Inference with Mondrian Random Forests

SUPPLEMENTARY MATERIAL

Matias D. Cattaneo® Jason M. Klusowski? William G. Underwood?

November 6, 2025

Contents

SA1 Proofs and technical results
SA1.1 Overview of proof strategies . . . . . . . . . . . ...
SA1.2 Preliminary lemmas . . . . . . . . .. ...
SA1.3 Proofs for Section 3 . . . . . . ...
SAl.4 Proofs for Section 4 . . . . . . ...
SA1.5 Proofs for Section 6 . . . . . . ...

SA2 Additional empirical results

!Department of Operations Research and Financial Engineering, Princeton University, USA
2Statistical Laboratory, University of Cambridge, UK

13
20
37

39



SA1 Proofs and technical results

In this section we present the full proofs of all our results, and also state some useful technical
preliminary and intermediate lemmas. We use the following simplified notation for convenience,
whenever it is appropriate: write I (z) = [{X; € Ty(z)} and Ny(z) = Y1, Lip(z), as well as
Ip(z) = I{Ny(z) > 1}. We use C' to denote a positive constant whose value may change from line
to line, and write a,, = O(by,) for a,, < b,. We begin with an overview of the main proof strategies
and a discussion of the challenges involved in Section SA1.1. We then give some preliminary
lemmas in Section SA1.2, and present the proofs for Section 3 (including Lemma 1, Lemma 2,
Theorem 1, Theorem 2, Lemma 3, and Theorem 3) in Section SA1.3; the proofs for Section 4
(including Lemma 4, Lemma 5, Theorem 4, Theorem 5, Lemma 6, and Theorem 6) in Section SA1.4;

and the proofs for Section 6 (including Lemma 7 and Lemma 8) in Section SA1.5.

SA1.1 Overview of proof strategies

This section provides some insight into the general approach we use to establish our main results.
We focus on the technical innovations forming the core of our arguments, and refer the reader to

the upcoming sections for full proofs.

SA1.1.1 Preliminary technical results

The starting point for our proofs is a result characterizing the distribution of the shape of a
Mondrian cell T'(x). This property is a consequence of the fact that the restriction of a Mondrian

process to a subcell remains a Mondrian process [Mourtada, Gaiffas, and Scornet, 2020]. We have
Ej Ejo
Tyl = (2 n) + (L A=)

for all 1 < j < d, recalling that T'(x); is the side of the cell T'(x) aligned with axis j, and where
Ej1 and Ejp are mutually independent Exp(1) random variables. Our assumptions that z € (0,1)
and A — oo mean that the “boundary terms” z; and 1 — z; are eventually ignorable and so
|T(z);] = (Ej1 + Ej2)/X with high probability. Controlling the size of the largest cell in the forest
containing x is now straightforward with a union bound, giving
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This shows that, up to logarithmic terms, none of the cells in the forest at = are significantly larger
than average, ensuring that the Mondrian random forest estimator is “localized” around = on the
scale of 1/\, an important property for our bias characterization.

Having provided upper bounds for the sizes of Mondrian cells, we also must establish some

lower bounds in order to ensure a sufficient effective sample size and to quantify the “small cells”



phenomenon mentioned previously. The first step towards this is to bound the first two moments

of the truncated inverse Mondrian cell volume; we show that
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These bounds are computed using the exact distribution of |T'(z)|. Note that E [1/|T(x)[*] = oo
because 1/(Ej; + Ej2) has only 2 —§ finite moments, so the truncation is crucial here. Since we have
“almost two” moments, this truncation is at the expense of only a logarithmic term. Nonetheless,
third and higher truncated moments will not enjoy such tight bounds, demonstrating both the
fragility of this result and the inadequacy of tools such as the Lyapunov central limit theorem
which require 2 + § marginal moments.

To conclude this investigation into the “small cell” phenomenon, we apply the previous bounds
to ensure that the empirical effective sample sizes Np(x) = > i1 I{X,; € Tp(z)} are approximately

of the order n/A? in an appropriate sense; we demonstrate that
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E []I{N;,\([j()x)z 1}] < A: and E {H{Nj,ﬁig 1}] < A2d(1;2gn)d
as well as “mixed” bounds E [[{Ny(x) > 1}{ Ny (x) > 1}/(Np(z) Ny (2))] < A2¢/n? when b # b,
which arise from covariance terms across multiple trees. The proof of this result is involved and
technical, and proceeds by induction. The idea is to construct a class of subcells by taking all
possible intersections of the cells in T, and Ty (we show two trees here for clarity; there may be
more) and noting that each Nj(z) is the sum of the number of points in each such “refined cell”
intersected with 7;(x). We then swap out each refined cell one at a time and replace the number
of data points it contains with its volume multiplied by nf(z), showing that the expectation on
the left hand side does not increase too much using a moment bound for inverse binomial random
variables based on Bernstein’s inequality. By induction and independence of the trees, eventually
the problem is reduced to computing moments of truncated inverse Mondrian cell volumes, as

above.

SA1.1.2 Bias characterization

Our first substantial result is the bias characterization given as Lemma 1, in which we precisely

characterize the probability limit of the conditional bias

E{j(s) | X T) — (o) = 5 3°3° (ulX) — ) = DA,

The first step in this proof is to pass to the “infinite forest” limit by taking an expectation

conditional on X, or equivalently marginalizing over T, applying the conditional Markov inequality



to see

1

While this may seem a crude approximation, it is already known that fixed-size Mondrian forests
have suboptimal bias properties when compared to forests with a diverging number of trees. In
fact, when 8 > 1, the error 1/ ()\1/\5 \/E) exactly accounts for the first-order bias of individual
Mondrian trees [Mourtada et al., 2020].

Next we show that E [fi(z) | X] converges in probability to its expectation, using the Efron—Stein
theorem to handle this non-linear function of the i.i.d. variables X;. The important insight here
is that replacing a sample X; with an independent copy X; can change the value of Ny(z) by
at most one. Further, this can happen only on the event {X; € Ty(2)} U {X; € Ty(x)}, which
occurs with probability on the order 1/A? (the expected cell volume) for each tree 1 < b < B. The
Holder property of p and the upper bound on the maximum cell size then give |u(X;) — p(z)| <
maxi<j<q |Tp(z);|"P Sp 1/APe whenever X; € Ty(), so we combine this with moment bounds

for the denominator Ny(z) to see

mmw\MEmmmsy@%¢f.

The next step is to approximate the resulting non-random bias E [fi(z)] — u(z) as a polynomial
in 1/A. To this end, we firstly apply a concentration-type result for the binomial distribution to

deduce that

M@ =1y ]
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in an appropriate sense, and hence, by conditioning on T and X without X;,

J1y ) (1(8) — () f(s) ds
J1,@) f(s)ds

Em@n—ﬂ@owﬁl (SA1)
Next we apply the multivariate version of Taylor’s theorem to the integrands in both the numerator
and the denominator in (SA1), and then apply the Maclaurin series of 1/(1+x) and the multinomial
theorem to recover a single polynomial in 1/)\. The error term is on the order of 1/)\* and depends
on the smoothness of u and f, and the polynomial coefficients are given by various expectations
involving exponential random variables. The final step is to verify using symmetry of Mondrian
cells that all the odd monomial coefficients are zero, and to calculate some explicit examples of the

form of the limiting bias.



SA1.1.3 Central limit theorem

To prove our second main result (Theorem 2), we apply a version of the Berry—Esseen theorem for

in.i.d. random variables, conditional on (X, T), which only requires 2 + § moments. Define the

\/; Z {X; € Tb }EZ

which are independent and zero-mean given (X, T), and further satisfy

variables

1 (@) —E[a(z) | X, T]) = 3 Si(x).
Thus by Petrov [1995, Theorem 5.7], conditional on (X, T), taking a marginal expectation,

sup
teR

n n
P(i(x)% Y5 < t) _ CID(t)’ < E[1 A (i(x)”(i S OE[ls 0 | X, Tm

i=1 i=1
Bounding the right-hand side now reduces to establishing properties of f)(x) and its large-sample
limit ¥(z). To this end, we again use the Efron-Stein theorem to bound Var [i(w)] and then apply
a careful sequence of approximations to control E[S(z)] — X(z). The final task is to calculate the
limiting variance ¥(x). It is a straightforward but tedious exercise to verify that each denominator

Np(x) can be replaced by nf(z)|Ty(x)|, yielding

oa) Ty(2) Ty (@] o2(x) (- [(Ey A B} + (Ba A BTN
)= Ty % E T >||be<x>|} = T (E] (& 1 £5)(E, + B)) )

where Ey, Ey, E, and E) are independent Exp(1), by the cell shape distribution and independence
of the trees. This final expectation is calculated by integration, using various incomplete gamma

function identities.

SA1.1.4 Confidence intervals

While Theorem 2 gives a distributional approximation for the infeasible ¢-statistic, in order to
construct confidence intervals we must instead approximate the corresponding feasible t-statistic.
To do this, first observe that if 7 and 7 are real-valued random variables and € > 0, then the

following anti-concentration inequality holds:

sup |P(7 < t) — ®(t)| < ilelulz) |P(r <t)— o)+ 6\/2/7—&— P(|7 — 7| > ¢).

teR



We apply this result to

V() VE(z)

%:\/W<ﬂ(w)—u(w) E[ﬂ(f)]—u(ﬂf)) d . [MA-Ep@) | X, T
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bounding P(|# — 7| > ¢) using our established results on fi(z), X(z) and %(z). Exploiting symmetry
of the resulting confidence interval permits a quadratic dependence of the coverage error on the

bias.

SA1.2 Preliminary lemmas

We begin by bounding the maximum size of any cell in a Mondrian forest containing x. This result
is used regularly throughout many of our other proofs, and captures the “localizing” behavior of the
Mondrian random forest estimator, showing that Mondrian cells have side lengths at most on the
order of 1/A. For distributions P; and P, on R, we write P, < P if P, stochastically dominates
Py; that is, if there exist random variables X; ~ P; and X5 ~ P, such that X; < X5 almost surely.
Likewise, if X is a real-valued random variable and P, is a law on R, we write Xy < P if there
exists Xs ~ P, such that X7 < X5 almost surely, on a possibly enlarged probability space. Observe
that if ny,ny € N with ny < ng and py, pe € [0,1] with p; < po, then Bin(ny, p1) < Bin(ng, p2).

Lemma SA1 (Upper bound on the largest cell in a Mondrian forest). Let Tt ..., T ~ M([0,1]4 )
and take x € (0,1)%. Then for allt > 0

t
1> < —t/2,
F (gbagXB gjlst‘Tb(x)J’ - A) < 2dBe

Proof (Lemma SA1). We use the explicit distribution of the shape of Mondrian cells given by Mour-
tada et al. [2020, Proposition 1]. In particular, we have |Tj(x),| = (Ef{l A a:j) + (Ef\” A(1— x]))
where Eyj1 and Ejjo are independent Exp(1) random variables for 1 <b < B and 1 < j < d. Thus

|Tp(x),| < M and so by a union bound

max m ¢ t
P Ty(z);] > ~ ) <P ( max max (Ey V Eyjp) > =
<1SbaSXB 1§?§Xd| ()il 2 )\) - (1§b8§}<3 1§?§Xd( bt V Ebj2) 2 2)

t
< 2dBP <Ebj1 > 2) < 2dBe "2,

O]

The next result is another “localization” result, this time showing that the union over the
forest of the cells Ty(x) containing = do not contain “too many” samples X;. In other words, the
Mondrian random forest estimator fitted at a should only depend on n/A\? (the effective sample

size) data points up to logarithmic terms.

