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SA-1 Overview

This supplement presents proofs for the results in the main paper, and several additional theoretical results.
We start with a homoskedastic constant regression model in Section SA-2, showing that the standard CART
decision tree estimator of the (constant) conditional mean suffers from slow uniform convergence rates.
In Section SA-3, we then study the more challenging heterogeneous causal effect estimators discussed in
the main paper: inverse probability weighting (IPW) estimator, the difference in mean (DIM) estimator,
and the sum-of-square-minimization (SSE) estimator are considered in Sections SA-3.1, SA-3.2 and SA-3.3,

respectively. Section SA-1.2 links the results in this supplemental appendix to those presented in the main

paper.

SA-1.1 Notations

Sets. R is the set of real numbers and N the positive integers. For n € N we write [n] = {1,...,n}.

Vectors and matrices. Boldface lower-case letters (e.g. x) denote column vectors, and boldface upper-case
letters (e.g. A) denote matrices. For a vector x, its i-th component is x;; for a matrix A, its (¢, j)-th entry

is A;j. Denote by e; the j-th unit vector.

Norms. For x € R? define x| = (Zle )2 and ||x||ee = max;<g|z;|. For a matrix A € R™*",
the operator norm is [|Al| = supj=1||[Ax[|, and the max norm is ||Allmax = maxi<i<m,1<j<n [Aij]. For a
bounded measurable function g, ||g]lcc = sup,, |g(z)|. For a random variable X with distribution Py, denote
the population Ly norm by ||X|| = ([||lz]|?dPx(z))'/?; and given a random sample & = {X1,---,X,},
denote the empirical Ly norm by || X||g = (n=t 300, || X3]12)Y/2.

lan| _

Asymptotics. For reals sequences a,, < by, (or a, = o(b,)) if limsup,,_, B =0 lan| < |by| (or an, =

O(by,)) if there exists some constant C' and N > 0 such that n > N implies |a,| < C|b,|. For sequences of

lan| _

random variables a,, = op(by,) if plim,,_, =

0, |an| Sp |bp| if limsupy,_, o limsup,,_, o P[[3>| = M] = 0.

Other. 1(-) denotes the indicator function. For two random variables X and ¥, X 1 Y means X and Y
are independent. For z € R, |z] and [z] denote the floor and ceiling of x respectively. N(u, X) denotes the
Gaussian distribution with mean g and covariance matrix 3. Beta(a, 8) denotes the Beta distribution with
parameter (o, 8). A stochastic process {B(t),0 < ¢ < 1} is a Brownian bridge, if B is a continuous Gaussian
process with E[B(t)] = 0, and E[B(¢)B(s)] = min{¢, s} — ts.

SA-1.2 Proof of Main Paper Results

e Proof of Theorem 1: The conclusions follow from Corollary SA-11, Corollary SA-13, Theorem SA-21,
Theorem SA-23, Corollary SA-31, and Corollary SA-33.

e Proof of Theorem 2: The conclusions follow from Corollary SA-12, Corollary SA-14, Theorem SA-22,
Theorem SA-24, Corollary SA-32, and Corollary SA-34.

e Proof of Theorem 3: The conclusions follow from Corollary SA-15, Corollary SA-16, Theorem SA-25,
Theorem SA-26, Corollary SA-35, and Corollary SA-36.

e Proof of Lemma 4: See Section SA-4.1.



SA-2 Constant Regression Model

This section is self-contained, and substantially improves on the results reported in Cattaneo et al. [2022].
The results presented herein are of independent interest in regression estimation settings, and they also offer
a gentle introduction to the more technically involved results discussed in Section SA-3.
Consider the canonical regression model where the observed data {(y;,x}) :i = 1,2,...n} is a random
sample satisfying
¥ = p(x;) + &, Ele; | x;] =0, E[ef | xi] = o?(xy), (SA-1)

with x; = (41, iz, . - - ,xip)T a vector of p covariates taking values on some support set .
Assumption SA-1 (Location Regression Model). @ = {(y;,x}) : 1 < i < n} is a random sample such
that the following conditions hold for all i = 1,2,--- | n, satisfying Equation (SA-1) and the following:

1. y; = p(x;) + &4, with Ele;|x;] =0 and x; L &;.
2. u(x) =c for allx € X CRP, where ¢ is some constant.
3. xi1,...,%ip are independent and continuously distributed.

4. There exists o > 0 such that Elexp()\eg;)] < oo for all |\ < 1/a and o* = E[e?] > 0.

(2

In what follows, we denote by Px the marginal distribution of x;.

Now we illustrate the CART estimation strategy. Given any tree T, the CART estimator is given as
follows:
Definition SA-1 (CART Estimate). Suppose T is the tree used, and D, = {(yi,x; ) 14 = 1,2,...,n,},
with n, < n, is the dataset used. Let t be the unique terminal node in T containing x € X. The CART

estimator 1S

A6 T, D) = % S

1:X; €t

where n(t) =Y 1 L(x; € t) is the “local” sample sizes. In case n(t) = 0, take i(x; T,D,) = 0.
Definition SA-2 (Tree Construction). Given a dataset Dt = {(y;,x;) 11 =1,2,...,n1}, withnt < n, a
parent node t in the tree (i.e., a region in ) is divided into two child nodes, t. and tg, by minimizing the

sum-of-squares error (SSE),

2
i in 7 (g — Bull(wy < <) — full(ay A-2
1I§nj12p6urll3}al,?eﬂkx‘€t <y’ Aull(wiy < <) — all(zi; > g)) ) (SA-2)

where (BL, Br,s,J) denote the two child nodes outputs, split point, and split direction, respectively. With at
least one split, the final CART tree is denoted by T(Dr).
Definition SA-3 (Sample Splitting). Recall Definition SA-1 and Definition SA-2, and that @ = {(y;,x, ) :

i=1,2,...,n} is the available random sample.

e No Sample Splitting (NSS): The dataset D is used for both the tree construction and the treatment
effect estimation, that is, D1 = D and D, = D. The CART tree estimator is

(%) = u(x; T(2), D).



e Honesty (HON): The dataset D is divided in two independent datasets Dt and D, with sample sizes

nt and n,, respectively, and satisfying n S nt,n, Sn. The CART tree estimator is
(N (x) = j1(x; T(D1), D).

Definition SA-4 (X-Adaptive Estimation). Recall Definition SA-1 and Definition SA-2, and that @ =

{(yi,x}) :i=1,2,...,n} is the available random sample.

1. The dataset D is divided into K +1 datasets (Dr,,..., D1y, Dy), with sample sizes (n1,, ..., N7, M),
respectively, and satisfying nt, = --- = nr, = n, (possibly after dropping n mod K data points at
random). For each of the datasets D, = {(yi,x]) 1i = L...,nt,}, j=1,..., K, replace {y; : i =

1,...,n7,} with independent copies {g; : i = 1,...,n7,}, while keeping the same {x; :i=1,...,n1,}.

2. The mazimal decision tree of depth K, T (D1, -, D1, ), is obtained by iterating K times the | €
{DIM, IPW, SSE} splitting procedures in Definition SA-2, each time splitting all terminal nodes until (i)
the node contains a single data point (yi,x; ), or (i) the input values x; and/or all y; within the node

are the same.

3. The X-adaptive estimator is

(6 K) = (6 T (D1, D), D).

SA-2.1 No Sample Splitting

We start from the no sample splitting (NSS) case, and characterize the location of the first split.

Decision Stumps.

For each variable j = 1,2,...,p, let 7; be the permutation such that @, ; is non-decreasing in the index
i=1,2,...,n. Then, minimizing Equation (SA-2) can be equivalently recasted as maximizing the so-called
impurity gain:

Z (vi —?t)2 - Z (yi =7y, A(xi € tr) — Jy, A(xi € ‘ER))2

x; €t x;€t

(SA-3)

(\/ﬁ Yoiet, Wi — 1) — A NaoR u))2
(n(tL)/n(t))(1 = n(tr)/n(t)) ’

where g, = n(t)™! Y et Yil(xi € t). We can show this is also equivalent to maximizing the conditional

variance given the split:

W(% ~ T (34-4)

We start by considering the case when the tree is depth one (K = 1), i.e., a decision stump. Then

optimization objectives are equivalent to choosing a splitting coordinate j, and a splitting index 7 such that

tr :{ueX:ujgxﬂJ(z)J}, tR:{UEX:Uj>IL‘TrJ(z)J}.



The tree output can then be written as

~ ytL) xetp
uNSS(X) — , (SA-5)

th7 XEtR

where z; denotes the value of the j-th component of x.

The following theorem formally (and very precisely) characterizes the regions of the support & where
the first CART split index %, at the root node, has non-vanishing probability of realizing. As a consequence,
the theorem also characterizes the effective sample size of the resulting cells (recall the data is ordered so
that i = x;; and hence § = #{x; : x;; < i}).

Theorem SA-1 (Imbalanced Splits). Suppose Assumption SA-1 holds, and let (i,j) be the CART split
index and split direction at the root node. For each a,b € (0,1) with a < b, and ¢ € [p], we have

lminfP(n®* <i<n’ j=¢) =liminfP(n—n® <i<n-—n*j=1{() >
n—o0 n— 00 2pe

) (SA—G)

which implies

liminf P(n® <i<n’) =liminfP(n —n® <i<n-n) > b-a

n—00 n—ro0 2e

Theorem SA-2 (Convergence Rates for Decision Stumps). Suppose Assumption SA—1 holds. Suppose the
CART tree has depth K = 1. Then for any a,b € (0,1) with a < b, we have

b
lim inf]P’( sup |2"5(x) — | > on"2\/(2 + o(1)) log log(n)> > -, (SA-7)
n— oo xeq e
and suppose w.l.o.g. that x; ~ Uniform([0, 1]?), then
liminf inf P(‘ﬂNSS(X) — | > on2/(2+ o(1)) log 1og(n)> > b-a (SA-8)
n—oo x€Xn o = 2’

where L, = {x € [0,1]7 : ; = o(1)n®! or 1 —z; = o(1)n*~* for some j € [p}.

Deep Trees.

We will show that the imbalanced split issue is inherited from the decision stumps to trees of arbitrary depth.
Theorem SA-3 (Convergence Rates for Deep Trees). Suppose Assumption SA—1 holds. Then for any
be (0,1), we have

limianP<sup |78 (x) — p| > on ™2/ (2 + o(1)) loglog(n)> >b/e.
n—oo xe(%

Therefore, decision trees grown with CART methodology cannot converge faster than any polynomial-
in-n, when uniformity over the full support of the data &', and over possible data generating processes, is of
interest.

However, for the Lo-risk we still have the following positive result. This is because the small cells that

leads to issues in uniform consistency will have a small measure by Px.



Theorem SA-4 (L, Consistency — NSS). Suppose Assumption SA—1 holds. Then for the depth K (possibly

non-mazimal) tree,

E[ / ("5 (x) — p)2dFx (x)| < o 2 log(n)* log(np)
X

n

where C is a positive constant that only depends on o®. Moreover,

2K log(n>41°g(np)) =0,

lim sup]P’(/g[(ﬂNSS(x) — u)?dFx(x) > C' "

n— oo

where C' is a positive constant that only depends on the distribution of &;.

SA-2.2 Sample Splitting

For sample splitting strategy, we also present a lower bound on uniform consistency and an upper bound on
Ly consistency.
Theorem SA-5. Suppose Assumption SA—1 holds. Then for any b € (0, 1), we have

lim ian(sup 1" (x) — p| >

n—oo xeq

CE[ly; — l] Elly; — p|?]
Zolo Py s o2 P
w2

where C' is some constant only depending on liminf, . 7T and limsup,, ., +*.
Theorem SA-6 (Ly Consistency — HON). Suppose Assumption SA—1 holds. Then for the depth K (possibly

non-mazimal) causal tree,

B[ [ (#00 - wiare(x] < o280,

n
provided p~! < =L < p for some p € (0,1), and C is a positive constant that only depends on a? and p.
M

Moreover,

n— oo n

imsup ([ (9400 )i (x) = cQKlg(”)) _o,

where C' is some constant only depending on p and the distribution of €;.

Compared to Theorem SA-3, the lower bound on the LHS of Theorem SA-5 that we characterize has one
less 1/(2 + o(1)) loglog(n). Compared to Theorem SA-4, the upper bound on the RHS of Theorem SA-6 has
log(np) replaced by log(n). These changes are due to the sample splitting strategy.

SA-2.3 X-adaptive Tree

For X-adaptive trees, we leverage the decision stump result from Theorem SA-1 using an iterative argument
to infer inconsistency of trees of depth K, 2 loglog(n).

Theorem SA-7 (Pointwise Inconsistency). Suppose Assumption SA—1 holds. If liminf, logﬁﬁ > 0,

then there exists a positive constant C not depending on n such that

n—oo xeqL

limianP’< sup | (x; Kp) — pf > C) > 0.



Since we keep the x;’s and refresh the (d;,y;)’s, the tree estimator has a simple form condition on x;’s.
Hence a direct variance calculation gives us the following Lo-consistency result.
Theorem SA-8 (L2 Consistency — X). Suppose Assumption SA-1 holds. Then

| [ (i) - wPari| < 2 Dot

Using the same argument as Theorem SA-6, we can show

E[ | o) - u)zde<x)} < K2 log(n)”,

n

where C' is a positive constant that only depends on ¢2. The direct variance calculation allows us to remove

extra poly-log terms.

SA-3 Heterogeneous Causal Effect Estimation

In this section, we consider the heterogeneous causal effect estimation problem from the main paper. The
assumptions on the data generating process and the definitions of causal trees are the same as in the main
paper. For completeness, we include them here:

Assumption SA—2 (Data Generating Process). @ = {(y;,d;,x; ) : 1 <i < n} is a random sample, where
yi = diyi(1) + (1 — di)yi(0), xi = (Ti1,-..,2ip) , and the following conditions hold for all d = 0,1 and
i=1,2,...,n

1. (yi(0),yi(1),x;) L di, and § = P[d; = 1] € (0,1).

2. yi(d) = pa(x;) +&;(d), with Ele;(d)|x;] = 0 and x; L €;(d).

3. pa(x) =cq for allx € X, where cq is some constant, and X is the support of x;.

4. Ti1,...,Tip are independent and continuously distributed.

5. There exists o > 0 such that Elexp(Ae;(d))] < oo for all |A\| < 1/a and E[g2(d)] > 0.

And the causal trees are constructed based on the following rules:
Definition SA-5 (CATE Estimators). Suppose T is the tree used, and D, = {(yi,d;, %] ) :i=1,2,...,n,},

with ny < n, is the dataset used. Let t be the unique terminal node in T containing x € X .

e The Difference-in-Means (DIM) estimator is

N 1 1
Tom(x; T, D7) = m Z diy; — m Z (1 —di)yi,

1:X; €t :X; €t

where ng(t) = > 17, U(x; € t,d; = d), for d = 0,1, are the “local” sample sizes. In case ny(t) =0 or
n1(t) =0, take pm(x;T,D,) =0

e The Inverse Probability Weighting (IPW) estimator is

1 d; —
TIPw(X T, 9 T Z ( yza



where n(t) = no(t) + ni(t) = Y17, L(x; € t) is the “local” sample size. In case n(t) = 0, take
%Ipw(x; T797-) = O

Definition SA-6 (Tree Construction). Suppose D1 = {(yi,di,x; ) : i =1,2,...,n71}, with nt < n, is the

dataset used to construct the tree T.
o Variance Maximization: A parent node t (i.e., a terminal node partitioning ') in a previous tree T
18 divided into two child nodes, t;, and tg, forming the new tree T, by maximizing
. . 2
(Tl(tL;Ta@T) - Tl(tR;T,@T)> ; L € {DIM, IPW}. (SA-9)
With at least one split, the two final causal trees are denoted by TP™(D1) and T™V (D), respectively,
for 1 € {DIM, IPW}.

e SSE Minimization: A parent node t (i.e., a terminal node partitioning ) in the previous tree T' is

divided into two child nodes, t; and tg, forming the next tree T, by solving

min Z (i —aL — dei)z + Z (yi —ar — dei)Qv (SA-10)

ap,br,ar,bgER
= x;Ety

where only the data Dt is used. With at least one split, the final causal tree is denoted by T5E(D1).

Definition SA-7 (Sample Splitting and Estimators). Recall Definition SA-5 and Definition SA-6, and that

D = {(yi,x; ,d;) :i=1,2,...,n} is the available random sample.

e No Sample Splitting (NSS): The dataset D is used for both the tree construction and the treatment

effect estimation, that is, D1 = D and D, = D. The causal tree estimators are

Toon (X) = Tom(x; TP™M(2), D),
(X TP(D), D),  and
om(x; T%¥(2), D),

ANSS
T1PW

Tse (%)

—~
%
~—
I

>

e Honesty (HON): The dataset D is divided in two independent datasets Dt and D, with sample sizes

nt and n,, respectively, and satisfying n < nt,n. S n. The causal tree estimators are

~

Tomn (x) = Fom(x; TM(27), D7),
o (X) = Fou(x; TPN(D7), D7),  and
Fase (x) = Fom(x; TS¥(27), D).

While the estimators 71°°(x) and 7% (x), | € {DIM, IPW, SSE} depend on the depth of the tree construction
used, our the notation does not make this dependence explicit because our results only require (at least) one
single split.

X-Adaptive Trees.

Definition SA-8 (X-Adaptive Estimation). Recall Definition SA-5 and Definition SA-6, and that & =

{(ys,x;,di) :i=1,2,...,n} is the available random sample.

