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Abstract

This paper develops new distributional theory and bootstrap-based inference methods for

a broad class of convex pairwise difference estimators. These estimators minimize a kernel-

weighted objective function over observation pairs that are similar in terms of covariates, where

the similarity is governed by a localization (bandwidth) parameter. While classical results estab-

lish asymptotic normality under restrictive bandwidth conditions, we show that valid Gaussian

and bootstrap-based inference remains possible under substantially weaker assumptions. First,

we extend the theory of small bandwidth asymptotics to convex pairwise estimation settings,

deriving robust Gaussian approximations even when a smaller than standard bandwidth is used.

Second, we employ a debiasing procedure based on generalized jackknifing to enable inference

with larger bandwidths, while preserving convexity of the objective function. Third, we con-

struct a novel bootstrap method that adjusts for bandwidth-induced variance distortions, yield-

ing valid inference across a wide range of bandwidth choices. Our proposed inference method

enjoys demonstrable more robustness, while retaining the practical appeal of convex pairwise

difference estimators.
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1 Introduction

Suppose z1, . . . , zn is a random sample from the distribution of a random vector z. This paper

studies the large-sample distributional properties of the following convex pairwise difference esti-

mator:

θ̂n ∈ argmin
θ∈Θ

∑
i<j

m(zi, zj ;θ)Khn(wi −wj), Kh(u) =
1

hd
K
(u
h

)
,

where Θ ⊆ Rk is the parameter space, θ 7→ m(zi, zj ;θ) is a convex objective function, K is a

symmetric, non-negative kernel, hn is a positive bandwidth (or localization) parameter sequence,

w is a continuously distributed d-dimensional subvector of z, and where
∑

i<j denotes
∑n

j=2

∑j−1
i=1 .

Pairwise difference estimation, which relies on local comparisons between observation pairs, has

been widely used to address heterogeneity in nonlinear models. See Powell (1994), Honoré and

Powell (2005), and Aradillas-Lopez et al. (2007) for overviews, and Section 2 for three motivating

examples.

In contrast to classical extremum estimators, θ̂n is a localM -estimator that employs observation

pairs (i, j) for which wi and wj are similar. The bandwidth hn governs the degree of similarity:

When hn → 0 (as n → ∞), the estimator increasingly focuses on nearly identical-in-w pairs. In

turn, focusing on such pairs is natural in settings where identification arises from the condition

wi ≈ wj (combined with smoothness assumptions). The localization introduces a familiar trade-

off for estimation and inference: A smaller hn reduces bias from dissimilarity between wi and

wj , but increases variance due to fewer available usable pairs. As a consequence, the large-sample

behavior of θ̂n depends critically on a delicate bias-variance trade-off determined by hn. This paper

develops novel inference methods for convex pairwise difference estimators that are demonstrably

more robust to bandwidth choice than existing methods.

Under regularity conditions and assuming that

nhdn → ∞ and nh4n → 0,

where d is the dimension of w, it is well known that the pairwise difference estimator is asymptot-

ically linear, admitting a representation of the form

√
n(θ̂n − θ0) =

1√
n

n∑
i=1

2ξ(zi) + oP(1)⇝ N(0,V[2ξ(zi)]), (1.1)

where θ0 is the population parameter of interest and 2ξ(·) is the influence function. (The exact

form of ξ is given below.) Here, the condition nhdn → ∞ lower bounds the level of localization hn

allowed for, while the condition nh4n → 0 upper bounds the level of localization. The purpose of

the latter condition is to control a smoothing bias term. The bias condition nh4n → 0 could be

replaced by the weaker condition nh2Ln → 0 if a (higher-order) kernel of order L > 2 were used,
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but a higher-order kernel annihilates the convexity of the objective function because higher-order

kernels must take negative values.

This paper makes three main contributions:

1. Small bandwidths. Building on the idea of small bandwidth asymptotics introduced by Cat-

taneo et al. (2014a), we establish a more robust Gaussian distributional approximation for

the pairwise difference estimator that allows for higher levels of localization: It remains valid

even when the condition nhdn → ∞ is violated. This generalized distributional approximation

shows that, while the localization restriction nhdn → ∞ is necessary for establishing asymp-

totic linearity, a Gaussian approximation can hold under the substantially weaker condition

n2hdn → ∞, albeit with a convergence rate and large sample variance that depends explicitly

on the level of localization used.

2. Debiasing. Building on the idea of generalized jackknifing introduced by Schucany and Som-

mers (1977), and following Honoré and Powell (2005), we debias the pairwise difference esti-

mator, thereby allowing for larger bandwidths that violate the bias condition nh4n → ∞. This

debiasing approach retains the convexity of the objective function, which is crucial for both

theoretical (weaker regularity conditions) and practical (faster computation) reasons. The

debiasing procedure combines linearly a collection of convex pairwise difference estimators

constructed using different levels of localization. The resulting ensembling-based pairwise

difference estimator admits a small bandwidth Gaussian approximation with an associated

bias condition of the form nh2Ln → 0, where L ≥ 2 denotes the order of a certain (equivalent)

kernel induced by the debiasing procedure.

3. Bootstrap Inference. Building on insights in Cattaneo et al. (2014b), we develop valid

bootstrap-based distributional approximation for the debiased pairwise difference estima-

tor. The nonparametric bootstrap distributional approximation exhibits a mismatch in its

asymptotic variance under small bandwidth asymptotics. The mismatch is characterized by

a known multiplicative factor involving the localization parameter hn. As a result, boot-

strapping the (debiased) pairwise difference estimator with a different localization parameter

(namely, 31/dhn rather than hn) leads to a valid bootstrap-based inference procedure, which

is robust to small bandwidths.

In combination, our three contributions therefore offer a novel resampling-based inference method

for (convex) pairwise difference estimators that are demonstrably more robust to a wider set of

choices of the localization parameter hn.

Our theoretical work is carefully developed to retain and leverage convexity of the objective

function defining the pairwise difference estimator. This feature not only allows for fast implemen-

tation of the estimator and resampling-based methods, but also helps establishing our theoretical

developments under weaker technical conditions. When developing our theoretical results, we rely

heavily on the foundational work of Hjort and Pollard (1993) and Pollard (1991), which we apply

to the case of U -processes.
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This paper is connected to several strands of the literature. Contributions to the pairwise dif-

ference estimation literature include Ahn and Powell (1993), Ahn et al. (2018), Aradillas-Lopez

(2012), Blundell and Powell (2004), Hong and Shum (2010), Honoré (1992), Honoré et al. (1997),

Honoré and Powell (1994), Jochmans (2013), and Kyriazidou (1997). The theoretical and prac-

tical features of small bandwidth asymptotics, and their connection with resampling methods for

inference, are discussed in Cattaneo et al. (2010), Cattaneo et al. (2014b), Cattaneo et al. (2018),

Cattaneo and Jansson (2018), Matsushita and Otsu (2021), Cattaneo and Jansson (2022), Catta-

neo et al. (2025a), and references therein. The generalized jackknife has been successfully used for

debiasing in density weighted average derivative estimation (Powell et al., 1989), asymptotically lin-

ear pairwise difference estimation (Honoré and Powell, 2005), nonlinear semiparametric estimation

(Cattaneo et al., 2013), monotone estimation (Cattaneo et al., 2024), and random forest estimation

(Cattaneo et al., 2025c), among other settings. Shao and Tu (2012) give a textbook introduction

to jackknifing, bootstrapping, and other resampling methods.

The rest of the paper proceeds as follows. Section 2 introduces the three motivating examples

used throughout the paper to motivate our work, and to illustrate the verification of the high-

level assumptions imposed. Section 3 present our main theoretical distributional and bootstrap

results for robust inference employing convex pairwise difference estimators. Section 5 showcases

how the high-level sufficient conditions imposed in our theoretical developments are verified for the

three motivating examples. Section 6 gives final remarks. The appendix includes the proofs of our

theoretical results and other technical details.

2 Motivating Examples

We use three examples to motivate and illustrate our work. The first example involves an estimator

that can be written in closed form, while the other two examples do not. The second example has

a smooth objective function, while the third example does not. All three examples have convex

objective functions and employ the following notation: zi = (yi,x
′
i,w

′
i)
′ with yi a scalar outcome

variable, xi a k-dimensional covariate, and wi a d-dimensional covariate. For more details on the

examples, see Powell (1994), Honoré and Powell (2005), and Aradillas-Lopez et al. (2007).

2.1 Partially Linear Regression Model

The partially linear regression model studied here is of the form

yi = x′
iθ0 + g(wi) + εi, E[εi|xi,wi] = 0,

where g : Rd → R is an unknown function, treated as a nuisance parameter, and the parameter of

interest is θ0. A pairwise difference estimator of θ0 can be based on the objective function

m(z1, z2;θ) = mPL(z1, z2;θ) =
1

2
(y1 − y2 − (x1 − x2)

′θ)2.
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The objective function is convex in θ, and setting Θ = Rk the pairwise estimator admits a closed

form solution:

θ̂n =

∑
i<j

(xi − xj)(xi − xj)
′Khn(wi −wj)

−1∑
i<j

(xi − xj)(yi − yj)Khn(wi −wj).

2.2 Partially Linear Logit Model

The partially linear logit model studies here is of the form

yi = 1{x′
iθ0 + g(wi) + εi ≥ 0},

where g is an unknown nuisance function, θ0 is the parameter of interest, and where

P [εi ≤ u|xi,wi] = Λ(u) =
exp(u)

1 + exp(u)
.

The parameter θ0 can be estimated using a pairwise difference estimator with Θ = Rk and

m(z1, z2;θ) = mPLL(z1, z2;θ) = −1{y1 ̸= y2}[y2 ln Λ(x′
2θ − x′

1θ) + y1 ln Λ(x
′
1θ − x′

2θ)].

The estimator does not admit a closed form solution, but u 7→ − ln Λ(u) is convex, rendering the

minimization problem convex provided that a non-negative kernel function is used.

2.3 Partially Linear Tobit Model

The partially linear censored regression model studied here is of the form

yi = max{0,x′
iθ0 + g(wi) + εi},

where g is an unknown nuisance function, θ0 is the parameter of interest, xi ⊥⊥ εi|wi, and the con-

ditional distribution εi|wi admits a Lebesgue density. The associated pairwise difference estimator

of θ0 employs Θ = Rk and the function

m(z1, z2;θ) = mPLT(z1, z2;θ) = m̃PLT(z1, z2;θ)− m̃PLT(z1, z2;0),

where

m̃PLT(z1, z2;θ) =


|y1| − ((x1 − x2)

′θ + y2) sgn(y1) if (x1 − x2)
′θ ≤ −y2

|y1 − y2 − (x1 − x2)
′θ| if − y2 < (x1 − x2)

′θ < y1

|y2|+ ((x1 − x2)
′θ − y1) sgn(y2) if y1 ≤ (x1 − x2)

′θ

.

Because m̃PLT(z1, z2;0) does not depend on θ, the presence of m̃PLT(z1, z2;0) in mPLT(z1, z2;θ)

does not affect the minimization problem defining the estimator. Nevertheless, it is theoretically
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attractive to work with mPLT rather than m̃PLT, as doing so allows for weaker regularity conditions

for the existence of the expectation of the objective function.

For future reference, we note that mPLT admits the alternative representation

mPLT(z1, z2;θ) =



|y1 − y2 − (x1 − x2)
′θ| − |y1 − y2| if y1 > 0, y2 > 0

max{y1 − (x1 − x2)
′θ, 0} −max{y1, 0} if y1 > 0, y2 = 0

max{y2 + (x1 − x2)
′θ, 0} −max{y2, 0} if y1 = 0, y2 > 0

0 if y1 = 0, y2 = 0

.

The function θ 7→ mPLT(z1, z2;θ) is convex and so is the minimization problem defining the esti-

mator provided that the kernel function is non-negative.

3 Distributional Approximation and Bootstrap Inference

As it is standard in the literature, we define our estimator θ̂n = θ̂n(hn) to be a sequence of

measurable random variables satisfying

M̂n(θ̂n(h);h) ≤ inf
θ∈Θ

M̂n(θ;h) + oP
(
n−1

)
,

where M̂n is the objective function discussed in the introduction:

M̂n(θ;h) =

(
n

2

)−1∑
i<j

m(zi, zj ;θ)Kh(wi −wj).

Assuming basic regularity conditions, the objective function M̂n is a sample counterpart of

M(θ;h) = E
[
m(z1, z2;θ)Kh(w1 −w2)

]
= E

[
M̂n(θ;h)

]
,

and this function M(·;h) approximates, as h ↓ 0, the function

M0(θ) =

∫
E[m(z1, z2;θ)|w1 = w,w2 = w]fw(w)2dw

where fw is the Lebesgue density of w. This function M0 plays an important role in pairwise

difference estimation problems because the parameter of interest θ0 can often be characterized as

a unique solution to the minimization problem minθ∈ΘM0(θ).

Introducing the functionsM(θ;h) andM0(θ) is useful for our distributional approximation theory

because we can decompose θ̂n − θ0 into the non-stochastic “bias” component and the “centered”

stochastic component. Specifically, we define a non-random (fixed-h) “pseudo” parameter

θn = θ(hn), θ(h) ∈ argmin
θ∈Θ

M(θ;h).
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Then, we decompose θ̂n−θ0 into θ̂n−θn (“mean-zero” stochastic term) and θn−θ0 (non-random

“bias” term). Using this decomposition, below we discuss the role of generalize jackknifing to achieve

higher-order bias reduction without affecting the convexity of the objective function defining the

estimator, nor the generalized distributional approximation based on small bandwidth asymptotics.

First, we provide a set of sufficient conditions which guarantees, among other things, M(θ;h)

converges to M0(θ) as h ↓ 0, which is crucial for the bias term to vanish asymptotically.

Assumption 1. For ϵ > 0, define Θϵ
0 = {θ ∈ Θ : ∥θ − θ0∥ < ϵ}.

(i) The kernel function K is a symmetric, bounded probability density.

(ii) Θ ⊆ Rk is convex and θ 7→ m(z1, z2;θ) is convex with probability one.