Lemma SA2 (Upper bound on the number of active data points). Suppose that Assumptions 1
and 2 hold and define Ny(x) = ?:1]1{)(1- e UL, Tb(az)}. Then for t > 0 and n > X%, with

5
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n _
P (Nu(z) > td+1)\d||f||oo) < 4dBe ",

Proof (Lemma SA2). Note that

1<b<B 1<j<d

Ny(z) ~ Bin(n,/UB Tb(:z:)f(S) ds) < Bin(n,2d max max ‘Tb(x)j‘dHfHoo)

conditionally on T. If N ~ Bin(n,p) then, by Bernstein’s inequality, P (N > (1 + t)np) <

2n2p2/2 342
exp (=il ) < exp (~ 355 ). Thus for ¢ 22,

2444 t 2444
P (Nu(m) > (1 —i—t)nVHfHoo ‘ max max |T}(x)| < /\) < exp (_)\dn> )

1<b<B1<j<d

By Lemma SA1, P (maxi<p<p maxi<j<q |T;(z)| > %) < 2dBe~%2. Hence

n
P (Nu(z) > 241491 2 )

2d¢d t t
< - . < ) _
< (ot > 2 s, o 1 < 5 ) 4P (s, o 601> 5)

2d¢d
< exp (— )\dn> +2dBe 2.

Noting the result is trivial for ¢ < 4 and replacing ¢ by t/2 gives that for n > A%,
n _
P (Nu(a:) > td+1)\d||f|]oo) < 4dBe 4,

O

Next we give a series of results culminating in a generalized moment bound for the denominator

appearing in the Mondrian random forest estimator. We begin by providing a moment bound for the

truncated inverse binomial distribution, which will be useful for controlling ]E}’b((g“;)) < 1A Nbl(m) because
conditional on T, we have N,(x) ~ Bin (n, Iry) () ds). Our constants could be suboptimal but

they are sufficient for our applications.

Lemma SA3 (An inverse moment bound for the binomial distribution). Forn > 1 and p € [0, 1],

let N ~ Bin(n,p). Take ay,...,ap >0 andly,...,lx > 1. Then with L = Z§:1 lj,

k 1 L k 1 L
1A < (9L)* 1A .
Jl;[l( N+aj> ]_( ) H( anraj)

E

j=1

Proof (Lemma SA3). By Bernstein’s inequality, P (N < np —t) < exp ( . Therefore we

_ 32
6np+2t



have P (N < np/4) < exp (—%) = ¢~ 9%/%0_ Partitioning by this event gives

k
H (% —i—a])

j:1

k
1;[ np +a])

k l
1
E 1A e~ omr/40
{H1< N+aj> } ]1_[11\/(1

1

- Inp
=11V (40kl + a])

k k l;
<[] 1 H (40k1;/9)

Z11vV (4%7;;2 +a]) / jaie} 11V ( anra])

k 1 L
<L) I] (1 A ) :

jaie np + a;

O

Our next result is probably the most technically involved in the paper, allowing one to bound

]Ib (l’)

moments of (products of) AG] by the corresponding moments of (products of) again

based on the heuristic that Ny(x) is conditionally binomial so concentrates around its conditional
expectation n [r, ) f(2) ds < n|[Ty(z)|. By independence of the trees, the latter expected products
then factorize since the dependence on the data X; has been eliminated. The proof is complicated,
and relies on the following induction procedure. First we consider the common refinement consisting
of the subcells R generated by all possible intersections of Tj(z) over the selected trees (say
Ty(z), Ty (x), Ty (x) though there could be arbitrarily many). Note that Ny(z) is the sum of the
number of samples X; in each such subcell in R. We then apply Lemma SA3 repeatedly to each
subcell in R in turn, replacing the number of samples X; in that subcell with its volume multiplied
by the sample size n, and controlling the error incurred at each step. We record the subcells

which have been “checked” in this manner using the class D C R and proceed by finite induction,

beginning with D = () and ending at D = R.

Lemma SA4 (Generalized moment bound for Mondrian random forest denominators). Suppose
Assumptions 1 and 2 hold. Let Ty, ~ M([0,1]%, X) be independent and ky > 1 for 1 < b < By. Then
with k = Zf:(’l ky, for sufficiently large n,

By 1.(2) 36k By 1
: lH M(x)kbl = <inf$e[o,ud f<x>> 1= A )

Proof (Lemma SA4). Define the common refinement of {T,(z) : 1 < b < By} as the class of sets

R = {ﬁ Dy : Dy € {Tb(x),Tb(x)c}} \ {(Z), ﬁ Tb(x)c}
b=1

b=1

where Ty(2)¢ = [0,1]? \ Ty(x), and let D C R. We will proceed by induction on the elements of
D, which represents the subcells we have checked, starting from D = () and finishing at D = R.



For D € R let A(D) ={1<b< By:D CTy(zx)} be the indices of the trees which are active on
subcell D, and for 1 < b < By let A(b) ={D € R : D C Ty(z)} be the subcells which are contained
in Ty(z), so that b € A(D) <= D € A(b). For a subcell D € R, write Ny(D) = Y1, I{X; € D}
so that Ny(z) = 3 pe ap) No(D). Note that for any D € R\ D,

Bo 1

kb
=11V (ZDIGA(Z,)\D Ny(D') +n ZD'eA(b)mD |D/|>

E

1
/ ) *
bA(D) 1V (ZD’GA(b)\D No(D') +n 3 preawynp |1D |)

=E

1
x E H T

beA(D) 1V (ZD’GA(b)\D No(D'") + 13 pre amynp \D")

T, Ny(D'): D' € R\(D U {D})

Now the inner conditional expectation is over Ny(D) only. Since f is bounded away from zero,

. , Ip f(s)ds
Ny(D) ~ Bin | n — Ny(D),
b (n D'eR\%u{D}) b L= Jymopo f(5) ds)

> Bin [ n — Z Ny(D'), |D| inf df(x)
D'eR\(DU{D}) z€0,1]

conditional on T and N,(D') : D' € R\ (DU {D}). Further, by Lemma SA2 with n > \%,

P ( > Ny(D") > td“;leHOO) <P (Nu(m) > td“;ufuoo) < 4dBye™t*.
D'eR\(DU{D})

Thus Ny(D) > Bin(n/2,|D|inf, f(x)) conditional on {T, N;(D") : D" € R\ (DU {D})} with prob-
—Vx
ability at least 1 — 4dBoe8Hino . So by Lemma SA3,

1

_ | T N(D'): D' e R\ (DU{D})
! / b
beA(D) 1V (ZD’eA(b)\D No(D') + 13 preagynp |D ’)

<(OR)*E| ][ !
beA(D) 1V (ZD’EA(b)\(Du{D}) No(D') + n|D|infy f(2)/2+ 1Y preapynp ’D’|)

kp

RV
+ 4dBye?lille

- ( 18k >2’“ | ] 1
~ \inf, f(x) 1v N (D! I Ky,
be A(D) ZD’eA(b)\(DU{D}) b(D') +n ZD’GA(b)ﬂ(DU{D}) | D'|

—Va
+ 4dBye il .




Therefore plugging this back into the marginal expectation yields

Bo 1

E
kb
=11V (ZD,GA(,,)\D No(D') + 13 pre awynp |D’|>

- ( 18k )% E ﬁ 1
~ \linf, f(z) =11V Ni(D' D ks
2 preaw\u(p}y) No(D') + 13 preawmnmuipy ||

VY
+ 4dBye e .

Now we apply induction, starting with D = ) and adding D € R\ D to D until D = R. This takes
at most |R| < 2F steps and yields

E[ﬁ Hb(z)]<Elﬁ1]:E ﬁ L <.
et Nb(ﬂl’)kb - - 1v Nb(aj)kb =11V (ZDEA(b) Nb(D)>kb -

18k 22k / Bo 1 i
S (mfxf(aj)> <H E |:]_\/(7'l’fb(g;)|)kb:| +4dB(]2 esll |oo> ,

b=1

where the expectation factorizes due to independence of Ty(x). The last step is to remove the

trailing exponential term. To do this, note that by Jensen’s inequality,

e S e e | S
o LIV (rlTy(@))e ] = 5 B[V (n]Ty(x)])e] — 25 nf

while the assumption of A 2> (logn)? implies A > (logn)?/C? eventually for some C' > 0, giving

—Vx —(logn)3/2
4dBy2* el < 4dBy2ke el < 4dBy2Fe Flogn—log(ddBo2*) <~k

for sufficiently large n because By, d, and k are fixed. O
Now that moments of (products of) J]i}’b(é)) have been bounded by moments of (products of)

m, we establish further explicit bounds for these in the next result. Note that the problem

has been reduced to determining properties of Mondrian cells, so once again we return to the exact
cell shape distribution given by Mourtada et al. [2020], and evaluate the appropriate expectations
by integration. Note that the truncation by taking the minimum with one inside the expectation is
essential here, as otherwise second moment of the inverse Mondrian cell volume is not even finite.
As such, there is a “penalty” of (logn)? when bounding truncated second moments, and the upper
bound for the kth moment is significantly larger than the naive assumption of (A\?/n)* whenever
k > 2. This “small cell” phenomenon in which the inverse volumes of Mondrian cells have heavy

tails is a recurring challenge in our analysis.

Lemma SA5 (Inverse moments of the volume of a Mondrian cell). Suppose Assumption 2 holds



and let T ~ M([0,1]¢,X). Then with k > 1, for sufficiently large n,

E{l/\ 1 }< 2 Ldk I{k<2} M H{k>2}ﬁ1
(n|T(x)))k] = \2—Fk nF n? tLopi(1—xj)

Jj=1

Proof (Lemma SA5). By Mourtada et al. [2020, Proposition 1], we have
<1 1
@) = TT{(381) Ao+ (5E2) A 0= 20}
j=1

where E;; and Ejy are mutually independent Exp(1) random variables. Thus for any 0 < t < 1,
using the fact that E£;; + Ejs ~ Gamma(2,1),

1 } - ik [H{minj(Eﬂ + Ej) > t}} HP(

e [1 v T @) T@)F win (B 1 Ejp) < t)

<j<d

1 {EA + Ej5 >t
<l | tetiesd +dP (Ej <)
| AEBp Mg+ L Ep A (L - ap)
Nk d 1 HE:( +Ep>t
<= { i1+ ]2k_ } —l—d(l—eit)
n ot xj(l—:rj) (Eﬂ—f—Ejg) Al

Ak 1
< — d dt
_nkjl:llxj(l—xj) (/t sk—1 S+/ >+

<Adkﬁ : (/1 rd +1)+dt
< — _ s s
nk i z;(1 =) \Js
Atk A 1+ -2 if1<k<2,
_dt+TH 2—k 2—k
i= mi) 1—logt it k=2,

If £ > 2 we simply use 1v(n|i/1“(z)\)k‘ < 1\/(”'%(1,)‘)2. Now if 1 <k < 2 we let t — 0, giving

1 ] 9 )k d 1

g [1 V(n[T@)D*] = 2=k ok %21 —ay)’

and if & = 2 then we set t = 1/n? so that for sufficiently large n,

1 d  A2(1+2%1 d A\2d(] d d 1
E[ 2]5 4 (+(0gn H <3 (Zgn) 11 '
LV (n|T(z)]) n iy (1= x]) oy (1 =)

n

Lower bounds which match up to constants for 1 < k < 2 are easily obtained by noting

k
1 .. :
E [1 A 7(n|T(w)\)k:| >E [1 A 7H|T1(m)|} by Jensen’s inequality and

1

] 1 1 4
> >
n|T(x)]] — 1+nE

[T@] = T+ 2/~ 0

E[1A

10



To obtain a lower bound when k& = 2, note that

)\d

1 P 1 { 1 r
>R
—n? (E1 + E2)2 v n-i/d

E [1 v (n\T(x)y)Q] =K {1 N2 11 (Ej1 + Ej2)?

=1

MO e \T a1 1 NG A/ d
> 2 ds| > 2= Sds) >l .
— n? </77,_21d S S) “nle (/n_QId S 8> “nle (2d 0gn>

The ongoing endeavor to bound moments of (products of) ]{}]b((“;)) is concluded with the next

result, chaining together the previous two lemmas to provide an explicit bound with no expectations

on the right-hand side.