10



1. The dataset D is divided into K +1 datasets (Dr,, ..., D1y, Dr), with sample sizes (N7, ..., NTr,Nr),
respectively, and satisfying nt, = -+ = ny, = n, (possibly after dropping n mod K data points
at random). For each of the datasets D; = {(yi,di,x;) 1 i = L...,nt;}, j = 1,..., K, replace
{(yi,di) =i = 1,...,n7,} with independent copies {(gjl,czz) ci = 1,...,n1,}, while keeping the same

{xivi=1,...,n1,}.

2. The maximal decision tree of depth K, TZK(QZTI, o, D1, ), is obtained by iterating K times the | €
{DIM, IPW, SSE} splitting procedures in Definition SA-6, each time splitting all terminal nodes until (i)
the node contains a single data point (y;,d;,x, ), or (ii) the input values x; and/or all (d;,y;) within

the node are the same.
3. The X-adaptive estimators are
7A—[))(IM(X; K) = %DIM(X; TI}%M(@TN R 79TK)’ @7)7

7A-IXPW(X; K) :%IPW(X; T%(PW(QTUNWQTK%@T% and
Tase(X K) = (X TR D, D1y ), D).

SA-3.1 IPW Estimator

The transformed outcomes y; 5‘(1‘ 5) 1 <i < n,areii.d, with

A= & B 1) — s (0) ] = e — e
E|:y7£( _5) z:| E[yl(l) yz(0)| 1,] 1 05
and
- d; — & d; 1—4d;
£, = ( — ) —(c1—co) = (a1 +5i(1))€ — (co +¢i(0)) 1—¢ (c1 = co) L xi.

Assumption SA-2 implies E[exp()\;)] < oo for all || < 1/8 with 3 only depending on £ and «, and E[£%] > 0.
Hence the following results are immediate corollaries from the results in Section SA-2.
SA-3.1.1 No Sample Splitting

Corollary SA-9 (Imbalanced Split). Suppose Assumption SA-2 holds. Then for each a,b € (0,1) with
a < b, for every £ € [p],

b—a
2pe

hmmf]P’( <i1<n j:f)zlimian(n—nbSign—na,jzﬁ)2

n—oo n—oo

Corollary SA-10 (Stump). Suppose Assumption SA-2 holds, and the tree has depth K = 1. Then for any
a,b € (0,1) with a < b, we have

n—00 &

1iminf]P’<sup |[71ee (x) — 7| = on~"2\/(2 + o(1)) log log(n )) Z -,
x€X

where 0% = V[diyg(l) + (17(111'_)?(0)] Moreover, if x; has a density that is continuous and positive on [0, 1]P,

11



then

b—a
: : s ~NSS _ > —b/2 >
héglor(l)f xlenén ]P’(|7'Ipw (x) — 7| >0on V(2 + o(1)) log log(n)) 2 5o
where L, = {x € [0,1]7 : z; = o(1)n*" or 1 —z; = o(1)n*~* for some j € [p}.
Corollary SA-11 (Rates). Suppose Assumption SA-2 holds. Then for any b € (0,1) and arbitrary depth

tree, we have

b
1iminf]P’< sup [958 (x) — 7| > on~Y2\/(2 + 0(1)) loglog(n)) > -

n— o0 XE‘% (&

Corollary SA-12 (L, Consistency — NSS). Suppose Assumption SA-2 holds. Then for the depth K (possibly
non-mazimal) causal tree,

| [ (285060 - rar(]| < o2 LoEn),
X

n

where C' is a positive constant that only depends on the distribution of &; = yzﬁ — 7. Moreover,
2K 4]
s P [ (#5500 - ) > 2R B ) g,
n—00 x n

where C" is a positive constant that only depends on the distribution of &;.

SA-3.1.2 Sample Splitting

Corollary SA-13 (Honest Causal Output). Suppose Assumption SA—-2 holds. Then for any b € (0,1), we

have
o CE[|&;]] E[|&|?]
~HON . > [ > 7
lim inf P(ﬁgg ITrou (%) = 7] 2 =775 | 2 VE] b,
where C' is some constant only depending on the distribution of & = ylﬁ — 7, liminf,, o 7T and

limsup,, o 1t
Corollary SA-14 (L, Consistency — HON). Suppose Assumption SA-2 holds. Then for the depth K
(possibly non-maximal) causal tree,

AHON o\ . \2 2K log(n)®
E[/%(TIPW(X) ) dFx(x)| <C )

n

provided p~1 < 2L < p for some p € (0,1), and C is some constant only depending on the distribution of

g = yi% — 7 and p. Moreover,

28 log(n)®\ 0
n - )

lim supP(/ (FEN(x) — 7)%dFx(x) > C’
x

n—oo

where C' is some constant only depending on the distribution of &; and p.
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SA-3.1.3 X-adaptive Tree

Corollary SA-15 (Honest CART+). Suppose Assumption SA-2 holds. Suppose liminf,, bgﬁ% > 0.

Then, there exists a positive constant C' not depending on n such that

n— 00

lim ianP’( sup |#pu(x; Kp) — 7] > C) >0
xeZ

Corollary SA-16 (L2 Consistency — X). Suppose Assumption SA-2 holds. Then

E[ [ i) - ﬂ?d&(x)} < 2K

n

where C' is some constant only depending on the distribution of €; = yi% —T.

SA-3.2 DIM Estimator

The DIM estimator can not be directly written as a regression tree with transformed outcome. However, we
show that it can be approximated by an IPW-tree. More specifically, we view the split criterion with different
splitting index and coordinate as an empirical process, and show that the split criterion for DIM and IPW
approximate each other.

SA-3.2.1 No Sample Splitting

Approximation Results on Decision Stumps.

Denote by 7, permutation of index [n] such that x.,(1) ¢ < Zr,(2),0 < -+ < Trp(ny,e, 1 <€ < p. Consider the
split criterion for the regression and ipw trees when splitting at the root note when #{xr,;) € tL} = k: For
1<?¢<p,1<k<n, consider

]DIM(]C’€> _ k(nn_ k) ( (k‘ 0 — ADIM(k €>)
(k) = ’“(”T_k)( W(k, 0) — 7IV(k, 12))

where

k k
2ict e Yme()  2oim1 (I = dey())Yma )

~DIM

L (kvg) - & k )
Dz dry (i) > (= dw(i))

(g g) = Zi':k;rl Aoy (i)Yme(i) Zi:kn-l,-](l = Ay (1)) Yo ()
Zi k+1 Ay (i) Zz k+1(1 - dw(i))

_ dr () dr (7)
71 (K, 0) =% Z - Emo(i) (1 % Z ; Emo(i)(0),

_ 1 dT{' i 1 - 1_d7r 7
TRk ) = > “sm(i)(l)fn_k > e (0).

n—k i=k+1 3 i=k+1 -
Notice that if we replace er,(;) by ¥nr,(;), we would get 71" (or 75") instead of 7™ (or 7). But putting

€r,(i) here allows us to approximate the #/°™(., ) processes.

13



The optimization objective based on Definition SA-6 for the regression based estimator with variance

maximization is equivalent to choosing a splitting coordinate jpinv, and a splitting index 2pmy such that

tr ={uel: Wy < Lr o (iDIM)JDIM}v tr={uel: Wipng -~ xﬂ'jDIM(iDIM)JDIM}?

that maximizes

n(tp)n(tr)

() (fDIM(tL) - %DIM(tR)>27

that is,

(ip1M, o) = arg max #PM(k, £).
koot

>k Aoy (i) Yy (3)
Sty dry(i)
a truncation argument that requires Zle dr, (i) = Tn With 7, — oco. This gives the following lemma:

A technical aspect is to control for fluctuations of objects of the form , for which we will use

Lemma SA-17 (Approximation Error). Suppose Assumption SA-2 holds. Let (r,)nen be a sequence of real

numbers such that r, — oco. Then

Z loglog(n)
DIM _ gIPW _ loglog(n)
|0 = )| - 0p (EZE),

We also control for the truncation error:
Lemma SA-18 (Truncation Error). Suppose Assumption SA-2 holds. Let p, be a sequence taking values
in (0,1) such that limsup,,_, ., pnloglog(n) =0, and take s, = exp((logn)P~). Then

Sn

1<l<p 1<k<sp,n—sn<k<n

max max IPM( 0) — Sk, 6)’ = Op (pn loglog(n) + log log(n)).

n

Rates for Decision Stumps.

The previous two lemmas imply that we can study argmax of .#°™ in terms of argmax of #™". The

latter is the split criterion based on CART with transformed outcome %ei(l) - 1{_‘?

;(0), and results from
Section SA-2 can be applied.

Theorem SA-19 (Imbalanced Split). Suppose Assumption SA-2 holds. Then for each a,b € (0,1) with
a < b, for every £ € [p],

b—a

hmlan(na S iDIM S nb,jDIM = E) = hmlan(n - nb S /ZDIM S n — na,jDIM = é) > .
n—o00 n—o00 2pe

The issue of imbalanced cells gives rise to the slow uniform convergence rate.
Theorem SA-20 (Rates for Stump). Suppose Assumption SA-2 holds, and the tree has depth K = 1. Then
for any a,b € (0,1) with a < b,

)

Q|

lim ianP’( sup |78 (x) — 7| > on""2\/(2 + 0(1)) log log(n)) >

n—oo xeqd
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where 0% = V|[&;], with & = %Q(l) - 11:? ;(0). Suppose w.l.o.g. that x; ~ Uniform([0, 1]?), then

b
liminf inf P(|%§f§(x) — 7] > on72/(2 + 0(1)) loglog(n)) > a

n—oo x€Ln = 2’

where X, = {x € [0,1]P : z; = o(1)n®"! or 1 —x; = o(1)n*~! for some j € [p]}.

Deeper Trees.

We generalize the above results on decision stumps to trees of arbitrary depths.
Theorem SA-21 (Deeper Trees). Suppose Assumption SA-2 holds. Then for any b € (0,1),

n—oo

lim inf]P’( sup |708(x) — 7| > on"%2/(2 + o(1)) log log(n)> >b/e.
xeX

In comparison to the uniform convergence rate, for Ly convergence rate we can give an upper bound as
follows.
Theorem SA-22 (L, Consistency — NSS). Suppose Assumption SA-2 holds. Then for the depth K (possibly
non-mazimal) causal tree,

| [ (800 - raro]| < 2B LoE),
FA

n

where C' is a positive constant that only depends on the distribution of (d;,£;(0),€;(1)). Moreover,

2 gl lostr))

hmsup[P(/ (Fame (x) — 7)?dFx(x) > C' -
x

n—oo

where C' is a positive constant that only depends on the distribution of (d;,£;(0),£:(1)).

SA-3.2.2 Sample Splitting

With the sample splitting strategy, we also give a lower bound on uniform convergence rate and an upper
bound on Ly convergence rate. The difference in rates from the rates in the previous section is due to the
different sample splitting strategies.

Theorem SA-23 (Honest Causal Output). Suppose Assumption SA-2 holds. Then for any b € (0,1),

limian( sup |7y (x) — 7| > C’n_b/2> > C&(1—¢)b.
n—oo xeqd
where C' is some positive constant only depending on the distribution of (€;(0),e;(1),d;), liminf, , =t and

limsup,,_, ., L.

n.

Theorem SA-24 (L, Consistency — HON). Suppose Assumption SA-2 holds. Then for the depth K (possibly

non-mazimal) causal tree,

AHON o\ . \2 2K log(n)®
E[ [ 88— rpar] < 2L

n

provided p~! < =L < p for some p € (0,1), and C is a positive constant that only depends on p and the
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distribution of (€;(0),;(1),d;). Moreover,

2K Jog(n)?
og(n) > o,

lim supP( / (7EM(x) — 7)%dFx (x) > C’
a n

n—roo

where C' is a positive constant that only depends on p and the distribution of (¢;(0),&;(1),d;).

SA-3.2.3 X-adaptive Tree

We leverage Theorem SA-19 with an iterative argument to get
Theorem SA-25 (CART+). Suppose Assumption SA-2 holds. Suppose liminf,,_, WI){% > 0. Then

lim ianP’( sup |7y (x; Kp,) — 7| > C) >0,

n—oo xeqL
where C' is some positive constant not depending on n.

A direct variance calculation gives
Theorem SA-26 (L2 Cousistency). Suppose Assumption SA-2 holds. Then

| [ (s ) — (0] < X2

n

where C' is some positive constant that only depends on the distribution of (€;(0),e;(1),d;).
Using the same argument as Theorem SA-24, we can show

]E[ /C[ (G (x: K) —T)2dFX(X)} < K2 loa(n)®

n
where C'is a positive constant that only depends on the distribution of (g;(0),;(1),d;). The direct variance

calculation allows us to remove extra poly-log terms.

SA-3.3 SSE Estimator

While the CATE estimators given the tree of the SSE strategy coincides with the DIM strategy, the tree
construction methods differ. Similar to DIM, for SSE we also characterize the distribution of split index via
a Gaussian approximation. Here we show the split criterion with SSE strategy can be approximated by the
split criterion from two transformed outcome regressions, one for treatment and one for control. A careful
high dimensional Gaussian approximation with respect to the geometry of simple convex sets then enables

us to characterize the limiting distribution of splitting indices.
SA-3.3.1 No Sample Splitting

Decision Stump.

For each variable j = 1,2,...,p, the data {z;; : x; € t} is relabeled so that x;; is increasing in the index
1=1,2,...,n(t), where n(t) = #{x; € t}. The fit-based objective is to minimize

min D Wi—a, —bi,di)*+ Y (i — g — bipdi)? (SA-11)

ar,br,ar,breER
L,%L,aR,0R Nap=ril XiCin
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with respect to the index ¢ and variable j. Again, the maximizers are denoted by (issk,jssg), and the
optimal split point 7 that maximizes (SA-11) can be expressed as Tigg,
To break down the criterion (SA-11), denote

,JssE

k k
2im1 (1= dry ()Y i (k0 = 2=t @Y
Zf:l(l - dﬂg(i)) 7 ’ 7 Zf:l dﬂ'g(i)
i1 (L = d, ()Y i) ) ikt G ()Y (i)

[0 ) HKR,1 (kv 6) - n .
Zi:k—i—l(l - dmz(i)) Zi:k+1 dw(i)

ﬂL,O(k7 6) =

b

ﬂR,O(ka e) =

Also to denote the counts compactly, no = Sr_, (1—d;), npo(k) = S (1 = d,i)), nro(k) = o (1=
dry(iy), and ny = 37 1 di, npa(k) = Zle dryiys nrA(K) = 301 drys)- Then we can show that maxi-
mizing Equation (SA-11) is equivalent to maximizing

I (|, 0) = nL?Li:RO(Lo(k 0) — pipo(k,0)* + m;izm(Ll(k 0) — fira (K, 0)%

We want to show the above empirical process can be approximated by

k(n—k k(n—k
705 (6,0) =(1 = 5B (), 0) — o, 0% + €50 (e, 0) — (02,
with
—dy (z dr (i)
MLO kf k’z . 2(2)» NLI kﬂ k’z ; YTW('L
i<k i<k
k' g — 772(74 . — k E _ L dﬂ'l’(l)y .
MRO sz 0(2)» MR,l( ) )_Tlsz g me(d)
i>k

The latter can be approximated by the summation of two independent time-transformed O-U process (which
is again a time-transformed O-U process), for fixed coordinate ¢ € [p]. More precisely, we present the
approximation lemmas:

Lemma SA-27 (Approximation Error). Suppose Assumption SA-2 holds. Let (r,)nen be a sequence of real

numbers such that r,, — co. Then

3/2
max  max JSS%,@—W‘“(M)!=0P<10g10g(n))-

1<U<prp<k<n—r, /Tn

Lemma SA-28 (Truncation Error). Suppose Assumption SA-2 holds. Let p, be a sequence taking values
in (0,1) such that limsup,,_, . pn loglog(n) = oo, and take s, = exp((logn)~). Then

max max ISSB (k1) — gProe(k, 6)‘ = Op <pn log log(n) +

1<6<p 1<k<s,,n—s,<k<n

~ log log(n)>.

Theorem SA-29. Suppose Assumption SA-2 holds with V]e;(0)] = V[e;(1)]. Then for each a,b € (0,1)
with a < b, for every £ € [p],

b—a

limianF’(n“ § iSSE < nbajSSE = f) = hmmfIP’(n — nb § iSSE S n — n“,jSSE = 6) > .
n— 00 n— o0 2pe

Remark SA-1. We add the condition that V(e;(0)] = V]e;(1)] so that a two-dimensional Darling-Erdos
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theorem [Horvdth, 1993, Lemma 2.1] can be applied. We conjecture that without V[e;(0)] = V[e;(1)], the
conclusion still holds with a Darling-FErdos theorem for i.n.i.d O-U process, but this is out of the scope of this
paper.

Notice that although the splitting criteria is different from the regression tree, once cells are given the
estimator given by the fit-based tree is exactly the same as the regression tree (see Section SA-3.2). Hence
the following results can be proved based on Theorem SA-29 and the same logic as Theorem SA-20 to
Theorem SA-25.

Corollary SA-30 (Rates for Stump). Suppose Assumption SA-2 holds with V[e;(0)] = V[e;(1)]. For any
a,b € (0,1) with a < b, we have

(=l

1iminf]P’< sup |38 (x) — 7| > on~2\/(2 + o(1)) log log(n)> > -,

n—o0 xeqd

g

and suppose w.l.o.g. that x; ~ Uniform([0, 1]?), then

b—a
2e ’

liminf inf P(ﬁggg(x) — 7] > on~2\/(2+ 0(1)) loglog(n)> >

n—oo x€Xn

where X, = {x € [0,1]? : z; = o(1)n®"! or1 —z; = o(1)n®~! for some j € [p|}, and 0? = V[dyT(l) +

(1_di)yi(0)]
1—¢ .