(iii) The distribution of w is absolutely continuous with respect to the Lebesgue measure. The

density is bounded and continuous on its support.

(iv) For some δ > 0, Θδ
0 ⊂ Θ. For each θ ∈ Θ, E[m(z1, z2;θ)] <∞,

lim
u→0

E[m(z1, z2;θ)|w1,w2 = w1 + u] = E[m(z1, z2;θ)|w1,w2 = w1]

with probability one, and, denoting the support of w by W,

E
[
sup
w∈W

E[m(z1, z2;θ)|w1,w2 = w]fw(w)

]
<∞.

M0 is uniquely minimized at θ0 on Θ.

Next, we state regularity conditions under which we analyze asymptotic properties of θ̂n − θn.
The function (z1, z2) 7→ s(z1, z2;θ) ∈ Rk can be interpreted as a “derivative” of θ 7→ m(z1, z2;θ)

at θ, although we do not require full differentiability: the partially linear Tobit example above

has m(z1, z2,θ) that is not differentiable at points such that (x1 − x2)
′θ = 0. Similarly, the

function (z1, z2) 7→ H(w1,w2;θ, t) ∈ Rk×k can be thought of as the second directional derivative

of E[m(z1, z2;θ)|w1,w2], where t ∈ Rk is the direction of derivative. As the partially linear Tobit

example indicates, the map θ 7→ m(z1, z2;θ) may not be twice directionally differentiable, but the

conditional expectation E[m(z1, z2;θ)|w1,w2] often enjoys the required smoothness with respect

to θ because the integral can smooth out kinks. Let C > 0 denote an absolute constant that may

take different values in each case.

Assumption 2. Let δ > 0. For θ ∈ Θδ
0, t ∈ Rk, and τ > 0 small enough, define e1(z1, z2;θ, t, τ) =

τ−1{m(z1, z2;θ + tτ)−m(z1, z2;θ)− s(z1, z2;θ)
′tτ} and e2(w1,w2;θ, t, τ) = τ−2{E[m(z1, z2;θ +

tτ)−m(z1, z2;θ)− s(z1, z2;θ)
′tτ |w1,w2]− 1

2t
′H(w1,w2;θ, t)tτ

2}.

(i) There exists a real-valued function b(z) such that for θ ∈ Θδ
0, ∥s(z1, z2;θ)∥ ≤ b(z1)b(z2),

E[b(z)4|w]fw(w) ≤ C <∞ with probability one, and E|b(z)|4 <∞.
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(ii) Let S(z1, z2;ϑ,θ) = s(z1, z2;ϑ)s(z1, z2;θ)
′. With probability one,

lim
(θ,u)→(θ0,0)

E[s(z1, z2;θ)|z1,w2 = w1 + u] = E[s(z1, z2;θ0)|z1,w2 = w1],

lim
(θ,ϑ,u)→(θ0,θ0,0)

E[S(z1, z2;ϑ,θ)|w1,w2 = w1 + u] = E[S(z1, z2;θ0,θ0)|w1,w2 = w1].

(iii) For each t ∈ Rk, there is some τ̄ > 0 such that

E

[
sup

τ∈(0,τ̄),θ∈Θδ
0,w2∈W

∣∣E[e1(z1, z2;θ, t, τ)∣∣z1,w2

]
fw(w2)

∣∣2] <∞

E

[
sup

τ∈(0,τ̄),θ∈Θδ
0,w2∈W

E
[
e1(z1, z2;θ, t, τ)

2
∣∣w1,w2

]
fw(w2)

]
<∞

E

[
sup

τ∈(0,τ̄),θ∈Θδ
0,w2∈W

∣∣e2(w1,w2;θ, t, τ)
∣∣fw(w2)

]
<∞

E

[
sup

θ∈Θδ
0,w2∈W

∥H(w1,w2;θ, t)∥ fw(w2)

]
<∞.

(iv) For t ∈ Rk, with probability one,

lim
(τ,θ,u)→(0,θ0,0)

E
[
e1(z1, z2;θ, t, τ)

∣∣z1,w2 = w1 + u
]
= 0

lim
(τ,θ,u)→(0,θ0,0)

E
[
e1(z1, z2;θ, t, τ)

2
∣∣w1,w2 = w1 + u

]
= 0

lim
(τ,θ,u)→(0,θ0,0)

e2(w1,w1 + u;θ, t, τ) = 0

lim
(u,τ)→(0,0)

sup
θ∈Θτ

0

∥H(w1,w1 + u;θ, t)−H(w1,w1;θ, t)∥ = 0

lim
θ→θ0

H(w1,w1;θ, t) = H(w1,w1;θ0, t)

and H(w1,w1;θ0, t) = H(w1,w1;θ0, s) almost surely for any t, s ∈ Rk, which allows for

dropping the last argument of H when evaluated at w1 = w2,θ = θ0. The matrix

H0 =

∫
H(w,w;θ0)fw(w)2dw

is positive definite.

3.1 Small Bandwidth Asymptotics

To describe the generalized asymptotic distribution of the estimator θ̂n, define

Vn = Vn(hn), Vn(h) = H−1
0

[
n−1Σ0 +

(
n

2

)−1

h−d∆0(K)

]
H−1

0 ,
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where ξ(z1) = E[s(z1, z2;θ0)|z1,w2 = w1]fw(w1), Ξ(w) = E[s(z1, z2;θ0)s(z1, z2;θ0)′|w1 = w,w2 =

w]fw(w),

Σ0 = 4E
[
ξ(z)ξ(z)′

]
and ∆0(K) = E

[
Ξ(w)

] ∫
K2(u)du. (3.1)

The notation∆0(K) emphasizes its dependence on the kernel function. The following theorem gives

the small bandwidth Gaussian distributional approximation for the canonical pairwise difference

estimator. Let Φ(t) denote the distribution function of a k-dimensional standard Gaussian random

vector.

Theorem 1. Suppose Assumptions 1 and 2 hold. If n2hdn → ∞ and hn → 0, then

sup
t∈Rk

∣∣∣P[V−1/2
n (θ̂n − θn) ≤ t

]
− Φ(t)

∣∣∣→ 0.

The convergence rate of θ̂n equals the magnitude of V
−1/2
n :

rn =
(
n−1/2 + (n2hdn)

−1/2
)−1

=
√
n

√
nhdn

1 +
√
nhdn

= O
(
min

{√
n,
√
n2hdn

})
.

Provided that V
−1/2
n (θn − θ0) = o(1), Theorem 1 encompasses the following three distinct large-

sample Gaussian approximations.

• Asymptotic Linearity : nhdn → ∞. Then,
√
n(θ̂n − θ0) admits the linear representation (1.1).

• Root-n Consistency : nhdn → c ∈ (0,∞). Then,
√
n(θ̂n − θ0) is not asymptotically linear, but

convergences in law to a mean-zero Gaussian distribution with asymptotic variance

lim
n→∞

nVn = H−1
0

[
Σ0 +

2

c
∆0(K)

]
H−1

0 .

• Small Bandwidths: nhdn → 0. Then,
√
n2hd(θ̂n − θ0) converges weekly to a mean-zero Gaus-

sian distribution with asymptotic variance 2∆0(K).

Whenever the localization parameter is chosen so that nhdn ̸→ ∞, the variance in the Gaussian

approximation includes the small bandwidth component
(
n
2

)−1
h−d
n ∆0(K), capturing the additional

uncertainty generated from increasing the localization of the observations pairs. Therefore, The-

orem 1 gives a refined Gaussian distributional approximation for θ̂n − θ0, removing the condition

nhdn → ∞, and enlarging the range of localization parameters by imposing the weaker condition

n2hdn → 0, provided the bias condition V
−1/2
n (θn − θ0) = o(1) holds. As demonstrated by Catta-

neo et al. (2025a), the first-order small bandwidth asymptotic theory can lead to a higher-order

corrected distributional approximation.
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3.2 Debiasing via Generalized Jackknifing

In Theorem 1, we centered the statistic at θn = θ(hn) to circumvent smoothing bias issues. This

section focuses on the bias term, and introduces an automatic debiasing approach under high-level

conditions. Assumption 1 implies that limh↓0 θ(h) = θ0, but with additional mild conditions it is

possible to show that the bias term is O(h2). We employ standard multi-index notation: |α| =∑d
j=1 αj for α = (α1, . . . , αd)

′ ∈ Zd
+ and ∂αv f(w,v) =

∂|α|

∂v
α1
1 ···∂vαd

d

f(w,v) for v = (v1, . . . , vd)
′ ∈ Rd.

Proposition 1. Suppose Assumptions 1 and 2, and the following conditions hold.

(i)
∫
∥u∥2K(u) <∞.

(ii) w2 7→ ψ(w1,w2) = E[s(z1, z2;θ0)|w1,w2]fw(w2) is twice continuously differentiable with

probability one, and E[supv∈W ∥∂αvψ(w1,v)∥] <∞ for all |α| ≤ 2.

Then, there exists a non-random vector b2 ∈ Rk such that

θ(h) = θ0 + b2h
2 + o(h2), as h ↓ 0.

The bias expansion in Proposition 1 can be extended to a higher-order bias expansion i.e.,

characterizing leading bias terms up to O(hLn) with L > 2 under appropriate smoothness conditions.

We illustrate this in Section 4.5, where we establish a bias expansion of localM -estimators for L = 4

under primitive conditions. This result explicitly leverages convexity of the objective function, and

thus appears to be new to the literature. Formalizing the bias expansion for an arbitrary order

of L > 4 is cumbersome, so we instead impose the following high-level condition (cf., Honoré and

Powell, 2005, Equation (3.6)).

Assumption 3. For b0 = 0 and some even L ≥ 0, there exist non-random vectors bl ∈ Rk,

l = 1, . . . , L, such that

θ(h)− θ0 =
L/2∑
l=0

b2lh
2l + o(hL), as h ↓ 0.

This assumption encompasses the setting under Assumptions 1 and 2 (L = 0), as well as the

setting under the additional conditions imposed in Proposition 1 (L = 2). Assumption 3 sets the

terms with odd powers of h equal to zero, which holds whenever a symmetric kernel function and

appropriate smoothness conditions are imposed. See Section 4.5 for more discussion.

To describe the debiasing procedure via generalized jackknifing, let c0 = 1 and c = (c0, . . . , cL/2)
′

be distinct positive constants such that the (L/2 + 1)× (L/2 + 1) matrix

C =


1 1 . . . 1
1 c21 . . . c2L/2
...

. . .
1 cL1 . . . cLL/2
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is invertible, and let λ = (λ0, λ1, . . . , λL/2)
′ ∈ RL/2+1 be a vector such that Cλ = (1, 0, . . . , 0)′.

The debiased estimator is

θ̂n,c = θ̂n,c(hn), θ̂n,c(hn) =

L/2∑
l=0

λlθ̂n(clh).

This procedure involves solving L/2 + 1 convex optimization problems: θ̂n(clh), l = 0, . . . , L/2.

The debiased estimator is a generalization of the original pairwise difference estimator because, if

c = 1 (hence λ0 = 1) and we take L = 0 in Assumption 3, then θ̂n,c = θ̂n.

Our next theorem generalizes Theorem 1 by establishing the small bandwidth Gaussian approx-

imation for the debiased pairwise difference estimator θ̂n,c. Accordingly, let

θn,c = θc(hn), θc(h) =

L/2∑
l=0

λlθ(clh)

and

Vn,c = Vn,c(hn), Vn,c(h) = H−1
0

[
n−1Σ0 +

(
n

2

)−1

h−d∆0(Kc)

]
H−1

0 ,

where

Kl(u) = c−d
l K

(
u

cl

)
, Kc(u) =

L/2∑
l=0

λlKl(u), Kc,h(u) = h−dKc

(u
h

)
.

It follows that θc(h) and Vn,c(h) are a generalization of θ(h) and Vn(h), respectively, because

θ(h) = θc(h) and Vn(h) = Vn,c(h) if c = 1. Debiasing via generalized jackknifing affects the

variance formula only through the kernel shape entering its small bandwidth component.

Theorem 2. Suppose Assumptions 1 and 2 hold. If n2hdn → ∞ and hn → 0, then

sup
t∈Rk

∣∣∣P[V−1/2
n,c (θ̂n,c − θn,c) ≤ t

]
− Φ(t)

∣∣∣→ 0

If, in addition, Assumption 3 holds and nh2Ln → 0, then

sup
t∈Rk

∣∣∣P[V−1/2
n,c (θ̂n,c − θ0) ≤ t

]
− Φ(t)

∣∣∣→ 0

In addition to establishing a valid small bandwidth Gaussian distributional approximation, this

theorem explicitly deals with the smoothing bias term via generalized jackknifing: the debiased

estimator is centered at the parameter of interest θ0 rather than at the pseudo-true parameter

sequence θn. While from an asymptotic perspective debiasing inflates variance only when nhdn ̸→
∞, through the term ∆0(Kc), the Gaussian approximation in Theorem captures a finite sample
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contribution of the debiasing procedure, and thus can offer a better finite-sample distributional

approximation. See Cattaneo et al. (2025a) for more discussion.

It is interesting to note that Kc is a higher-order kernel, even though the construction of the

debiased estimator θ̂n,c only employs second-order kernels, hence retaining the desired convexity for

implementation. More precisely,
∫
Kc(u)du =

∑L/2
l=0 λl

∫
Kcl(u)du = 1. For α = (α1, . . . , αd)

′ ∈
Zd
+, let u

α =
∏d

j=1 u
αj

j for u ∈ Rd. Then, for 0 < |α| ≤ L,

∫
uαKc(u)du =

L/2∑
l=0

λl

∫
uαKcl(u)du =

L/2∑
l=0

λlc
|α|
l

∫
vαK(v)dv = 0

where the second equality uses changes-of-variables v = c−1
l u and the last equality uses the defining

property of λ and the symmetry of K.

3.3 Bootstrap Inference

To develop feasible inference procedures, we consider the nonparametric bootstrap approximation

of the limiting distribution of the debiased pairwise difference estimator θ̂n,c. In particular, our

results cover the canonical estimator θ̂n by setting c = 1.