Lemma SA6 (Simplified generalized moment bound for Mondrian random forest denominators).
Grant Assumptions 1 and 2. Let Ty ~ M([0,1]4,)) and ky, > 1 for 1 < b < By. Then with
k= 21],3:01 ky, for sufficiently large n,

Bo 1, (x
E [H Nbb(($))kb‘|

b=1
2k B
(o ) () ()
= infxg[()J]d f(ﬂf) i) 33]'(1 — mj) b1 2 — ky nke n2
Proof (Lemma SA6). This follows directly from Lemmas SA4 and SAS5. O

Our final preliminary lemma is concerned with further properties of the inverse truncated

binomial distribution, again with the aim of analyzing ]E}’b((z)). This time, instead of merely upper

bounding the moments, we aim to give convergence results for those moments, again in terms

of moments of m This time we only need to handle the first and second moment, so this
result does not strictly generalize Lemma SA3 except in simple cases. The proof is by Taylor’s
theorem and the Cauchy—Schwarz inequality, using explicit expressions for moments of the binomial

distribution and bounds from Lemma SA3.

Lemma SA7 (Expectation inequalities for the binomial distribution). Let N ~ Bin(n,p) and take
a,b>1. Then

0<E{ 1 ] o 2"
~ [IN+al np+a” (np+a)?
1 1 2%7 1 1
(N +a)(N+0) (np+a)(np+0b) — (np+a)(np+b) \np+a np+b

Proof (Lemma SAT7). For the first result, Taylor’s theorem with Lagrange remainder applied to

11



1 e
N — w7, around np gives

1
E =E
|:N+CL:|

for some £ between np and N. The second term on the right-hand side is zero-mean, clearly

np+a (np+ a)? &+ a)

1 N—-np (N —np)Q]

showing the non-negativity part of the result, and applying the Cauchy—Schwarz inequality to the

remaining term gives

(N —np)* (N —np)?
(np+ a)3 (N +a)3

E[(N—”p)2] 4 1
= WWE“N‘W e |

Now we use E[(N — np)*] < np(1+ 3np) and apply Lemma SA3 to see that

[ ! ]_ L g
N+a np+a

E [ 1 } 1 < 54%np(1 4 3np) < 219
N+a] np+a = (np+a)d (np+a)®  — (np+a)?

For the second result, Taylor’s theorem applied to N — m around np gives

1
B {(N—i-a)(N—l—b)} -k [(np—l—a)(np—i—b)  (np+a)?(np +b)2

1 (N—np)(2np+a+b)]

+E

(N —np)? 1 1 1
€+ a)E+D) <<§+a>2 HETIEDN <§+b>2>]

for some £ between np and N. The second term on the right-hand side is zero-mean, clearly
showing the non-negativity part of the result, and applying the Cauchy—Schwarz inequality to the

remaining term gives

1 1
E — <E
(N+a)(N+b)} np +a

2(N —np)? 1 1
(N +a)(N +b) <(N+a)2 * (N+b)2>]

2(N — np)? 1 1
(np + a)(np + 0) <<np+a>2 i <np+b>2>]

1 1
< \/4E[(N_np)4]E[(N+a)6(N+b)2 + (N+b)6(N+a)2}
o 2E[(N —np)? (( ! o)

(np+a)(np+0b) \(np+ a)? + (np +b)?

12



Now we use E[(N — np)*] < np(1 + 3np) and apply Lemma SA3 to see that

1 1 4np(1 + 3np) - 728 1 1
E (N—}—a)(N—i—b)} Cnpfa \/(np+a)2(np+b)2 ((np+a)4 M (np+b)4>

2np 1 1
+ (np+ a)(np+b) <(np +a)? + (np + b)2)

927 ( 1 1 )
< + .
T (np+a)(np+b) \np+a np+b

SA1.3 Proofs for Section 3

We give rigorous proofs of the bias and variance characterizations, rate of convergence, central limit
theorem, variance estimation, and confidence interval validity results for the Mondrian random

forest estimator.

Proof (Lemma 1). We begin by showing that E [fi(z) | X, T] converges to E [f(z) | X].

Part 1: Removing the dependence on the trees

By measurability and with p(X;) = E[Y; | X;] almost surely,

Var [E [(z) | X, T] — p(z) | X] < éE (Zn: (n(X;) — u(x)ﬁ(’iiﬁ) | X]
< 52 (o2 (£ 22 |

1
ZE TP < S

where we used the law of T'(x); from Mourtada et al. [2020, Proposition 1]. Hence

E |(E[a(z) | X, T] - E[a() | X])] N)\2(1+ﬁu)

Part 2: Showing the conditional bias converges

Now E [fi(x) | X] is a non-linear function of the i.i.d. random variables X;, so we use the Efron—
Stein inequality [Efron and Stein, 1981] to bound its variance. Let X’ij = X, if i # j and be
an independent copy of X, denoted Xj, if i = 5. Write Xj = (le, o ,an) and similarly

13



]ij(x) = ]I{Xij S Tb(x)} and ij(l‘) = Z?:l ﬁijb(fE).

= |\= o ib()
1 [re I(x) y Ln(x) |\
< 221@ (Z ((mxl) @) ey~ () = p(a)) sz m))
n ]Iib(a:) ]Izb(a:) :
< ;E [(; (N(Xz) - ,u(a:)) (Nb(x) - ij(SL‘))) :|
#2308 [(05) - o 22T, 5A2)

For the first term in (SA2) to be non-zero, we must have |Ny(z) — Njp(z)| = 1. Writing N_j(x) =
> iz; Lip(7), we may assume by symmetry that Njp(z) = N_jp(x) and Ny(x) = N_jp(2) + 1, and
also that Ljy(z) = 1. Hence since f is bounded and p € H%, writing I_;,(x) = I{N_j(x) > 1},
by the Hoélder inequality, Lemma SA1 and Lemma SAG,

n AR I CON 1C)) 2

(), [2018) it Lin(2)Ljn () >2
1<i<d l N_jp(2)(N_jp(z) + 1)

L(x)
< 2(1/\5u) b
SE | max [T(o) e

L(z) 1** < 1 )‘i,
Ny(x)3/2 ~ \2(10Bu) p

For the second term in (SA2) we again use pu € HP to see

n o (x x d
SB[ 06) — ) 2] < & [ ron o0 MO ¢ X

in the same manner. Hence

Var [Z (1(Xi) — p(x)) E [NZ((x)) \XH S N2ihEy

i=1
and so by the above and the previous part,

N . 2] 1 1 )\
E[(E[i() | X, T) - E[2@))’] £ o g + om0 -

14



Part 3: Computing the limiting bias
It remains to compute the limiting value of E [fi(z)] — u(z). Let X_; = (X1,..., X1, Xig1, .-, Xn)
and N_j(z) = >0 I{j # i}I{ X; € Ty(x)}. Then

E[ﬂ(@]—n(@zﬁ[ﬁ(u(&)—u (x)] ZE[ S x|

i=1 Ny() n(x) +1
s) — s
—nE fTb(x) ((s) — p(x)) f(s)ds .
N_ib(l‘) +1
By Lemma SAT7, as N_;(z) ~ Bin (n =1, 5@ f(5) ds) given T and f is bounded away from
Z€ro,
1 1 1 1
E| T| - < S g —
’ N_pp(z) +1 (n=1) Jgy) f(s)ds +1 (f ds) n?|Ty(z)|?
Tb((lﬁ
and also
! ! ! P p——]

=D PO i FOIE| ™ (o q? S wInEP

So by Lemma SA1 and Lemma SA5, since u € HP and f is bounded below, using the Holder

inequality,

=

2)] — u(zx) — fTb(w) (”(S>_H(x))f(8)d5]
N e

& l” Iy @) 11(s) — ()] £(s) dS] < [maX1<z<d |Tb(m)l|1/\’3”]

A

n?|Ty(z)|? v 1 n|Tp(x)| V1
2/3 < 1 )\d
B2 v NN

1/3
1
< 3(1ABu)
SB[ 11 0B [

Next set A = m J1,)(f(s) = f(z)) ds > inf o yja % — 1> —1. Use the Maclaurin series

of 1+7m up to order 5 — 1 to see 1471 Zg;é(—l)kAk + O (AP). Hence
[fTb(x)( p(s) — p(x)) f(s)ds 1 E [fTb(x) (u(s) —p(@)) f(s)ds 1
Jry2y (5) ds f(@)[ Ty ()] 1+ A
o e (us) — (@) f(s)ds (2 p
-F { AT ) (kzo( Vo ()

15



Note that since u € H% and f € H%, by integrating the tail probability given in Lemma SA1, the

Maclaurin remainder term is bounded by
oy I1(5) = ()| £(5) s 51
e
fTb(x) l(s) — p(x)] f(s)ds < 1 D S)B
F@)T(@)] D@ Jryw &)~ D d

[ 8
SE | e [Zh(o) " (o Th(a) ) ]

E

1<l<d 1<i<d

[ d 1
< 1/\5 +B(1ABf) < B B 34 <

where we used that 1 A 8, + 8(1 A B¢) > /3. Hence to summarize the progress so far, we have

a1 T (x T s)ds F
2l to) - S0 | BRI ([ g - o) |

1 M 1
<+ —.
~MNNBe A8

We continue to evaluate this expectation. First, by Taylor’s theorem and with v a multi-index,

since f € H?,

C (& i Y
</Tb(x)(f(8> — f(x)) dS) = (Z O /Tb(x)(s —z)’ds| +0O (|Tb(:c)|k 218% ’Tb(x)”ﬂf) .

lv|=1

Next, by the multinomial theorem with a multi-index u indexed by v with |v| > 1,

di 0" f(x ’ k\ (0" f(x “
(2] o) = 2 () (242 o)

lv|=1 |u|=k

where (2) is a multinomial coefficient. By Taylor’s theorem with € H% and f € H?, and using

B,u/\(l/\ﬁ,u“‘ﬁf)ZBa

| () = la)) 1) ds
Ty(x)

B By
V 81’ f( ) Y 3
=y X o [ s 0 (1T s, o).

[v|=1[""|=0

16



Now by integrating the tail probabilities in Lemma SA1, E [maxi<i<q |T5(2)i|’] < {5 Therefore
by Lemma SA5, writing Ty(z)" for [, (s —z)" ds,

fTb(r) (1(s) — p(x)) f(s)ds ( N S)k
AT E |, U6 = 1)

81 D B C L CL e e K\ (0 f(z). \" 1
=> (-1)'E b= lfé (;kﬂ-l‘Tb( )[R+ > (u)( 1/!( )Tb(:r)> +O<)\ﬂ>

|u|=k

& 4 )0 @) (0 f@)N (lul\ (=DM [T () (T (x)")" 1
Z Z Z i ( V! ) <u>f(x)u+1El b |Tb(x)|‘u‘b+1 1—*—0()\5)

v/ |=1 [v"|=0 u|=0

Now we show this is a polynomial in A. For 1 < j < d, define the independent variables
Eij. ~ Exp(1) A (Az;) and Eagj ~ Exp(1) A (A(1 —z;)) so Ty(x) = H?:ﬂ%‘ — By /N x4 Egji /Al
Then

d o rait B /A
Tb(:):)”:/T()(s—x)”ds:H/ (s — ;)" ds—H/ (s/A\)¥1/Ads
b(T

j=172i =B /A Erju
d EI/J+1 (_1) El/]+1

d—|v gV _ d—|v 2% 15%
A "H/ ds = A0 T =2 P

El]* j 1

So by independence over j,

Ty ()" " (Ty(a)")"
E [ ’Tb(x)“qu ]

d

_ Wl HE

u+u '+1 V4 u+l/ /41 vi+1 v i+l u
EQ;* s e (B (e EnT)

(V] + v + 1) (Bajs + Elj*) (vj + 1)%(Egju + Erju)l¥l

] . (SA3)

The final step is to replace Ey . by E1; ~ Exp(1) and similarly for Es;,. Note that for a positive

constant C,

P (O ({Erjs # Erj} U{ By # E2j})) < 2dP (EXP(l) > A min (z; A (1 - x]—))> < 2de” .

j 1<j<d
J=1

Further, the quantity inside the expectation in (SA3) is bounded almost surely by one and so the
error incurred by replacing Fj. and Eaj. by Fyj and Epj in (SA3) is at most 2de~* < A7#. Thus

17



the limiting bias is

. &L E ) 0 f () (071 () u<|u|) (DM e
E A
e IV'ZMV;OuZO V” v ( V! ) w ) flx)l

(SA4)
I X1
o (wn - w) 7

recalling that u is a multi-index which is indexed by the multi-index v. This is a polynomial in

Vvl 41 Vi L (st s vt
e [E7 e o s v
= Vi + U 4+ 1) (Ea; + Eu) (vj + 1)(Eaj + Eqj)ll

A of degree at most f3, since higher-order terms can be absorbed into O(1/A?), which has finite
coeflicients depending only on the derivatives up to order g < §, and  —1 < [, of u and f
respectively at z. Now we show that the odd-degree terms in this polynomial are all zero. Note
that a term is of odd degree if and only if |v/| 4+ || + |v| - u is odd. This implies that there exists
1 < 5 < d such that exactly one of either 1/;» + V;-/ is odd or Zﬁ/?:ll vju, is odd.

