vi, f’)]

i=1

Var

SY EVilh, )P Sn3h 2 E (K (Wi — 0)*) P I Jw — 'l < 20k h}

=1
<n 3R (RT P 2B||lw — w'||o < 2CKhY
<n T3 OMBI|jw — w'||y < 2CKh}.

Therefore, by Jensen’s inequality,

1/2
E[[19s]]2] SE[\QélF]SE[ > (Qa)ff,ff] S( > Var

f.f'eFs 1.f'eFs

n 1/2
> Vi, f’)] )

i=1

1/2
§n3/2h5m/3< Z H{||w—w'H2§2CKh}>

f1'eFs

< 3/2p—5m/3 (hm5—2m) 12 n3/2p,~Tm/6 5—m

~

Note that we could have used || - ||; rather than || - ||r, but this term is negligible either way.
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Part 4: regularity of the stochastic processes
For each f, f’ € F, define the zero-mean and a-mixing random variables

ui(f, f') = el (H(w) ™ Kn(Wi = w)pn (Wi — w) — H(w') " Kn(W; — 0" )pr(W; = w'))é;.

To bound this we use that for all 1 < j < k, by the Lipschitz property of the kernel and
monomials,

[ B (Wi — w) = Kp(W; — ')
ShT Hlw = w2 (Wi — wl| < Cch} + I{[[Wi — w'|| < Cch}),
[pr (Wi = w)j — pn(Wi = w');| S 07w — '],
to deduce that for any 1 < j,1 <k,
|H(w)j — H(w)ji| = [nE[Ky(W; — w)pp(Wi — w) jpn(W; —w);
— Kp(W; — w')pa(W; — w') jpn(W; — w') ] |
< nB[| Kp(W; — w) — Kn(W; — w')| [pn (Wi — w) jpn(Wi — )]
+ B [|pn (Wi — w); — pr(W; — w');| [Kn(W; — w')pp(W; — w)i]
+ nE [[pp (Wi — w)i = pp(Wi — w')i| | K (Wi — w")pr(W; — w');]
Snh™Hlw = w'll2.
Therefore as the dimension of the matrix H (w) is fixed,

Mw—w)y

1 ()™ = H ()7 ], < [ H o) || H )7 H (w) = Hw)|, § 5=

Hence

i, )] < || H (w) ™ Kn(Wi = w)pn(W; = w) = H(w') ™ Ky(W; = w')pa(Wi — w')é |,
< e 1) —w>m<W Wil
+\Kh<m w) = Kn(Ws — )| || H (')~ pu(W; — w)&|,
+ ||pn (Wi — w) — pr(W; H 1 (' lKh(W Vzilly
NHwanZ‘K —wsz‘—i- ‘Kh )_Kh(Wi_w/)Hé"‘

< |lw —w'||2logn
ST

and from the penultimate line, we also deduce that

Varfu( . ) 5 LB [, (o, — w5,
w—w'||?

Further, E[u;(f, f")u;(f, f')] =0 for i # j so by Lemma SA.7(ii), for a constant C; > 0,

C’l w—wl|y logn logn)6 _
R N - M
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Therefore, adjusting the constant if necessary and since nh™ > (logn)”,

(‘ C%méﬁ'? (\f+ J@)) < Che .

By Lemma 2 in van de Geer and Lederer [19] with ¢ (z) = exp ((\/1 +2x/+/logn —
1)2logn) -1,

m < Jlw = w2
ZUZ
\fhm/2+1
so we take L = W Noting ¢~ 1(¢) = y/log(1 +t) + l;;g}it) and N5 < 6™,

/w ) de+ 6y (Ns) (Hoig\/%é)—i—éx/log(l/&gd\/logn,
- / VIog V. de S 6+/I0g(1/8) S 6+/log n.
0

Part 5: strong approximation
Recalling that £; = ¢; for all ¢ with high probability, by Proposition 3.1, for all ¢, > 0 there
exists a zero-mean Gaussian process 7'(w) satisfying