Deeper Trees.

Corollary SA-31 (Deeper Trees). Suppose Assumption SA-2 holds with V[e;(0)] = V[e;(1)]. Then for any
be (0,1), for any sequence K,, taking values in N,

n—0o0

lim ianP’( sup |788(x) — 7| > on"2/(2 + o(1)) log 10g(n)> >be.

xex
Corollary SA-32 (Ly Consistency — NSS). Suppose Assumption SA-2 holds with V[e;(0)] = V]e;(1)]. Then
for the depth K (possibly non-mazimal) causal tree,

| [ (@260 - rar(]| < o2 LoEn),
X

n

where C' is a positive constant that only depends on the distribution of (¢;(0),e;(1),d;). Moreover,

2K log(n)* log(np)) 0
n b

lim supIP’(/ (738(x) — 7)%dFx (x) > C'
x

n—oo

where C' is a positive constant that only depends on the distribution of (€;(0),&;(1),d;).
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SA-3.3.2 Sample Splitting

Corollary SA-33 (Honest Causal Output). Suppose Assumption SA-2 holds with V[e;(0)] = V[e;(1)]. Then
for any b € (0,1), for any sequence K, taking values in N,

n—oo cx

limian( sup |73 (x) — 7| > Cnb/2> > CE(1 — €)b.

where C' is some constant only depending on the distribution of (;(0),e:(1),d;), and liminf, . 7% and
limsup,, ,,, T.

Corollary SA-34 (L, Consistency — HON). Suppose Assumption SA-2 holds with V[e;(0)] = V[e;(1)].
Then for the depth K (possibly non-mazimal) causal tree,

~HON 2 2K log(n)5
H«:[ [ 8 — rparo] < c2E0

n

provided p~! < 2t < p for some p € (0,1), and C is a positive constant that only depends on p and the
distribution of (€;(0),,(1),d;). Moreover,

25 log(n)?
og(n) ) o,

lim supP(/ (780 (x) — 1)%dFx (x) > C’ -
Py

n—oQ

where C' is a positive constant that only depends on p and the distribution of (£;(0),e:(1),d;).

SA-3.3.3 X-adaptive Tree

Corollary SA-35. Suppose Assumption SA-2 holds with V]e;(0)] = V[e;(1)]. Suppose liminf,, mg{g% >
0. Then

n—oo

limianP’< sup |fase(x; Ky) — 7] > C') > 0.
x€X

Corollary SA-36 (L2 Consistency). Suppose Assumption SA-2 holds with V[e;(0)] = V[e;(1)]. Then

| [ (exi) - rfaro)| < 0 2

n

where C' is some constant not depending on n.

SA-3.4 Additional Results

SA-3.4.1 Squared T-statistic Estimators

The fourth method proposed by Athey and Imbens [2016] is the squared T-statistic trees, where at the root
node the index and coordinate to split (i, j) are chosen so that the squared T-statistics metric is maximized,
that is,

7,7 = argmax n (7 (k. 0) — 7Rk, 0)*
o kemee) Sk O?/k+ Sk, 0?2/ (n— k)’
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where 77,(k,£) and 7g(k, ) are the causal tree estimators for the left and right nodes respectively based on

split coordinate ¢ and index k, and S(k, ¢)? is the conditional sample variance given the split, that is,

S(k,é)Q — niQZ(Tz_%L(k%é)) + nizZ(Ti_%R(kvé))z
i<k i>k
= - i 5 [Z(TZ —np! ZTi)Q _ @(%L(k,ﬁ) — #r(k, 0)?].

i=1 j=1

Putting together, we see the squared T-statistics metric is a monotone transformation of the split criterion

of previously studied estimators,

(k0 = Fa(k,0)?
S(k, 02k + S(k, 02/ (n — k)

:nk(n_k)(ﬁ(k,ﬁ)—%R(k,ﬁ))2( LS men Y - — k(n_k)(ﬁ(k,ﬁ)—%R(k,f))2>.

n n—2 n

Hence the split is always the same as the split by the split criterion studied in Section SA-3.1 and Section SA-
3.2.

SA-3.4.2 Unbiasedness under Symmetric Error

Lemma SA-37 (Unbiasedness). Suppose Assumption SA-2 holds, and ;(0), €;(1) are symmetrically dis-

tributed around zero. Then
E[7l(x; K)] =T, l € {DIM, IPW,SSE}, ¢ € {NSS,X}, K >1,
and suppose t is the node containing x, then

E[#%(x; K)] = 7 — 7P(n(t) = 0), l € {IPW},
E[#™(x; K)] = 7 — 7P(no(t) = 0 or ny(t) = 0), | € {DIM,SSE}.

SA-4 Proofs

SA-4.1 Proof of Lemma 4

Taking T = clog(n) in [Horvath, 1993, Lemma 2.1], we have

; z+ bd(clog(n))) _
lim P su Ny < Z "o V) —exp( —e ?).
n—reo (o<t<c£g(n) (t) < a(clog(n)) p( )

z+bg(clog(n))

Now we expand the term a(clog(n)

. For notational simplicity, denote

L =loglogn, A =loge, L— oo (n— o).
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First, we present some elementary expansions,

\/2(A+L):@\/14’%:@(14*%*%4'0(1;73)),
1 1 A 347 _
MﬂA+Lf:¢ﬂ%l_ﬁT+Qﬁ+oa;ﬂ)
2

A A _
log(L + A) =log L + T 572 +O(L7?).

Now we expand the terms for the numerator by(clog(n)),

d
Ny =z+2A+2L+ §1og(log(clogn)) —logT'(d/2),
d
Ny=2z+2A4+2L + glogL —logT'(d/2),
d
N3=z+A+2L+ §logL —logT'(d/2).

Then

z+ba(clogn) 2+ log(c) + ba(logn)
a(clog(n)) a(log(n))
NN
V2(A+L) V2L
1 1 1

Nl<\/m \/ﬁ) + \/ﬁ(Nl — N3)
1 A 3A? _ 1 _
:Nl\/ﬁ<_2L+8L2+O(L 3)) +\/ﬁ<2(L_2L2+O(L 3)) +A)-

Since Ny = 2L + O(logloglog(n)), we have

z +bg(clogn)  z+log(c) + ba(logn) 3A2 dA

o(L=3/2) = o(L,=1/2).
a(clog(n)) a(log(n))  4\/213/2 + 2V/2L3/2 +o(L732) = o(L™Y?)

Since a(log(n)) = O(L'Y/?), we have

= + clog(n) + ba(log(n)
P<ogt§‘jﬁg<n) Nt < a(log(n)) )

B “u z 4 0(1) + by(clog(n))
- P(ogtgcﬁig(n) v < )

= P(a(clog(n)) sup  N(t) —bg(clog(n)) < z+ 0(1)) — exp(—e~ %) as n — o0,
0<t<clog(n)

where the last line follows from convergence in distribution of a(clog(n)) supg<i<ciog(n) N (t) — ba(clog(n))

to a continuous distribution and Slutsky’s Theorem.

SA-4.2 Proof of Theorem SA-1

First, we introduce some notations. Recall for £ € [p], 7, denotes the permutation such that (2., : 1 <i <

n) is non-decreasing. Define sample mean at the left and right leave at index k € [n] based on coordinate
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¢ € [p] by

k n
. 1 . 1
k) =23 ymyy  irk O =— > yn,  kEn], L€
i=1 i=k+1
We can check that minimizing the sum of squares criterion Equation (SA-2) is equivalent to maximizing the

split criterion

(i,7) = argmax #(i,7).
(4,5)€[n]x[p]

where

W(m(m) ~ jin(k.0)

2
F(k,0) = , ken], £e€lp.

Moreover, under the constant conditional mean assumption, Assumption SA-1 (1), we have that jir(k,¢) —
ir(k,0) = %Zle Eme(i) — ﬁ Z?:k-u Er(i)- Hence we can w.l.o.g. replace y; by &; in the definition of fif,
and [ig, that is,

n

k

. 1 . 1

fr(k0) = Z E Erme(4)> ar(k,l) = 2 E Erme(4)> keln], fe€]lp.
i=1

n—~K.
i=k+1

The rest of the proof is organized as follows. In Section SA-4.2.1, we prove the results under p = 1, showing a
strong approximation of the split criterion (#(k, 1) : k € [n]) by the square of a time-transformed Ornstein-
Uhlenbeck (O-U) process, and studying the argmax of the split criterion through the argmax of the O-U
process. In Section SA-4.2.2; we generalize to allow for p > 1. We show that the split criterion over different
coordinates, that is, (S (k,£) : k € [n]) for different ¢’s, are asymptotically independent. This reduces our
problem to one-dimensional calculations, and the same technique of approximation by O-U process from
Section SA-4.2.1 can be used.

SA-4.2.1 Univariate Case

This the case when p = 1. For notational simplicity, define partial sums by

k
SkZZEWl(i), ke [n}
i=1

By Csorgo and Horvéth [1997, Equation A.4.37], we can define a sequence of Brownian bridges {B,(¢) : 0 <
t < 1} on a suitable probability space such that

1 k_1
|B.(1)] v | B (t)]
max 1/ (k,1) — sup ————| = | max — sup ——| = €,
BRSO A gl B TR0 K et VAL D

(SA-12)
where €, = op((loglog(n))~1/?). We note that while Csérgé and Horvéth [1997, Equation A.4.37] bounds
the approximation error of the maximum over the full range 1 < k < m as in (SA-12), its proof, which

relies on invariance principles for partial sums of i.i.d. random variables, can be generalized to bound the
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approximation error over 1 < k < n?, n® < k < n. Thus,

1<k<na, nb<k<n (k/n)(l - k/n) 1/n<t<na=t, np-1<t<i—1/n /(1 — 1)

We note that the standardized Brownian bridge {Bn(t)/ \/m 0 <t < 1} is distributionally
equivalent to a time-transformed Ornstein-Uhlenbeck (O-U) process {U(log(t/(1 —t))) : 0 < t < 1}, where
{U(t) : t € R} is an O-U process with mean E[U(t)] = 0 and covariance E[U(s)U(t)] = e~ l*=t/2 [Csorgd
and Révész, 1981, Section 1.9], and thus

B, (t B, (t
e B . 500 ,,)
1/n<t<i-1/n V(1 —1)  1/n<t<no-1, nb-1<t<1-1/n \/t(1 — 1)
= ]P’( sup |U(t)] > sup \U(t)] + 2€n>
log(n—1)<t<log(n—1) —log(n—1)<t<log({2% = L, log (72 nb —— ) <t<log(n—1)
= IP’( sup |U(t)| > sup |U)| + QGTL), (SA-14)
0<t<2log(n—1) OSt<10g("j_1(" 1)) log 1(71, 1))<t<210g(n 1

where the last equality follows from stationarity of the process |U(t)], the square of which is a Cox-Ingersoll-

Ross (CIR) process [Going-Jaeschke and Yor, 2003]. Continuing from (SA-14), for any sequence u,, we

have
IP’( sup |U(t)] > sup \U(t)| + 2en>
0<t<2log(n—1) 0§t<log("a (n 1)) log nl 1(n 1))<t<210g(n 1)
2P< sup |U#)| > un, sup |U(t)] <un—2en>
<t<L21 — e G nb—=1(n—
0<t<2log(n—1) 0<t<log( 1_n$1711) ), log — ( 1) y<t<2log(n—1) (SA_15)
> ]P’< sup U ()] < up — 26n>

0<t<log("a l(n 1)) log 17;(;:711))<t§210g(n—1)

]P’< sup |U (%) <un).
0<t<2log(n—1)

Now, since U(t) is a continuous, mean-zero Gaussian process, it induces a centered Gaussian measure on
the space of all continuous functions on [07 2log(n — 1)] equipped with the supremum norm (a separable
Banach space). Thus, by the Gaussian correlation inequality [Latala and Matlak, 2017, Remark 3 (i)], we
have that

IP( sup |U(@)] < up — 26n)
0<t<log( "a 1(” 1)) log 71(" 1))<t<210g(n 1)
> IP’( sup U )| < un — Zen) -]P’( sup |U®#)| < up — 2en>
0<t<log(ZI—nob)y log " {221y <1 <2 log(n—1)
= IP’< sup U )| < un — 2en) . IP’< sup U ()] < up — 26n>, (SA-16)
0<t<log(Zi—(n=b)) 0<t<log(" =1

where the last equality follows from stationarity.
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Remark SA-2. The next step of our proof relies on a precise characterization of weak convergence for the
suprema of a standardized empirical process, as studied in [Eicker, 1979]. However, Eicker [1979, Theorem
5] is incorrectly stated: the 2log(c) term appearing in the limiting probability should be log(c). This correction
has important implications in our proof.

By the Darling-Erdds Limit Theorem for the O-U process [Csorgo and Révész, 1981, Theorem 1.9.1] and
[Eicker, 1979, Theorem 2.2 and the correct version of Theorem 5], for all ¢ > 0 and z € R, we have

2logl 1/2)loglogl —(1/2)1
lim P( sup () < 218 og(n) + (1/2)logloglog(n) 4+ z — (1/2) 0g(7r)>
n—»00 0<t<(c+0(1)) log(n) 2loglog(n)
= exp ( — 67(2710g(c))) . (SA_I?)

For a detailed proof of a generalized result on multidimensional O-U process, see Section SA-4.1.

Let z* maximize z — exp ( — 26_(Z_1°g(2_(b_“)))) — exp ( — 26_(Z_1°g(2))), and set

_ 2loglog(n) + (1/2)logloglog(n) 4+ z* — (1/2) log(7)
21og log(n)

n

We combine (SA-14), (SA-15), and (SA-16), and employ (SA-17) three times with ¢ = 2 and ¢ =2 — b, and
¢ = a, together with the fact that €, = op((loglog(n))~*/2). We have that

Br (1 By (t
lim ianP( sup & > sup & + 26n)
n—oo 1/n<t<1-1/n \/t(1 =)  1/n<t<ne—1, nt—1<t<1-1/n /(1 — 1)

> exp ( _ 267<zuog(a>)) . exp ( _ Qef<z*flog<2fb>>) — exp ( _ 267(2*71%(2)))

= exp ( — 26*(2*,10g(27(b7a)))) — exp ( _ 26*(z*710g(2)))

:b—a<1_b—a>b—2“_1
2 2

b—a

> . A-1
>0 (54-15)
Remark SA-3. Alternatively, for any 0 < A < B < C, we have
B-—A
]P’( sup |U(t)| > sup |U(t)> =—. (SA-19)
0<t<C 0<t<A, B<t<C C

This can readily be shown using the fact that the absolute value of a zero-mean O-U process is stationary,
Markov, and has continuous paths. Consequently, ignoring the stochastic error €, from approximating the
split criterion (SA-3) by the square of a standardized Brownian bridge (not yet justified), using (SA-19), we
can approximate the probability P(max)<p<, & (k,1) > max<pcpo pb<ken & (k, 1)) by

P( swp [U(0)] > sup |U<t>|)
0<t<2log(n—1) 0<t<log( nj:ign:ll))’ log ”i:ln(l:fll) y<t<2log(n—1)

log M=y _og(mlesl)y

1—nb 1—no—1

. A-
STog(n — 1) =g m oo (SA-20)
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SA-4.2.2 Multivariate Case

Now we prove for the general case of p > 1. As a sketch of the proof, we show that the split criterion over

different coordinates, that is, (£ (k,£) : k € [n]) for different ¢’s, are asymptotically independent, which will
imply

liminf P(n® < i< n’ j=1¢)

n—oo

- hrglmfzp(mgxf(k, 1> max s (k). max (k1) > max | S (F, 1))

> lim )
> hnhmf]P’(m’?Xf(k, 1) >z, > g&;}i I (k,j), ml?xf(k, 1) >z, > kgmax I (k, 1))

[n®,n?]

©) -1

= (lirr%ian(m]?Xf(k, 1)< zn>)p linhianF’(mI?Xﬂ(k, 1) >z, > max JZ(k, 1))

k¢[n®,n?]
where in equality (*) we use asymptotic independence between # (-, ) for different £’s, and the last line are
one-dimensional probabilities that can be handled by O-U process approximation like in Section SA-4.2.1.
To show the split criteria over different coordinates are asymptotically independent, we break down
into two steps: In the first step, we show the partial sum process n indices and p coordinates can be
approximated by another partial sum process with Gaussian increments (hence a Gaussian process), with
the same covariance structure. In the second step, we show the covariance between the split criteria over
any two different coordinates and any indices are vanishing. Together with Gaussianity, this implies that

the split criteria over different coordinates are asymptotically independent.
Step 1: Non-Gaussian to Gaussian Coupling.

For 1 < ¢ < p, denote by H’ (%) the scaled partial sum for the /-th coordinate evaluated at time %, that is,

n

where #m : [n] — [n] is the inverse mapping of 7*.