Let {z∗i : i = 1, . . . , n} be a bootstrap i.i.d. sample drawn from the empirical CDF computed from

the original observations {zi : i = 1, . . . , n}. By the plug-in approach, we construct the bootstrap

pairwise difference estimator θ̂∗n = θ̂∗n(hn) as an approximate minimizer:

M̂∗
n(θ̂

∗
n(h);h) ≤ inf

θ∈Θ
M̂∗

n(θ;h) + oP(n
−1),

where

M̂∗
n(θ;h) =

(
n

2

)−1∑
i<j

m(z∗i , z
∗
j ;θ)Kh(w

∗
i −w∗

j )

is the bootstrap-analogue objective function. Furthermore, the bootstrap (generalized jackknife)

debiased estimator is

θ̂∗n,c = θ̂∗n,c(hn), θ̂∗n,c(h) =

L/2∑
l=0

λlθ̂
∗
n(clh).

When c = 1, θ̂∗n,c = θ̂∗n reduces to the bootstrap-analogue of the pairwise difference estimator θ̂n.

The following theorem characterizes the distributional approximation obtained from the non-

parametric bootstrap. In perfect analogy with the results in Cattaneo et al. (2014b), we find that

the bootstrap distribution estimator consistently estimate the correct limit distribution only when

nhdn → ∞, but otherwise exhibits a variance inflation making the distributional approximation

inconsistent. Let P∗[·] = P[·|z1, . . . , zn], and →P denote convergence in probability.
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Theorem 3. Suppose Assumptions 1 and 2 hold, and that mn(z, z;θ) = 0 and sn(z, z;θ) = 0 for

all z and θ ∈ Θδ
0. If n2hdn → ∞ and hn → 0, then

sup
t∈Rk

∣∣∣P∗[Vn,c(3
−1/dhn)

−1/2(θ̂∗n,c(hn)− θ̂n,c(hn)) ≤ t
]
− Φ(t)

∣∣∣→P 0.

Letting I denote the k-dimensional identity matrix, it follows that Vn,c(3
−1/dhn)

−1Vn,c(hn) → I

if and only if nhdn → ∞, which implies that

sup
t∈Rk

∣∣∣P∗[θ̂∗n,c(hn)− θ̂n,c(hn) ≤ t
]
− P

[
θ̂n,c(hn)− θ(hn) ≤ t

]∣∣∣→P 0

if and only if nhdn → ∞. In particular, if lim infn→∞ nhdn <∞, then the nonparametric bootstrap is

inconsistent, albeit it will be conservative in the sense that the leading variance under the bootstrap

distribution is larger than the leading variance of the asymptotic distribution: Vn,c(3
−1/dhn) >

Vn,c(hn) in a positive definite sense.

The leading variance inflation generated by the nonparametric bootstrap under the small band-

width regime, lim infn→∞ nhdn < ∞, can be easily fixed by appropriately rescaling the bandwidth

used for the bootstrap implementation of the pairwise estimator: according to Theorem 3, com-

puting θ̂∗n(3
1/dhn) − θ̂n(31/dhn), instead of the original plug-in bootstrap statistic employing the

bandwidth choice hn, automatically adjusts the bootstrap variance, and therefore leads to a con-

sistent distributional approximation. The following theorem formalizes this result.

Corollary 1. Suppose Assumptions 1 and 2 hold, and that mn(z, z;θ) = 0 and sn(z, z;θ) = 0 for

all z and θ ∈ Θδ
0. If n2hdn → ∞ and hn → 0, then

sup
t∈Rk

∣∣∣P∗[θ̂∗n,c(31/dhn)− θ̂n,c(31/dhn) ≤ t
]
− P

[
θ̂n,c(hn)− θ(hn) ≤ t

]∣∣∣→P 0.

If, in addition, Assumption 3 holds and nh2Ln → 0, then

sup
t∈Rk

∣∣∣P∗[θ̂∗n,c(31/dhn)− θ̂n,c(31/dhn) ≤ t
]
− P

[
θ̂n,c(hn)− θ0 ≤ t

]∣∣∣→P 0.

Corollary 1 emphasizes the rate-adaptive nature of the consistency property enjoyed by the boot-

strap distributional approximation. This result has immediate implications for robust inference.

For example, letting α ∈ (0, 1) and a ∈ Rk be a fixed vector, and using the “percentile method” (in

the terminology of van der Vaart, 1998), the (nominal) level 1−α bootstrap confidence interval for

a′θ0 is

CI∗1−α,n =
[
a′θ̂n,c(hn)− q∗1−α/2,n , a

′θ̂n,c(hn)− q∗α/2,n

]
with

q∗t,n = inf
{
q ∈ R : P∗[a′θ̂∗n,c(3

1/dhn)− a′θ̂n,c(3
1/dhn) ≤ q] ≥ t

}
,
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which satisfies

lim
n→∞

P[a′θ0 ∈ CI∗1−α,n] = 1− α,

under the substantially weaker conditions n2hdn → ∞ and nh2Ln → 0.

4 Proofs and Other Technical Results

In the sequel, we use C to denote a positive constant that does not depend on the sample size. In

different places, C may refer to different constants. Recall

rn =
(
n−1/2 + (n2hdn)

−1/2
)−1

=
√
n

√
nhdn

1 +
√
nhdn

= O
(
min

{√
n,
√
n2hdn

})
.

Theorem 1 follows from Theorem 2 by setting c = 1, and Corollary 1 follows from Theorems 2

and 3. Thus, we only give proofs for Theorems 2 and 3.

4.1 Proof of Theorem 2

Let Mn,l(θ) =M(θ; clhn), M̂n,l(θ) = M̂n(θ; clhn), θn,l = θ(clhn),

sn,l(z1, z2) = s(z1, z2;θn,l)Kclhn(w1 −w2), and

en,l(z1, z2; t) = e1(z1, z2;θn,l, t, r
−1
n )Kclhn(w1 −w2).

For t ∈ Rk,

M̂n,l(θn,l + tr−1
n )− M̂n,l(θn,l)

=Mn,l(θn,l + tr−1
n )−Mn,l(θn,l) +

(
n

2

)−1∑
i<j

{
sn,l(zi, zj)− E[sn,l(z1, z2)]

}′
tr−1

n

+ r−1
n

(
n

2

)−1∑
i<j

{
en,l(zi, zj ; t)− E[en,l(z1, z2; t)]

}
.

By Lemma 3 below, r2n[Mn,l(θn,l+tr−1
n )−Mn,l(θn,l)] =

1
2t

′H0t+o(1). By Hoeffding decomposition

and Lemma 4, (
n

2

)−1∑
i<j

en,l(zi, zj ; t)− E[en,l(z1, z2; t)] = oP

(
n−1/2 + n−1h−d/2

n

)
.

Writing Ûn,l =
(
n
2

)−1∑
i<j sn,l(zi, zj)− E[sn,l(z1, z2)], we have

r2n
[
M̂n,l(θn + tr−1

n )− M̂n,l(θn)
]
=

1

2
t′H0t+ rnÛ

′
n,lt+ oP(1).
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Since t 7→ M̂n,l(θn,l + tr−1
n ) is convex almost surely, H0 is positive definite, and rnÛn,l = OP(1)

(which we prove below), the corollary following Lemma 2 of Hjort and Pollard (1993) implies that

rn
(
θ̂n(clhn)− θn,l

)
−
(
−H−1

0 rnÛn,l

)
= oP(1).

Since the above holds for each l = 0, . . . , L/2, we have

rn
(
θ̂n,c − θn,c

)
= −H−1

0

L/2∑
l=0

λlrnÛn,l + oP(1). (4.1)

Under Assumption 3 and nh2Ln → 0,

rn
(
θ̂n,c − θ0

)
= rn

(
θ̂n,c − θn,c

)
+ rn

(
θn,c − θ0

)
= rn

(
θ̂n,c − θn,c

)
+ o(1).

Thus, it suffices to analyze asymptotic behavior of
∑L/2

l=0 λlrnÛn,l. By Hoeffding decomposition,

L/2∑
l=0

λlÛn,l =
1

n

n∑
i=1

L/2∑
l=0

2λlℓn,l(zi) +

(
n

2

)−1∑
i<j

L/2∑
l=0

λlωn,l(zi, zj) =: L̂n + Ŵn

where

ℓn,l(z1) = E[sn,l(z1, z2)|z1]− E[sn,l(z1, z2)]

and

ωn,l(z1, z2) = sn,l(z1, z2)− ℓn,l(z1)− ℓn,l(z2)− E[sn,l(z1, z2)].

Below, we prove ( √
nL̂n√

n2hdnŴn

)
⇝ Normal

([
0
0

]
,
[
Σ0 O
O 2∆0(Kc)

])
(4.2)

where O is the k × k zero matrix. By (4.1) and Hoeffding decomposition, we have

θ̂n,c − θn,c = −H−1
0

[
1√
n

√
nL̂n +

1√
n2hdn

√
n2hdnŴn

]
+ oP(r

−1
n ),

and we can prove the desired result by invoking an almost sure representation theorem. Let L and

W be mean-zero joint normal random vectors with the covariance matrix in (4.2), and with some

abuse of notation,

P
[
V

−1/2
n,c

(
θ̂n,c − θn,c

)
≤ t
]
= P

[
−V

−1/2
n,c H−1

0

(
n−1/2L+ (n2hdn)

−1/2W
)
+ an ≤ t

]
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where an = o(1) almost surely. Since the variance of H−1
0 (n−1/2L + (n2hdn)

−1/2W) equals Vn,c,

the desired result holds.

Proving (4.2) For µ1,µ2 ∈ Rk, letting µ = (µ′
1 µ

′
2)

′, define

gin(µ) = 2

n−1/2µ′
1ℓn(zi) + (n− 1)−1

√
hdn

i−1∑
j=1

µ′
2ωn(zi, zj)


where ℓn(zi) =

∑L/2
l=0 λlℓn,l(zi) and ωn(zi, zj) =

∑L/2
l=0 λlωn,l(zi, zj). Note (

√
nL̂′

n

√
n2hdnŴ

′
n)µ =∑n

i=1 gin(µ). Since E[gin(µ)|z1, . . . , zj ] = 0 for j ∈ {1, . . . , i − 1}, {gin(µ),Fi}ni=1 is a martingale

difference sequence where Fi is the sigma field generated by {z1, . . . , zi}. Using this martingale

structure, we apply the following result of Heyde and Brown (1970).

Lemma 1 (Heyde and Brown, 1970). Let {Xn,Fn} be a martingale with X0 = 0 a.s., Xn =
∑n

i=1 Yi

for n ≥ 1, and Fn be the sigma field generated by X0, X1, . . . , Xn. Define σ2n = E[Y 2
n |Fn−1] and

ς2n =
∑n

i=1 Eσ2i . Suppose for some δ ∈ (0, 1], E|Yn|2+2δ < ∞ for all n. Then, there exists a finite

constant K depending only on δ such that

sup
t∈R

|P(Xn ≤ ςnt)− Φ(t)| ≤ K

ς−2(1+δ)
n

 n∑
i=1

E|Yi|2(1+δ) + E

∣∣∣∣∣
n∑

i=1

σ2i − ς2n

∣∣∣∣∣
1+δ


1
3+2δ

where Φ(·) denotes the cdf of a standard normal random variable.

Using the above central limit theorem and the Cramer-Wold device, to prove (4.2), it suffices to

show

ς2n =
n∑

i=1

E[gin(µ)2] → µ′
1Σ0µ1 + 2µ′

2∆0(K)µ2, (4.3)

1

ς4n

n∑
i=1

E|gin(µ)|4 → 0, (4.4)

and

E

∣∣∣∣∣ 1ς2n
n∑

i=1

σ2in − 1

∣∣∣∣∣
2

→ 0, σ2in = E[gin(µ)2|z1, . . . , zi−1]. (4.5)

Verifying (4.3) By E[ℓn(zi)ωn(zi, zj)
′] = O for i > j and E[ωn(zi, zj)ωn(zi, zp)

′] = O for j ̸= p,

E[gin(µ)2] =
4E[(µ′

1ℓn(zi))
2]

n
+

4hdn
(n− 1)2

i−1∑
j=1

E
[(
µ′
2ωn(zi, zj)

)2]
and

ς2n = 4µ′
1E
[
ℓn(z1)ℓn(z1)

′]µ1 + 2
n

n− 1
µ′
2h

d
nE
[
ωn(z1, z2)ωn(z1, z2)

′]µ′
2.
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For the first term on the right-hand side above,

E[ℓn(z1)ℓn(z1)′] = E

 L/2∑
l,l̃=0

λlλl̃E[sn,l(z1, z2)|z1]E[sn,l̃(z1, z2)|z1]
′


− E

L/2∑
l=0

λlsn,l(z1, z2)

E

L/2∑
l=0

λlsn,l(z1, z2)

′

where the second term after the equality is zero (Lemma 3). By the dominated convergence

theorem, for each l = 0, . . . , L/2, E[sn,l(z1, z2)|z1] →a.s ξ(z1) and, another application of the

dominated convergence theorem implies

E

 L/2∑
l,l̃=0

λlλl̃E[sn,l(z1, z2)|z1]E[sn,l̃(z1, z2)|z1]
′

→ E

 L/2∑
l,l̃=0

λlλl̃ξi(z)ξi(z)
′

 =
1

4
Σ0

because
∑L/2

l=0 λl = 1. For the other term in the decomposition of ς2n,

E[ωn(z1, z2)ωn(z1, z2)
′] = E

 L/2∑
l,l̃=0

λlλl̃sn,l(z1, z2)sn,l(z1, z2)
′

+O(1)

where O(1) comes from E[sn,l(z1, z2)E[sn,l̃(z1, z2)|z1]
′] = E[E[sn,l(z1, z2)|z1]E[sn,l̃(z1, z2)|z1]

′] =

O(1) and E[sn,l(z1, z2)] = 0. The dominated convergence theorem implies

hdnE
[
sn,l(z1, z2)sn,l̃(z1, z2)

′]→ ∫
Ξ(w1)fw(w1)dw1

∫
Kcl(u)Kcl̃

(u)du.