E [(wa(m,€1)> <wa’(w/z751)>] :E[T(w)T(w/)]

for all w,w’ € W and

sup
wew

1/31 9 1/3 1 B B0 2/
<C¢1nf1nf{ﬁ (1052|) +<¢0g FoIVETS]:)

>0 Fps n n

v <LJ:Z(5)>1 e (ij)) }

logn 1/3 (lo n)l/B 2/3
n2p2mgm g llog n\/n73/2h77m/657m
=G U " U

wa VVszz - ( )

> C¢(t+77)>

+w( ! >_1 +e - }
—_——— X
ey (9) " (o )2J2(5)2

/nhm /211
e (log n)?/3 n3/Ap=Tm125-m/2 floon 2/3
= n2/3p2m/35m/3y + n

/241N 22
d+/logn d%logn
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Noting ¢ (z) > e /4 for z < 4,/Togn, any R, — oo gives the probability bound

(logn)?/? R Viogn R 0+/logn
n2/3p2m/35m/3 ”+n3/4h7m/125m/2 "+\/ﬁhm/2+1'

sup
weWw

wa WzaEz (’U)) SIP’

1 1
. . . . 2m—+6 2m—+6
Optimizing over § gives § =< (ni?fﬁﬁ) " =h (TILC;L%Z) " and so

(log n)m+4 ﬁ
S’P <nm+4 Hm(m+6) Rn.

wa Wz’sz - ( )

sup
weW

Part 6: convergence of H(w)
For 1 < 4,1 < k define the zero-mean random variables

uiji(w) = K (Wi — w)pn(Wi — w) jpn (Wi — w);
—E [Kh(VVz - w)Ph(VVz‘ - w)jph(Wi - w)z]
and note that |u;j;(w)| < h~"™. By Lemma SA.7(i) for a constant Cy > 0 and all ¢ > 0,

]P) (
=1

> uigi(w
Further, note that by Lipschitz properties,

n
§ Uijl g Uz]l
i=1

so there is a d-cover of (W, || - ||2) with size at most n*d—“ for some a > 0. Adjusting Cs,

sup E uml
weW

)| > Coh™™ (\/TE + (logn)(loglog n)t)) < Che™!

) ST w =]l

> Coh™™ (\/TE + (logn)(loglogn)t) + Cgh_m_15> < Cyn6 %!

and hence
nlogn
sg/)\} Zu”l <ph™™y/nlogn+ h""(logn) 3<p am
Therefore
. nlogn
sup || (w) — H(w)|l> Sr \/ “5
weWw
Part 7: bounding the matrix term
Firstly note that, since TIL‘;L%?,L — 0, we have that uniformly in w € W
A _ H(w)! 1/n 1
||H(w) 1H2§ H ( ) H2 < / <

- ~P ~P -
1= [|H(w) = H(w)ll2|[H(w)7Hl2 ™ 1 — /nlognl = 0
Therefore

sup [ef (F1 ()" = H(w)™)S(w)] < sup [ 7G0)™" = H () 1SCw)

weW
/[ logn
w)HQHS(w)HZSJIP W P”S( 2.

w) ™| H(w)
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Now for 1 < j < k write u;; (w) = Kj,(W; — w)pp(W; —w),;&; so that S(w); = i uij(w)
with high probability. Note that u;;(w) are zero-mean with Cov [u;;(w),u;j(w)] = 0 for

i # 14 Also |u;j(w)] S h~™logn and Var[u;j(w)] S h~™. Thus by Lemma SA.7(ii) for a
constant Cs > 0,

<‘ Zu” ‘ > C3((h™™2/n+h™™logn)Vt + h‘m(logn)3t)> < Cse™,

(’ EUU ‘ > 03 ( ft;:n + t(lc;lin)3>> < C3e_ta

where we used nh™ 2 (logn)? and adjusted the constant if necessary. As before, u;;(w) is
Lipschitz in w with a constant which is at most polynomial in n, so for some a > 0