If v; + v} is odd, then Z‘% |_:11 vju, is even, so |[{v : vju, is odd}| is even. Consider the effect of

swapping Fy; and Es;, an operation which by independence preserves their joint law, in each of

v +V”+1 n v +I/ '+1
B+ (-1 B

EQJ + Elj

(SA5)

and

(E2V§+1+(—1)VJEE+1)1L 51 (E2u§+1_~_(_1) Euj+1> B—1 (E;’;ﬁﬂ—f—(—l) EVJ+1>

15 1j
(Eaj + Eyj)l Vl__[l (E2j + By ) V=1 (E2j + Ej)™
vju, even vju, odd

(SA6)

Clearly v; + v being odd inverts the sign of (SA5). For (SAG), each term in the first product has
either v; even or u, even, so its sign is preserved. Every term in the second product of (SA6) has its
sign inverted due to both v; and wu, being odd, but there are an even number of terms, preserving
the overall sign. Therefore the expected product of (SA5) and (SA6) is zero by symmetry.

If however v; + v is even, then Z‘%‘_:ll vju, is odd so [{v : vju, is odd}| is odd. Clearly the
sign of (SA5) is preserved. Again the sign of the first product in (SA6) is preserved, and the sign
of every term in (SAG) is inverted. However there are now an odd number of terms in the second
product, so its overall sign is inverted. Therefore the expected product of (SA5) and (SA6) is again

Z€ero.

Part 4: Calculating the second-order bias
Next we calculate some special cases, beginning with the form of the leading second-order bias,
/l|

where the exponent in A is [V/| + [v"]| + u - |v| = 2, proceeding by cases on the values of |[V/|, |v

and |ul. Firstly, if [¢'| = 2 then || = |u| = 0. Note that if any v} = 1 then the expectation in

18



(SA4) is zero. Hence we can assume v/} € {0,2}, yielding

1 Pu(x)1_ [ E3; + E? 1 0?u(z) 1 1
—— - = “E|E? + E5, — E\jEy| = —
2X° ]2221 0} 3 | Ey+Ey|  2XN 32221 oz} 3 { PRI 2]} — ’

where we used that Fy; and Es; are independent Exp(1). Next we consider || =1 and |[v"]| =1,
so [u| = 0. Note that if v/; = ) = 1 with j # j* then the expectation in (SA4) is zero. So we need

only consider Vj = Vj =1, giving

+ E
EQJ + Elj

_ 1 (z)
ﬁf Zf)x] 8:0.

J

1 1 ou(z) 0f(z) 1
X2 f(x )2:: dr; Ox; 3

Finally we have the case where [v/| =1, |v”| =0 and |u| = 1. Then w, = 1 for some |v| =1 and
zero otherwise. Note that if v} = vy = 1 with j # j’ then the expectation is zero. So we need only

. p .
consider v; = v; = 1, giving

L 1~ 0p(e) 0f(x) 1 T (B3 — E)°
B Ff(x) ; ax]‘ 8:153 4E [(Egj —+ Elj)Q]

e )8f( ) p(z) 0f (x)
:_Wf(x)jg = E[E%ﬁEgj—zElegj}:—wf(x>§ o, on,

Hence the second-order bias term is

1 & 32,u(;v) 11 & oula) of ()
w; 02 2/\2f( )]Z dr; Or;

Part 5: Calculating the bias if the data is uniformly distributed
If X; ~ Unif ([0,1]%) then f(z) = 1 and the bias expansion from (SA4) becomes

E;/;+1 ( ) EV]+1

(VJ + 1)(E21 + Elj)

> A w2 [T

[v']=1 J=1

Note that this is zero if any v/} is odd. Therefore we can group these terms based on the exponent

of \ to see

B.(z) 1 an d

Sl Dy H%H

jvl=r i=1

E2uj+1 Jr‘E2yj+1
EQJ + E1] .
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Since fooog—:fdt = e"T(0,a) and [;°s°T'(0,a)ds = aa—Jr!l, with I'(0,a) = [° % "dt the upper

incomplete gamma function, the expectation is easily calculated as

21/-+1 21/ +1 _ o
EQjJ 1g7 _2/ 21/]+1 —s/ et Qi ds — 2/ 82uj+1r(0 S) ds = M
EZJ+E1] 5+t 0 ’ V]+1 ’
SO
B.(z) 1 82” d (2v;+1)! 1 . d
)\27“ :)\27“2 H I/—|—1 v, +1 :)\21"28 M(x)
[v|=r j=1""J Y lv|=r =
O
Proof (Lemma 2). By Lemma 5 with J =0, ap = 1, and wy = 1. O
Proof (Theorem 1). By Theorem 4 with J =0, ap = 1, and wy = 1. O
Proof (Theorem 2). By Theorem 5 with J =0, a9 = 1, and wy = 1. O
Proof (Lemma 3). By Lemma 6 with J =0, ap = 1, and wy = 1. O

Proof (Theorem 3). By Theorem 6 with J =0, ap = 1, and wy = 1, replacing 5 by 2 A (. O

SA1.4 Proofs for Section 4

We give rigorous proofs of the bias and variance characterizations, minimax optimality, central limit
theorem, variance estimation, and confidence interval validity results for the debiased Mondrian
random forest estimator.

The bias characterization of Lemma 4 with debiasing is a purely algebraic consequence of
the original bias characterization and the construction of the debiased Mondrian random forest

estimator.

Proof (Lemma 4). By the definition of the debiased estimator and Lemma 1, as J and a, are

fixed,

J 52 B )\
E <E[ﬂd(1‘)‘X,T] > w ( )+ zrw)) ]
1=0 r=1
; 22 B )\
=E (Zwl (E [ﬂl(fﬂ) | X7T] —,u(x) - Z al2r)\2r>>
1=0 r=1

[8/2] d
B, () 1 1 1A
A~ o o < T o
(E [u(z) | X, T] — p(z) Z alzr)\zr> ] ~ \28 + \2(A8) B + A20A8)

r=1
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It remains to evaluate the resulting bias. Recalling that A, = af:%s and Aw = ey, we have

J 18/2] B, J 18/2] B
S o+ & §>) DYy BAOS
l 1=0 1

1=0 r=1 1=0
LB/2InJT 18/2] J
B, (x w
AW1+ Z )\27”) AW7~+1+ Z )\gr)z;r
r=(18/2]AJ)+1 =0 i
Bj 1(.%) J wp 1
= p(z) +I{[8/2] = J + 1} AZJ+2 272 +0 ()\2J+4)
1=0 @
s 12 < m@Bm@) o 1
()"‘ { + } A2J+2 + \2J+4 |7
O]
Proof (Lemma 5). Firstly, note that with 0? = 02(X;) for brevity,
- Y,I{X,; € Tr
Ya(z —Var Zwr ZZ { b )} ‘X,T]
b 1i=1
I I S g g
)\117"07"0 Bblb/ler Nb”()
Part 1: bounding the variance of ¥q(x)
~ n <« I 1 5B ’Lb’l‘ Zb/ ’ )012
Var [Ed( } Var /\d;;r,Z(JwrwaQ z;b/z:l N, Nb/ @)
S ﬁi\/ar [ S ekl br (2) Ly (2)07 ]
A% Bt =i o= Nor(@)New (2)
n2 1 [ [n = zbr( zb/’ ) 2 ]]
< 2 E|Var % | x
A2 B ;2; Nyr () Ny ()
nQ 1 n B B Hb b )2
— E ior ()l % X||. A
g (R R 547

For the first term in (SA7),

nBB]Iirx]Ii’r’inQ n n B B B B
S r s SO Y-S

1b'=1 i b=
E [0302 (]Iibr(x) Ly () E { 11\;; ((i)) f\;; ((z)) ‘X] > (ngr Ex; Lz Ex) T {ijr(x) L (x) ‘X} )1 .

Since T}, is independent of Ty, given X, the summands are zero whenever |{b,V,b,0'}| = 4.
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Further, by the Cauchy—Schwarz inequality and Lemma SAG,

n? 1 [Var lii 2’3: L (x) Liyyr(2) 5 (X)) XH
A2 B e et L Ny () Ny ()
n? 1 G&& = Lipe(2) H‘b"(x)>2 n2 1 s [ L) D)
S L E ibr ib'r 5 e - E |: r :|
015 2 2 E (XN M) | S 3035 22 2 [N ) Mo )
C (M logn)) 1 (logm) L
~ N2 B3 n2 n2 ~ B B ~B

For the second term in (SA7), the random variable inside the variance is a nonlinear function of the
i.i.d. variables X;, so we apply the Efron-Stein inequality [Efron and Stein, 1981]. Let Xij = X; if
i # j and be an independent copy of Xj, denoted Xj, if i = j, and define o?j = UQ(X,‘J‘). Write
Hngr = ]I{XU € Tyr(z)} and ]Ijbr = ]I{X € Tyr(z)}, and also ijr(x) =", ]AIijbr(x), We use
the leave—one—out notation N_jp,(x) = Zi# Litr(x) and also write N_jprapy = Diti Lipr () Liprr ().

gl

= Lipr () Ly (%)
- XH S i VA [E Lzz:l Nor () Ny ()"
R R A 2
o n? zn:]E 2": Livy ()L (z)o_ Lijor (2)igorr (@ )53
~ )\2d < Nbr( )Nb/rl(fﬁ) ijr(CU)ij’r’(x)
- 2
n? o« 1 1
S e E ]Isz Zb’ ’ 2
N1 2 (‘Nb(x)Nb’r’( ) Ny () Ny ( ;
N . 2
" n* Zn:E |:<Hjbr(1’)]ljb’r’ (95)%2‘ B Hjbr(x)ﬂjb/r/(x)%zj> ]
_ k g

~—
~—

)\2 j=1 Nb"‘(x)Nb/T/(‘r) ijT(I)ij’r’(x)
n? « 1 1 Ly (2) L ()
< 57 DU E [ Nojprrw (2)? - = - T . (SA8
- )\2 ]21 s ( ) |Nbr(x)Nb/7"/(x) ijT(LIf)ij/T/(x) Nbr($)2Nb/r/(x)2 ( )

For the first term in (SA8), note that since | Ny () — Njp(z)| < Lipy(x) + Ljp(2) and similarly
| Ny () = Nty ()] < Ly () + Ly (),

1 1
‘Nbr(l')Nb’r’ (x) ijr(m)ij/,«/(x)
1 1 1 1 1 1
< — = + = — =
Nbr(x) Nb’r/(x) ijlw((l}) ij/ /(13) Nbr(x) ijr(a:)