Since ∫
K2

c(u)du =

∫ L/2∑
l=0

λlKcl(u)

2

du =

L/2∑
l,l̃=0

λlλl̃

∫
Kcl(u)Kcl̃

(u)du,

we have

hdnE[ωn(z1, z2)ωn(z1, z2)
′] → ∆0(Kc).

Thus, the desired result holds.

Verifying (4.4) Given ς2n converges to a positive number, it suffices to show
∑n

i=1 E|gin(µ)|4 =

o(1). By (a+ b)s ≤ 2s−1(as + bs),

n∑
i=1

E|gin(µ)/2|4 ≤ 8∥µ1∥4
E∥ℓn(z1)∥4

n
+

8h2dn
(n− 1)4

n∑
i=1

E

∣∣∣∣∣∣
i−1∑
j=1

µ′
2ωn(zi, zj)

∣∣∣∣∣∣
4

.
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Let sLn(z1, z2) =
∑L/2

l=0 λlsn,l(z1, z2). Then, E∥ℓn(z1)∥4 is bounded by a constant multiple of

E[∥E[sLn(z1, z2)|z1]∥4], which is o(n) by Lemma 5. For the other term,

E

∣∣∣∣∣∣
i−1∑
j=1

µ′
2ωn(zi, zj)

∣∣∣∣∣∣
4

=

i−1∑
j=1

E
[(
µ′
2ωn(zi, zj)

)4]
+

i−1∑
j=1

i−1∑
p=1,p ̸=j

E
[(
µ′
2ωn(zi, zj)

)2(
µ′
2ωn(zi, zp)

)2]
≤ n44∥µ2∥4E∥sLn(z1, z2)∥4 + n244∥µ2∥4E

[
E[∥sLn(z1, z2)∥2|z1]2

]
where the inequality uses Lemma 6. Then,

h2dn
44∥µ2∥4n4

n∑
i=1

E

∣∣∣∣∣∣
i−1∑
j=1

µ′
2ωn(zi, zj)

∣∣∣∣∣∣
4

≤ h2dn
n2

E∥sLn(z1, z2)∥4 +
h2dn
n

E
[
E
[
∥sLn(z1, z2)∥2|z1

]2]

which is o(1) by Lemma 5.

Verifying (4.5) Adding and subtracting 4hd
n

n−1E|µ
′
2ωn(z1, z2)|2 = 4hd

n
(n−1)2

E|
∑i−1

j=1µ
′
2ωn(zi, zj)|2,

n∑
i=1

σ2in = ς2n +
4hdn

(n− 1)2

n∑
i=1

E

( i−1∑
j=1

µ′
2ωn(zi, zj)

)2∣∣∣Fi

− E
( i−1∑

j=1

µ′
2ωn(zi, zj)

)2


+
8
√
hdn

(n− 1)
√
n

n∑
i=1

E

 i−1∑
j=1

µ′
1ℓn(zi)µ

′
2ωn(zi, zj)

∣∣∣Fi

 .
Then, to show (4.5), it suffices to verify

h2dn
n4

E

∣∣∣∣∣∣
n∑

i=1

E

( i−1∑
j=1

µ′
2ωn(zi, zj)

)2∣∣∣Fi

− E
( i−1∑

j=1

µ′
2ωn(zi, zj)

)2
∣∣∣∣∣∣

2

= o(1) (4.6)

and

hdn
n3

E

∣∣∣∣∣∣
n∑

i=1

E

 i−1∑
j=1

µ′
1ℓn(zi)µ

′
2ωn(zi, zj)

∣∣∣Fi

∣∣∣∣∣∣
2

= o(1). (4.7)

For (4.6), letting ω̄n = E[|µ′
2ω(z1, z2)|2],

E

∣∣∣∣∣∣
n∑

i=1

E

( i−1∑
j=1

µ′
2ωn(zi, zj)

)2∣∣∣Fi

− E
( i−1∑

j=1

µ′
2ωn(zi, zj)

)2
∣∣∣∣∣∣

2

≤ 2E

∣∣∣∣∣∣
n∑

i=1

i−1∑
j=1

(
E
[(
µ′
2ωn(zi, zj)

)2∣∣zj]− E
[(
µ′
2ωn(zi, zj)

)2])∣∣∣∣∣∣
2

17



+ 4E

∣∣∣∣∣∣
n∑

i=1

i−1∑
j=1

j−1∑
p=1

E
[
µ′
2ωn(zi, zj)µ

′
2ωn(zi, zp)

∣∣zj , zp]
∣∣∣∣∣∣
2

= 2
n−1∑
j=1

n−1∑
p=1

(n− j)(n− p)E
(
E
[(
µ′
2ωn(z, zj)

)2∣∣zj]− ω̄n

)(
E
[(
µ′
2ωn(z, zp)

)2∣∣zp]− ω̄n

)

+ 4

n−2∑
p1=1

n−1∑
j1=p1+1

n−2∑
p2=1

n−1∑
j2=p2+1

(n− j1)(n− j2)

× E
[
E
[
µ′
2ωn(z, zj1)µ

′
2ωn(z, zp1)

∣∣zj1 , zp1]E [µ′
2ωn(z, zj2)µ

′
2ωn(z, zp2)|zj2 , zp2

] ]
≤ 2n3E

∣∣∣E [(µ′
2ωn(z1, z2)

)2∣∣z1]− ω̄n

∣∣∣2 + 4n4E
[
E
[
µ′
2ωn(z1, z2)µ

′
2ωn(z1, z3)

∣∣z2, z3]2]
where the last inequality uses E[µ′

2ωn(z1, z2)µ
′
2ωn(z1, z3)

∣∣z2] = 0. Then, (4.6) follows from

h2dn
44n4

E

∣∣∣∣∣∣
n∑

i=1

E

( i−1∑
j=1

µ′
2ωn(zi, zj)

)2∣∣∣Fi

− E
( i−1∑

j=1

µ′
2ωn(zi, zj)

)2
∣∣∣∣∣∣

2

≤ 2∥µ2∥4n−1h2dn E
[
E
[
∥sLn(z1, z2)∥2

∣∣z1]2]+ ∥µ2∥4h2dn E
[
E[∥sLn(z1, z2)sn(z1, z3)′∥|z2, z3]2

]
and Lemma 5.

For (4.7),

E

∣∣∣∣∣∣
n∑

i=1

E

 i−1∑
j=1

µ′
1ℓn(zi)µ

′
2ωn(zi, zj)

∣∣∣Fi

∣∣∣∣∣∣
2

=

n∑
i=1

n∑
j=1

min{i,j}−1∑
p=1

E
[
E
[
µ′
1ℓn(zi)ωn(zi, zp)

′µ2|zp
]
E
[
µ′
1ℓn(zj)ωn(zj , zp)

′µ2|zp
]]

≤ n3
(
E
[
E
[
µ′
1E[sLn(z1, z3)|z1]sLn(z1, z2)′µ2|z2

]2]
+O(1)

)
and Lemma 5 implies hdnE[E[∥sLn(z1, z2)sLn(z1, z3)′∥|z2]2] = o(1).

4.2 Proof of Theorem 3

Define M̂∗
n,l(θ) = M̂∗

n(θ; clhn) and

Û∗
n,l =

(
n

2

)−1∑
i<j

sn,l(z
∗
i , z

∗
j )− s̄n,l, s̄n,l =

1

n2

n∑
i=1

n∑
j=1

sn,l(zi, zj).

For sufficiently large n,

M̂∗
n,l(θn,l + tr−1

n )− M̂∗
n,l(θn,l) = r−1

n

(
n

2

)−1∑
i<j

en,l(z
∗
i , z

∗
j ; t) + r−1

n t′
(
n

2

)−1∑
i<j

sn,l(z
∗
i , z

∗
j )

18



= r−1
n

(n
2

)−1∑
i<j

en,l(z
∗
i , z

∗
j ; t)−

1

n2

∑
i,j

en,l(zi, zj ; t)


+ (1− n−1)

[
M̂n,l(θn,l + tr−1

n )− M̂n,l(θn,l)
]
+ r−1

n t′Û∗
n,l

where the second equality uses m(z, z;θ) = 0 and s(z, z) = 0. By identical arguments to the proof

of Theorem 1, r2n[M̂n,l(θn,l+tr−1
n )−M̂n,l(θn,l)] = rnt

′Ûn,l+
1
2t

′H0t+oP(1). Combined with Lemma

7, we have

r2n
[
M̂∗

n,l(θn,l + tr−1
n )− M̂∗

n,l(θn,l)
]
= rnt

′(Û∗
n,l + Ûn,l

)
+

1

2
t′H0t+ oP(1).

Using rnÛ
∗
n = OP(1) and the corollary following Lemma 2 of Hjort and Pollard (1993), we have

rn
(
θ̂∗n(clhn)− θn,l

)
−
(
−H−1

0 rn
(
Û∗

n,l + Ûn,l

))
= oP(1)

and using rn(θ̂n(clhn)− θn,l) +H−1
0 rnÛn,l = oP(1),

rn
(
θ̂∗n(clhn)− θ̂n(clhn)

)
−
(
−H−1

0 rnÛ
∗
n,l

)
= oP(1).

The above display and Hoeffding decomposition imply

θ̂∗n,c − θ̂n,c = −H−1
0

[
1

rn
rnL̂

∗
n +

1√
n2hdn

√
n2hdnŴ

∗
n

]
+ oP(r

−1
n )

where

L̂∗
n =

1

n

n∑
i=1

L/2∑
l=0

λl2ℓ̂n,l(z
∗
i ), ℓ̂n,l(z

∗) =
1

n

n∑
j=1

sn,l(z
∗, zj)− s̄n,l, s̄n,l =

1

n2

∑
i,j

sn,l(zi, zj),

and

Ŵ∗
n =

(
n

2

)−1∑
i<j

L/2∑
l=0

λlω̂n,l(z
∗
i , z

∗
j ), ω̂n,l(z

∗
1, z

∗
2) = sn,l(z

∗
1, z

∗
2)− ℓ̂n,l(z∗1)− ℓ̂n,l(z∗2)− s̄n,l.

Let F∗
i be the sigma field generated by {z∗1, . . . , z∗i }, and for µ = (µ′

1 µ
′
2)

′ ∈ R2k,

g∗in(µ) = 2rnn
−1µ′

1

L/2∑
l=0

λlℓ̂n,l(z
∗
i ) + 2hd/2n (n− 1)−1

i−1∑
j=1

µ′
2

L/2∑
l=0

λlω̂n,l(z
∗
i , z

∗
j ).

Note (rnL̂
∗
n
′ nh

d/2
n Ŵ∗

n
′)µ =

∑n
i=1 g

∗
in(µ) and {g∗in(µ),F∗

i }ni=1 is a martingale difference sequence

with respect to the bootstrap measure. As in the non-bootstrap asymptotic distribution, we use
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the result of Heyde and Brown (1970). Below we show that

ς̂2n =
n∑

i=1

E∗[g∗in(µ)2] = µ′
1

[
π2nΣ0 + (1− πn)

24∆0(Kc)
]
µ1 + 2µ′

2∆0(Kc)µ2 + oP(1) (4.8)

where πn =

√
nhd

n

1+
√

nhd
n

,

1

ς̂4n

n∑
i=1

E∗|g∗in(µ)|4 →P 0, (4.9)

and

E∗

∣∣∣∣∣ 1ς̂2n
n∑

i=1

σ∗2in − 1

∣∣∣∣∣
2

→P 0, σ∗2in = E∗[g∗in(µ)
2|z∗1, . . . , z∗i−1]. (4.10)

First consider the case in which the limit limn nh
d
n exists in the extended real. Below 1

∞ and 1
0

are understood as 0 and ∞, respectively. Writing π0 = limn

√
nhd

n

1+
√

nhd
n

∈ [0, 1], by (4.8)-(4.10),

(
rnL̂

∗
n√

n2hdnŴ
∗
n

)
⇝P Normal

([
0
0

]
,

[
π20Σ0 + (1− π0)

24∆0(Kc) O
O 2∆0(Kc)

])
.

If π0 ∈ (0, 1], limn nh
d
n > 0 and limn

√
n/rn = 1/π0. Write κ for limn nh

d
n, which equals

(
π0

1−π0

)2
.

Denoting equality in law by =d, we have

√
n
(
θ̂∗n,c − θ̂n,c

)
= −H−1

0

[√
n

rn
rnL̂

∗
n +

1− πn
πn

√
n2hdnŴ

∗
n

]
+ oP

(
1
)

⇝P −H−1
0

[(
L+

√
2

κ
W

)
+

√
1

κ
W2

]
=d −H−1

0

[
L+

√
3

κ
W

]

where (L′ W′)′ be a mean-zero joint normal random vector with the covariance matrix in (4.2) and

W2 is a mean-zero normal vector with the covariance matrix 2∆0, independent of L,W. That is,
√
n(θ̂∗n,c − θ̂n,c) is asymptotically normal with the asymptotic covariance

H−1
0

[
Σ0 +

6

κ
∆0(Kc)

]
H−1

0

which equals limn→∞ nVn,c(3
−1/dhn) because, when κ = limn nh

d
n > 0,

lim
n→∞

nVn,c(hn) = H−1
0

[
Σ0 + lim

n→∞

2

nhdn
∆0(Kc)

]
H−1

0 .

If π0 = 0, limn

√
n2hdn/rn = 1 and

√
n2hdn

(
θ̂∗n − θ̂n

)
= −H−1

0

[√
n2hdn
rn

rnL̂
∗
n +

√
n2hdnŴ

∗
n

]
+ oP

(
1
)
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⇝P −H−1
0

[√
2W +W2

]
=d −H−1

0

[√
3W

]
.

Thus, with π0 = 0,
√
n2hdn(θ̂

∗
n − θ̂n) is asymptotically normal with the covariance matrix

H−1
0 [6∆0(Kc)]H

−1
0 = lim

n→∞
n2hdnVn,c(3

−1/dhn).

In both cases, for each t = (t1 . . . tk)
′ ∈ Rk,

P∗
[
Vn,c(3

−1/3hn)
−1/2

(
θ̂∗n,c(hn)− θ̂n,c(hn)

)
≤ t
]
− Φ(t) = oP(1) (4.11)

where Φ is the cdf of a k-dimensional standard normal random vector.