. t t(logn)3
P(sup‘zu”( )‘>C’3< hZ—F((;j%;nZFL)))Sanae_t,

nlogn logn nlogn
sup [|S(w)l[2 <p
weWw

as nh™ 2 (logn)7. Finally

ap [T () = H() ) S()| Sp /B [1IOER < _Jogn

wEW n3h2m Vn2h3m’

Part 8: bounding the bias
Since u € C7, we have, by the multivariate version of Taylor’s theorem,

v—1

PV = 3 S0 () (Wi —w) + 3 0 (! )(W; — )

k=0 " |]=

for some w’ on the line segment connecting w and W;. Now since py(W; —w); =1,

el H(w Z Kp(Wi — w)pp(W; — w) p(w)

=l H(w ZKh (Wi = w)pn(Wi — w)pn(W; — w)Terpu(w) = e erp(w) = p(w).

=1

Therefore

Bias(w) = ef H(w Z Kn(Wi — w)pn(Wi — w)u(Wi) — p(w)
=elH ZKh pr(W; —w)

> 'aff —w) +Z W; —w)" u(w))

K|=0 |r|= 7

(
Z ,% A(w)ilth(m—w)Ph(m—w)(Wi—w)”
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> %8’{“(7”/)6{16[(“))71 ZKh(m —w)pr(W; — w)(W; — w)"

|]=

= Z m@” w')el H(w ZKh i — w)pp(W; —w)(W; —w)"~,
|il=
where we used that ph(W w) is a vector containing monomials in W; — w of order up to ~,
so e] H(w) ™' 1 Ki (Wi — w)pn(W; — w)(W; — w)"® = 0 whenever 1 < || < +. Finally

sup |Bias(w)|
weWw

1
= sup —'8"%( e-er 12Kh i — w)pp(W; —w)(W; —w)”
Rl

Se sup max [0 (w')| | H (w) 2 h

~J
wew |kl=v

ZKh i — w)pr(W; —w)

2

p — sup ZKh i —w)pp(W; —w)

n wew

2
Now write @;; (w) = Kp(W; —w)py(W; —w),; and note that |, (w)| < h™™ and E[@;;(w)] <
1. By Lemma SA.7(i), for a constant Cy,

(e[S

> ij(w)
As in previous parts, by L1psch1tz properties, this implies

logn
Zul] ) <pn <1+ nfim> <pn.

Therefore sup,,¢y |Bias(w )| <Spnh?/n<ph.

> Cyh™™ (V/nt + (logn)(loglog n)t)) < Cue.

sup
weW

Part 9: conclusion
By the previous parts,

sup |ji(w) — p(w) — T(w)| < sup |l H(w)~S(w) — T(w)|
weWw weW

+ sup eI(H(w)*1 - H(w)*l)S(w)‘ + sup |Bias(w)]

wew wew
1
(logn)™tt Y\ zm+s logn
<o (A8 _98n
~F <nm+4hm<m+6> Bt pam *"
<« Ra ((log n)mtd e 1
SP o e +n’,

where the last inequality follows because nh3™ — oo and 2m 5 < <1 5. Finally, we verify the
upper and lower bounds on the variance of the Gaussian process. Smce the spectrum of
H(w)~! is bounded above and below by 1/n,

Var[T'(w)] = Var

el H(w)™! Z Kp(W; —w)pp(W; — w)si]
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—61 “Var ZKh i —w)pr(W; —w)e; H(w)_lelT

n

S 1H (w)~H[3 max > Var [Ky(Wi —w)pn(W; —w);o (W;)]

1<j<k i1
<1, 1
S 2 pm S
Var[T'(w)] 2 - by the same argument given to bound the eigenvalues of H (w)~!. O

APPENDIX SB: DISTRIBUTIONAL APPROXIMATION OF MARTINGALE /-NORMS

We present some applications of the results derived in Appendix A. In certain empirical set-
tings, including nonparametric significance tests [14] and nearest neighbor search procedures
[4], an estimator or test statistic can be expressed under the null hypothesis as the ¢P-norm of
a zero-mean (possibly high-dimensional) martingale for some p € [1, co]. In the notation of
Corollary 2.2, it is therefore of interest to bound Kolmogorov—Smirnov quantities of the form

sup [P(|Sll, <) = P(I T, < t)]-
t>0

Let B, be the class of closed P-balls in R? centered at the origin and set

Ap(n) :=Ap(By,n) = iggﬂ”’(t <||T|l, <t+mn).