]Ijbr(l‘) +ﬁjb7‘(x) Hjb/r’( )‘Fﬁjb/ (ZL‘)
= Nojur(#)N_jy ()2 Njirpr () Njr ()
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Therefore by Lemma SAG,

n? 1 BB L (2) Ly (x)02(X;)
WBZLVM[IE[ZZZ bJ(V)(b)J\(fb/)/ ‘XH

<"\ g {Lb o (@)L (1 )} < { Ly (2)yy () } <M
S 1 (x)QNb/ /( ) ~ AQd Nbr(x)3/2Nb’7“'(m)3/2 ~ A 2d 3 ~

<%

We deduce that

Part 2: controlling the expectation of Xq(z)

1b7“ Zb’ /( ) 2(XZ)
]E[ alz ] AdZZZ”WmZZE[ Npr(2) Ny () ]

i=1r=07r'=0 b=1
Firstly, by Lemma SAG, the diagonal terms in the forest are

B

n < J I 'Lbr zbr/(x)(j?(Xi)
RS S S wag 3 lei)

so it suffices to take b # b’ since

n? J zr( )]Iz’ ( ) Q(Xi)
E [ } A Z > wrow B [ : Nbr(b)Nbr ()

r=07'=0

Next, note that

Ly ()L (2)0*(Xi) | _ 2 v [ Bibr ()i () Lir (2) Ly () (0*(X5) — 0*(2))
E [ Nbr(x)Nb’r’(x) 1 -7 ( )E {Nbr(m)Nb/r’(x)] TE l Nbr(ZE)Nb/T/(Z‘) ‘| '

Since 02 € HP, we have by Lemma SA1 and Lemma SA6 that

)\d

n72 [Hibr(x)]lib/r/ (.’IJ)}O’Q(XZ) — Gz(I)|] < n—lE Flb/r/(l‘) Inan |Tbr(a7)]|] < 1
Ny (2) Ny () ~Xn Ny (2) ~ANBs

Therefore

Zle [Hibr(m)ﬂib’r/(x)gg(Xi)] _ UQ(x)n—ZE [Hibr(x)ﬂib’r/(x)} L0 ( 1 ) .

Al Ny () Ny (2) Ny () Ny (2) ALABs
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Next, by conditioning on Ty, Ty, N_jpr(2), and N_zpy (),

Lipy ()L (2) ] Iy @ity (@) £ (6) A€
E [Nbr(l')Nb’r/ (x)} =E [(N_Z-lw(x) + D) (N iy (z) + 1)

_ f(@)| Ty (2) N Ty ()] Ir @)ty ) (F(€) = f(2)) d€
-k |:(sz,«(£€) + 1)(N,ib/r/(x) + 1)] = [(Nm(x) + 1)<N7ib’r’(x) + 1)

_ | Ty () N Ty ()] M1
a f(x) g [(szr(x) + 1)<N7ib/7«/(5€) + 1)] +0 <n2 )\1/\,57)

by an argument based on Lemma SA1, the Holder property of f(x), and the proof of Lemma SAG.

Hence

n [Hz—m:c)ﬂwx)o—%xa n’ [Tyr(2) 0 Ty ()| }

N | N () Ny (@) ]:”W 5 | ) DOV o] 57
1
+O(W>.

Apply Lemma SAT to approximate the expectation with N_jynp(2) = 30, {X; € Ty () \
Ty ()}

| Tor () N Ty ()]

8 |:(Nibr(-77) + 1) (N_ipp () + 1)]

) [|Tb7“(x) N Ty ()]
Nfibr(x) + 1

E

1
T7N7i 'r'Nbr 7N—i7’ /ot .
N,iblrlmbT(.l”) + N—ib’r’\br(fﬁ) +1 ’ b'r'Nb (37) br\b (.ZC)‘|‘|

Now conditional on T, N_gypnpe(x), and N_jpm g (),

d
N_ib/r/\br(flf) ~ Bln (n B 1 . NﬁibT([E)7 fTb’r’ (:B)\Tbr(x) f(é.) é.) .

1 - fTbT(aj) f(g) d§

We bound these parameters above and below. Firstly, by applying Lemma SA2 with B = 1, we

have

P (N—ibr<l') > td“;) < dde~t/ A llee(141/ar)) < o=t/C
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for some C' > 0 and sufficiently large t. Next, note if f is Sp-Holder with constant L, by Lemma SA1,
fTb’r’ (2)\Tpr () f(é) dg

P
( 1 - fTbr(z) f(f) d£

fT ()\T()|f(£)_
S ]P b/ (T br T > 2L ‘Tb/ ’ \TbT ‘Tb/ ! |1/\ﬂf

I/
¢
1 1
’ <1 Ty £ 2) = ( /#«@ f(&)de > 2)

1
<P (‘Tbr(x)‘ > 2||f||) SP (max | Ty ()" >

1<j<d 2| floo

- f($)|Tb’r/(x) \Tbr(x” > 2L |Tb’ / \Tbr | Z |T’ ! |1Aﬁf)

)| dg
P

IN

) < 2de=M A=) < =N/C

increasing C' as necessary. Thus with probability at least 1 — e t#/¢ — e=/C|

Nt () < Bin (n |Tb'r'(50)\Tbr(fE)|<f( )+ 203 [T(a) Wf))
j=1
$a+1

. 1
N_iprpr(2) = Bin (n (1 Y n) Ty () \ T () ( - QLZ | Ty ( ’Mﬁf>>

So by Lemma SA7 conditionally on T, N_jy,qp-(2), and N_gpy (), taking ¢t = 4C'logn and
recalling A > (logn)?, with probability at least 1 — n =3,

1
E
| [N—ibwlmbr(w) + Nfz’b’r’\br(x) +1
1
N—ib’r’ﬂbr(x) + nf(xNTb’r’ ($) \Tbr(x)‘ +1

’ T, N—ib’r’ﬁbr (l‘)a N—ibr\b’r’ (:L‘)‘|

1 + 71|Tb/r/(317)]‘|1/\’3f |Tb/7,/(£1;‘) \ Tbr(l‘)|
(N—ivrroer () + 0| T (2) \ Ty ()| + 1)2

\ <

Therefore by the same approach as the proof of Lemma SA4,

‘E [ | Tor () O Ty ()] _ | Tor () O Ty ()] ] ‘
(N—ipr () + D (Neiprr (2) + 1) (Neipr (2) + 1) (Neivrror (2) + 0f (2)[ Ty () \ Tor(2)] + 1)

< g | Tor@) VT (@)1t Ty (@) Ty (2) \ Ti ()]
Ml Neaw(@) 1 (N prpe () + 1| Ty (2) \ Top ()] + 1)°
<E [Ty () 0 Ty (2)| 1+ 1| Ty ()37 Ty (2) \ T ()] +n?
| T (z)[ +1 (n| Ty ()] + 1)
<g|! 1 LTy (@) )
n (n|Tor(z)| + 1) (0| Tyr (2)| + 1)~ nnfTyw ()| +1

<)\72d_|_;/\7d<)\7d )\7d+i
~Mopd o AN Y n2\n AN
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Now apply the same argument to the other term in the expectation, to see that

1
E T, N_iprrwr (), N_jprrr\pr
‘ [Nibrﬁb’r’@?) + N_ gy () + 1 ’ s Neibrprr (), Neirp (x)]

1
" N (@) 0 (@) [T (@) \ T ()] + 1

L+ 0| Tor () | T () \ Ty ()]
(Nsprorre(2) + | Ty () \ Ty (2)] + 1)*

\ <

with probability at least 1 —n =3 — e~ and so likewise again with ¢ = 4C logn,

7”L72 E [‘Tbr(x)me/r’(x)’ 1
\d Nfibr(x) +1 N,,-blrrmbr(x) + nf(x)]Tb/T/ (x) \Tbr(x)] +1
E l: |Tbr(x) N Tb’r’(x)‘ 1 :| ’
N _iprewr (7)) + 1 f (2)|Tor () \ Ty (2)| + 1 N_iprprrpr (2) + nf ()| Ty () \ Thr ()] + 1
< g | LT (@) T (2) \ T ()] Ty () N Ty ()]
AT (N () + 1| Ty () \ T ()] + 1) Neivrrowr (2) + 0 f (2)[ Ty (2) \ Tor ()| + 1
n? 2\ 1
TS S

Thus far we have proven that

o [T ()l (0)*(X0) ) _

e [ | e
[Ty () N Ty ()| L

N-ivrrtrr (2) + 1f (2) [ Tor (2) \ T (2)] + 1 Ny () + 10 (@) [Ty () \ Do) [ + 1

1 4

Next we remove the N_;qp. () terms. As before, with probability at least 1 —

<E|

e t/C _ o=MC

conditional on T,

d
N_itrrwry(2) < Bin (n [Ty () 1 Ty ()] (f(w) +2Ly |Tbr<x>j\“ﬁf>>,

Jj=1
td+1

d
N_iyrew () > Bin <n <1 — - i) Tin () O Ty () (f(ac) -2y \Tbr(ﬂf)jflAﬁf)).

So by Lemma SA7 conditionally on T, with ¢ = 4C'log n and with probability at least 1 — n=3,

1 1
’E [N—ibmbw(l“) +nf ()| Tor(2) \ Tor ()| + 1 N_iprrrpr () + 1 f (2)[ T (2) \ Tor ()] + 1 ‘ T]
1 1
nf (@) Tor ()] + Lnf (2)| Ty ()] + 1‘
< L+ nfTin (@), Tin () O T () e * e
(| Ty (@) + D)(n| Ty ()| + 1) \n|Tor(x)] + 1 Ty ()| + 1/
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Now by Lemma SAD5,

n’ { | b () N Ty ()] 1 ]
AT N () + 1f (2) [ Tor (2) \ Ty (2)] + 1 Neiror (2) + nf (@) Ty (2) \ Thr(2)] + 1
_F [‘Tbr(x) N Ty ()] 1 ] ‘
F(@)|Top ()| + L0 f ()| Ty ()] + 1
< g [ ATl T o) O T (0] () 0 o] Tn0) O T (001
~ )\ (n|Typr ()| + 1) (| Ty (z)| + 1) n|Ty(x)] + 1 n| Ty (z)| + 1 nd
< 12 1 o | 1 | T ()| Ty (2) 0 Ty ()] 1
~ M | T (2 )I\be /()] Y
1 1 Ty ()| 1 A4 1
Sovt |l memes [ Ty (o 1 xd S

This allows us to deduce that

] :O'Q(J})f(x)rﬁ |Tb1”(x)me’T’(x)|

e {(nf(x)lTbr(fc)l + 1) (nf (@) Ty (2)] + 1)

1 2\
+O ()\1/\Bf/\5rr + n) )

E [Hibr(x)ﬂib’T’ (2)0*(X3)
A\ Ny () Ny ()

and so

) - Ty () N Ty ()]
E[Sa@)] = ') )5 ZZ wrien® [ 1 (@)[Tor ()] + D(nf (@) [Ty ()] + 1)

o 1 Ad 1
+ W“”;‘i’g .

Part 3: calculating the limiting variance X4(z)
Now that we have reduced the variance to an expression only involving the sizes of Mondrian cells,
we can exploit their exact distribution to compute this expectation. Recall from Mourtada et al.