For the general case in which nhdn may not have a limit on the extended real, we argue along

subsequences to prove (4.11).

Verifying (4.8) Write

ℓ̂n(z) =

L/2∑
l=0

λlℓ̂n,l(z), ω̂n(z1, z2) =

L/2∑
l=0

λlω̂n,l(z1, z2).

By E∗[ℓ̂n(z
∗
i )ω̂n(z

∗
i , z

∗
j )

′] = O for i > j and E∗[ω̂n(z
∗
i , z

∗
j )ω̂n(z

∗
i , z

∗
p)

′] = O for distinct i, j, p,

ς̂2n =
4r2n
n

1

n

n∑
i=1

(
µ′
1ℓ̂n(zi)

)2
+

2hdnn

(n− 1)

1

n2

n∑
i=1

n∑
j=1

(
µ′
2ω̂n(zi, zj)

)2
.

For the first sum on the right-hand side, by the hypothesis s(zi, zi;θ) = 0 for i = 1, . . . , n and

θ ∈ Θδ
0,

1

n

n∑
i=1

ℓ̂n(zi)ℓ̂n(zi)
′ =

1

n3

n∑
i=1

n∑
j=1,j ̸=i

n∑
p=1,p ̸=j,i

L/2∑
l=0

λlsn,l(zi, zj)

L/2∑
l=0

λlsn,l(zi, zp)

′

+
1

n3

n∑
i=1

n∑
j=1,j ̸=i

L/2∑
l=0

λlsn,l(zi, zj)

L/2∑
l=0

λlsn,l(zi, zj)

′

−

L/2∑
l=0

λls̄n,l

L/2∑
l=0

λls̄n,l

′

.

Note s̄n,l =
n−1
n Ûn,l + E[sn,l(z1, z2)] = o(1). Using Lemma 9, with πn =

√
nhd

n

1+
√

nhd
n

,

4r2n
n

1

n

n∑
i=1

(
µ′
1ℓ̂n(zi)

)2
= µ′

1

[
π2nΣ0 + (1− πn)

24∆0

]
µ1 + oP(1).

Since πn ∈ [0, 1], this variance term is asymptotically bounded from above and bounded away from

zero.
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For the term
∑n

i=1

∑n
j=1(µ

′
2ω̂n(zi, zj))

2, note that for l, l̃ ∈ {0, . . . , L/2},

n∑
i=1

ℓ̂n,l(zi)s̄
′
n,l̃

= 0,

and

n∑
i=1

n∑
j=1

sn,l(zi, zj)ℓ̂n,l̃(zi)
′ = n

n∑
i=1

ℓ̂n,l(zi)ℓ̂n,l̃(zi)
′.

Then, using the calculations in the proof of Lemma 9,

hdn
n2

n∑
i=1

n∑
j=1

ω̂n(zi, zj)ω̂n(zi, zj)
′

=
hdn
n2

n∑
i=1

n∑
j=1,j ̸=i

L/2∑
l=0

λlsn,l(zi, zj)

L/2∑
l=0

λlsn,l(zi, zj)

′

− 2hdn
n

n∑
i=1

L/2∑
l=0

λlℓ̂n,l(zi)

L/2∑
l=0

λlℓ̂n(zi)

′

− hdn

L/2∑
l=0

λls̄n,l

L/2∑
l=0

λls̄n,l

′

= ∆0(Kc) + oP(1).

Verifying (4.9) By (x+ y)4 ≤ 8(x4 + y4) for x, y ∈ R,

E∗|g∗in(µ)|4 ≤ C
r4n
n4

E∗|µ′
1ℓ̂n(z

∗)|4 + C
h2dn
n4

E∗

∣∣∣∣∣∣
i−1∑
j=1

µ′
2ω̂n(z

∗
i , z

∗
j )

∣∣∣∣∣∣
4

.

We calculate the stochastic order of each term on the right-hand side. To ease notational burden,

in this subsection and the next, we write sLn(z1, z2) =
∑L/2

l=0 λlsn,l(z1, z2).

E∗|µ′
1ℓ̂n(z

∗)|4 ≤ CE∗ [E∗[µ′
1s

L
n(z

∗
1, z

∗
2)|z∗1]4

]
≤ C

1

n

n∑
i=1

∣∣∣∣∣∣ 1n
∑
j ̸=i

µ′
1s

L
n(zi, zj)

∣∣∣∣∣∣
4

≤ C
1

n5

n∑
i=1

∣∣∣∣∣∣
∑
j ̸=i

|µ′
1s

L
n(zi, zj)|2 +

∑
j ̸=i

∑
p ̸=i,j

µ′
1s

L
n(zi, zj)µ

′
1s

L
n(zi, zp)

∣∣∣∣∣∣
2

≤ C
1

n5

n∑
i=1

∣∣∣∣∣∣
∑
j ̸=i

|µ′
1s

L
n(zi, zj)|2

∣∣∣∣∣∣
2

+ C
1

n5

n∑
i=1

∣∣∣∣∣∣
∑
j ̸=i

∑
p̸=i,j

µ′
1s

L
n(zi, zj)µ

′
1s

L
n(zi, zp)

∣∣∣∣∣∣
2

= C
1

n5

n∑
i=1

∑
j ̸=i

|µ′
1s

L
n(zi, zj)|4 + C

1

n5

n∑
i=1

∑
j ̸=i

∑
p ̸=i,j

|µ′
1s

L
n(zi, zj)|2|µ′

1s
L
n(zi, zp)|2
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+ C
1

n5

n∑
i=1

∑
j ̸=i

∑
p ̸=i,j

∑
q ̸=i,j,p

|µ′
1s

L
n(zi, zj)|2µ′

1s
L
n(zi, zp)µ

′
1s

L
n(zi, zq)

+ C
1

n5

n∑
i=1

∑
j ̸=i

∑
p ̸=i,j

∑
q ̸=i,j,p

∑
r ̸=i,j,p,q

µ′
1s

L
n(zi, zj)µ

′
1s

L
n(zi, zp)µ

′
1s

L
n(zi, zq)µ

′
1s

L
n(zi, zr)

= OP

(
n−3E

[
|µ′

1s
L
n(z1, z2)|4

]
+ n−2E

[
E[|µ′

1s
L
n(z1, z2)|2|z1]2

]
+ n−1E

[
|µ′

1s
L
n(z1, z2)|2E[µ′

1s
L
n(z1, z3)|z1]2

]
+ E

[
E[µ′

1s
L
n(z1, z2)|z1]4

])
and

r4n
n4

n∑
i=1

E∗|µ′
1ℓ̂n(z

∗
i )|4 = OP

(
h2dn E

[
|µ′

1s
L
n(z1, z2)|4

]
n2(1 +

√
nhdn)

4
+
h2dn E

[
E[|µ′

1s
L
n(z1, z2)|2|z1]2

]
n(1 +

√
nhdn)

4

+
h2dn E

[
|µ′

1s
L
n(z1, z2)|2E[µ′

1s
L
n(z1, z3)|z1]2

]
(1 +

√
nhdn)

4

+
nh2dn E

[
E[µ′

1s
L
n(z1, z2)|z1]4

]
(1 +

√
nhdn)

4

)
= oP(1)

where we use Lemmas 5 and 8, and (nhdn)
2/(1 +

√
nhdn)

4 ≤ 1.

For the other term, by E∗[ω̂n(z
∗
i , z

∗
j )ω̂n(z

∗
i , z

∗
p)

′] = O for j ̸= p,

E∗

∣∣∣∣∣∣
i−1∑
j=1

µ′
2ω̂n(z

∗
i , z

∗
j )

∣∣∣∣∣∣
4

=

i−1∑
j=1

E∗|µ′
2ω̂n(z

∗
i , z

∗
j )|4 + 12

i−1∑
j=2

j−1∑
p=1

E∗[|µ′
2ω̂n(z

∗
i , z

∗
j )|2|µ′

2ω̂n(z
∗
i , z

∗
p)|2
]

≤ CiE∗|µ′
2s

L
n(z

∗
1, z

∗
2)|4 + Ci2E∗[|µ′

2s
L
n(z

∗
1, z

∗
2)|2|µ′

2s
L
n(z

∗
1, z

∗
3)|2
]

= Ci
1

n2

n∑
j=1

∑
p̸=j

|µ′
2s

L
n(zj , zp)|4 + Ci2

1

n3

n∑
j=1

∑
p̸=j

|µ′
2s

L
n(zj , zp)|4

+ Ci2
1

n3

n∑
j=1

∑
p ̸=j

∑
q ̸=j,p

|µ′
2s

L
n(zj , zp)|2|µ′

2s
L
n(zj , zq)|2

and

n∑
i=1

h2dn
n4

E∗

∣∣∣∣∣∣
i−1∑
j=1

µ′
2ω̂n(z

∗
i , z

∗
j )

∣∣∣∣∣∣
4

= h2dn OP

(
n−2E|µ′

2s
L
n(z1, z2)|4 + n−1E

[
E[|µ′

2s
L
n(z1, z2)|2|z1]2

])

which is oP(1) by Lemma 5.

Verifying (4.10)

n∑
i=1

σ∗2in − ς̂2n =
4r2n
n

E∗|µ′
1ℓ̂n(z

∗)|2 + 4hdn
(n− 1)2

n∑
i=1

E∗

∣∣∣∣∣∣
i−1∑
j=1

µ′
2ω̂n(z

∗
i , z

∗
j )

∣∣∣∣∣∣
2∣∣∣∣∣∣F∗

i−1



23



+
8rn
√
hdn

n(n− 1)

n∑
i=1

E∗

µ′
1ℓ̂n(z

∗
i )

i−1∑
j=1

µ′
2ω̂n(z

∗
i , z

∗
j )

∣∣∣∣∣∣F∗
i−1

− ς̂2n

=
4hdn

(n− 1)2

n∑
i=1

E∗

∣∣∣∣∣∣
i−1∑
j=1

µ′
2ω̂n(z

∗
i , z

∗
j )

∣∣∣∣∣∣
2∣∣∣∣∣∣F∗

i−1

− E∗

∣∣∣∣∣∣
i−1∑
j=1

µ′
2ω̂n(z

∗
i , z

∗
j )

∣∣∣∣∣∣
2

+
8rn
√
hdn

n(n− 1)

n∑
i=1

E∗

µ′
1ℓ̂n(z

∗
i )

i−1∑
j=1

µ′
2ω̂n(z

∗
i , z

∗
j )

∣∣∣∣∣∣F∗
i−1


≡ I1 + I2.

Then, it suffices to show E∗[I21 ] + E∗[I22 ] = oP(1). For the term I1,

I1 =
4hdn

(n− 1)2

n∑
i=2

i−1∑
j=1

(
E∗
[
|µ′

2ω̂n(z
∗
i , z

∗
j )|2
∣∣∣F∗

i−1

]
− E∗[|µ′

2ω̂n(z
∗
i , z

∗
j )|2
])

+
4hdn

(n− 1)2

n∑
i=2

i−1∑
j=1

i−1∑
p=1,p ̸=j

E∗
[
µ′
2ω̂n(z

∗
i , z

∗
j )µ

′
2ω̂n(z

∗
i , z

∗
p)
∣∣∣F∗

i−1

]
≡ J1 + J2

and

E∗J2
1 ≤ C

h2dn
n4

n∑
i1=2

n∑
i2=2

i1∧i2−1∑
j=1

E∗
∣∣∣E∗
[
|µ′

2ω̂n(z
∗
i , z

∗
j )|2
∣∣∣F∗

i−1

]
− E∗[|µ′

2ω̂n(z
∗
i , z

∗
j )|2
]∣∣∣2

≤ C
h2dn
n

E∗
[
E∗
[
|µ′

2ω̂n(z
∗
i , z

∗
j )|2
∣∣∣F∗

i−1

]2]
≤ C

h2dn
n

E∗
[
E∗[|µ′

2s
L
n(z

∗
1, z

∗
2)|2
∣∣z∗1]2]

= C
h2dn
n

1

n

n∑
i=1

 1

n

n∑
j=1

|µ′
2s

L
n(zi, zj)|2

2

= C
h2dn
n

 1

n3

n∑
i=1

∑
j ̸=i

|µ′
2s

L
n(zi, zj)|4 +

1

n3

n∑
i=1

∑
j ̸=i

∑
p ̸=i,j

|µ′
2s

L
n(zi, zj)µ

′
2s

L
n(zi, zp)|2


= OP

(
h2dn E[|µ′

2s
L
n(z1, z2)|4]
n2

+
h2dn E

[
E[|µ′

2s
L
n(z1, z2)|2|z1]2

]
n

)

which is oP(1) by Lemma 5. For the term J2, for j ̸= p and q ̸= r,

E∗
[
E∗
[
µ′
2ω̂n(z

∗
i , z

∗
j )µ

′
2ω̂n(z

∗
i , z

∗
p)
∣∣∣F∗

i−1

]
E∗
[
µ′
2ω̂n(z

∗
i , z

∗
q)µ

′
2ω̂n(z

∗
i , z

∗
r)
∣∣∣F∗

i−1

]]
= 0

unless j = q, p = r or j = r, p = q. Then,

E∗J2
2 ≤ Ch2dn E∗

[
E∗
[
µ′
2ω̂n(z

∗
1, z

∗
2)µ

′
2ω̂n(z

∗
1, z

∗
3)
∣∣∣z∗2, z∗3]2]
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≤ Ch2dn E∗
[
E∗
[
µ′
2s

L
n(z

∗
1, z

∗
2)µ

′
2s

L
n(z

∗
1, z

∗
3)
∣∣∣z∗2, z∗3]2]

= Ch2dn
1

n2

n∑
i=1

n∑
j=1

 1

n

n∑
p=1,p ̸=i,j

µ′
2s

L
n(zp, zi)µ

′
2s

L
n(zp, zj)

2

= Ch2dn
1

n4

n∑
i=1

∑
j ̸=i

∑
p̸=i,j

∑
q ̸=i,j,p

µ′
2s

L
n(zi, zp)µ

′
2s

L
n(zj , zp)µ

′
2s

L
n(zi, zq)µ

′
2s

L
n(zj , zq)

+
Ch2dn
n

1

n3

n∑
i=1

∑
j ̸=i

∑
p ̸=i,j

|µ′
2s

L
n(zi, zj)|2|µ′

2s
L
n(zi, zp)|2 +

Ch2dn
n2

1

n2

n∑
i=1

∑
j ̸=i

|µ′
2s

L
n(zi, zj)|4

= OP

(
h2dn E

[
E
[
µ′
2s

L
n(z1, z2)µ

′
2s

L
n(z1, z3)|z2, z3

]2]
+
h2dn E

[
E[|µ′

2s
L
n(z1, z2)|2|z1]2

]
n

+
h2dn E

[
|µ′

2s
L
n(z1, z2)|4

]
n2

)
= oP(1)

by Lemmas 5 and 8.