PROPOSITION SB.1 (Distributional approximation of martingale /’-norms). Assume the
setup of Corollary 2.2, with Y. non-random. Then for T ~ N (0,X),

(6) stgg\P(HSIIpét) (Tl < )| < inf {Tp(n) + Ap(m)}-

PROOF (Proposition SB.1).  Applying Proposition A.1 with A = BB, gives
sup [B((|S], < t) ~ E(|T], < t) | = sup [B(S € A) ~P(T € A)|
>0 A€B,

< 7171;1% {Fp(77> + Ap(BpW)} < 7172% {Fp(n) + Ap(n)}'

g

The right-hand side of (6) can be controlled in various ways. In the case of p = oo,
note that ¢*°-balls are rectangles s0 Boo € R, giving Ax(n) < n(v/2logd + 2)/0min
whenever min; ¥;; > o2, . Alternatively, Giessing [11, Theorem 1] provides A (n) <
n/+/Var[[|T|| ] +172. In fact, by Holder duality of ¢P-norms, we can write |1, =
SUP||y |, <1 u"T where 1/p+1/q = 1. Then, applying the Gaussian process anti-concentration

result of Giessing [11, Theorem 2] yields the more general A,(n) < n/+/Var|||T|,] + n?
Thus, the problem can be reduced to that of obtaining lower bounds for Var [||T]|,], with
techniques for doing so discussed, for example, in Giessing [11, Section 4]. Note that along-
side the /P-norms, other functionals can be analyzed in this manner, including the maximum
statistic and other order statistics [12, 11].

To conduct inference in this situation, we need to feasibly approximate the quantiles of
| T||,- To that end, take a significance level 7 € (0, 1) and define

dp(T) =inf {t eR:P(||T||, <t|X)>7} where T |X~N(0,%),
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with 3 any X-measurable posmve semi-definite estimator of 3. Note that for the canonical
estimator ¥ = > X; X;” we can write T = Y7 | X;Z; with Zy,...,Z, iid. standard
Gaussian independent of X, yielding the Gaussian multiplier bootstrap. Now assuming the
law of |||, | X has no atoms, we can apply Proposition A.2 to see

sﬁﬁ' (ISllp < dp(7)) — 7| <E sup!]P’ 1511y <) = P(IT, < t] X))
T€(0,
_772
< inf { Tp(n) +24,(n) + 2dE |e -
< inf 3 Tp(n) +24,(n) Xp S — s

and hence the bootstrap is valid whenever ||%1/2 — 2.1/ 2”3 is sufficiently small. See the
discussion in Appendix A regarding methods for bounding this object.

REMARK 1 (One-dimensional distributional approximations). In our application to distri-
butional approximation of ¢’-norms, the object of interest ||.5|,, is a one-dimensional functional
of the high-dimensional martingale; contrast this with the more general Proposition A.1 which
directly considers the d-dimensional random vector .S. As such, our coupling-based approach
may be improved in certain settings by applying a more carefully tailored smoothing argument.
For example, Belloni and Oliveira [2] employ a “log sum exponential” bound [see also 7] for
the maximum statistic maxi<;<q.S;, along with a coupling due to Chernozhukov, Chetverikov
and Kato [9], to attain an improved dependence on the dimension. Naturally their approach
does not permit the formulation of high-dimensional central limit theorems over arbitrary
classes of Borel sets as in our Proposition A.1.
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