[2020, Proposition 1] that we can write

d d
El‘ Eg‘ E3. E4.
T(@)] = I (a ey (=), Tl = (22 Aa+ % n (1 -ay).,
J_l T T ]:1 T T
d
By E Ey; E
| Ty () N Ty ( H ( YA Sf\ A+ 2; A 41\ A1 —xj)>

where Ey;, Eyj, Es;, and Ey4j are independent and Exp(1). Define their non-truncated versions as

d d
| Tor ()] = a, AT (Byy + Ey) Ty ()] = an N4 (Bsj + Euy) s
J=1 j=1
d
~ ~ Ei: Ea: Eo: Eu
_y—d 1j 35 23 45
i) 0T = X TL (520 22+ 2200 )

j=1
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and note that

P ((Tbr(x)> Ty (), Tor () N Ty () # (T (), Ty (), Tor () N T (x)))
< Z (P(Elj > a,n)\:vj) + ]P)(Egj > a,r/)\xj) -+ ]P)(EQJ' > ar)\(l — I‘])) + ]P)(E4j > ar/)\(l — 1‘])))

< e OA

for some C' > 0 and sufficiently large A\. Hence by the Cauchy—Schwarz inequality and Lemma SA5,

[ [ 0 iete) 1 }_Ewﬁmwpnwmn 1
N [ nf @) T @+ Lnf@ D@+ 1) [nf @l T ) [+ 1 0] (@) Ty ()] + 1

2
< on o

~ ~ n\d

as A > (logn)3. Therefore

3

&2 Hibr(x)]lib’r/(x)o—z(xi) _ 0_2 T T j |Tbr(x) N Tb/r’(x)|
E[ NM@Mw@)] ()“)Nﬁlmﬂ@mmm+nmﬂwmwwﬂ+n

)\d
1 4
+O<)\1/\ﬁf/\/86+n>

Now we remove the superfluous units in the denominators. Firstly, by independence of the trees,

n? [ ~mr()mﬂ(n _E[ [T (2) O T ()] H
ML (nf (@) T ()] + 1) (nf (2)| T ()] + 1) (nf ()| Tor ()] + 1) (nf () [ Torr ()])
[ T(@) O Tyl 1 TN R
S )\d]E [ n’Tbr( )’ n2|Tb’r’($)|2] 5 n)‘dE |:|Tbr(x)’] E |:|Tb’r'($)’] 5 n’

Secondly, we have in exactly the same manner that

" g l T (2) 0 Ty ()] ] E l | Th () O Ty ()] X
M L (nf (@) T ()] + D (nf (@) | T (2)]) n? f ()| Tor ()| Ty () || 1
Therefore

ﬂibr(w)ﬂib'r'($)02(Xi)] _ @) 1 [’Tbr( )ﬂTb'r/(ﬂ«")!] +O< 1 Ad)
flz) A | '

"g L _ X
Ad [ Npr(2) Ny () (z) A [Ty ()| Ty () AN AB

28



It remains to compute this integral. By independence over 1 < 5 < d,

|Tbr(37) N Tb’r’ (m)|
. [ Tor ()| Ty () ]

(Evj/ar) A (Esj/ar) + (Eyjar) A (Egj/ar)
= ar; )\dHE[ (Erj + Eaj) (B35 + Euj) 1

j=1

(Erj/ar) A (Esj/ar)
a X’ H . [ (E1j + Eaj) (E3j + Euj)

tl/ar t3/ar) b —to—ta—
= 2444 )\d”//// fi—te=ts—te Qg Aty dis dt
t1+t2 t3+t4)6 1P s T

o0 —tQ oo _t4
= 20qqd \? // ti/ar) A (ts/a *“43/ C a /e—dt dt, dt
H [ ((t1/ar) A (1 /ar))e ) | ) dhdts

e ,Adf[/ooo /Ow((t/ar)/\(s/ar))F(OJ)T(O,s) dt ds,

“dt = eT(0,a) with T(0,a) = e "dt the upper incomplete gamma

where we used [;° N

a+t
function. Now

2 /OOO /Ooo((t/a,«) A (s/ay))T(0, )T (0, 5) dt ds

0 1 at/ar t 9]
:/ '0,1t) (a / 2sI°(0, s) ds + a—/ 2I'(0, s) ds) dt
r’ JO r Jat/ar

o, 1 _ew, 1
—/ 1(0,t) (e e —eTwtp — — Tt (o t)) dt
Ay aT/ ax ay

1 o¢]
e (0, 1) dt — / e (0, 1) dt

Qrr JO

“rond = [Ter (0, Wt) T(0,¢)dt,
ar’ 0 Ay

since [y 2tT'(0,¢)dt = a*I'(0,a) —ae™ — e * + 1 and [[°T(0,t)dt = e* — al'(0,a). Next,
we use [(°L(0,t)dt =1, [77e ™T(0,t)dt = w, JoSte @ T(0,¢) dt = 1og(a12+a) — L~ and

a(a+1)
00 a’+a 2(a3+1) log(a+1 a
S5 (0, 6)T(0, at) dt = —3eFas? 4 Hatiieelerl) _ 2lose 44 gee

2/0°° /Om((t/ar) A (s/ap))T(0,£)T(0, 5) dt ds

_a,log(l+av/ay) ar/a. a, log(l+ a,/a,) N 1

af, Ay + Qpr af, Q.
2a% + arap +2a  2(ad + ad)log(ay fa, +1)  2a,log(a,/ay)
o 22, + 2
3arap(ay + ar) 3a2a 3a?

- (- (2 ) (1 (2 4)),
~ 3a, ar & Ay 3 Ay
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Finally we conclude this part by giving the limiting variance.

PSS e (20 (1= g (2 1)) 2 (1 g (2 41) )
~ f(@) ™\ 3 ay & Qe 3 Qp & a,

1 A1

It follows from this and the previous part that

2 M1 L
E|(Sa(e) — 2a@)’] £+ 5 + smmagaay

Part 4: a lower bound for the second moment with a single tree

We finally show here that if B = 1 (a forest with a single tree), then ¥q(z) has a divergent second
moment. We take J = 0 for brevity (no debiasing), and recall that ¢%(z) and f(z) are bounded
below. Further, since AT'(x); < I'(2,1), we have by Jensen’s inequality that

(Ad Z]I{X € T(g;fa (Xi)> ] > %E 1 : (i:]l{Xi € T@)}) ]

= 371 Z e o [W] 2 JE e 2T

()] 1 [{T@)] > 1/n}] - 1 [{T(@)] > 1/n}]°
EMTWHJZWE[ T@)P }EAE[ T(2); 2 ]

3

>

~A
1 —s d 1 1 d

Z(/ 362 ds) 2(/ d5> > (logn)*.
1/n S 1/n S

E [Sa(2)?| =E

O

Proof (Theorem 4). The bias-variance decomposition with Lemma 4 and (9), along with the proof

of Theorem 5, setting J = |3/2], gives

E [(fa(r) — p(@))"] = E [(fu(@) ~ Epa(@) | X, )] +E [(8 () | X,T] — )]
< )il + L + #
~ T T T 2B

1 26-2(118)
As A =xn@2 and B 2 n~ 25 | we have
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Proof (Theorem 5). Define Sj(z) = y/n/A Y7 w,+ 5 LB b*bff;‘;, which are independent and

zero mean conditional on (X, T)7 and satisfy

n . . N
i (a(@) = Effale) [ X, T]) = > Silx).
Therefore by Petrov [1995, Theorem 5.7] conditional on (X, T), with ( =0 A 1,

sup
teR

<1A <id(:p)1</22n:E 1S+ ] X, TD .

i=1

]P’(Ed 1/225 <t(x T) (1)

=1

It immediately follows that

= sup
teR

sup

teR i=1

E[P(Zd UQZS<7§‘XT>] D(t)

P (id(x)—m zn: S; < t) — ®(t)

<E [sup P(Zd 1/225 <t’XT> @()1
teR P
<E|1A (id(:c)_l_C/ZZE [Elaip.e Tm .
i=1

To bound this quantity, we first partition by the event that id(z) is bounded away from zero:

SE[Sa(@)] P S E[jsi2]

=1

+P (‘f}d(x) ~E[Sa(2)]| >

E|1A

(i:d<x>—1—</2 SE[Is | X,TD

i=1

E[S4(2)]

; ) . (SA9)

The first term in (SA9) is bounded as follows. We already have from the proof of Lemma 5 that
eventually E[Xq(x)] > Sq(2)/2 2 1. Since E[e21° | X] is bounded, by Jensen’s inequality,

( )s 2+¢
zbr 7
VS my ]
n 14¢/2 n
<(B) S >

r=0
n 1+4¢/2
s(u) E

n l B Hibr(l’) >2+C
; (3 ; Ny () '

n

ZE[!SW ZE
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We now proceed by cases. If ( = 1, note that by Lemma SA6 and with B > (logn)?,

- l & Hibr($)>3 . [n i S zbr(x) ity () zb”?‘“(fv)]

S G | L rE e e e
1 B B ]Ibr(l’) Hb/ (JJ) d )\Qd(logn) )\Qd
S 72;[)/2:11[2 [Nbr(x Nb/ (1‘ ] TL2 N ﬁ

i (fviiii)m <E [ﬁ; ]zlvl;((?) ( J@@)HC]

GONE N

A
=

Both cases lead to the conclusion that

- 14¢/2 [ yd\ 1T¢ d\ /2
s el < () ()= ()

=1

For the second term in (SA9), Chebyshev’s inequality along with the proof of Lemma 5 give
5 - E[Sa(z - 1A
P ()zd(x) ~E[S4(2)]| > [;()]> S Var [Sa(2)| § 5 + =

Therefore

O
Proof (Lemma 6). We begin by showing that 62(z) is consistent for ().
Part 1: consistency of 42%(x)
Recall that
1 S V2 Iy ()
~9D 7 b ~ 2
== —_— = . SA10
)= 5 Y Ty (SA10)
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The first term in (SA10) is simply a Mondrian forest estimator of E[Y;? | X; = z] = 02(z) + p(x)?,

which is bounded and in H%"\%> . Therefore, by Lemma 1, its conditional bias is

2
g |(L3osn (050 + nX? — o2(a) — pie) m«bm)
B b=1 i=1 Ny ()
1 1 1 P
S+ + + —.
N2@ABABs)  N2(IABABs) B N2(1ABABs)

We handle the stochastic part with a truncation argument. Let S; = V2 — 02(X;) — u(X;)? and
S; = S;I{|S;| < M} —EI[S;I{|S;| < M} | X;] where M > 0 is to be determined. We bound

BnSZHZ‘ 1Bn i—~i]1ix
B2 M) SR PR Nb(l)b( ! (SALL)

1 S S y(x) n[821(x) o~ [ Ty() S\
Varle;; Ny () SEE[ ABSE <4AM ;E{Nb(x)}gMn.

For the second term in (SA11), note that S; —S; = S; 1{|S;| > M} —E[S; I{|S;| > M} | X;] because
E[S; | X;] = 0. Since E [|Y;|>*° | X;] is bounded, so is E [|Si]1+5/2 | Xl-] Thus

JEpebales

b=11i=1

{N i)) i - SHXH

i

D s > My | X,

Ny (z)
ZE Hlbx {’S‘1+6/2‘X} 1
- M§/ — Nb x ~ M5/2

Consistency of the second term in (SA10) follows directly from Lemma 1 and Theorem 5 with the

same bias and variance bounds. Therefore

1
~2 2
E “U (x) -0 (1’)” S \2ABABy + )\Mmga\ﬁ )\1/\6/\[30 \/ +M\/ M5/2

1 1 )\d 4+25
<
~ \2ABABs + /\IAB/\ﬁU\/E T (n) ’

1
where we set M = (’\%) > Note that if § > 2 then the variance argument applies directly,

without the need for truncation, yielding

5 ENY 1 1 A4
E “‘7 (z) = o*(2)| ] S seerenss T e T
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Part 2: consistency of the sum

Note that

B 2 n J B B
]I{X € Tb?"( )} _n 1 ]Iibr(x)ﬂib/r’ (:C)
03 (B s st Sr) = o e e N
This is exactly the same as Xq(z), if we were to take o(z) = 1. Thus by Lemma 5, we obtain

)\dl 1

E w T BT A

n 1l &L 2 &L Lipe (2) Ly () ~ Ya(x) i
MBP 22 i X 2 N NG T o)

Part 3: conclusion

By the previous parts and the Cauchy—Schwarz inequality,

. 1/2 )\d 4+25 1 1
B [[faw - 5a@] ] 5 (5) 7+ +

If § > 2 then we obtain

E Hid(x) — Ed(ﬂi)H N \/f*‘ \/1? + )\Mﬁﬂiﬁfwg'

Combining these yields

. 2—1{25<2} % )\d %_ 216 1 1
E“&@%JM@‘ ] 5<n> = ST

Proof (Theorem 6). Let 7 and 7 be real-valued random variables. Then for any € > 0,

sup [P(7 <) — ®(t)] < St,lelg IP(r <t)—®(t)|+ E\/2/>7T+ P(|7 — 7] > ¢).