Finally, for the term I2, with j ̸= p

E∗
[
E∗
[
µ′
1ℓ̂n(z

∗
i )µ

′
2ω̂n(z

∗
i , z

∗
j )
∣∣∣F∗

i−1

]
E∗
[
µ′
1ℓ̂n(z

∗
i )µ

′
2ω̂n(z

∗
i , z

∗
p)
∣∣∣F∗

i−1

]]
= 0

and we have

E∗[I22 ] ≤ C
r2nh

d
n

n
E∗
[
E∗
[
µ′
1ℓ̂n(z

∗
1)µ

′
2ω̂n(z

∗
1, z

∗
2)
∣∣∣z∗2]2]

≤ C
r2nh

d
n

n

(
E∗
[
E∗
[
E∗[µ′

1s
L
n(z

∗
1, z

∗
2)|z∗1]µ′

2s
L
n(z

∗
1, z

∗
2)
∣∣∣z∗2]2]+ E∗[E∗[µ′

1s
L
n(z

∗
1, z

∗
2)|z∗1]2

]2
+ E∗[µ′

1s
L
n(z

∗
1, z

∗
2)]

4 + E∗[µ′
1s

L
n(z

∗
1, z

∗
2)]

2E∗[E∗[µ′
1s

L
n(z

∗
1, z

∗
2)|z∗1]2

])
.

Note E∗[E∗[µ′
1s

L
n(z

∗
1, z

∗
2)|z∗1]2] = 1

n

∑n
i=1 |µ′

1ℓ̂n(zi)|2 + |µ′
1s̄

L
n |2 = OP(1 + (nhdn)

−1) where s̄Ln =∑L/2
l=0 λls̄n,l, and E∗[µ′

1s
L
n(z

∗
1, z

∗
2)] = µ′

1s̄
L
n = oP(1). Then, it remains to calculate the magnitude of

E∗[E∗[E∗[µ′
1s

L
n(z

∗
1, z

∗
2)|z∗1]µ′

2s
L
n(z

∗
1, z

∗
2)|z∗2]2]. Writing sa,jp = µ

′
as

L
n(zj , zp) for a = 1, 2, the bootstrap

expectation equals

1

n

n∑
i=1

 1

n

n∑
j=1,j ̸=i

1

n

n∑
p=1,p ̸=j

s1,jps2,ij

2

≤ 2
1

n

n∑
i=1

 1

n2

n∑
j=1,j ̸=i

n∑
p=1,p ̸=i,j

s1,jps2,ij

2

+ 2
1

n

n∑
i=1

 1

n2

n∑
j=1,j ̸=i

s1,ijs2,ij

2

=
2

n5

∑
i,j,p,q,r

s2,ijs1,jps2,iqs1,qr +
2

n5

∑
i,j,p,q

{s2,ijs1,jps2,iqs1,qj + s2,ijs1,jps2,iqs1,qp}
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+
2

n5

∑
i,j,p,r

{s22,ijs1,jps1,jr + s2,ijs1,jps2,ips1,pr}+
2

n5

∑
i,j,p

{s22,ijs21,jp + s2,ijs
2
1,jps2,ip}

+
2

n5

∑
i,j,p

s1,ijs2,ijs1,ips2,ip +
2

n5

∑
i,j

(s1,ijs2,ij)
2

where
∑

i,j,p,q,r is understood as summation over {1 ≤ i, j, p, q, r ≤ n : no two same indices}.
Then,

E∗
[
E∗
[
E∗[µ′

1s
L
n(z

∗
1, z

∗
2)|z∗1]µ′

2s
L
n(z

∗
1, z

∗
2)
∣∣∣z∗2]2]

= OP

(
E|µ′

2s
L
n(z1, z2)µ

′
1s

L
n(z2, z3)µ

′
2s

L
n(z1, z4)µ

′
1s

L
n(z4, z5)|

+ n−1E|µ′
2s

L
n(z1, z2)µ

′
1s

L
n(z2, z3)µ

′
2s

L
n(z1, z4)µ

′
1s

L
n(z2, z4)|

+ n−1E|µ′
2s

L
n(z1, z2)µ

′
1s

L
n(z2, z3)µ

′
2s

L
n(z1, z4)µ

′
1s

L
n(z3, z4)|

+ n−1E|(µ′
2s

L
n(z1, z2))

2µ′
1s

L
n(z2, z3)µ

′
1s

L
n(z2, z4)|

+ n−1E|µ′
2s

L
n(z1, z2)µ

′
1s

L
n(z2, z3)µ

′
2s

L
n(z1, z3)µ

′
1s

L
n(z3, z4)|

+ n−2
{
E(µ′

2s
L
n(z1, z2))

2(µ′
1s

L
n(z2, z3))

2 + E|µ′
2s

L
n(z1, z2)(µ

′
1s

L
n(z2, z3))

2µ′
2s

L
n(z1, z3)|

}
+ n−2E|µ′

1s
L
n(z1, z2)µ

′
2s

L
n(z1, z2)µ

′
1s

L
n(z1, z3)µ

′
2s

L
n(z1, z3)|

+ n−3E|µ′
1s

L
n(z1, z2)µ

′
2s

L
n(z1, z2)|2

)
and E∗[I22 ] = oP(1) follows from Lemma 8.

4.3 Technical Lemmas

Lemma 2. Suppose that Assumption 1 holds. Then, there exists h̄ > 0 such that the minimization

problem minθ∈ΘM(θ;h) has a solution for each h ∈ (0, h̄). Furthermore, limh↓0 θ(h) = θ0.

Proof. By change-of-variables,

M(θ;h) =

∫
E[m(z1, z2;θ)|w1 = w,w2 = w − uh]fw(w)fw(w − uh)K(u)dudw.

By the hypothesis, the dominated convergence theorem implies M(θ;h) → M0(θ) as h ↓ 0. By

convexity of θ 7→M(θ;h), the convergence is uniform on any compact set.

Now, fix ϵ ∈ (0, δ). By the hypothesis, η = infθ:∥θ−θ0∥=ϵM0(θ) − M0(θ0) > 0. By uniform

convergence ofM(θ;h), there exists h̄ > 0 such that supθ∈Θϵ
0
|M(θ;h)−M0(θ)| < η/2 for h ∈ (0, h̄).

Given θ1 with ∥θ1 − θ0∥ > ϵ, let λ ∈ (0, 1) be such that ∥λθ1 + (1 − λ)θ0∥ = ϵ. Write ϑ =

λθ1 + (1− λ)θ0. Now,

M(ϑ;h) ≤ λM(θ1;h) + (1− λ)M(θ0;h)

⇒ M0(ϑ)−M0(θ0)− η/2 ≤ λ
(
M(θ1;h)−M(θ0;h)

)
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⇒ η/2λ ≤M(θ1;h)−M(θ0;h)

where the last inequality implies that infθ∈ΘM(θ;h) = minθ:∥θ−θ0∥≤ϵM(θ;h). Then, using con-

vexity (continuity) of θ 7→ M(θ;h) on the compact set {θ ∈ Rk : ∥θ − θ0∥ ≤ ϵ}, a minimizer

exists.

The above argument also shows that for each ϵ ∈ (0, δ), there exists hϵ > 0 such that ∥θ(h)−θ0∥ ≤
ϵ for h ∈ (0, hϵ).

Lemma 3. Under Assumption 1(i)(iii) and Assumption 2(iii)(iv), for ηn = o(1), τn = o(1),

ϑn = θ0 + o(1),

τ−2
n

{
M(ϑn + tτn; ηn)−M(ϑn; ηn)− E[s(z1, z2;ϑn)Kηn(w1 −w2)]

′tτn
}
− 1

2
t′H0t = o(1)

for each t ∈ Rk. In addition, E[s(z1, z2;θ(h))Kh(w1 −w2)] = 0 for θ(h) ∈ Θδ
0.

Proof. For t ∈ Rk,∣∣M(θ + tτ ;h)−M(θ;h)− E[s(z1, z2;θ)Kh(w1 −w2)]
′tτ − τ2

2 t
′E[H(w1,w2;θ, t)Kh(w1 −w2)]t

∣∣
τ2

≤
∣∣E[e2(w1,w2;θ, t, τ)Kh(w1 −w2)]

∣∣
=
∣∣∣ ∫ e2(w,w − uh;θ, t, τ)fw(w)fw(w − uh)K(u)dwdu

∣∣∣
where the integral in the last line converges to 0 as (τ,θ, h) → (0,θ0, 0) by the dominated conver-

gence theorem under Assumption 1(i)(iii) and Assumption 2(iii)(iv). Now,

E[H(w1,w2;θ, t)Kh(w1 −w2)] =

∫
H(w,w − uh;θ, t)fw(w)fw(w − uh)K(u)dwdu

and by the dominated convergence theorem,∥∥∥∥E[H(w1,w2;ϑn, t)Kh(w1 −w2)]−
∫

H(w,w;ϑn, t)fw(w)2dw

∫
K(u)du

∥∥∥∥ = o(1).

Again by the dominated convergence theorem,∫
H(w,w;ϑn, t)fw(w)2dw =

∫
H(w,w;θ0)fw(w)2dw + o(1).

Combining above arguments, we obtain the first conclusion.

For the second conclusion,∣∣∣∣M(θ + t;h)−M(θ;h)− E[s(z1, z2;θ)Kh(w1 −w2)]
′tτ

τ

∣∣∣∣ ≤ ∣∣E[e1(z1, z2;θ, t, τ)Kh(w1 −w2)]
∣∣

and for θ ∈ Θδ
0, as τ → 0, the right-hand side term goes to zero by the dominated convergence
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theorem, which implies that θ 7→M(θ;h) is (directionally) differentiable on Θδ
0. Then, the desired

result follows because θ(h) is a local minimizer of M(θ;h).

Lemma 4. Suppose Assumption 1(i)(iii) and Assumption 2(iii)(iv) hold. For τn → 0, ϑn =

θ0 + o(1), and ηn = o(1),

E[E[e1(z1, z2;ϑn, t, τn)Kηn(w1 −w2)|z1]2] = o(1), ηdnE[|e1(z1, z2;ϑn, t, τn)Kηn(w1 −w2)|2] = o(1).

Proof. By change-of-variables,

E[e1(z1, z2;ϑn, t, τn)Kηn(w1 −w2)|z1]

=

∫
E[e1(z1, z2;ϑn, t, τn)|z1,w2 = w1 − uηn]fw(w1 − uηn)K(u)du

and under the hypothesis, the dominated convergence theorem implies the first result. For the

other result, by change-of-variables,

ηdnE[|e1(z1, z2;ϑn, t, τn)Kηn(w1 −w2)|2]

=

∫
E[e1(z1, z2;ϑn, t, τn)

2|w1,w2 = w1 − uηn]fw(w1)fw(w1 − uηn)K
2(u)dudw1

and by the hypothesis, we can apply the dominated convergence theorem to conclude that the

desired result holds.

Lemma 5. Let sn,l(z1, z2) = s(z1, z2;θ(clhn))Kclhn(w1 −w2). Suppose hn → 0, n2hdn → ∞, and

limh↓0 θ(h) = θ0. Assumptions 1(i)(iii) and 2(i) imply that for l, l̃ ∈ {0, . . . , L/2},

E∥E[sn,l(z1, z2)|z1]∥4 = o(n),

h2dn E∥sn,l(z1, z2)∥4 = o(n2),

h2dn E[E[∥sn,l(z1, z2)∥2|z1]2] = o(n),

h2dn E[E[∥sn,l(z1, z2)sn,l̃(z1, z3)
′∥|z2, z3]2] = o(1),

hdnE[E[∥sn,l(z1, z2)sn,l̃(z1, z3)
′∥|z2]2] = o(1).

Proof. For hn small enough, ∥sn,l(z1, z2)∥ ≤ b(z1)b(z2)Kclhn(w1 −w2) by Assumption 2(i).

Verification of E∥E[sn,l(z1, z2)|z1]∥4 = o(n). By E[b(z)|w]f(w) ≤ C,

∥E[sn,l(z1, z2)|z1]∥ ≤
∫
b(z1)E[b(z)|w]f(w)Kclhn(w1 −w)dw ≤ Cb(z1)

∫
K(u)du,

and E∥E[sn,l(z1, z2)|z1]∥4 ≤ C follows from Eb(z)4 <∞.
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Verification of h2nE∥sn,l(z1, z2)∥4 = o(n2).

E∥sn,l(z1, z2)∥4 ≤ Eb(z1)4b(z2)4Kclhn(w1 −w2)
4

≤ |cl|−3h−3d
n

∫
E[b(z2)4|w2 = w1 + uh]f(w1 + uhn)E[b(z1)4|w1]f(w1)K(u)4dudw1

≤ Ch−3d
n E[b(z1)4]

∫
K4(u)du.

Then, h2nE∥sn,l(z1, z2)∥4 ≤ Ch−d
n = o(n2) as n2hdn → ∞.

Verification of h2dn E[E[∥sn,l(z1, z2)∥2|z1]2] = o(n).

E[∥sn,l(z1, z2)∥2|z1] ≤ 3(clhn)
−2d

∫
b(z1)

2E[b(z2)2|w2]f(w2)K

(
w1 −w2

clhn

)2

dw2

≤ Cb(z1)
2h−d

n

∫
K(u)2du

so, we have h2dn E[E[∥sn,l(z1, z2)∥2|z1]2] ≤ C.