We use a truncation argument for the proof. Fix € € (0,1). Take r, = exp((logn)¢). And consider

n

= vi((Vim—m

(M(F#r(i) < k) — S) irn <k < n—rn)T 1</ Sp)T5i7

where #7* denotes the inverse mapping of 7¢. Notice that we add the \/n factor for standardization. Then
we can check that condition on %, the o-algebra generateed by the p permulations 7!,--- , 7P, C;’s are

independent, and for all 1 < j < p(n —2r,), 1 < £ < p, we have

n~! éE[CZL@] = k(nn_ 5 {k<n;k>2 e k)(i)z} .

where we assume row j in C; corresponds to /n ﬁ(ﬂ(#we(i) < k) — £). To use the coupling result

[Chernozhukov et al., 2017, Theorem 2.1}, we bound a few quantities: Suppose K; and K3 are the universal
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constants given in the cited theorem,
L, = max E[|Ci;]°| %)
" 1<g <p(n—2r, ) Z I Kl | | /

n

= 11%1?%{1)7"";1?2%(—% n3/2<7k(n — k))3/2 {k(l —k/n)* + (n—k)(—k/n)*|E[le;|*] /n

S max max
1<t<pra<k<n—ra /(n — k)nk

Vn/ry.

For notational simplicity, denote P = p(n — 2r,,). Take L, = L, then

L2 log?(P)\ ~V/6 T 1/6
¢n:K2(n g()) :KQ( : ) .
n log™(P)

The definition of C; implies C;; is \/n/r,-exponential. Hence

A

1<5<pP

M, x(¢n) = ‘1ZE[ max |y 11( max [Cig| > Vn/(4¢, log(P) ‘93}
1/2
121&[ max (Cyl° ]%] ]P’Lrgjagplcml > Vi (46 12| ]

< n‘lZ[ ) E[OW]]W[ R x/ﬁ/(4¢nlog(P))‘c%’)r/2

i=1 L1<j<p 1<j<p

<nt i(pm/rn)z)l/z {p exp ( — Y24 1og(P) )] i

<Pl/r) e (- (:22)")

logP

—2
Snt

(SA-21)

since r,, = exp((logn)®) and e,p are fixed. Now condition on £, let D;,1 < i < n to be independent

mean-zero Gaussian random vectors such that

D; ~ N(0,E[C;C/ |4)), condition on 4.

Then for each 1 < j <P, 1 <4 <n, we have Dy; is r;l—subGaussian. Hence the same argument implies

Mn,Y(¢n) N n=2
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[Chernozhukov et al., 2017, Theorem 2.1] then implies

sup
AEM’!‘C

P(ici € A‘%) —P(iDi c A‘gg)‘ < K1|:(E$Llong7®)l/6+ Mn’X(%)ern,y(qbn)

L,
7 1/6
< (log@> bt

Tn n n?

S <log7(n) ) 1/6, (SA-22)

Tn

where o/ is the class of all rectangles A of the form
A={uelR :q; <u; <b;,Vj=1,2,--- P},

for some —oo < a; < b; < 0o, j = 1,2,---,P. In particular, suppose u;,1 < i < n are i.i.d N(0,E[¢?])

random variables, then D; can be taken such that

Di:\/ﬁ(( - n (n(#wf(i)gk)—g):rngkgn—rnf;1gzgp)Tui.

(n— k)

The above result shows if we define

k n
k n k
¢ — = — N — — .
G (n) \ k=) { Zi:l ) T Zi:l ) }

then Equation (SA-22) and unconditioning on %, we get

Tn

7 1/6
sup ‘P( max |H(k/n)| <tp 1</ §p> —IP’( max  |GE(k/n)| < te,1 <0 Sp)‘ < (log (n)) .

t1,---tp€R rpn<k<n—ry, <k<n—r,
Step 2: Gaussian to Gaussian Coupling.

For 1 < ¢ < p, denote by Gfl(%) the partial sum for the /-th coordinate evaluated at time £, that is,

k n
k n k
¢ — = — N — — .
G(n) \ k(n—k){;““’“) n;“’f‘“’}'

Then G, = ((GL(1/n),GL(2/n), - ,GL(n/n))T,--- ,(G2(1/n),GE(2/n), - ,GE(n/n))T)T. Then G, is a
np-dimensional Gaussian random vector, and denote by X, its covariance matrix. We want to show that
3, is close to one with covariance between different coordinates zero.

Consider two different coordinates, ¢1,¢s € [p]. W.l.o.g, we can assume ¢; = 1 and ¢5 = 2. Let k, j € [n].
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Denote by o the sigma-algebra generated by mq,---,m,. Then

owfa(t)er (] -

\/k<nn— k)j(nn_j){ZZE[ Uy (i) U (i) *%ZZE Uy (3 y ()]0

i=11=1 i=14'=1
i j k‘j n n
- ;ZZE[um(l)uﬂ'z ’)|U n2 ZZEuﬂl(Z u7f2(1)|0-]}
i=1i'=1 i=114=1
n n jk(n Xk: Xj: E| o] — 1
— < — ; in|o| — .
k(n — k) j(n — ]) n jk 2.2 Uy (3) U (i)

To calculate Zle Zg,zl E[tir, (i)Unr,(ir)|o], we can first condition on 7y, and let & = {m (i) : 1 < i < k}.
Observe that Ele SY_E [Ur, (i) Uy iy |o] = [{i" € [j] : m1(i") € F}|. Now consider

) = jﬁkm e [j]: (i) € 7Y,

7 is a random permutation of [n ] Changing the order of the first j values of 7 does not change the value
of f(m), and |f(m) — f(m*?)] < jp forallm, s € {L,---,j}, t € {j+1,--,n}, where the permutation st
is obtained from 7 by transp051t10n of its sth and tth coordinates. We will show later that w.l.o.g. we can
assume 7,k < [n/2]. Then by Lemma 2 from El-Yaniv and Pechyony [2009], for any ¢ > 0,

#(15 ")

=P(|f(mw2) — E[f(m2)]| = t|m1)

]k ZZEUW1(1 u'n'z(l/)|0'] — 1’ >t

i=14'=1

22 n—1/2 1
<2exp ( 5 n / 1— - - ))
JGE)? n—j 2max(j,n — j)
Since - lé 2(1— 2max(1j n_j)) >1— 1, we can marginalize over m; and uncondition on o to get there exists

a positive constant C' such that for n large enough, for all j, k € [n],

kJ

|j7k Z ZE[ Uy () Ugry (3 )|U] - 1| < C\[kj

i=1i'=1
which implies

ik n

RS ~1/2 )
R IR Y (84-23)

coviar(ty. ey <o

The reduction to j,k < [n/2] is because

“(8) e {z )

=1
= — / { Z Ure(i) — n—k Zu e(z)}
1=k+1
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Now consider a np-dimensional mean-zero Gaussian random vector
Z, = ((Zy(1/n), Zy(2/n), - Zy(n/n) - (ZB(1/n), ZR(2/n), - ZR(n/n)) )T,

where for each 1 < ¢ < p, (Z5(1/n), Z%(2/n), -+, Z:(n/n))T has the same joint distribution as the partial
sum random vector (G, (1/n),G%(2/n), - ,G% (n/n))T, and for any ¢ # ¢ and any j, k € [n],

Cov[Z,,(j/n), Zy, (k/n)] = 0.

Denote by I',, the covariance matrix of Z,,. We want to show I',, is close to 3,,. For a tight control on the

rate of convergence, consider the truncated random vector,

Also by an abuse of notations, denote by T, (¥,) and 7T, (T';,) the covariance matrix of T, (G,) and
T, (Z,), respectively. Then Equation (SA-23) implies

T, (B0) = Tr, (T)[lmax = O(r, /?). (SA-24)

Additionally, we can lower bound the variance of each item of T;. (Z,) by the following conditioning argu-

ment: Condition on the permutations mp, 1 < £ < p, then

VIZE (k/n)|me, 1 < € < p| = V[GE (k/n)|me, 1 < € < pl

:V[M(é“w"(i) - iguﬂ‘(“)
(i 5

=1, 1<k<n1<{<p,

Weyléfﬁp}

where in the third line, we have used the fact that condition on 7, 1 < £ < p, (Ure(s))icpn)’s are i.i.d. N(0, 1).

By the Gaussian-to-Gaussian Comparison result [Chernozhuokov et al., 2022, Proposition 2.1],

sup |P(T,(Gn) <y)—P(T},(Z,) <y)| < Clog(n)| T+, (En) — Tr,, (Tr) [l max,

yERPT(n) "

where C is an absolute constant, and T'(n) = [n—r,] — |rn]. Combining with Equation (SA-24) and taking
y=(t1", --t,17), y = —(t117,-- - t,17) separately with 1 a vector of T(n) 1’s, we get

¢ < <l<p)-— ¢ < <<
W B( e GnGyml st s e<p) —B( e Gyml St <))
= O(log(n)r;,*/?). (SA-25)

Step 3: Reduction of calculations of one-dimensional O-U process

As in the previous two sections, fix ¢ > 0, and take r,, = exp((logn)®). Let & = {3¢ € [p] : argmax;, .7 (k,{) <
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rp or argmaxy & (k,¢) > n —r,}. Then by [Csorgdé and Horvéth, 1997, proof of Theorem A.4.2], and a

union bound argument, we have
P
P(&) < Z]P’(argmaxf(k:,f) <1y or argmax.?(k,f) >n—r,) =o(1).
— k k

Hence we can effectively restrict the candidates of arg max to [r,,n — r,]. W.Lo.g., we consider coordinate
¢ =1, and

lim mf]P( i<n’j= E)

n—oo

_P(ﬁ?ﬁ](k 1) > max F(k,j), Hé&ﬁf(k‘ 1) > kgr[%%)ib]f(k 1))

ZP(maxﬂ(k 1) > maxﬂ(k 7), maxﬂ(k‘ 1) > max (k,1),& >f]P’(%)
k€[n] ke[n] k¢[n®,n®]

v

IP’( max .#(k,1) > max #(k,j), max Z(k,1)> max .Z(k, 1)) —2P(%)

kE€[rn,n—ry] k,j#1 Ern,n—rn] k¢[ne,nb]

Y

p( S (k, 1) > max .7 (k, j), Ik, 1) > 7 (k1)) + o(1).
retrnera 7D BRI i, TED > ity 7 D) el)
Now we can using the coupling result developed previously. Using our notation, we have .#(k,{) =
(H:(k/n))?. Hence

P(ke[max S(k,1) > max F(k,j), max F(k,1)> max .7(k, 1))

T —Ty] J#LKE[rn n—Tn] kE[rn,n—ry) ké[n® nb)

:IP’< max \H}L(E)\> max \Gﬁ(%)L max \Hl( >|> max |H1(k)|>

kE€[ry,n—ry] n L#£1kE[ry ,n—7y] kE€[rn,n—ry] ké[n® nb] n

ZsupIP’( max |H7ll<§)|>z> max \Hﬁ(S)L ke[max |H1( )\>z> max \Hl(k)‘)

2€R kE€[rn,n—ry] (£, kE[ry ,n—ry] T, —7p] ké[ne nb] n

k k i
> supP( max |Z,1Z(—)| >z > max |Zf;(—)|, max |Zl< )| >z > max |Z7ll<—)|>
2€R \k€[rp,n—ry] n L#£LkE[rn n—7y] n ke€[rn,n—rn] Fgne n’] n

+ O(log(n)"/%r, /%),

where we have used Lemma SA-17 and Lemma SA-18. Since we choose r, = exp((logn)?), we have
log(n)7/6r, /e = o(1). Tt then follows from independence and symmetry between Z‘’s across different
0’s that

liminfsup]P’< max \Z,ll(%>|>z> max |Zﬁ(§)|, max \Zl( )\>Z> max \Zl(k)‘)

n—00 LR k€[rn,n—ry) L#LkE[rp,n—ry] k€[rn,n—ry] ké[ne nb] n

k k
> liminfsupP( max |Z,11(7>| < 2)P7'P( max |Z}l<7)| >z >
n n

n—00 LR kE€[rp,n—ry] kE[rn,n—ry]

> sup exp ( _2(p— 1)6—(z—log(2>>) (exp ( _ 2€—<z—log<2—<b—a>>>) _exp ( _ 26—<z—1og(2))>>
z

2
_ b—a(l_b—a>b“
2p 2p
b—a
2pe

k
7 —
ke[rmn—rvr}ﬁﬁé[na,nb] | n(n)D

)
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where the third line is by similar calculation as in Section SA-4.2.1. Putting together, we have

limianP’(n“ <1< nb,j = E) >
n—00 2])6

and by symmetry, we have

limianP’(nfnagign*nb,jzé)Z .
n—o0 2])6

SA-4.3 Proof of Theorem SA-2

For simplicity, we denote i"®(x) by ji(x). We divide the proofs into two parts, one for uniform estimation

and one for pointwise results near the boundary.
Part 1: Inconsistency for Uniform Estimation Rates

For notational simplicity, introduce the partial sum based on ordering for the £’s coordinate,

k
Sk, 0) =Y en,y, ke, L€,
i=1
and define the optimal index for splitting based on the £’s coordinate by

1 = argmax .Z (k, ), ¢ € [p].
ke[n]

Consider the event

Imbalance, = {j=£,i <n’ori>n—n}

:{mgx](k,£)>lr€n;;§zf(k,j), max.7 (k. () > max Ik 0} € [pl.
3]

k€[nb n—nb]

Consider the case i < n® on Imbalance,. The other case where i > n — n® can be dealt with by symmetry.
Then

sup |fi(x) — pf?
xeX
Z S(Z[Q,ﬁ)z

L]
o L[S0 n (S(n,0) = S(u, ) (S(n,€) = S(u, 1))
Y 1p n—1y n—1y

1 S(k,0)?>  (n—S(k,0))? S(k,0)? (n— S(k,0))?

~ min{y,n — 1} (kez[iqﬁ ( k + n—=k ) B Ln/IQIjli}lign k B 1§1?%a(§/2} n—=k '
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where the last line is because 1, is the index that maximize the split criterion based on the ¢’s coordinate,

ie.,

n k n
u:a%?§§j@~@f—§j@m@—S%wvm”—}jun—wmfm—ﬂh@vm—kw
€ln i=1 i=1 1=k+1
= arkger[:]ax A + " .

Fix € > 0. Consider the events

Sk, 0?2  (n—S(k,0))?
€ >
Aj = {gézﬁ 5 + p— (2 — €)loglog(n) ¢,
S(k,0)? (n—S(k,£))?
Bi={ m + max 2B < 9clogl :
¢ { Ln/Qj?/ign k 1§k§8ﬁ1{/21 n—k ¢loglog(n)

By [Csorgo and Horvath, 1997, Theorem A.4.1] limsup,,_, . P(A7) = limsup,,_,.. P(B}) = 1. Hence for any
€e>0,

P
b
> Z P(Imbalance, N AN Bj) > - +o(1),

{=1

P(i‘ég i) — 2 > B398 1°g<n>>

nb

where we have used the fact that Imbalance,’s are disjoint for different ¢’s and Theorem SA-1. Equa-
tion (SA-7) then follows.

Part 2: Inconsistency for Points Near the Boundary

Consider the event

0ff, = {j={,i € [n*,n"}

= {mkaxf(k,f) > ]g%%é}(ef(k,j), mgxﬂ(k;,ﬁ) > kg[gi}inb]j(k’@}’ ? € [p).

Since my is the uniform permutation, we have

liminf P(xp,, > n®"') > lim inf P(zg, r,(nay > n® 1) =1.

n—r oo n—oo

Together with Theorem SA-1,

b—a
2pe

P(0ffy, x¢,, > not) > + o(1).

Then on the event 0ff, and x¢,, > n® 1, for any x € [0,1]P such that z, < n® 1, we have z, < Z¢,,, and

i) = = 252
LSt (S0 =S0u07 _ (0.0 =S0))
17 17 n-—1 n—1i
> 1( a S(k,ﬁ)Q + (S(na E) — S(k7€))2 o a (S(n7£) — S(k’é))z)
) 1r§nk%(n k n—k 1?}15& n—=k ’
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By similar arguments as Part 1, we can show

)

nb 2pe

2 1)) logl b—
n—-o0 xeid,

which is Equation (SA-8).

SA-4.4 Proof of Theorem SA-3

Due to the recursive splitting and Theorem SA-1, the optimal split index i at the K,,-th split (K, > 1) also

satisfies

b
n— 00 n— 00 2¢’

liminf]P’(i < nb) = limianE”(n —nb< i) >
Hence the same argument as Part 1 in the proof of Theorem SA-2 leads to the result.

SA-4.5 Proof of Theorem SA-4

This follows directly from Klusowski and Tian [2024, Theorem 4.3], choosing ¢g* = p and g = p, and changing
the sub-Gaussian rate to the sub-exponential rate by choosing U =< log(n) instead of U =< /log(n) in the
truncation argument step. The last statement follows from the proof of Klusowski and Tian [2024, Theorem
4.3].

SA-4.6 Proof of Theorem SA-5

Throughout the proof, we abbreviate the honest tree "(x) by ji(x). Recall (i,7) denotes the optimal
splitting index and coordinate for the decision stump. We use (y;, X;r )Z]‘il to denote Dyoy,1, which we used
to construct the causal tree. Denote by (2, ) the splitting index and coordinate at the K,,-th step.