teR

Defining a/0 = 0 for all @ € R to accommodate the event id(x) = 0, we apply this result to

$:¢"<mm»—mw_Emam%wa ond T:¢WﬂM@—Emd@]XT]
M\ V() VEa(x) A VSa(z)

1N
2

respectively, noting that sup,cp |P(T <) — O(¢)| < ()‘d) + & by Theorem 5. With

. n E [,Ud )\d
VM )\“ﬁu )\d AB
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by the proof of Lemma 1, and by Taylor’s theorem, for some s, s’ € R, we have

|P(p(x) € Cla(z)) — (1 — )|
_ n fa(z) — p(z) Cl-a
—p (QQ/Q < \/; N < q1—a/2> (1-a)

= P(Qamfvﬁ?ﬁfh—a/zfv) *(1*04)‘
P (f' < Qioaj2 — U) — O(q1_a/2 — U)‘ + ‘P (7A' < Gaj2 — U) — ®(qay2 — U)‘

+ | @(g1-as2 = v) = (1= @/2) = B(gajp — v) + /2|

1NS

d 2
< <A> oo+ PR 7 > ) + |01 — a/2) + 00 (5)/2+ v6(a/2) — 126 ()2

IN

n

AN

A\ 1 1 .
<n> +B+ —‘FFW P(’T—T‘>€).
It remains to bound P (|7 — 7| > ¢). Observe that

|7A'—T‘§R1+R2+R3,

n, . 1 1
Ry = \/;’,Ud<$) — p(z)| ‘ NS BRI

<>\‘ L
VSa(z)  VEZa()
|IE fia(z) | X, T] — E[fq(z)] |

VEa(z) '

We begin with R;. Take a > 1 and v*/3 = ¥4(2)/2, so by the proof of Lemma 5,
1

n, . 1 1
P(Ry >¢) < IP’( ﬁ|ﬂd(:c) — u(z)| > as) +P (‘ VNS BT > a)

< Syallia(z) - p(x))’] + P (id(x) < b2/3) +P (id(x) < b2/3)

+P ('id@) ~ S4(a)| > 2)

Ry = |E ) | X, T] -

)

. (Ad T M) + Var [Sa(@)] + P ([8a(e) - Za@)] > Sa(2)/2)
+P ( Sala) - Za(w)] > Qba> +P (’id(x) ~ Sa(a)| > 21)

1 IR 2 M1 1 ~ b
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If § < 2 then the proof of Lemma 6 along with Markov’s inequality gives

P (‘id(m) - Ed(x)‘ > 2ba) < VaE Uid(l‘) B Ed(m)‘m}

s
/\d 8+46 1 1
< p
Ve (( n ) teat A(Mﬁmfwa)/z) ’

and whenever this converges to zero, minimizing over a yields

)

1 1 )\d )\d 8+45 1 1
| e T .

P(Ry >¢e) < S= T T, ++Va (( n) + g T )\(Mﬁu/\ﬁf/\ﬁa)ﬂ)

_5
< 1 )\d 10456 1 1
San |\ T BBt 2B AR |

If § > 2 however then we instead obtain

P (‘f}d(a:) — Zd(x)‘ > 2ba> SakE Hid(x) - 2d(ilU)H Sa ( /Xl + \/1§ + Al/\,@,j\ﬂf/\ﬁa> )

and again if this converges to zero then minimizing over a gives

1 1 A\ pX 1 1
P(R < - 44 Z
( 1>5)N 252+B+n ‘HL( n“‘ ﬁB+)\1/\5H/\,@fAﬁg)

N oA 1
San\\ ) T BE T s |

For Rs, note that the same arguments used for Ry apply again, yielding a bound no worse than

that for Ry. Finally, for R3, we have by Lemma 4 that

1 n

1 2
_ <

E [(E[fa(z) | X, T) - E[pa(2)])’]

c1ln 1 1M 1 /n 1 1
S a2x\ 2B T ) |~ 2 \esap T e )

So far we have shown that if ¢ — 0, then for § < 2,

1AS
P CI 1 (M) n 1o
| ('u’(x)e d(x))_( —Oé) ~ ; +E+E+ﬁw+ (’T—T‘>E)

< n 1 1 A\ T 1 1 n\° 1
Set N A28 + 255\ \ 7 + Bl/5 + N2(IABu B ABL) /5 + ()\d> \2(17B,)/5 B1/5

cnl M\ 1 n 1 v
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36



while for § > 2,

1 n 1
BT

no1 1 (a1 1 n\1/3 1
ctxans T an\\ ) T s T et T\ NearsoBpis

P(p(z) € Cly(z)) — (1 — )| S (?j) + +P(jF— 7| >¢)

PR CU 1 noo1 \"°
~adnz T\ T B T g T et |
where in both displays we minimized over ¢ > 0. O

SA1.5 Proofs for Section 6

Proof (Lemma 7). All computational complexities in this proof are understood to be upper bounds
up to constants. The first step is to select A using polynomial fitting as in Section 5.2. Constructing
the design matrix P requires raising a number to a power of at most J+ 1 a total of nd(.J+ 1) times,
giving a complexity of nd(.J + 1)2. Multiplying the design matrix to obtain PTP is nd?(J + 1),
and inverting this is d®(J + 1)? < nd?(J + 1)?, giving an overall complexity of nd?(J + 1)? for
selecting the lifetime.

Calculating the debiasing coefficients w, as in Section 4 involves inverting a (J + 1) x (J + 1)
matrix, sois (J+1)% < n(J+1)2. Next, constructing U(z) as in (12) requires Bd(J+1) comparisons,
and forming I(x) then needs nd comparisons.

Once I(x) is available, Calculating Ny (), Sp,(2) and Vi, (x) as in (13) each take Bd(J+1)|I(x)|
operations, and from these we compute fi(z) and 62(z) in (J 4 1)B using (14). Constructing 34(x)
as in (15) is Bd(J + 1)|I(x)|, and calculating Cl4(x) with (11) has complexity 1.

Thus the overall complexity of Algorithm 1 is nd*(J + 1)? + Bd(J + 1) + Bd(J + 1)|1(z)|. To
obtain the average case behavior we present a bound for E [|I(x)|]. Firstly, since f(z) is bounded

and by the distribution of Mondrian cells,

Eli(z [ZH{X eU(z ] ZE (Xi € Ulx) | U(2))] S nE[|U()[] S nE[|U(z);]".

Next, by Lemma SA1, we have that

4t + 4log(2B(J + 1 2t + 2log(2B(J + 1
P <|U(m)]| > +4105(2B(J + ))> < P(max max_|Ty(x);| > +2108(2B(J + ))> <e,
A 0<r<J 1<b<B Y

and integrating the tail probability yields

B0, < BBV e B 5 MBS
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Proof (Lemma 8). As in the proof of Lemma 7, the complexity of selecting the lifetime is
(n + k)d*(J 4+ 1)2. Since this occurs with probability at most k/K, and k < n, the average case
time complexity is kmp(}(ﬂ.

To update the trees, we sample and perform comparisons with at most B*d(J + 1) < Bd(J + 1)
exponential random variables. We verify here that the resulting trees have the correct distribution,
since by Mourtada et al. [2020, Proposition 1] and the memoryless property of the exponential

distribution, with Fj,;; and Ej,;; i.i.d. copies of Epj1,

ET‘ E/T- ET_
ey < =) <o o= ) - 2

Eypji  Ewjt Epi
:.%‘j—<l'j/\ A] /\T—JA =T; — LITj/\ )\*] ,

as required. The same argument applies to Tl;"r(m)f. We also bound the expected number of trees

which have changed. By a union bound and with E; and Ej i.i.d. Exp(1),

= B(J + 1) P(T}.(x) # Tye(2))

BB N\ _ B(J+ 1)k
2 4B+ 1 <
/\*—/\<)\>_ R N

[ZZH{TM ) £ T (o)

r=0b=1

< 2dB(J + 1)1[»(

* C
since % = (”%“’“) -1< =< % Constructing U(x) requires Bd(J + 1) comparisons, and since

k¢
for b < B we have Tj.(x) C Ty (2),
) ¢ U@)) <dP (U ()] < U(); ) +dP (U()} > U2)})
B4+1<b<B* 0<r<J 1<b<B 0<r<J )

§2le’< max  max Ty (z)] > max max Ty (z)]

<2(B*-B)(J+1)P (Tb*r( ) > max max Ty (x )+>

1<b<BO0<r<J
(B* = B)d(J +1) _ kd(J +1)
B ~ n ’

S

. 3
since & = B < ("Tk) —-1< % The average case complexity of calculating I*(x) is therefore

E[d|I(z)| + dk + dnl{U*(z) € U(x)}]

ndlog(2B(J +1))¢
\d

<dE[|I(2)]] 4+ dk +dnP (U*(z) € U(x + kd*(J +1).
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A similar calculation shows the cost of calculating all of Ny (z), Sp.(z), and Vj.(z) is at most

B J dk
ZZE[nu*( ) 4 d| I (2)| T{ Ty () # Ty(z :|—|— Z ZE [d|T*(x

b=1r=0 b=B+1r=0

[ (2)] + d|I*(x IZZH{TM ) # Ty ()} +d(B" = B)(J + | (2)]

b=1r=0

g [BU+ Dk
n

_ Bkd(J +1)log(2B(J + 1))

where we used that the bounds for |I(x)| and Y>7_o S>5 I{T;:. () # Ty(x)} hold also in L? and
applied the Cauchy—Schwarz inequality.
Finally, updating 34(z) takes Bd(.J + 1)|I(z)| computations, which is done with probability

at most k/K, yielding a time complexity of ”Bd("“)}‘;iEfB(‘””)d on average. The overall average

case time complexity is therefore bounded by

40J +1) (lmd(}J(—i— 1) —i—kd—i—B) N d(J—Fl)log)gB(J—i- 1)) ( B nB)

SA2 Additional empirical results

Tables SA1, SA2, SA3 and SA4 present some additional empirical results not given in the main
paper. The data generating process is identical to that in Section 5, and we demonstrate here the
effect of a smaller forest size B, taking B = 1 in Tables SA1 and SA2, and B = 10 in Tables SA3
and SA4. Note that the bias in Table SA1 is not significantly larger than that in Table 1, even
though Lemma 1 suggests that the bias should be much greater. This is because Lemma 1 is stated
for the conditional bias. In fact, the repeated experiments (we use 3000 independent trials) have
the same effect as using a large forest in reducing the apparent bias of the estimator. As such, the
error incurred appears in the standard deviation column instead; indeed the standard deviations in