Verification of h2dn E[E[∥sn,l(z1, z2)sn,l̃(z1, z3)
′∥|z2, z3]2] = o(1).

∥sn,l(z1, z2)sn,l̃(z1, z3)
′∥ ≤ b(z1)

2b(z2)b(z3)Kclhn(w1 −w2)Kcl̃hn
(w1 −w3)

and

E
[
b(z1)

2b(z2)b(z3)Kclhn(w1 −w2)Kcl̃hn
(w1 −w3)

∣∣z2, z3]
≤ b(z2)b(z3)h

−d
n

∫
E[b(z1)2|w1 = w2 + uh]f(w2 + uh)Kcl(u)Kcl̃

(
w3 −w2

hn
− u

)
du

≤ h−d
n Cb(z2)b(z3)K̄

(
w3 −w2

hn

)
where K̄(w) =

∫
Kcl(u)Kcl̃

(w − u)du. Now,

E|b(z2)b(z3)K̄hn(w3 −w2)|2 ≤ Ch−d
n

∫
K̄(u)2duE[b(z2)]

and thus, h2dn E[E[∥sn,l(z1, z2)sn,l̃(z1, z3)
′∥|z2, z3]2] ≤ Chdn = o(1).

Verification of hdnE[E[∥sn,l(z1, z2)sn,l̃(z1, z3)
′∥|z2]2] = o(1).

E
[
b(z1)

2b(z2)b(z3)Kclhn(w1 −w2)Kcl̃hn(w1 −w3)
∣∣z2]

≤ b(z2)

∫
E[b(z1)2|w1 = w2 + uh]f(w2 + uh)E[b(z3)|w3 = w2 + vh]f(w3 + vh)

×Kcl(u)Kcl̃
(v − u) dudv
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≤ Cb(z2)

∫
K̄ (v) dv

and E[E[∥sn,l(z1, z2)sn,l̃(z1, z3)
′∥|z2]2] ≤ C, which implies the desired result.

Lemma 6. For r ∈ N, E[|µ′ωn(z1, z2)|r|z1] ≤ 4rE[|µ′sn(z1, z2)|r|z1] almost surely.

Proof. For i < j < p < q,

ωn(zi, zj) = E[sn(zi, zj)− sn(zi, zp)− sn(zj , zp) + sn(zp, zq)|zi, zj ].

Then, by Jenssen’s inequality,

E[|µ′ωn(zi, zj)|r|zi] ≤ E
[(
|µ′sn(zi, zj)|+ |µ′sn(zi, zp)|+ |µ′sn(zj , zp)|+ |µ′sn(zp, zq)|

)r |zi]
and by (x1 + x2 + x3 + x4)

r ≤ 4r−1
∑4

i=1 |xi|r,

E[|µ′ωn(zi, zj)|r|zi] ≤ 4rE[|µ′sn(z1, z2)|r|zi].

Lemma 7. Suppose that Assumption 1(i)(iii) and Assumption 2(iii)(iv) hold. Also, assume that

hn → 0, n2hdn → ∞, θn,l → θ0, and that for any z in the support of z, s(z, z) = 0 and m(z, z;θ) = 0

for θ ∈ Θδ
0. Then, for t ∈ Rk and l = 0, . . . , L/2,(

n

2

)−1∑
i<j

en,l(z
∗
i , z

∗
j ; t)−

1

n2

∑
i,j

en,l(zi, zj ; t) = oP
(
r−1
n

)
.

Proof. By Hoeffding decomposition,(
n

2

)−1∑
i<j

en,l(z
∗
i , z

∗
j ; t)−

1

n2

∑
i,j

en,l(zi, zj ; t)

=
1

n

n∑
i=1

2

 1

n

n∑
j=1

en,l(z
∗
i , zj ; t)−

1

n2

∑
i,j

en,l(zi, zj ; t)


+

(
n

2

)−1∑
i<j

en,l(z∗i , z∗j ; t)− 1

n

n∑
p=1

en,l(z
∗
i , zp; t)−

1

n

n∑
p=1

en,l(z
∗
j , zp; t) +

1

n2

∑
p,q

en,l(zp, zq; t)

 .

The variance of 1
n

∑n
j=1 en,l(z

∗
i , zj ; t)− 1

n2

∑
i,j en,l(zi, zj ; t) with respect to the bootstrap distribu-

tion is

1

n3

n∑
i=1

n∑
j=1

n∑
p=1

en,l(zi, zj ; t)en,l(zi, zp; t)−
(

1

n2

n∑
i=1

n∑
j=1

en,l(zi, zj ; t)

)2

= oP

(
1 + (nhdn)

−1/2
)
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where the last equality follows from E[E[en,l(z1, z2; t)|z1]2] = o(1), hdnE[en,l(z1, z2; t)2] = o(1) (both

follow from Lemma 4), and 1
n(n−1)

∑n
i=1

∑n
j=1 en,l(zi, zj ; t) = E[en,l(z1, z2; t)]+oP(1) = oP(1) where

the last equality holds because E[en,l(z1, z2; t)] = rn[Mn,l(θn,l+tr−1
n −Mn,l(θn,l)]−E[sn,l(z1, z2)]′t =

o(1). Thus, by Markov inequality,

1

n

n∑
i=1

2

 1

n

n∑
j=1

en,l(z
∗
i , zj ; t)−

1

n2

∑
i,j

en,l(zi, zj ; t)

 = oP

(
n−1/2 + (n2hdn)

−1/2
)
.

The variance of en,l(z
∗
i , z

∗
j ; t)− 1

n

∑n
p=1 en,l(z

∗
i , zp; t)− 1

n

∑n
p=1 en,l(z

∗
j , zp; t) +

1
n2

∑
p,q en,l(zp, zq; t)

with respect to the bootstrap distribution is

1

n2

∑
i,j

en,l(zi, zj ; t)
2 − 2

1

n3

n∑
i=1

n∑
j=1

n∑
p=1

en,l(zi, zj ; t)en,l(zi, zp; t) +

(
1

n2

n∑
i=1

n∑
j=1

en,l(zi, zj ; t)

)2

which is oP(h
−d
n ) by hdnE[en,l(z1, z2; t)2] = o(1). By Markov inequality,

(
n

2

)−1∑
i<j

en,l(z∗i , z∗j ; t)− 1

n

n∑
p=1

en,l(z
∗
i , zp; t)−

1

n

n∑
p=1

en,l(z
∗
j , zp; t) +

1

n2

∑
p,l

en,l(zp, zl; t)


= oP

(
(n2hdn)

−1/2
)
.

The desired result follows from combining the two stochastic orders.

Lemma 8. Suppose hn → 0, n2hdn → ∞, and limh↓0 θ(h) = θ0. Assumptions 1(i)(iii) and 2(i)

imply

E[∥E[E[sLn(z1, z2)|z1]sLn(z1, z3)′|z3]∥2] = o(n),

hdnE[∥sLn(z1, z2)∥2∥E[sLn(z1, z3)|z1]∥2] = o(n2hdn ∧ n),

h2dn E[∥E[sLn(z1, z2)sLn(z1, z2)′|z1]∥2] = o(n),

h2dn E[∥E[sLn(z1, z2)sLn(z1, z3)′|z2, z3]∥2] = o((nhdn)
2 ∧ 1),

h2dn E[∥E[sLn(z1, z2)sLn(z1, z3)′|z2, z3]∥∥sLn(z2, z3)∥2] = o(n),

hdnE[∥E[sLn(z1, z2)sLn(z1, z3)′|z2, z3]∥∥sLn(z2, z3)∥∥E[sLn(z3, z1)|z3]∥] = o(n),

hdnE[∥E[sLn(z1, z2)sLn(z1, z3)′|z2, z3]∥∥E[sLn(z1, z2)|z2]∥∥E[sLn(z1, z3)|z3]∥] = o(1).

Proof. We have

∥sLn(z1, z2)∥ ≤ b(z1)b(z2)Khn(w1 −w2), K(u) =

L/2∑
l=0

|λl|Kcl(u)

if θn,l ∈ Θδ
0 for each l = 0, . . . , L/2 (which occurs for sufficiently large n by Lemma 2). Note that

K is non-negative, bounded, symmetric, and integrable with respect to the Lebesgue measure.
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Verification of E∥E[sLn(z1, z3)E[sLn(z1, z2)|z1]′|z3]∥2] = o(n). As shown in the proof of Lemma 5,

E[∥sLn(z1, z2)∥|z1] ≤ Cb(z1). Then, ∥sLn(z1, z3)E[sLn(z1, z2)|z1]′∥ ≤ Cb(z1)
2b(z3)Khn(w1 −w3) and

E[b(z1)2b(z3)Khn(w1 −w3)|z3] = b(z3)

∫
E[b(z1)2|w1 = w3 + uh]f(w3 + uh)K(u)du ≤ Cb(z3).

Thus, E∥E[sLn(z1, z3)E[sLn(z1, z2)|z1]′|z3]∥2] ≤ C.

Verification of hdnE[∥sLn(z1, z2)∥2∥E[sLn(z1, z3)|z1]∥2] = o(n2hdn ∧ n). As above,

∥sLn(z1, z2)∥2∥E[sLn(z1, z3)|z1]∥2 ≤ Cb(z1)
4b(z2)

2Khn(w1 −w2)
2.

Then,

E[b(z1)4b(z2)2Khn(w1 −w2)
2] ≤ h−d

n C

∫
E[b(z2)2|w2 = w]f(w)dw

∫
K(u)2du

and hdnE[∥sLn(z1, z2)∥2∥E[sLn(z1, z3)|z1]∥2] ≤ C.

Verification of h2dn E[∥E[sLn(z1, z2)sLn(z1, z2)′|z1]∥2] = O(1). We have

∥sn(z1, z2)sn(z1, z2)′∥ ≤ b(z1)
2b(z2)

2Khn(w1 −w2)
2.

Then, E[b(z1)2b(z2)2Khn(w1−w2)
2|z1] ≤ Ch−d

n b(z1)
2 and h2dn E[∥E[sLn(z1, z2)sLn(z1, z2)′|z1]∥2] ≤ C.

Verification of h2dn E[E[∥sLn(z1, z2)sLn(z1, z3)′∥|z2, z3]2] = o((nhdn)
2 ∧ 1). Using the argument for

verifying h2dn E[E[∥sn,l(z1, z2)sn,l̃(z1, z3)
′∥|z2, z3]2]] = o(1) in Lemma 5, we can show

hdnE[E[∥sLn(z1, z2)sLn(z1, z3)′∥|z2, z3]2] ≤ C

and

(nhdn)
−2h2dn E[E[∥sLn(z1, z2)sLn(z1, z3)′∥|z2, z3]2] ≤

C

n2hdn
= o(1).

Verification of h2dn E[E[∥sLn(z1, z2)sLn(z1, z3)′∥|z2, z3]∥sn(z2, z3)∥2] = o(n).

∥sn(z1, z2)sn(z1, z3)′∥ ≤ b(z1)
2b(z2)b(z3)Khn(w1 −w2)Khn(w1 −w3)

and as in the proof of Lemma 5 (verification of h2dn E[E[∥sn,l(z1, z2)sn,l̃(z1, z3)
′∥|z2, z3]2] = o(1)), we

can show that

E
[
b(z1)

2b(z2)b(z3)Khn(w1 −w2)Khn(w1 −w3)
∣∣z2, z3] ≤ h−d

n Cb(z2)b(z3)K̄
(
w3 −w2

hn

)
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where K̄(u) =
∫
K(v)K(u− v)dv. Then,

E[∥sn(z1, z2)sn(z1, z3)′∥|z2, z3]∥sn(z2, z3)∥2 ≤ b(z2)
3b(z3)

3K̄hn(w3 −w2)Khn(w2 −w3)
2

and

E[b(z2)3b(z3)3K̄hn(w3 −w2)Khn(w2 −w3)
2] ≤ Ch−2d

n E[b(z2)3]
∫

K̄(u)K(u)2du.

Then, h2dn E[E[∥sLn(z1, z2)sLn(z1, z3)′∥|z2, z3]∥sn(z2, z3)∥2] ≤ C.

Verification of hdnE[E[∥sLn(z1, z2)sLn(z1, z3)′∥|z2, z3]∥sLn(z2, z3)∥∥E[sLn(z3, z1)|z3]∥] = o(n).

E[∥sn(z1, z2)sn(z1, z3)′∥|z2, z3] ≤ Cb(z2)b(z3)K̄hn(w3 −w2)

and ∥E[sn(z3, z1)|z3]∥ ≤ Cb(z3). Then,

E[∥sn(z1, z2)sn(z1, z3)′∥|z2, z3]∥sn(z2, z3)∥∥E[sn(z3, z1)|z3]∥

≤ Cb(z2)
2b(z3)

3K̄hn(w3 −w2)Khn(w2 −w3)

and E
[
b(z2)

2b(z3)
3K̄hn(w3 −w2)Khn(w2 −w3)

]
≤ Ch−d

n . Thus, the desired conclusion holds.

Verification of hdnE[∥E[sn(z1, z2)sn(z1, z3)′|z2, z3]∥∥E[sn(z1, z2)|z2]∥∥E[sn(z1, z3)|z3]∥] = o(1).

∥E[sn(z1, z2)sn(z1, z3)′|z2, z3]∥∥E[sn(z1, z2)|z2]∥∥E[sn(z1, z3)|z3]∥ ≤ Cb(z2)
2b(z3)

2K̄hn(w2 −w3)

and E[b(z2)2b(z3)2K̄hn(w2 −w3)] ≤ C. Thus, the desired conclusion follows.

Lemma 9. Under Assumptions 1 and 2,

1

n3

n∑
i=1

n∑
j=1,j ̸=i

n∑
k=1,k ̸=j,i

L/2∑
l=0

λlsn,l(zi, zj)

L/2∑
l=0

λlsn,l(zi, zk)

′

=
1

4
Σ0 + oP

(
1

nhdn
+ 1

)

and

1

n3

n∑
i=1

n∑
j=1,j ̸=i

L/2∑
l=0

λlsn,l(zi, zj)

L/2∑
l=0

λlsn,l(zi, zj)

′

=
1

nhdn

[
∆0(Kc) + oP(1)

]
.