Use (4, %, )V, to denote Dygy 2. By Definition SA-2, n < M, N < n. Then

sup |f1(x) — p| > [f(0) — 4
xed

N /-~ -
Yo (Ui — ) L(Zi 5 < xﬂj(i)vj)
N -
2im L@y < xm(i),j)

Since g; L %X;, condition on 7,j and X = (x1,- - ,X,), X = (X1, ,Xp), we have

N - -
Yo (Ui — ) L(Zi5 < mﬂj(i)’j) d

N ~ (yl - /’L)7
doim1 Ui < Try3) 5) i

<
MNI

1

where

N
1= Z ]l(jﬁiJ S -rﬂ'j(i),j)-
i=1
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By Marcinkiewicz—Zygmund inequality, for some positive absolute constant C, we have

7 L 2
i,j,X,X’] zCIEU;ZM
=1
L
> hl e T R
> o[} 3|

CE[ly: — p]
> Az

‘1/2

1, X, X']

EU;;(% — 1)

2], X, X’]

where in the second to last line, we have used Jensen’s inequality, and in the last line we have used 7 is
measurable with resepect to the o-algebra generated by 7, 7, X, X’. Then by Paley-Zygmund inequality, for
any 6 € (0,1),

> P(‘;Z(y —u)‘ > HE[ % i (yi — 1) 575,X7X’}

0,3, X, X’)

E[(% 5:1(%‘ - M))2

Now we want to obtain a high probability upper bound on 7 given 1. Let F' be the cummulative distribution
function of x;. Suppose 1 < k < N/2. Then F(x()) ~ Beta(k, M — k +1). By a Bernstein bound for Beta
variables [Skorski, 2023, Theorem 1], we have for all € > 0,

2

€
]P(F(X(k)) >k’/M+€) SeXp(_ 2U+g>’
3

where for large enough n,

k(M — k +1) k
_ <2
YT M 02(M 12 ST
e 2M—2k41) 2

M(M +2) M
Hence with probability at least 1 — M1,

log(M)k _log(M)
i +3 T

F(xy) < k/M+2

Condition on X, 1(X; < x(x))’s are i.i.d Bernoulli(F'(x(x))). Hence condition on X and 7, with probability at
least 1 — N1,

N
log(N)F(x(;
i/N=n""Y 1(X < x@) < F(xq)) +2 w-
i=1
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Hence condition on the event 7 < M?, we have with probability at least 1 — 2N 1,

i/n < aMb1 < Cnb_l,

where C' is some constant only depending on liminf,,_,« | Duon,1|/|Dron,2| and limsup,, . | Duon,1|/|Puon,2
Due to the iterative partitioning, the conclusion for Theorem SA-1 holds not only for decision stump,

but also for the splitting index at arbitrary depth K, that is, for any b € (0,1), we have

b
liminf P( < M%) > —.
M — o0 2e

Hence we have

P10 - 2 0 = 5 p(ja0) -l 2 0 M~ Y~
k<M?b
> POﬂm) M>HCE%3;M”i—k>P@—kQ on !
k<MY
> C(l _ H)QEHy{/[;Z]’U' }% 9,1

This proves the conclusion.

SA-4.7 Proof of Theorem SA-6

For notational simplicity, we use T to denote the data-driven decision tree. We will follow the proof strategy
from Klusowski and Tian [2024, Theorem 4.3] condition on @t. Denote by % the class of constant functions.

Decompose ||i(T) — pl|? = E1 + Eo, where
Ey = [lp(T) = pl* = 2(ly = a(MIIZ,, = lly — pll3,) —a =5,
and
By =2(lly = a(MI5, = lly - pl3,) +a+ 5.

Denote the partition for T by 9. Since & is independent to 9,,, the bound (E.27) from Klusowski and Tian
[2024] does not apply automatically. Instead, we consider 4, as the reference class. Given the partitions of

T, the values of leaf nodes are obtained by least-square projection using <,,. This immediately implies
- 2 12 2
ly = (M3, < lv—-13l3, < lv—4ll3,,
for any constant function g € ¢,. Hence for all g € ¥4,

Eg, [Ea|27] < 2Eg,(ly — gll3, — lly — ull3, |27] + o+ 5
=2|lg— pl*+ a+ 8.

For the term Ej, we first assume |y;| < U. Observe that condition on D, (T) is still a member of the class

%+ 9], which is the collection of all piecewise constant functions (bounded by U) on the partition . Since
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for any ¢ € (0,1),

2\ 2"
N G2y, ) < NGl ) < ()

we can still use Gyorfi et al. [2002, Theorem 11.4] and the same argument from Equation (B.30) to (B.33)
in Klusowski and Tian [2024] to get

202\ 2"
Py, (E1 > 0| 27) < 14(%) exp ( o )

256804

49K
The result then follows choosing a = mﬁlog(n) and f < %2, and truncation argument over the sub-

exponential €;’s.

SA-4.8 Proof of Theorem SA-7

In this section, we prove Theorem SA-7. First, we define some notation related to the tree construction
which will be used in the proofs. Let 7y be the number of observations in the node containing z = 0 at
depth k, 7 be the CART split index of this node, and j; be the CART split coordinate of this node, with
fig = n and 9 = i (recall that 7 is the split index for the decision stump (SA-5)). Then, the left-most cell at
the k-th level can be expressed as t N [0, 2, ., _,)] and g = 7p_1.

Lemma SA-38. There exist 0 € (0,1), ¢ > 1, and a positive integer M such that for any depth k > 1 and
m > M, we have P(i, <m) > (1 —10) - P(fig—1 <m)+6-P(fg—1 <m°).

Proof. Observe that if m is a positive integer, then 751 | ix,—1 = m has the same distribution as 7y | 79 = m,

because of the honest tree construction and Assumption SA-1. Therefore, we can apply (SA-6) to obtain
P(m® < Ty <m” | fg—1 =m) 26 >0, (SA-26)
for some 6 > 0 and sufficiently large m. Hence, by (SA-26), we have for m sufficiently large,

P(ﬁk <m|m< g1 < ml/b)

> min P(i* <iq <8 | g = )P (R <m | i <dpog < 40)
m<i<ml/b

>3 min P(fp <m|i® <ipq <) (SA-27)

m<i<ml/b

>0 min P(ig <Tp—1 | -1 =1)

mae<i<m

=J.
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Now, taking ¢ = 1/b, note that (SA-27) implies Lemma SA-38 since, for m sufficiently large, we have

P(ng <m) =P <m, Ag_1 >m°) +P(ar <m, ig_1 <m°) (SA-28)
> P(ng <m, g1 < m°) (SA-29)
=P(Ar <m, fg—1 <m) + P <m, m < ng_1 <m°) (SA-30)
>P(fig—1 <m)+9-P(m < ng—1 <m°) (SA-31)
=(1-9) -P(Ag—1 <m)+0d P(ig_1 <m°). O

Next, we use Lemma SA-38 to finish the proof of Theorem SA-7. The main idea is to establish that the

terminal nodes in a shallow tree will be small with constant probability.

Proof of Theorem SA-7. For notational simplicity, we denote *(x; K) by i(Tk)(x).
Define ny = N(l/c)e, where N = n/K,,. We will show by induction that for any k£ > 0 and ¢ > 1 such
that ng > M,
|
P(fy, < ne) > )= s)F st A-32
UEIVED o i LR (5A-52)
k=t
The base case of k = 0 is trivial since 79 = N. Now, assume that for some fixed £ > 1 and any ¢ > 1 such
that ny > M, we have
k-1 kl —_ ]_ ’ ’ ’
P(fig—1 < np) > < )(1 ) A (SA-33)

/I _
= \r-1

If £ > 2, then substituting our induction hypothesis (SA-33) with ¢/ = ¢ and ¢ = £ — 1 into Lemma SA-38,
we get that

— (K -1 — (k-1
P(fix < ng) > (1—0) (1=8)F 5" +5 Y (1— ) —trigtt (SA-34)
(-1 (-2
k'=¢ {—1
|
=3 (e . ) (1—8)F 45", (SA-35)
k'=¢

where we used Pascal’s identity. This completes the inductive proof of (SA-32).
Let X ~ NB(L,J), i.e., the number of independent trials, each occurring with probability J§, until L
successes. Choose

L = [log, log,(N) — log,log.(M) — 1] < loglog(N), ny = NA/9" ¢ [p, Me).
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By (SA-32) and Markov’s inequality applied to the tail probability of X, we have that

K ’
Pk <np)> Y (k a 1) (1—8)F-Lsk

L-1
k'=L

=1-P(X>K+1)

> 1 EX] (SA-36)

- K+1

b

(K +1)
1

> 57

=2

as long as K > 2L/ 2 loglog(N). By the Paley-Zygmund inequality [Petrov, 2007] and the fact that
Var(i(Tk)(0)) = E[1/nk] < 1, we have

EQAT)O)]\ - EAT)ON? - ElAT)O))?
3 )Zwar(ﬂf}m(o» = T (84-37)

P(Iﬁ(TK)(O) >

By the honest construction of the tree and (SA-36), we have the lower bound
n 1 k

B0 = B[ >

= i=1

k=1
1 k

min Ell+ Yi

k=1,2,....[ng] Hk;y

1 Ly
1 i Ell- ) i
2 k:1,g,1.1..r,1[nﬂ H k ;y

]PmK:m

%

}P(fz;{ < Ingl) (SA-38)

J

Since a sum of independent random variables is almost surely constant if and only if the individual random

\%

variables are almost surely constant, it follows that the last expression in (SA-38) is bounded away from

zero. Returning to (SA-37) completes the proof. O

SA-4.9 Proof of Theorem SA-8

For simplicity, denote i*(x) by i(Tk)(x), and N = n/(K + 1) denotes the sample size for each folds in the
X sample splitting scheme.

Let ti,tp,--- ,tox denote the 25 leaf nodes in the decision tree, (if a node cannot be further refined,
we duplicate the split indices and values at the next level). And let N1, No,---, Nox and my, ma, -+, mox
denote the number of observations and the Lebesgue measure of the 2% leaf nodes, respectively. Note that
N = (N1, -+, Nox ) are independent of the g; data by the honest condition and the z; data per Assumption
SA-1.

Claim: Condition on Z\_'f7 my, ~ Beta(Ni, N — N + 1)
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Thus, the IMSE can be bounded as follows:

E[ / <ﬂ<TK><x>>2Pw<dx>] =3B |m (“(vaw > il € m) ]

Proof of Claim: We show by induction. Base Case: K = 1. For decision stumps, for some coordinate

J € [p], we have m1 = x(n,), and ma = T(n,+N,) — T(n,) = 1 — T(n,). By Assumption SA-1, the order
statistics x; (;) is independent to N. Hence my, ~ Beta(Nk, N — N + 1), k=1,2.
Induction Step: K > 2. Let t]"*" be a (K — 1)-th level node, we annonate all relevant depth K — 1 infor-

mation with superscript prev. We already know condition on NY™, ... NI, mp**" ~ Beta(N**", N —

NP' +1). Suppose 7" is divided into to,ty41 with Lebesgue measure and number of observations

given by ma;, moi11 and Ngj, Nojyq, respectively, and the split is based on coordinate j € [p]. By As-

sumption SA-1, condition on x; € t/"", x; ~ Uniform(t)""). Hence condition on N/, Ny and m] ",
we have mag;/mP™" ~ Beta(NP™, N — NP™' +1). Hence condition on N = (Nj,---, Nyx), we have

my, ~ Beta(Ng, N — Nj, + 1), 1 < k < 2K Induction then concludes the proof.

SA-4.10 Proof of Corollary SA-9

This is an immediate corollary from Theorem SA-1.

SA-4.11 Proof of Corollary SA-10

This is an immediate corollary from Theorem SA-2.

SA-4.12 Proof of Corollary SA-11

This is an immediate corollary from Theorem SA-3.

SA-4.13 Proof of Corollary SA-12

This is an immediate corollary from Theorem SA-4.

SA-4.14 Proof of Corollary SA-13

This is an immediate corollary from Theorem SA-5.

SA-4.15 Proof of Corollary SA-14

This is an immediate corollary from Theorem SA-6.
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SA-4.16 Proof of Corollary SA-15

This is an immediate corollary from Theorem SA-7.

SA-4.17 Proof of Corollary SA-16

This is an immediate corollary from Theorem SA-8.

SA-4.18 Proof of Lemma SA-17

Since the number of coordinate p is fixed, we can use a union bound over the approximation error for the
p coordinates. Hence w.lo.g. we can assume p = 1 and drop the second index on the coordinate ¢ from
IPM(k, 0) and £ PY(k, £) everywhere. And throughout, we assume the data is already sorted so that

1 <29 <o LZ .

Expand the square, we have for any k =1,2,--- ,n,

FOM(k) — GV () = k(nn_ k) (,f_DIM(k) DIy ﬂlfw(k) . 7—_IPW(k)) (,TA_DIM(k) _DIN(gy _ FTP (g 7—_tlllzw(k)> )

tr tr tr tr tr tr

=:Ry (k) =:Ra(k)
(SA-39)

We focus on the case where 1 < k < 7, the other case where 5§ < k < n follow from symmetry. Consider
the term Ro(k). First, consider the term corresponding to @ from 1 to k. The other term corresponding to ¢
from k 4 1 to n can be handled similarly. Breaking down y;(1) = p1(z;) + €;(1) and 3;(0) = po(x;) + £:(0),

we have

CXE (1= di)yi(0)

<7

Sk zyz 1 o~ d; 1e~1—d;
|Ra(k ‘ -y — + - €;(0) 4 counterpart for tg
’fzé Si-d) R T
k k k
Zz 1d€7 EZ % + ZiZI(lidl)gi(O) . EZ(l_d’b _1)
kz:l § —d;) kg 1-¢
) 1 n d;)e;(0) -

‘ZZ k+1d€2(1 ‘
z k+1d

- d; Zq k+1( - (
-1 .
n_ki:;l(‘f )‘Jr >ie k+1(1_d') ‘

‘Zl 1 le(%) YA —dpe(m) g dim (@) N Dippr (1= di)po(@:)
S (1 - dy) ik di Yk (1= dy)

. (SA-40)

Notice that Assumption SA—2 (ii) implies that the last term is zero. Since x; L d;, even though the data
is ordered according to x;, {d;/§ —1:1 < i < n} are i.i.d mean-zero with bounded second moment. By
Theorem A.4.1 in Csérgd and Horvéth [1997],

max  Vk- ‘ 1)‘ = Op(y/loglog(n)).

rn<k<n—ry
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Take b; = >, .y<; d¢- By Equation (8) from Shorack and Smythe [1976], for any A > 0,

Ly diil) VI,
Zf_ldz‘ > M(di)i<i<n | <16 Z T)\

P max
rn<k<n—ry N
T <i<n—r,

Ly
<16 ;b: FA V(1))

< —mAAT2V[e;(1)]

w]| oo

1
by,

The assumption that liminf,,_, . p, loglog(n) = co implies lim inf,,, ~ 7, = co. Hence

_ _ 1 -1 _
(br) 7 =1 (64 =D (=€) = Os(ry"):
"oi=1
Hence uncondition on (d;)1<i<n, and we have
k
i1 digi (1 _
max Lﬁd al )‘ = Op(r,'/?). (SA-41)
rn<k<n—r, Zi:l dz

Hence

S

3 > T
k
Z'L*l dl

k
rpn<k<n—r, —

1
ke < ™

=1

By similar arguments, we can show the same bound holds for other terms in the first two lines of Equa-
tion (SA-40). Hence

max \/E|R2(k)|0p< loglfg(”)).

rn<k<n—ry, n

Under the assumption that pug = c¢g and p1 = ¢1, we have

k k k k
i diy; 1 d; (1 -dy)y; 1 1—4d;
Ri(k) = iz dili + p g Lei(1) — Lim (= di)yi Z g €;(0) + counterpart for tg

Zf:l d; i=1 3 25:1(1 —d;) o 1- 3
SE disi(1) 1S ds SE (1=d)ei(0) 1 gn1—d
===+ - —&;i(1) — == - = £;(0) 4 counterpart for tg|.
‘ Simads ’fgé S TRy k;“f v "

By Equation (SA-41) and Theorem A.4.1 in Csérgd and Horvath [1997] for the terms k—1 Zle & tdigi (1),
k! Zf;l(l —&)71(1 — d;)e;(0) and the counterparts for g, we have

x| VEI ()] = 0s (IogToa() ).

rn <k<n—ry

Putting together the parts for R; and Rg, we have

max | SPM(k) — jIPW(k)‘ _ Op(lOg 10%(”))

rn<k<n—r, 7”711/2
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SA-4.19 Proof of Lemma SA-18

Since the number of coordinates p is fixed, we can use a union bound over the approximation error for the
p coordinates. Hence w.lo.g. we can assume p = 1 and drop the second index on the coordinate ¢ from
IPM(k. 0) and S PY(k, () everywhere. And throughout, we assume the data is already sorted so that

1 S22 < - Sy

For1 <k <s,andn—s, <k < n, Equations (SA-39) and (SA-40) still hold. W.l.o.g assume 1 < k < s,,.
First, we upper bound the IPW terms. Definition of s,, and Equation (A.4.3) in Csorgd and Horvath [1997]
imply

‘ Op(un), (SA-42)

max
1<k<sn

1 <~ d,
_ § —Zsi(l ‘
Vk = ¢

with u, = \/pnloglog(n). Also Equation (A.4.2) in Csérgd and Horvéath [1997] imply

max V- ikid ()‘+\f

1<k<s,
i=k+1 5

n—k Z 1_5 )‘OP(vn), (SA-43)

i=k+1

where v, = 22— log log(n). Again Equation (A.4.3) from Csorgd and Horvath [1997] imply that

k .
% ; (% _ 1)‘ — Os(uy).