Table SA1 are substantially higher than those in Table 1.
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LS|LM X |RMSE Bias SD Bias/SD| SD 62 | ARMSE ABias ASD | CR CIW
L0 Xo| 1.0 14.72[0.0606 -0.0235 0.0558 0.4211 |0.0322 0.0907| 0.0358 -0.0259 0.0232]77.1% 0.126
g Xo| 1.2 23.10]0.0526 -0.0093 0.0518 0.1792 |0.0397 0.0883| 0.0306 -0.0092 0.0292 | 88.9% 0.156
2 1.1 21.18]0.0565 -0.0102 0.0555 0.1828 |0.0381 0.0886| 0.0300 -0.0110 0.0279 |87.2% 0.149
3 1.0 19.25|0.0551 -0.0150 0.0530 0.2834 |0.0361 0.0890| 0.0298 -0.0133 0.0266 | 84.9% 0.142
2 0.9 17.33[0.0504 -0.0157 0.0479 0.3268 |0.0345 0.0895| 0.0301 -0.0164 0.0253 |83.3% 0.135
0.8 15.40 | 0.0568 -0.0202 0.0530 0.3814 |0.0323 0.0902| 0.0316 -0.0208 0.0238 | 79.2% 0.127
1 A;]1.0 11.20]0.1150 -0.0058 0.1149 0.0508 |0.0633 0.1184] 0.0302 -0.0031 0.0287 | 83.0% 0.248
o M| 1.2 7.86 |0.1274 -0.0046 0.1274 0.0362 |0.0568 0.1389| 0.0245 -0.0038 0.0242 |71.7% 0.223
'g 1.1 7.21 | 0.1360 -0.0097 0.1357 0.0719 |0.0546 0.1471| 0.0238 -0.0053 0.0232|66.1% 0.214
32 1.0 6.55 | 0.1465 -0.0147 0.1457 0.1008 |0.0531 0.1551| 0.0235 -0.0078 0.022163.5% 0.208
A 0.9 5.90 |0.1595 -0.0150 0.1587 0.0946 |0.0543 0.1692| 0.0241 -0.0119 0.0210 |60.1% 0.213
0.8 5.24 [0.1799 -0.0256 0.1781 0.1439 |0.0531 0.1862| 0.0275 -0.0191 0.0198 | 54.0% 0.208
1 Xo|1.0 14.72|0.1156 -0.0004 0.1156 0.0036 |0.0702 0.1111| 0.0332 -0.0006 0.0330 |90.1% 0.275
Q Xo | 1.2 23.10|0.1187 -0.0042 0.1186 0.0353 |0.0855 0.1044| 0.0415 -0.0001 0.0415|96.2% 0.335
2 1.1 21.18{0.1093 -0.0011 0.1093 0.0101 |0.0842 0.1025| 0.0398 -0.0001 0.0398|95.5% 0.330
%’ 1.0 19.25|0.1006 -0.0026 0.1005 0.0259 |0.0808 0.1020| 0.0379 -0.0001 0.0379 |94.4% 0.317
= 0.9 17.33|0.0873 0.0007 0.0873 0.0077 |0.0751 0.1012| 0.0360 -0.0002 0.0360 | 93.4% 0.294
0.8 15.40|0.1032 -0.0018 0.1032 0.0174 |0.0710 0.1050| 0.0339 -0.0003 0.0339 | 92.3% 0.278

Table SA1: Simulation results with d = 1, n = 1000, and B = 1, over 3000 repeats
J LS|LM XA |RMSE Bias SD Bias/SD| SD 62 |ARMSE ABias ASD | CR CIW
L0 o] 1.0 12.32[0.3192 -0.1082 0.3003 0.3603 |0.0709 0.0846| 0.0831 -0.0670 0.0478|64.2% 0.278
g Xo| 1.2 18.39|0.5522 -0.1706 0.5252 0.3248 |0.0788 0.0658| 0.0771 -0.0292 0.0714|67.1% 0.309
2 1.1 16.85|0.4737 -0.1344 0.4542 0.2960 |0.0780 0.0707| 0.0741 -0.0347 0.0654 | 70.3% 0.306
g 1.0 15.32]0.4220 -0.1178 0.4052 0.2908 |0.0764 0.0743| 0.0728 -0.0420 0.0595 | 69.6% 0.299
2 0.9 13.79]0.3473 -0.1027 0.3318 0.3096 |0.0746 0.0796| 0.0746 -0.0519 0.0535|70.4% 0.293
0.8 12.26|0.3137 -0.1021 0.2966 0.3442 |0.0702 0.0835| 0.0811 -0.0657 0.0476 |65.5% 0.275
1 A |1.0 922 |0.7451 -0.1351 0.7328 0.1843 |0.2742 0.6519| 0.0731 -0.0093 0.0692 |85.5% 1.075
% A | 1.2 7.18 |0.5078 -0.0781 0.5018 0.1556 |0.2272 0.4124| 0.0550 -0.0108 0.0540 |81.7% 0.891
‘g 1.1 6.58 | 0.4920 -0.0686 0.4872 0.1408 |0.2227 0.4197| 0.0518 -0.0154 0.0495|79.7% 0.873
2 1.0 5.99 |0.4391 -0.0700 0.4335 0.1616 |0.2083 0.3817| 0.0503 -0.0225 0.0450 | 74.9% 0.816
A 0.9 5.39 [0.4185 -0.0725 0.4121 0.1759 |0.1954 0.3862| 0.0530 -0.0343 0.0405 | 72.5% 0.766
0.8 4.79 |0.3645 -0.0789 0.3559 0.2217 |0.1766 0.3631| 0.0656 -0.0549 0.0360 | 68.5% 0.692
1 Xo|1.0 12.32]0.9612 -0.1957 0.9411 0.2079 |0.3495 0.9536| 0.0926 -0.0014 0.0926 | 88.3% 1.370
Q Mo | 1.2 18.39|1.3984 -0.4142 1.3357 0.3101 |0.5041 1.8378| 0.1381 -0.0003 0.1381|80.1% 1.976
= 1.1 16.85|1.2900 -0.3571 1.2396 0.2881 |0.4627 1.5834| 0.1266 -0.0004 0.1266 |83.3% 1.814
§ 1.0 15.32|1.1782 -0.3052 1.1379 0.2682 |0.4299 1.3422| 0.1151 -0.0005 0.115185.4% 1.685
= 0.9 13.79[1.0995 -0.2733 1.0650 0.2567 |0.3901 1.2125| 0.1036 -0.0008 0.1036 | 87.7% 1.529
0.8 12.26|0.9288 -0.1874 0.9097 0.2060 |0.3361 0.8958 | 0.0921 -0.0013 0.0921|89.3% 1.318

Table SA2: Simulation results with d = 2, n = 1000, and B = 1, over 3000
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LS|LM X |RMSE Bias SD Bias/SD| SD 6> |ARMSE ABias ASD | CR CIW
L0 o[ 1.0 1472[0.0376 -0.0241 0.0280 0.8324 |0.0250 0.0931| 0.0363 -0.0263 0.0232[79.9% 0.098
g Ao | 1.2 23.100.0325 -0.0089 0.0313 0.2837 |0.0310 0.0895| 0.0306 -0.0092 0.0292 |93.8% 0.122
2 1.1 21.18[0.0317 -0.0104 0.0300 0.3462 |0.0296 0.0898| 0.0300 -0.0110 0.0279 | 92.6% 0.116
3 1.0 19.25[0.0320 -0.0126 0.0293 0.4306 |0.0285 0.0903| 0.0298 -0.0133 0.0266 | 91.5% 0.112
2 0.9 17.33(0.0324 -0.0153 0.0286 0.5368 |0.0270 0.0907 | 0.0301 -0.0164 0.0253|89.0% 0.106
0.8 15.40|0.0334 -0.0200 0.0268 0.7464 |0.0255 0.0917| 0.0316 -0.0208 0.0238 |85.6% 0.100
1 A |1.0 11.05[0.0434 -0.0029 0.0433 0.0678 |0.0350 0.1023| 0.0297 -0.0027 0.0285 |89.0% 0.137
@| A 12 7.86|0.0458 -0.0062 0.0454 0.1376 [0.0316 0.1138| 0.0245 -0.0038 0.0242|82.0% 0.124
'g 1.1 7.21 [0.0484 -0.0088 0.0476 0.1843 |0.0307 0.1181| 0.0238 -0.0053 0.0232 | 78.2% 0.120
2 1.0 6.55 |0.0511 -0.0119 0.0497 0.2404 |0.0301 0.1239| 0.0235 -0.0078 0.0221 |75.3% 0.118
A 0.9 5.90 |0.0572 -0.0187 0.0541 0.3466 |0.0291 0.1299| 0.0241 -0.0119 0.0210|68.5% 0.114
0.8 5.24 | 0.0641 -0.0249 0.0591 0.4209 |0.0284 0.1389| 0.0275 -0.0191 0.0198 | 63.0% 0.111
1 Xo|1.0 14.72{0.0419 -0.0010 0.0419 0.0229 |0.0393 0.0951| 0.0334 -0.0009 0.0330 |93.7% 0.154
2| 20|12 23.10[0.0500 -0.0001 0.0500 0.0014 |0.0483 0.0910| 0.0415 -0.0001 0.0415|95.4% 0.189
2 1.1 21.18|0.0483 0.0009 0.0483 0.0193 |0.0468 0.0912| 0.0398 -0.0001 0.0398 | 95.4% 0.183
%’ 1.0 19.25|0.0460 0.0008 0.0460 0.0164 |0.0445 0.0917 | 0.0379 -0.0001 0.0379 [95.2% 0.174
= 0.9 17.33(0.0439 0.0006 0.0439 0.0134 |0.0424 0.0923| 0.0360 -0.0002 0.0360 | 94.7% 0.166
0.8 15.40(0.0424 0.0004 0.0424 0.0084 |0.0400 0.0932| 0.0339 -0.0003 0.0339 |93.9% 0.157

Table SA3: Simulation results with d = 1, n = 1000, and B = 10, over 3000 repeats
J LS|LM X |RMSE Bias SD Bias/SD| SD 6> |ARMSE ABias ASD | CR CIW
L0 o[ 1.0 12.27[0.0893 -0.0648 0.0614 1.0566 |0.0551 0.0979| 0.0836 -0.0678 0.0476[72.7% 0.216
g Xo | 1.2 18.39|0.0857 -0.0310 0.0799 0.3884 |0.0707 0.0866| 0.0771 -0.0292 0.0714 |87.7% 0.277
2 1.1 16.85|0.0826 -0.0346 0.0750 0.4619 |0.0675 0.0881| 0.0741 -0.0347 0.0654 | 87.9% 0.265
< 1.0 15.32|0.0819 -0.0435 0.0694 0.6267 |0.0635 0.0906 | 0.0728 -0.0420 0.0595 |85.2% 0.249
2 0.9 13.79|0.0815 -0.0505 0.0640 0.7891 |0.0595 0.0934| 0.0746 -0.0519 0.0535 |81.4% 0.233
0.8 12.26 | 0.0863 -0.0626 0.0593 1.0557 |0.0553 0.0972| 0.0811 -0.0657 0.0476 | 75.0% 0.217
1 |10 9.24 [0.1034 -0.0138 0.1024 0.1348 |0.1017 0.1356| 0.0723 -0.0082 0.0694 | 92.4% 0.399
| A |12 718 [0.0959 -0.0221 0.0933 0.2368 |0.0925 0.1577 | 0.0550 -0.0108 0.0540 | 88.8% 0.363
‘g 1.1 6.58 |0.0964 -0.0284 0.0921 0.3082 |0.0901 0.1698| 0.0518 -0.0154 0.0495 |87.1% 0.353
2 1.0 5.99 [0.1007 -0.0378 0.0934 0.4046 |0.0855 0.1831| 0.0503 -0.0225 0.0450 | 83.3% 0.335
A 0.9 5.39 [0.1079 -0.0503 0.0955 0.5269 |0.0814 0.2002| 0.0530 -0.0343 0.0405|77.4% 0.319
0.8 4.79 [ 0.1208 -0.0748 0.0949 0.7879 |0.0740 0.2138| 0.0656 -0.0549 0.0360 | 68.3% 0.290
1 Xo|1.0 12.27[0.1231 -0.0049 0.1230 0.0399 |0.1182 0.1146| 0.0923 -0.0015 0.0922 |95.1% 0.463
Q| Ao|1.2 18.39[0.1577 -0.0036 0.1576 0.0226 |0.1361 0.1058| 0.1381 -0.0003 0.1381|92.7% 0.534
= 1.1 16.85[0.1491 -0.0021 0.1491 0.0139 |0.1338 0.1065| 0.1266 -0.0004 0.1266 | 93.4% 0.525
% 1.0 15.32|0.1404 -0.0012 0.1404 0.0088 |0.1287 0.1071| 0.1151 -0.0005 0.1151 |94.3% 0.504
&= 0.9 13.79]0.1294 -0.0018 0.1294 0.0138 |0.1231 0.1093| 0.1036 -0.0008 0.1036|95.3% 0.482
0.8 12.26|0.1179 -0.0028 0.1178 0.0240 |0.1172 0.1130| 0.0921 -0.0013 0.0921 | 95.6% 0.459

Table SA4: Simulation results with d = 2, n = 1000, and B = 10, over 3000 repeats
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