Take b; = >, <; d¢. By Equation (8) from Shorack and Smythe [1976], for any A > 0,

max
1<k<sn

S diei(1) d;V[e (V)] | _y
Z:kd’ Z /\ (di)1§i§n S 16 Z TA
i=1 Wi 1<i<sy,

Pl max
1<k<sn

<16 Yy ilz)‘_QV[gi(l)]

1<i<sy,

AV e (1),

OO\OO

Hence uncondition on (d;)1<i<n, and we have

max
1<k<sn

It follows that

max
1<k<sn

k
1<k<s, Zz 1d k=~ E

5 d; E g
% 2 (dZ - 1) ' ngdgd(l)‘ = Op(uy). (SA-44)

Putting together the above equation with Equation (SA-42) and using a similar argument for the control
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group,

max Vk - ’ZZ 1d81 ’+\f ’Z )Ei(o)’ = Op(un). (SA-45)

1<k<sn d’L)

Apply Equation (A.4.2) in Csorgd and Horvath [1997] for the partial sum with at least n — s, terms and

using maxj<p<s, \ﬁ Z?:k-}-l(di — &) = op(1), we have

diei(1
max Vi ‘M‘: max V-

n
1<k<sn ‘ Dk i

' nik Z dm(l)‘

e Leivkr1 4 i=k+1
S 1 n -1 1 n
< n i o . - o
“Vn-s, <£ R —" Z (d: Q) 12sen |V = & Z digi(1)
i=k+1 i=k+1
= Op(vn)- (SA-46)

The same bound hold for max; <<, Vk - |%

tions (SA-42),(SA-43), (SA-45), (SA-46), we have

| by a similar argument. Putting together Equa-

max max VE|Ry(k)| = Op(un + vp).
1=1,21<k<s,

From the decomposition in Equation (SA-40) and the symmetry for k& € [1,s,] and k € [n — sp,n], the
conclusion follows.
SA-4.20 Proof of Theorem SA-19
We break down the proofs into two steps.
Step 1: Approximation of reg-score by ipw-score

Let 0 < a < b < 1. Let p, be a sequence of real numbers taking values in (0,1) to be determined, and
take s, = exp((logn)P). Then for large enough n, we have s, < n® < n® < n —s,. Consider the event
Ay = {30 € [p] : maxyepy LMK, L) > maxygls, nos.] L (K, £)}. By Equation (A.4.18) from Csérgd and
Horvath [1997],

Ik 0) = Op(\/pn loglog(n)).

max
1<k<sn,n—sp<k<n

Then controlling the difference between % (k, £) and .#°™(k, ¢) by Lemma SA-18,

IPM(k, 0) = Op <pn loglog(n) + log 1og(n)) (SA-47)

max
1<k<sn,n—sn<k<n

By Lemma SA-17 with the choice r, = s,,

log'1 1/2
max /AP = max )/ SP(k, () +0p( o8 °§§4) )

sp<k<n—sn sp<k<n—

— - log log(n)'/?
= 1Sk Sk, ) | <k<s s, <k<n S +OP< i/t
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Equation (A.4.20) in Csorgé and Horvath [1997] imply that (2loglog(n))™'/? max;<p<, /£ ¥ (k,{) =
1+ op(1) and (2loglog(n)) ™2 maxi<p<s, n—s,<k<n /I E(k,£) = p,(1 + op(1)). Hence

- 1/2
max 1/ I™(k, L) > /2loglog(n) + Op(y/ pn loglog(n)) + Op (W) (SA-48)
Sn

1<k<n
Choose loglogloglog(n)/loglog(n) < p, < 1, then by Equation (SA-47) and (SA-48),

max IPM(k, ) = op(loglog(n)), and  max  FP™M(k, ) = \/2loglog(n)(1 + op(1)).

1<k<sp,n—sn<k<n sn<k<n—sp

Hence

I (K 1) = o]p< max JDIM(k,E)), { € [p],

max
1<k<sp,n—sn,<k<n sn<k<n—sp,

which by a union bound implies

limsupP(A,) = 0.

n—oo

Observe that on the event A¢, the argmax for .#°™ should be inside [s,,n — s,]|. Hence

IP’(EM € [p] L max IPM(k, 0) > max SPM(k, 5), max IPM(k, ) > max JDIM(kJ))

ke keg[ne,n?)
> . DIM DIM - DIM DIM cy) _
> P(Hf € [p] m}gxﬂ (k, 0) > inja;éxef (k,j), mgxf (k,0) > k¢r[r7ll%§b] Ik, ) and An) P(A,)

2P(3£e[p]: max Sk 0) > max  SPM(E, ),
kE[sn,n—5n] FEA
k€[sn,n—sn)

max Sk, 0) > max JDIM(k,Z))—QP(An).

kE[sn,n—sn] k¢ [n® nb],kE[sn,n—sn]

Now we focus on the first term. By symmetry in the p coordinates,

P(aze[p]; max  SPM(k,6)> max S M(k,j), max S M(k,6) > max JDIM(k,€)>

k€[S m—5n] J#L k€[sn,n—sn] kg[n®,n’]
k€[sn,mn—sp] k€lsn,n—sn]
= p]P’( max  SP™M(k,1) > max  SPM(kj), max  SPM(k 1) > max  sPM(E, 1))
k€[sn,n—sn] kel J#1 | k€[sn,n—sn] k¢[n®,n’
SnsN—S8p kE[Sn,n—8n]

> psupIP’( max  SIPM(k,j) <2z, max IPM(E1)>z> max ISPk, 1))

z€R J#1 ke[sn,nfs"] k¢[nn,’nb]
k€[sn,n—sn] kE[Sn,n—5]
> psup]P’( max IPM(k, 5) < z, max I 1) < z)
z€R i J#1 k¢[n®,n’]
E[sn,n—sn] k€E[sn,n—5n]
—p]P’( max SIPM(k,j) <2z, max Pk 1) > z)
J#1 k€[sn,n—sn]

k€[sn,n—sn]
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Then using the fact that #™"(k, ¢) approximates .#°™(k, ¢) from Lemma SA-17, we have

IP’(EIE €lp]: max Ik ) > max  IPM(k,j), max IPM(k () >  max JDIM(k,E))
k€[sn,n—sn] rel Jj#L | k€[sn,n—sn] k¢[n®,nb
Sn,MN—38n kE[sn,mn—5n]

> psup]P’( max STk, j) < z—wv,, max Ik 1)< z- ’Un)

z€R J#1 k¢[n® n’
€ k€E[sn,n—sn] ke[i[n,nfs]n]
—pIP’( max Sk, j) < z+wv,, max IP(k 1) > z—vn),
j#1 k€E[sn,n—sn]

k€[sn,n—sn]

where v,, = Op(log log(n)sﬁl/Q).

Step 2: Ipw-score approximation by Gaussian approximation

Observe that the choice s, = exp(log(n)f~) for loglogloglog(n)/loglog(n) <« p, < 1 implies v, =
op((loglog(n))~1/2). Let € > 0. Then

supP( max Ik, j) < z—v,, max Ik 1)<z vn)
z€ER J#1 k¢[n® n’
k€[sn,n—sn] k€[sn,n—sn]

P( max IP(E, 5) < z+vn,k [max ]jIPw(k, 1) > van)
E[sn,n—sn
kE[sn,n sn

> supIP’( max Ik ) <z — ;, max STk, 1) < z— ;)
z€R 2loglog(n)” kg¢[n®n'] 2loglog(n)
ke[sn n—sn] k€E[Sn,n—8n]
IP’( max Sk, j) < z+ ; max STk, 1) > 2 — ;)
J#1 2loglog(n) kelsn.n—sn] 2loglog(n)

k€E[sn,m—8n]
€

—P(|on]| > ——=———).
(o] \/210g10gn)
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Choosing zn(u) _ 2log log(n)+1/2logloglog(n)4+u—1/2log(m)

, and from the proof of Theorem SA-1, we have
\/210g10g(n)
L inf IP’( TP ) < _;’ T 1) < _;)
00 ilelg ke[r?;?f{ | (k,j) <2 v2loglogn kgr[%%?;b} (k1) <= v2loglogn
Sn N —S8p k€E[sn,n—sn]
—¥( N P — ) 5
. [I}lﬁ( | (k,j) <2+ v2loglogn ke[sril%z}isn] (k,1) > 2 v2loglogn
€|sn,M—5n
€
—P(v,| > —————
(jon] > v2loglo n)
g log
< Jim inf IP’( T ) < 2 (1) — ¢ , IPNE) < 2, (u) — —= i )
= oo nek kef?ﬁ( } 3 <2 = TogTogn” b D<= o Toan
Sn,N—S8n k€[sn,n—5n]
—IP’( (L ) < 2 ;, T ) > 2, _;)
. [I?Qf( | (k. ) < znlu) + 2loglogn ke[srilix—sn} (k1) > 2n(w) v2loglogn
€lsn,n—sn
€
= P(lon| > —mm———=),
(Jon| s/2loglogn)
_ p—1 _
> lim inf sup]P’( max Ik, 1) < zp(u) — ;) ]P’( max I (k1) < zp(u) — ;)
n—=00 yeR  \kE€[sn,n—s,] 2loglogn k¢[n® n’] v2loglogn
k€[sn,n—sy]
- ]P’( max Ik, 1) < 2, (u) + ;)pilﬂ% max Ik 1) > 2, (u) — ;>
. [j;él | v2loglogn k€[sn,n—sn] v2loglogn
€lsSn,n—5n
> sup exp ( —2p— 1)6—(u—e—10g(2))> exp ( _ 26—(u—e—log(2—(b—a))))
u€R

_exp ( _o(p— 1)6—(u+e—log<2>>> exp ( _ 26—(u—e—log<2>>).
Now let € | 0, and then all previous steps together implies

liminf P(3¢ € [p] : max #"™M(k, ) > max #P™M(k, j), max #P™M(k, ) > max #P™M(k ¢
k j k

n—o00 k,j#L k¢[n®,nb]

> sup exp ( —2p— 1)67<uflog<2>>) (eXp ( _ 287<uflog<2f<bfa>>>) —exp ( _ Qef(uflog@))))
ueR
b—a

> .

- 2e

SA-4.21 Proof of Theorem SA-20

The proofs follow the essentially same logic as the proof for Theorem SA-2, with some tricks for the random

. Z . d;Ej(l)
numerator in =RS=A————
Z1gi§k i

Part 1: Inconsistency for Uniform Estimation Rates

Denote the optimal index for splitting based on the ¢’s coordinate by

ipiv,e = arg max SOM(k, 0), L€ [p].
ke[n]
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For notational simplicity, denote

_ Zlgigk dﬂ'z(i)sﬂ'z(i)(l) . Zlgigk(l - dm(i))gm(i) (O)

Mk, 0) = ™M (K, 0) — 7
k v Z1gigk dr, (i) Zlgigk(l - dw(i))

2M(0) = 2™ (ipiw,e, £),
_ Zk<izn dme@Ere@(1)  Ppcicn(l = dry(i) )Eme () (0)
Zk<i§n dm(i) Ek<i§n(1 - dw(i)) ’

%}%IM(k, l) = TI%IM(k7 ) —T1
() = 75 (ipye, €),
and consider the event

DIM __ 7DIM 7DIM . 7DIM 7DIM
Imblce, = {m}gxﬂ (k,0) > glj;;z;f (k,7), ml?xf (k,0) > kg[g}ix_nb} IO (K, 0)}, L€ [p].

Since we assume 19 = ¢ and pq = ¢q with ¢; — ¢g = 7, we have on Imblce)™ N {iH™ < n/2},

sup [7(x) — 7[* > 72™(¢)?
zeX

1

- min{iDIM,b n— ﬁDIM,Z}

<2D1M,ﬁ2m(€)2 + (n — ipm,e) TR0 — (n — ipmve) TR (€)* L (ipmv e < n/2)>

(SA-49)
Take 70T = TIMLZDTH | RIDIML ZDTH Tep

ipiv, T2 (02 4 (n — ipi,) TR (0 > ipiv,e 7202 + (n — ipi,e) TR (€)? — nrP™

. R 2

ipiv,e(n —ipivye) (o —pmw

= L — TR
n

By Lemma SA-17 and Lemma SA-18 with 7, = s,, = exp((logn)?") for loglogloglog(n)/loglog(n) < p, <
1

)

N . 2
ipiv,e(n — ipivye) (pmn pw
T, — T,

~Npw _ pipw
PPV (n = 0PY) [ rpy _ =IPW
R — — \7L
n n

TR ) + op(loglog(n))

_ 7 IPW 1 1 .
[max J7(k) + op(loglogn)

By Theorem A.4.1 in Csérgd and Horvéth [1997], max; <x<, # (k) = 2loglog(n)(1 + op(1)). Moreover,

i d7ri€7ri1 i 1_d7TiETri0 2
iDIM,ﬁEIM(f)Z]l(iDIM,e >n/2) < max k- <Zl<l<k @)Em(d (1) — Elgzgk( o(@))Emeti( )>

k>n/2 Zlgigk dﬂ'e(i) Zlgigk(l o dﬂ'@(i))
< max 2k - <Zl§i§k dﬂf(i)gﬁg(i)(l))2 + 2k - (Zlﬁifk(l B dﬂz(i))gm(i)(o)>2.
k>n/2 Z1gi§k dwe(i) Egigk(l _ dw(i))

For simplicity in showing the upper bound for ipmv ¢72™(¢)*L(ipim,e > n/2), we assume 7 is the identity
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permulation. Take b; =7, _,; d;. By Equation (8) from Shorack and Smythe [1976], for any A > 0,

]P’( max ‘W‘ > )\‘(di)1<i<n) <16 Z %)\_2

k>n/2
/ t 1>n/2 v

<16 Y Z.%A’QV[&(D]

Z>bn/z
8 by 1
<2 (1)]——
< SRV
And since d;’s are i.i.d with E[d;] = £ > 0, we have
n/2
_ _ 2 -1 .
(bu2) ™ = (/27 (6 2D (di =) = Op(n ™).
i=1

Hence uncondition on (d;)1<i<n, and we have

k
\ (1
e
k>n/2 E i1 d;

By a similar term for control, and a symmetric argument for the right node,

) = Op(1) = op(loglog(n)).

iDIM,ﬁEIM(E)Q]l(iDIM_[ >n/2)+ (n— iDIM7g)’7_'1%IM(£)2]].(’ZDIM7[ < n/2) = op(loglog(n)).
Fix € > 0. Consider the events
5 = {iona 7207 + (0 = s Y0 2 (2 - ) loglos(n)
Bj = {iDIM,ZTEIM(Z)zﬂ@DIM,Z >n/2) + (n — ipiv,e) TR () L (ipnv e < 1/2) < 2elog log(”)}
The above arguments show that lim inf,,_, P(A§) = liminf,,_, P(B§) = 1. From Theorem SA-19,

P(Imblce)™) >

b
pe

It then follows from a union bound argument that

S

n—o0

@

limianP’( sup | 7358 (x) — 7| > on"Y2\/(2 + o(1)) loglog(n)) > —.
xeX
Part 2: Inconsistency for Points near the Boundary

Fix z € & such that z; < n®l. Since the order statistics T(paye = n® (1 + op(1)), on the event
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n® <ipme < nbif 2o < (1+ 0p(1))n® !, then 2y < z(pe) < T(ipi.).0> and on the event Imblcey™,

1
IDIM, ¢
= imlw (gggn K7™ (0 0% + (n = R) TR (K, €)° — max(n — k) TR™(k, g)2>
(2 + op(1)) loglog(n)

iDIM, ¢
(2 + op(1)) loglog(n)
nb

A (g) 7 = (02 > (@DIM,ﬁEW T (0 — ipne) 720 — (n— imM,mz“(eF)

>

)

where the second to last line is due to a similar argument as in the proof of part 1. By a symmetry argument

for the event {n — n® <ipnre < n —n®}, we have

b
liminf inf P(|f‘gf§(x) — 7] > on72/(2 + 0(1)) loglog(n)) > a4

n—oo x€Ln = 2’

where 2, = {x € [0,1]? : z; = o(1)n® L or 1 — z; = o(1)n®"! for some j € [p|}, and 0% = V[d”’éii(l) +

(1=di)yi(0)
¢ I

SA-4.22 Proof of Theorem SA-21
Due to the recursive splitting and Theorem SA-19, the optimal split index ipry at the k-th split (k > 1) also

satisfies

lim inf P(ipmy < n°) = liminf P(n — n® < ipmy) >

b
n—o0o n—00 2e ’

Hence the same argument as Part 1 in the proof of Theorem SA-20 leads to the result.

SA-4.23 Proof of Theorem SA-22

For notational simplicity, denote 7hss by 7, the data-driven partition @1 by P.

Reduction to least square prediction error.
Observe that the leaf nodes value coincide with a least square projection given &: For t € P, we have

#(t) = by, where

. argmin, , > 7 L(x; € t)(y; —a—bd;)* ifY ;" A(x; €t) >0,
Qt, O =
0,0 otherwise.

Consider the outcome prediction model based on partition :

g(x,d) = 1(x € t)(ay + bed)
teP

= A(x) + B(x) d, (SA-50)
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where

Ax) =) I(xetha, Bx) =Y L(xethb.
teP tep
First, we show that for Lo-consistency of treatment effect estimation, it is enough to look at the Lo loss
for outcome prediction. Denote by Px 4 the joint distribution of (x;,d;). Since we assumed x; and d; are
independent, we have Px 4 = Px x P, where Px and P, are the marginal distributions of X and d. Given

Assumption SA-2, the target outcome prediction model is
9" (i, di) = Blyilxi, di] = p+7 iy p=Elp:(0)], 7=E[y:(1) —w:(0)]-

Hence

=E [%x{o 1}(g(x,d) — u—712)*dPx 4(x, d)}

(A(x) + B(x)d — ju — 7d)?dPx (x) x Pd(d)]

(d (A(x) + B(x) = p = 7) + (1 = d) (A(x) — u))*dPx (x) x Pd(d)}

—E / d (A(x) + B(x) — ji = 7% + (1 — d) (A(x) — p)?dPx (x) x Pd(d)}
Zx{0,1}

=E[¢ | (Ax)+ B(x) —u—7)°dPx(x) + (1 - ¢) /% (A(x) — p)*dPx (X)}
=¢E[|A+ B —p—r|*1+ (1 - OE[IA - u))?). (SA-51)
It follows that

E[ll# - 7|*] = E[IB - 7]*] < E[llg - ¢*[I%.

4
min{@ 1- 5}

Error Bound for Least Square Prediction.

Now, we bound the least square error E[||g — g*||?] following the strategy for [Klusowski and Tian, 2024,
Theorem 4.3]. First, assume |y;(¢)| < U,i=1,2,--- ,n,t =0, 1, for some U > 0. Decompose by

19— g*1* = By + Eo,
where

Bi=g-g"1? =2(ly - gl — ly - g"l5) —a = 5,
By =2(ly = gll5 — lly — 9"1I5) + o+ B.
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The least square representation (SA-50) implies that
n
— 4§32 < i —a—bd)<|ly—pu—7dl? =y — g2 -
ly =gl < min > (yi—a=bd)” <lly—p—7dl5 =y -9l (SA-52)

which implies
E2 S o+ 5

We control F; using uniform law of large number arguments. Notice that § is one member of the class
9, = {A(x)+d B(x) : A, B € 4,}, where ¢, is the class of piecewise constant functions (bounded by U)
on partitions P € 11,,. Here

Hn - {9’({(X1ad17y1), e 7(Xnudnayn)}) : (Xiydhyi) S Rp x R x R}a

is the family of all achievable partitions & by growing a depth K binary tree on n points by iteratively
splitting in x-space based on any criterion. By [Klusowski and Tian, 2024, Equation B.33],

NE < 4172\ 2"
a0y 7o WMl 1 )= AP B '

A union bound then gives

N B 4172\ 2"
80U7 ny Pxn,1 | > np ﬁ )

where Pxn is the empirical measure based on X" = (Xy,---, X,,), X; € RP for all 4. Since § € ¢,,, we can
then use [Gyorfi et al., 2002, Theorem 11.4] to get

P(E, >0) <PEge%: 19— g"II° >2(ly -l — lly—g*[5) +a+5)
ﬁ an
<14 N g’rﬂ : n p———
=05p (SOU’ Ilpsnt Jexp | = o5

< 28( )21( 417eU? e an
X —_ .
= “O\TP 3 P T 256804

2
,and 8 o< L=, then we have
n

. 42K
Choosing o o %W

. N U42K log(n U?
Bllg - o717 < o 220, B,

where C' is a positive universal constant.
Now we relax the condition that |y;(t)] < U. Take A = {|y;(¢)| <U,Vi=1,--- ,n,t =0,1}. Then

Elllg - g* 1] = Elllg — ¢"[IP1(A)] + E[llg — ¢"[*1(A°)]

<o PR O gl - ) (s4-59)
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A union bound gives

P(A%) <nP(|y:(0)] = U) + nP(jy:(1)| = U)
< nexp(—|U — pol) + nexp(—|U — p1l).

Using Cauchy-Schwarz inequality,

E[lg - ¢*[PL(A°)] < VE[Ig - g*[]P(A°)

< 4 i(£)4 —|U — pe])-
_\/8nylg§(ut+E[€z(t) }) nmax exp(~1U — )

Choosing U = max{uo, u1} + 4log(n), we have

Efllg — g*[*1(A%)] <

31Q

for some absolute constant C. Putting it back to Equation (SA-53), we get the desired conclusion.

For the high probability bound, the same analysis as Equation (SA-51) in almost sure sense gives

17 =7l <E[IB —7l*] <

4 ~ * (12
_mllg*g [

almost surely. Using sub-exponentianity of €;(t),
llg — g*|L(A) < E11(A) + E»21(A)

42K1 2
SQ(U og(np)JrU)

n n

with probability at least n~¢2, where C; and Cj are some positive absolute constants. Sub-exponentianity
of gi(t), 1 <i < mn, t=0,1, implies that P(A°) = n~% if we choose U = Cylog(n), where C3 and Cj

are positive constants only depending on the distribution of (¢;(0),¢;(1)). Combining with the previous two

inequalities, we get the second conclusion.

SA-4.24 Proof of Theorem SA-23

Recall (i, j) denotes the optimal splitting index and coordinate for the decision stump. Denote 7o)

#(x) for simplicity. We use (y;,x; )M, to denote Dyy 1, which we used to construct the causal tree. Denote

by (2,7) the splitting index and coordinate at the K, -th step, based on gy 1.
Use (7;,%; )Y, to denote Duow,2- Then

sup |7(x) — 7| > |7(0) — 7|
xeX

S diE(WA(Fi < @ny),5) B S (1= di)Ei(0)1(i5 < T3 )

N 7 ~ N ~
> oim1 dil(Zi 5 < ) 5) Y1 (L= di)l(Zi 5 < Try3),5)
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Since (£;(0),&;(1)) L %;, condition on 7,7 and X = (x1,--- ,X,), X = (X1,--- ,X,), we have

Y diE (L@ <€ @) Sy (1= d)E (0L < 7, 5)
Yo dill(Ei5 < Ty 3),5) Yo (L= di) (& < Try(3),5)
a i disi(1) i (1—di)ei(0)
> di Y (—d)

where

N
P =) (& < Taya),5)-
=1

Call

’21 Ldiei(l) Y, (1 - di)ei0)
z 1d Zf:l(]' _dl) .

High probability lower bound on Z. Denote n; = Zle di,ng = Zgzl(l —d;),no +n1 = 7. And
consider the weights w; = % — 1;—5[1’, so that Z = | 25:1 w;e;|. By Marcinkiewicz—Zygmund inequality and

a Jensen’s inequality on the square root function, for some absolute constant cyyyz,

E[Z | D, HZ’U} g
> CMzE[(; w?s?) 2 ‘ D, Z}

T

d; ‘1—d; 1/2
2 CMZE[<Z nf%é?i(l)z—i—ZTgEi ) ‘ D L]
=1

=

]

T

S oz Z@\/%i”l Ele: (D)2 + (1 — di)@ E[=:(0)7])

ng + nq

=Mz~ (\/V )]+ \/V[E(O)])

Moreover, Assumption SA-2 implies that

Yooy GElE(1)?] | S (1~ d)EL(0)

2

E[Z? | D,i] =
ny ng

v

s no

<1+1)MMW(HVM@H

The Paley-Zygmund inequality implies for 8 € (0, 1),

P(Z > 6E[Z | D,i] | D,i) = (1 - 9%%
> (1 - 62) min{V[e;(0)], V[e;(1)]} non1 (SA54)

max{V[e;(0)], V[e;(1)]} 2
Condition on i, ng ~ Bernoulli(z,£). Hence

min{V[e;(0)], V[e;(1)]}
max{Vl[e;(0)], V[e;(1)]}

P(Z > 0E[Z | D,i] | i) > C(1 —6?) (5—52)(1—%)11(»0)
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We claim that whenever s, <7 <n — s,

E[a “Das 0)@ =1+ op(1). (SA-55)

L

It then follows from Equation (SA-54) that whenever s, < i< M — s,,

min{V[e;(0)], V[e;(1)]}
max{V]e;(0)], V]e;(1)]}

p(z > Oeniz—= <\/V )]+ \/V[e(O)])

i) = ca-) (€~ )+ ou(1).
Choose 6 = 1/2, and take

_ o min{V[E(0)] VIei(1)]} €~ €
max{V[e;(0)], V[e,()]} 4

Then by Theorem SA-19, we have

IP(Z > Semz 7 (W T+ \/V[E(O)]),Z < nb> > C?be +op(1).

We can show via the same argument as Theorem SA-5 that liminf,, ., P(f < n®/2|i < n®) = 1. Hence

b
o Sl
hnnlloréfP(Z 1Mz = (\/V |+ \/V[E(O)])) 026
Proof of Equation (SA-55). Let F' be the cummulative distribution function of x;. Suppose 1 < k < n/2.
Then F(x(x)) ~ Beta(k, M — k +1). By a Bernstein bound for Beta variables [Skorski, 2023, Theorem 1],
we have for all € > 0,

P(F(x() > k/M — €) < exp ( ;z)

where for large enough n,

_ kM —k+1) _k
VS M+ 1P +2) S

Hence with probability at least 1 — s, !,

log(s,)k
F >k/M —2————.
(X)) = K/ o
Condition on X = (x1,- -+ ,X,), 1(X; < X(1))’s are i.i.d Bernoulli(F(x(x))). Hence condition on X and i, with

probability at least 1 — s, 1,

log(sn)F(X(;))'

N
N =N A% > x() > Flx) —2 N

i=1
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It follows that on s, < i< M — s,, using boundedness of (1 —

<=

)1t > 0),

E[(1- %)11(2 > 0)

z} - E[(1 - %)n(z > 0),1( > Z/S)M +E[(1 - %)n(z > 0),1(i < Z/S)H

%) 400521

=1+0(s;h).

=1+0(

SA-4.25 Proof of Theorem SA-24

For simplicity, denote 720N by 7. Since given the partition & chosen by @1, Equation (SA-50) is still satisfied.

We can use the same argument in the proof of Theorem SA-22 condition on Dt to get

R 2K log(n.)®
o, (| - 7l?|2r] < 021080

-
where C' is a positive constant that only depends on &, u and the distribution of €;(0),&;(1). In particular,
the expectation is taken with respect to &, with effective sample size n.

Since condition on Dy, the partition & is fixed, we can use the same argument as in Theorem SA-6 to

show that § lies in a class 7, [9] with covering number,

2

2K
NEO AL o) < (2) 0 2e o)

when we assume y;(0) and y;(1) are bounded by U. In comparison, in the proof of Theorem SA-22, we show

g lies in 7], with covering number

K+1
i (417eU%\?
N Aoy ) < 20 (F2) L ce o).
This improvement of covering number due to honesty means we can replace a log(n,p)-penalty in the result
of Theorem SA-22 by log(n,). Now uncondition over @t and using the fact that p=! < n,/nt < p, we get

the conclusion.

SA-4.26 Proof of Theorem SA-25

The conclusion follows from Theorem SA-19 and the same proof for Theorem SA-7.

SA-4.27 Proof of Theorem SA-26

For simplicity, denote 735, (x; K) by 7(Tk), and N = n/(K + 1) denotes the sample size for each folds in the
X sample splitting scheme.

Let ti,tp,--- ,tox denote the 25 leaf nodes in the decision tree, (if a node cannot be further refined,
we duplicate the split indices and values at the next level). And let Ny, Ny, -+, Nox and my,ma, -+, mox
denote the number of observations and the Lebesgue measure of the 25 leaf nodes, respectively. Note that

N = (Ny,---, Nyx) are independent of the g; data by the honest condition and the z; data per Assumption
SA-1. As in the proof of Theorem SA-8, we can show condition on N, my ~ Beta(Ny, N — N, + 1)
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Thus, the IMSE can be bounded as follows: Since condition on N , my’s are independent to the refreshed

samples d;, &;(0), &(1)’s, we have

E L (7(Tk) () ﬂ?m(m)l
_ = E i (inetk ~i~i(1) inetk(l - ~i)éi(o)>2]
= my = — —
k=1 inetk di Exietk 1- di
[ (Y A1) Ten (- d)EO)N?] ]
<N E|E[m|N] E ity P Sxich _ N
I; L * |:< inetk d; inetk 1—d; ) :|
2 [Nt di>0) (X, e l—d;>0
< k_lE_JJ\\[?( (Zz - ! (Zz - _dj )) max{V]e;(0)], VI:(L)]}-

Notice that condition on N, > ox,et, di ~ Bin(N, &) and >, o 1—d; ~Bin(Ng,1—§). Using the fact that

for a binomial random variable W ~ Bin(n, p), we have

E[l

where C' is an absolute constant, and C), is some constant that only depends on p. It follows that

E

/ (7(Tk) () ﬂ?ﬂ%(dx)]
X

Nig
N

1 n 1
Ni&  Np(1-=¢)

2K
<) E
k=1

K
<2
~ N

)] max{V[e;(0)], V[e;(1)]}

SA-4.28 Proof of Lemma SA-27

Assume w.l.o.g. k < n/2, since the case of kK > n/2 can be dealt with by symmetry. From the proof of
Lemma SA-17,

k(n —k) loglogn

NG

)

Now we consider the randomness induced by ng,nr.0, nr,0. By Theorem A.4.1 in Csérgé and Horvath [1997],

sup
rp<k<n—ry,

(o, ) — firolk, ) — (ipo(k, ©) — ok, e>>2| _ op(

Moreover, the proof of the term R; in Lemma SA-17 implies

loglogn
sup —_—
rp <k<n—rp

((fipo(k, €) = firo(k, ) + (ipo(k, 0) — firo(k,0)?) = OIP(

Tn

max
rpn<k<n—ry,

k
V- ‘; ;(if - 1)’ = Oz(y/loglogn),
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which implies

sup
ran<k<n—ry,

neok)nros) _QW' — (/7 log log ).

o

Putting together, triangle inequality implies

max max
1<l<pr,<k<n-—ry

log1 3/2
jSSE(k7£) _ jprox(k,g)‘ _ O]P’( oglog(n) )

1/2
’I"n/

SA-4.29 Proof of Lemma SA-28

The proof of Lemma SA-18 implies that

1<t<p 1<k<sn

max max k’(ﬂL,o(w ~ ok, 0)) — (aro(k, 0) - MR,ow,@)Z‘ — Op(an),

where «,, = p,, loglogn +

»— Jog logn, and

s
n—=5sn

_ = 2:
pax  max k(jir,o(k,£) = fino(k, )" = Op(pn loglogn).

Hence it also follows that

Sn

max max k(i o(k,0) — fipo(k, 0))? = OP(

log1 ):o .
Jax max oglogn + ay, ()

n— Sy

When 1 < k < s,,, we have W < npo(k) <k. The conclusion then follows.

SA-4.30 Proof of Theorem SA-29

The proof is similar to the proof of Theorem SA-19, except that in Theorem SA-19, we approximate the split
criterion by a time-transformed O-U process, while here we approximate the split criterion by the summation

of two independent time transformed O-U processes. We divide the proofs into two steps.
Step 1: Approximation of fit-based processes by ipw-based processes

Let 0 < a < b < 1. Let p, be a sequence of real numbers taking values in (0,1) to be determined, and

take s, = exp((logn)?*). Then for large enough n, we have s, <n® < n’ <n — s,. Consider the event

A, =1{3cp: max #5F(k 1) > max 5Bk 0)).

ke[n] k& [sn,n—sy]

Equation (A.4.18) and (A.4.20) imply that for each ¢ € [p],

max IPX(k £) = Op(pn loglog(n)),

1<k<sp,n—s, <k<n

max  IP(k, L) = 2loglog(n)(1 + op(1)).

sn<k<n—s,
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Hence

Jprox(k,é):op< max ,ﬂp“’x(k,é)) ¢ € pl,

max
1<k<sn,n—sn<k<n sn<k<n—sp

Approximations results from Lemma SA-27 (taking 7, = s,) and Lemma SA-28, using the same argument

as step 1 in the proof of Theorem SA-19, with loglogloglog(n)/loglog(n) < p, < 1, then implies

ISSE(k 1) = 0]1::( max /SSE(k,Z)), L€ [p].

max
1<k<sp,n—s,<k<n sp<k<n—sp

Using a union bound, we get P(A4,) — 0 as n — oo. Observe that on the event AS, the argmax for .#55F

should be inside [s,,n — s,]. Hence

IP’(EIK € [p] max IE(E, 0) > max IE(k, 5), max #5E(k, £) >  max ﬂSSE(k,€)>

J# k k¢[n®n®]
> IP(HE € [p] : max IBE (k) > max IE(k, 4), max IE(k, 0) > kgzr[?m%?;b] I55E(k, ¢) and A%) —P(A,)

zp(aee[p]; max  SSE(k0) > max  I5SE(k, ),
k€[sn,m—sn] rel J#L ]

max Sk () > max JSSE(IC,E)) —2P(A4,).
k€E[Sn,n—8n] ke[namb]
k€E[sn,n—5n)

Now we focus on the first term. By symmetry in the p coordinates,

P(aee[p]; max  SSE(k0) > max  S5B(k), max  SSE(k0) > max ﬂSSE(k,K))

k€[sn,n—sn] Jj#t k€[sn,n—sn] k¢[n®,n"
k€[sn,n—5n] kE[spn,n—5n]
:p]P’( max 5Bk 1) > max 5Bk ), max  SF(k1) > max JSSE(k,l))
k€[sn,n—sn] J#1 k€[sn,n—sn] k¢[n®n
k€[sn,n—sn] k€E[sn,n—sn]

> psup]P’( max 5Bk ) <2z, max 5Bk 1) > 2> max ISR, 1))

2€R j#1 kE[sn,n—5n] k¢[n® nb
k€[sn,n—sn] k€[sn,n—5n]
> psup]P’( max F5F(k ) <2, max (k1) < z)
z€R J#1 k¢ [n®,n®
k€[sn,n—sn] k€E[sn,n—sn]
—p]P’( max S5k ) <2, max  I5F(k1) < z)
j#1 k€[sn,n—sn]

k€[sn,n—sn]

Then using the fact that .#P*%(k, £) approximates .#5E(k, £) from Lemma SA-17, we have

P(ae elpl: max ISB(k 0> max  I5B(k), max ISPk 0) >  max fSSE(k,K))
k€[sn,n—sn] kel Jj#t | k€[sn,n—sn] k¢[n®,n"
SnyN—8n k€[sn,n—sn]

> psup]P’( max  SPN(k,j) <z—wv,, max ISPk, 1)<z-— vn)

z€R J#1 k¢[n® n®
© k€[sn,n—sn] th[zs[n,nfs]n]
- p]P’( max  IP(k,j) < z4+wv,, max IP(k,1)<z+ vn)7 (SA-56)
j#1 k€[sn,n—sn]

k€[sn,n—5n]
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where v,, = Op(log log(n)sﬁl/z).

Step 2: Gaussian approximation of IPW partial sums
Recall that

k(n — k) k(n — k)

n

TPk, 0) =(1 =€) (iz,o(k, €) = firo(k, 0))* +& (iri(k,0) — ira(k,0)%  (SA-57)

and we will show that high dimensional random vector = from concatenating (y/ (1 — &) k(n— k)( pro(k,0) —

firo(k,0) : k € [n],£ € [p]) and (/(1 — &) 28 (7 1 (k,0) — fig1(k, ) : k € [n],£ € [p]) can be approx-
imated by a Gaussian random vector with the same covariance structure. The proof will still be based on

writing = as ﬁ >, C; where

C=(vi((\ [ A < B = D <k <n—r) s1<0<p) Tga0)

where #7¢ denotes the inverse mapping of 7¢, as in the proof of Theorem SA-1.

Notice that the random vectors are 2np dimensional. For notational simplicity, in what follows, denote by
e ¢ the indicator of the position corresponding to /(1 — &) k(" k) (ML 1(k,0) — ipy(k,0), t=0,1, k € [n],
¢ € [p].

However, the format of Equation (SA-57) induces a different geometry when approximating probabilities
in Equation (SA-56). Instead of high dimensional CLT for hyper-rectangles, we consider the class of simple
convex sets [Chernozhukov et al., 2017, Section 3.1].

Let 7 be a subset of [n] x [p]. Consider the class of closed convex sets & containing sets of the form
A= {ll € R2np : (e(—)r,kjuv eir,k,zu) S BQ(Sk,Z)a Sk,e € (0,’11], (k,g) € j}a (SA—58)

where Bs(r) denotes the Euclidean ball centered at 0 with radius r in R?. That is, the class & contains

intersections of cylinders {u € R?"” : ||(e; u,e] u)l]z < s}. Notice that for z € (0,n], the event in Equa-

tion (SA-57) (inside sup z) can be characterized as the high dimensional vector = lies in a set in &.

For each A € &/, we consider its approximation by simple convex sets. For each Bs(r), denote by B;n’”(r)
and BS"""(r) its inscribed and circumscribed regular n?-gon. Take m = n?|.J|. Then for each A € & of the
form (SA-58), take

m = {u € R, (e(—)r,kyeu, eIk’gu) € B;H’H(Sk,g),sk’e € (0,n], (k,£) € 7},
and
A™€ = {u € R*"P (e(—)r’kygu, eIMu) € Bgut’n(sk’g),sk,g € (0,n], (k,0) € 7}.

Then A™ C A C A™€. Moreover, denote by 7" (A™) the set consisting of m unit vectors that are outward

normal to the facets of A™. Then A™ can be alternatively characterized by

A™ = Uyeqyam{w e R¥" : w'v < Sa(v)}, Sa(v) =sup{w'v:we A}
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Then we can analogously characterize A™€ by
A™ = Uyegamy{w € R w'v < Su(v) + v}, Sa(v) =sup{w ' v:wec A},

where €, < n~1! for large enough n. This shows our class o is a subclass of &/51(1,3) (see [Chernozhukov
et al., 2017, Section 3.1]). Now we check its conditions (M.1"), (M.2’) and (E.1’). Let v € 7(A™). The
definition of A™ implies v = vg k€0 k¢ + V1 k€15, for some (k,¢) € 7, and Ug,k,z + v%kl = 1. Let
veT(A™).

n

> EvTC

n

1

2

> min{V[(1 - &) 7' (1 — di)e:(0)], V[ dies (1]},

which verifies (M.1’). The fact that only two entries of v are nonzero and v%M + ”%k,e = 1 implies that

n~' Y E(vICP] < 4n7 Y Elleg Cl’l +4nt Y Elle] Cil’] S vn/ra,

=1 =1 =1

where the last inequality is from the calculation in Equation (SA-21), and this verifies (M.2’) for the third
moment. Moreover,

n 'S EIVTC < 80 S Elleg Col'] + 801 S Efle] Gl

i=1 i=1 i=1
n n
< /n/rp8nt ZEHeak,@Cﬂg’} +v/n/rp8n7t ZE[\eIk7ZCi|B]
i=1 i=1
<n/ry.

The same logic shows that Elexp(|v' C;|/(K+\/n/r,))] < 2, where K is an absolute constant. Putting
together, we verify conditions (M.2’) and (E.1’) with B,, = y/n/r,. Hence by [Chernozhukov et al., 2017,
Proposition 3.1], there exists mean-zero random vectors D; ~ N(0,E[C;C]) such that

—1/2 - —1/2 - 10g7(n) 1o
sup [P(n™/2) "C; e A)—P(n~'?> D A)| S ———] . (SA-59)
=1

Aed i—1 Tn
Step 4: Gaussian-to-Gaussian Approximation

Observe that for any ki, ko € [n], 41,02 € [p], we have Covleg ;.. , Ci, e, ;,Ci] = 0. The same calculation
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as Multivariate Case Step 2 for the proof of Theorem SA-1 implies we can replace D; by another mean-zero

Gaussian random vector Z; such that

T oAl . : —
C T 7. el 7.1 — Cov[ethklllD“ et27k2,f2DZ}7 if 6y = Lo,
Ov[etlykhél i €ty ko, lo ’] - .
0, otherwise.

We want to show ﬁ S Z; is close to ﬁ i, D;, measured by the probability of taking value in sets
from of defined at Equation (SA-58). We omit details for simplicity, but illustrate the main skeleton here. As
in Step 2, Nazarov inequality implies we only need to work on the m-generated convex approximation with
e precision A™ = A™(A) for A € o, for a reason given in [Chernozhukov et al., 2017, proof of Proposition
3.1]. Moreover, P(ﬁ SorZ; e A™) = IP’((VT(ﬁ Y1 Z;))ver(am) < t) for some t € R™. Hence we only

need to show

sup
teR™

PV (= 2 Z)veram <0 =B (Z= Y- Dilveriam < t)\ = o().
i=1 i=1

But the definition of & in Equation (SA-58) implies for any A € o/, v € Z'(A™), there exists ey, e; and
v +vF =1 such that v = vgey, + vje;, with

Cov {eg(\/lﬁ gzi),e}(\/lﬁ izi)} — Cov [e;(\/lﬁgDi),eJT(\/lﬁZ:Di)] —0,

and hence
min V[VT(lzn:Zi))vgy(Am)} > 1.
ZE7(A™) vn i=1 -

Together with Equation (SA-24), we know

max
Vi,Va E%(Am)

1 & 1 & 1 & 1 &
C (==Y Z),vy(—=> Z;)| -C (=Y "Dy, vy (==Y Dy)|| =0@;1?.
o [T (G 220 (2 320 | Cov [ (2 3P0V (5 32D = 00
The Gaussian-to-Gaussian Comparison result [Chernozhuokov et al., 2022, Proposition 2.1] them implies

sup [P(n~%/2 Z Z; € A) —P(n1/? Z D; € A)| = O(log(n)r;*/?). (SA-60)
Aed i=1 i=1

Step 5: Orstein-Uhlenbeck Process Calculations

Now we revisit Equation (SA-56). Consider

g ) =1 — &) KR ) = o 0)2 4+ €ECE G (k) = i (k,0))2,
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with

fiz,0(k, 0) kzuﬂe(l)v fira(k, 0) = kZ”va
i<k i<k
ok 0) = —— 3w, fira(h ) = —— 3" v,
i>k >k

Equations (SA-59) and (SA-60) imply that

sup ]P’( max  IPN(kj) < z—wv,, max IP(E 1) <z-— vn)
2€€[—n,n) J#1 ké[na,nb]

k€[sn,n—sn] k€[sn,n—sn]
—]P’( max  IP(k,j) < z4+wv,, max IP¥(k, 1)< z+vn>
j#£1 k€[sn,n—sn]

k€E[sn,n—sn]

p—1
= sup ]P’( max ﬂGa”SS(k, H<z— vn) ]P’( max JGauSS(k,l) < z— Un)
z€[—n,n] k€[sn,n—sn] k¢[n?,n"]
k€E[sn,n—sn]

]P’( max SO (k1) < 2+ vn) + o(1).
ke|

Snvn_sn]

p—1

—]P’( max S OUS(k ) < z—i—vn)
J#1

kE[sn,n—sn]

The same argument as [Csorgd and Horvéath, 1997, (A.4.25) to (A.4.37)] shows that there exists two inde-
pendent standard Brownian bridges over [0,1], B,, 1, and B, g, for each n, such that

\/ B2, B2,
max S Gauss (| 1) — sup o e = €n,
k€[sn,n—sn] ( ) t€lsn/n,1—sy,/n] t(l - t) t(l - t)
B? B?
max S Gauss (1) — sup o LTk L U
k€[sp,n—sn]\[n®,n’] t€[sn/n,1—sy /n]\[nt—2,n1-?] t(l - t) t(l - t)

with 02 = V[g;(0)] = V]e;(1)] and ¢, = op((loglogn)~1/2). Let {Ur(t) : t € R} and {Ug(t) : t € R} be two
independent O-U processes with E[U;(t)] = 0 and E[U;(s)U;(t)] = e~ 1*~!l, j = L, R. Then

(s gty ) 0.1 £ (@tiosa/ (1~ ), Unloste/ 1~ 0) <€ 0.1}

Take N(t) = |[(Ur(t),Ur(t))||2,t € R. Then a time change and stationarity of O-U process implies

\/ B2, B2,
]P’( sup g R < y)
te[l/n,1—1/n]\[nt—a nl-b] t(l - t) t(l - t)

IP’( sup IN(t)| < y)
— log(n—1)<t<log(na=1/(1-na=1),log(nv=1 /(1-nv=1)) <t<log(n—1)

IP’( sup [N ()] Sy),
0<t<log(na=1(n—1)/(1—na=1) log " =1)) < <2log(n—1)
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and

\/ B2, B2,
P sup LR (LIS y) = ]P’( sup N@t)| < y)
<t€[1/n,1—1/n]\[n1”,n1b] t(l - t) t(l - t) 0<t<2log(n—1) ‘ ( )|

An expansion based on [Horvéth, 1993, Lemma 2.1] (Lemma TODO) gives for any z € R,

P( sup IN(t)| < z + 2loglog(n) + loglog log(n)

+ en) = exp(—e*Ho8(9)) 1 o(1).
0<t<clog(n) 2loglog(n)

Moreover, Gaussian correlation inequality [Latala and Matlak, 2017, Remark 3 (i)] and stationarity of O-U

process implies

2log 1 loglogl
7 up (| < ZE2ER g on e )
0<t<log( "Z:iﬁ"_]” ), log "bljfb’fll) y<t<2log(n—1) 2loglog(n)
+2logl + loglogl
> P( sup IN(1)] < 21298 og(n) + logloglog(n) N n)
0<t<log("I—(nol)) 2loglog(n)

2log1 log log 1
.]p( sup IN(1)] < 2T 210glog(n) + logloglog(n) +€n)
0<t<log(n!=b(n—1)(1-nb-1)) 2loglog(n)

= exp(—2e*Floe(=(b=a))y 4 (1),

Putting together and choosing z* that maximizes z — exp(—2e‘z+1°g(2_(b_a))) — exp(—2e‘z+1°g(c))7 we can

get

~1
sup P( max fGauss(k, H<z— vn)p IP’( max zﬂGﬁ“SS(lg7 1)<z — Un)
Ze[f’n,n] kE[S.,L,nfsn] k?[na,nb] ]

kE[sp,n—8n

p—1
—IP’( max S OUSS(k ) < z—l—vn) IP’( max ~ FOUS(k 1) < z—l—vn)
kel 3751_ | k€[sn,n—s;]

> sup exp ( —2p— 1)6427@(2))) (exp ( _ 26,(z,10g(2,(b,a)))) —exp ( _ 267(,271%(2))))

2p 1
:b—a(l_b—a)b“
2p 2p
b—a
2pe

>

Symmetry then implies for any 0 < a < b < 1 and ¢ € [p], we have

limianP’(n"’ <igsg < nbijSE = f) = limian(n —n? <igsg <n—n® JssE = f) >
n— 00 n—o0 2]96

SA-4.31 Proof of Corollary SA-30

Notice that although the splitting criteria is different from the regression tree, once cells are given the
estimator given by the fit-based tree is exactly the same as the regression tree (see Section SA-3.2). Hence

result can be proved based on Theorem SA-29 and the same logic as Theorem SA-20.
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SA-4.32 Proof of Corollary SA-31

Notice that although the splitting criteria is different from the regression tree, once cells are given the
estimator given by the fit-based tree is exactly the same as the regression tree (see Section SA-3.2). Hence

result can be proved based on Theorem SA-29 and the same logic as Theorem SA-21.

SA-4.33 Proof of Corollary SA-32

Since the tree is constructed by minimizing the objective Equation (SA-10) iteratively. The empirical risk
minimization property Equation (SA-52) still holds. Hence the result follows from the same argument as the
proof of Theorem SA-22.

SA-4.34 Proof of Corollary SA-33

Notice that although the splitting criteria is different from the regression tree, once cells are given the
estimator given by the fit-based tree is exactly the same as the regression tree (see Section SA-3.2). Hence

result can be proved based on Theorem SA-29 and the same logic as Theorem SA-23.

SA-4.35 Proof of Corollary SA-34

Since the tree is constructed by minimizing the objective Equation (SA-10) iteratively. The empirical risk
minimization property Equation (SA-52) still holds. Hence the result follows from the same argument as the
proof of Theorem SA-24.

SA-4.36 Proof of Corollary SA-35

Notice that although the splitting criteria is different from the regression tree, once cells are given the
estimator given by the fit-based tree is exactly the same as the regression tree (see Section SA-3.2). Hence

result can be proved based on Theorem SA-29 and the same logic as Theorem SA-25.

SA-4.37 Proof of Corollary SA-36

The result follows from the same argument as Theorem SA-26.

SA-4.38 Proof of Lemma SA-37

First, we consider X under Assumption SA-2. Since (y;, d;)’s are from dataset 2, independent to the dataset

D7, to Y7, for tree construction, it is easy to check that
E[#* (x; K)] = E[E[# (x; K)|T, (x;)ica,]] =7, | € {DIM, IPW, SSE}.

Next, we consider HON under Assumption SA—2. Denote by t(x) the node that contains x, and denote by
n(t) the local sample size in D, where n(t) = ;.5 L(x; €t). Then

E[71py (x: K)|27] = Elfgey (x; K)L(n(t(x)) > 0)|27] + 0 - P(n(t(x)) = 0|D7)
El71ew (%; K)| D7, n(t(x)) > 0]P(n(t(x)) > 0|2r)
TP(n(t(x)) > 0|2r),
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where in the third line, we have used the fact that €;(0) and £;(1) in 9, are independent to x;’s in D, and
the whole dataset @r, with E[g;(0)] = E[e;(1)] = 0. Unconditioning over P, then we get

E[7py (x: K)] = 7P(n(t(x)) > 0).

The results for DIM and SSE can be obtained by similar arguments.

Finally, we consider NSS under Assumption SA-2 and the additional symmetric error ¢;(0), and €;(1)
assumption. We will use an induction assumption.

Base case: K = 1. Due to the assumption that py and p; are constant, we can rewrite the splitting

criteria from Definition 2 in the main paper as

n(tL)n(tR) 1 1
DIM : digi 1) — 1-— dz E; 0
n(t) (nl(tL) i:);et,; (1) no(tr) z‘:xietL( Jei(0)
_ > diei(1) + ! o —d-)s-(O)))2 (SA-61)
nl(tR) 1:X; Etp o no(tR) 11X, EtR v ,
and
n(tL)n(tR) 1 dl 1-— dl 1 d1 1-— dz 2
IPW : fé‘il — 51‘0 — *Eil — 51‘0 y
) (n(tL) Z<§ 1) - T4 O0) ~ o Z<£ (1)~ F=¢=il0)
(SA-62)
and
ny (tL)nl(tR) 1 1 2
SSE : dié:i 1) — ——— diEi 1
1 (t) (’I’Ll(tL) i:)cEi;tL ( ) n (tR) i:xzi;tn ( ))
no(tL)no(tR) 1 ]. 2
+ ].—diEiO— 1—disi0 . SA-63
e (no(tL) Z( )2i(0) = s Z( )ei(0)) (SA-63)
Denote the vector € = (£1(0),e1(1), -+ ,en(0),e,(1)). Notice that for all three criteria, for any d =
(d1,--,dy) and tp,tr, € = u and € = —u give the same value. Hence condition on d and the data-driven

split region t;, and tg, € is symmetrically distributed around zero. It then follows from the form of the three
estimators that all of them are unbiased.

Induction step: K > 2. Each leaf node t in layer K — 1 is further partitioned into t; and tg such that
Equations (SA-61), (SA-62) and (SA-63) are maximized. The induction hypothesis is that condition on all
leaf t in the K — 1 th layer and d, € is symmetrically distributed around zero. Again for all three criteria,
given K — 1th leaf node t, for any d = (dy,--- ,d,) and t,tg, € = u and € = —u give the same value. Hence
the resulting Kth level t; and tr are such that condition on d and the data-driven split region t; and tg,

€ is symmetrically distributed around zero, making the estimators unbiased.
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