Proof. By Hoeffding decomposition,

1

n(n− 1)(n− 2)

n∑
i=1

n∑
j=1,j ̸=i

n∑
p=1,p ̸=j,i

µ′
1

L/2∑
l=0

λlsn,l(zi, zj)

L/2∑
l=0

λlsn,l(zi, zp)

′

µ1
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= µ′
1E

 L/2∑
l,l̃=0

λlλl̃E
[
sn,l(z1, z2)|z1

]
E
[
sn,l̃(z1, z2)|z1

]′µ1

+
1

n

n∑
i=1

3
(
E[ζ1,ijp|zi]− ζ̄1

)
+

(
n

2

)−1∑
i<j

3
(
E[ζ1,ijp|zi, zj ]− E[ζ1,ijp|zi]− E[ζ1,ijp|zj ] + ζ̄1

)
+

(
n

3

)−1 ∑
i<j<p

(
ζ1,ijp − E[ζ1,ijp|zi, zj ]− E[ζ1,ijp|zi, zp]− E[ζ1,ijp|zj , zp] + E[ζ1,ijp|zi]

+ E[ζ1,ijp|zj ] + E[ζ1,ijp|zp]− ζ̄1
)

where

ζ1,ijp = µ
′
1

sLn(zi, zj)s
L
n(zi, zp)

′ + sLn(zj , zi)s
L
n(zj , zp)

′ + sLn(zp, zj)s
L
n(zp, zi)

′

3
µ1,

sLn(z1, z2) =
∑L

l=0 λlsn,lL(z1, z2), and ζ̄1 = E[ζ1,ijp]. Using identical arguments for verifying (4.3),

the expectation term in the above Hoeffding decomposition converges to µ′
1Σ0µ1/4. For the mean-

zero U-statistic terms, it suffices to show that their variances are oP(1 + (nhdn)
−1). Lemmas 5 and

8 imply

V[E[ζ1,ijk|zi]] ≤ E
[
E
[
µ′
1s

L
n(zi, zj)|zi

]4]
+ E

[
E
[
E
[
µ′
1s

L
n(zj , zk)|zj

]
µ′
1s

L
n(zj , zi)|zi

]2]
= o(n).

Lemma 8 implies

V[E[ζ1,ijk|zi, zj ]− E[ζ1,ijk|zi]− E[ζ1,ijk|zj ] + ζ̄1] ≤ CE
[
E[ζ1,ijk|zi, zj ]2

]
≤ CE

[
(µ′

1s
L
n(zi, zj))

2E[µ′
1s

L
n(zi, zj)|zi]2

]
+ CE

[
E[µ′

1s
L
n(zk, zi)µ

′
1s

L
n(zk, zj)|zi, zj ]2

]
= o(n2).

Lemma 8 implies

V
[
ζ1,ijk − E[ζ1,ijk|zi, zj ]− E[ζ1,ijk|zi, zk]− E[ζ1,ijk|zj , zk] + E[ζ1,ijk|zi] + E[ζ1,ijk|zj ] + E[ζ1,ijk|zk]

]
≤ CE[ζ21,ijk] ≤ CE

[
E[|µ′

1s
L
n(zi, zj)|2|zi]2

]
= o(nh−2d

n ).

By Hoeffding decomposition,(
n

2

)−1∑
i<j

µ′
2s

L
n(zi, zj)s

L
n(zi, zj)

′µ2

= µ′
2E[sLn(zi, zj)sLn(zi, zj)′]µ2 +

1

n

n∑
i=1

2
(
E[(µ′

2s
L
n(zi, zj))

2|zi]− E[(µ′
2s

L
n(z1, z2))

2]
)

+

(
n

2

)−1∑
i<j

(µ′
2s

L
n(zi, zj))

2 − E[(µ′
2s

L
n(zi, zj))

2|zi]− E[(µ′
2s

L
n(zi, zj))

2|zj ] + E[(µ′
2s

L
n(zi, zj))

2].

Using identical arguments for verifying (4.3), hdnE[sLn(zi, zj)sLn(zi, zj)′] converges to∆0(Kc), and the
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remaining U-statistic terms are oP(n) by E[E[(µ′
2s

L
n(zi, zj))

2|zi]2] = o(n3) and E[(µ′
2s

L
n(zi, zj))

4] =

o(n2h−d
n ) because n2hdn → ∞.

4.4 Proof of Proposition 1

Since

M0(θ0 + tτ)−M0(θ0)− E[ψ(w,w)]′tτ

τ
=

∫
E[e1(z1, z2;θ0, t, τ)|w1 = w,w2 = w]fw(w)2dw,

Assumption 2(iii)(iv) implies that E[ψ(w,w)] is the (directional) derivative of M0(θ) at θ0, and

thus, E[ψ(w,w)] = 0 because M0 is minimized at θ0, which lies in the interior of Θ.

For the following result, we use multi-index notation as introduced in the paragraph before

Proposition 1.

Lemma 10. Let ψ(w1,w2) = E[s(z1, z2;θ0)|w1,w2] and L ≥ 2 be an even integer. Suppose

that Assumption 1(i)(iii) holds and that v 7→ ψ(w,v) is L-times continuously differentiable with

E[supv∈W ∥∂αvψ(w,v)∥ < ∞ for each |α| ≤ L. Then, there exist non-random vectors bM
2l ∈ Rk

l = 1, . . . , L/2 such that

E[s(z1, z2;θ0)Kh(w1 −w2)] =

L/2∑
l=1

bM
2l h

2l + o(hL).

Proof. As just shown, E[ψ(w,w)] = 0. Then

E[s(z1, z2;θ0)Kh(w1 −w2)] =
∑
|α|≤L

h|α|(α!)−1E
[
∂αvψ(w,v)

∣∣
v=w

] ∫
uαK(u)du

+ hL
∑
|α|=L

(α!)−1

∫ (
∂αvψ(w,v)

∣∣
v=w−τuh

− ∂αvψ(w,v)
∣∣
v=w

)
fw(w)dwuαK(u)du

where τ ∈ (0, 1) denotes a mean value which may depend on w and uh. The desired result follows

from the dominated convergence theorem. Note that
∫
uαK(u) = 0 when at least of one element

of α ∈ Zd
+ is odd.

In the context of Proposition 1,

bM
2 =

d∑
i=1

2−1

∫
∂2ψ(w,v)

∂v2i

∣∣∣
v=w

fw(w)dw

∫
u2iK(u)du.

The above expansion and Lemma 3 imply that as h ↓ 0,

h−4
[
M(θ0 + th2;hn)−M(θ0;h)

]
− t′bM

2 − 1

2
t′H0t = o(1).
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Since t 7→ M(θ0 + th2;h) −M(θ0;h) is convex and its minimizer is h−2(θ(h) − θ0), the corollary

following Lemma 2 of Hjort and Pollard (1993) implies

h−2
(
θ(h)− θ0

)
−
(
−H−1

0 bM
2

)
= o(1) ⇒ θ(h) = θ0 −H−1

0 bM
2 h

2 + o(h2).

4.5 Bias Expansion

We demonstrate how to verify Assumption 3 with L = 4 under the following primitive conditions.

Assumption 4. Assumptions 1 and 2 hold. There exist Rk-valued functions ḣij(w1,w2;θ, t),

1 ≤ i ≤ j ≤ k, such that ḣij(w1,w2;θ0, t) is continuous with respect to w2 with probability

one, E supv∈W ∥ḣij(w1,v;θ0, t)fw(v)∥ <∞, and letting E3(w1,w2;θ, t, τ) be the k×k symmetric

matrix whose (i, j)th element is

Hij(w1,w2;θ + tτ, t)−Hij(w1,w2;θ, t)− ḣij(w1,w2;θ, t)
′tτ

τ
,

we have lim(u,θ,τ)→(0,θ0,0)E3(w1,w1 + u;θ, t, τ) = O with probability one and for t ∈ Rk, there is

τ̄ > 0 such that

E sup
v∈W,θ∈Θδ

0,τ∈(0,τ̄)

∥∥E3(w1,v;θ, t, τ)
∥∥ <∞.

v 7→ ψ(w,w + v) satisfies the hypothesis of Lemma 10 with L = 4.

v 7→ fw(v) and v 7→ H(w,v;θ0, t) are twice continuously differentiable and for |α| ≤ 2,

E sup
v∈W

∥∥∂αv {H(w1,v;θ0, t)fw(v)
}∥∥ <∞.

The following proposition generalizes Proposition 1 to the case of L = 4. In particular, it

demonstrates that the term associated with the third power of h is equal to zero.

Proposition 2. Under Assumption 4, Assumption 3 holds with L = 4.

Proof. We have b2 = −H−1
0 bM

2 . Let ∂M(θ;h) = E[s(z1, z2;θ)Kh(w1 − w2)] and H(θ, t; η) =

E[H(w1,w2;θ0, t)Kη(w1 −w2)]. For h, η > 0 close to zero, by Taylor expansion,

∂M(θ0 + b2h
2; η) = ∂M(θ0; η) +H(θ0,b2; η)b2h

2 + b4,1h
4 + o(h4) (4.12)

where b4,1 =
∑d

i=1 2
−1
∫
∂H(w,w;θ;b2)/∂θi|θ=θ0fw(w)2dwb2b2,i. By the expansionH(θ0,b2; η) =

H0 +O(η2),

H(θ0,b2; η)b2 = −bM
2 + b4,2η

2 + o(η2)

where b4,2 = −
∑d

i=1 2
−1
∫
∂2H(w,v;θ0,b2)/∂v

2
i |v=wfw(w)2dw

∫
u2iK(u)duH−1

0 bM
2 . Then, using
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Lemma 10 and (4.12),

∂M(θ0 + b2h
2; η) = bM

2 η
2 + bM

4 η
4 − bM

2 h
2 + b4,1h

4 + b4,2η
2h2 + o

(
η4 + h4).

Then,

∂M(θ0 + b2h
2;h) =

(
bM
4 + b4,1 + b4,2

)
h4 + o(h4).

By Lemma 3, as h ↓ 0,

h−8
{
M(θ0 + b2h

2 + th4;h)−M(θ0 + b2h
2;h)

}
− h−4∂M(θ0 + b2h

2;h)′t =
1

2
t′H0t+ o(1).

Since h−4∂M(θ0 + b2h
2;h)′t+ 1

2t
′H0t = Q(t) + o(1) where

Q(t) =
(
bM
4 + b4,1 + b4,2

)′
t+

1

2
t′H0t,

the corollary following Lemma 2 of Hjort and Pollard (1993) implies

h−4(θ(h)− θ0 − b2h
2) +H−1

0

(
bM
4 + b4,1 + b4,2

)
= o(1)

and we have the desired conclusion with b4 = −H−1
0

(
bM
4 + b4,1 + b4,2

)
.

Propositions 1 and 2 verified Assumption 3 for L = 2 and L = 4, respectively, under primitive

conditions. The approach underlying those propositions could be extended to verify Assumption 3

for L > 4 at the expense of additional cumbersome notation and technical work.

5 Sufficient Conditions for Motivating Examples

We provide primitive sufficient conditions for each example in Section 2 to verify that Assumptions

1(iv) and 2 hold. Recall that Assumption 1(ii) holds in each of the examples.

5.1 Partially Linear Regression Model

In this example, the objective function mPL(z1, z2;θ) is twice-differentiable in θ and we can take

s(z1, z2;θ) = sPL(z1, z2;θ) = −
(
y1 − y2 − (x1 − x2)

′θ
)
(x1 − x2)

and

H(w1,w2;θ, t) = HPL(w1,w2) = E[(x1 − x2)(x1 − x2)
′|w1,w2]

where the H function does not depend on t and θ.

To verify our assumptions, we impose the following conditions.

Assumption 5. Let C > 0 be a finite constant.
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(i) E[ε4(1 + ∥x∥4) + ∥x∥8)|w]fw(w) + g(w)4(E[∥x∥4|w] + 1)fw(w) ≤ C with probability one.

Also, E[(ε4 + g(w)4)(1 + ∥x∥4) + ∥x∥8] <∞.

(ii) H0 =
∫
E[(x1 − x2)(x1 − x2)

′|w1 = w,w2 = w]fw(w)2dw is positive definite.

(iii) With probability one, E[ε|x,w] = 0.

(iv) The functions w 7→ g(w), w 7→ E[x|w], w 7→ E[xx′|w], w 7→ E[ε2|w], w 7→ E[ε2x|w],

w 7→ E[ε2xx′|w] are continuous at almost every w.

Proposition 3. Under Assumptions 1(i)(iii) and 5, Assumptions 1(iv) and 2 hold for the partially

linear regression example.

Proof.

Assumption 1(iv) Note that

|mPL(z1, z2;θ)| ≤ (∥x1∥2 + ∥x2∥2)∥θ − θ0∥2 + g(w1)
2 + g(w2)

2 + ε21 + ε22

and by the hypothesis, E[|mPL(z1, z2;θ)|] <∞ for each θ.

For each θ ∈ Θ,

E[mPL(z1, z2;θ)|w1,w2]

=
1

2
(θ − θ0)′E[(x1 − x2)(x1 − x2)

′|w1,w2](θ − θ0) +
1

2
|g(w1)− g(w2)|2

+
1

2

(
E[ε21|w1] + E[ε22|w2]

)
− (θ − θ0)′E[x1 − x2|w1,w2](g(w1)− g(w2))

and by the hypothesis, w2 7→ E[mPL(z1, z2;θ)|w1,w2] is continuous with probability one. Also,

sup
w∈W

∣∣E[mPL(z1, z2;θ)|w1,w2 = w]
∣∣fw(w)

≤ C
(
E[∥x1∥2 + ∥x1∥|w1]∥θ − θ0∥2 + g(w1)

2 + E[ε21|w1] + ∥θ − θ0∥(E[∥x1∥|w1] + 1)(g(w1) + 1)
)

and the dominating function has a finite expectation for each θ.

M0 function takes the form

M0(θ) =
1

2
(θ − θ0)′H0(θ − θ0) +

∫
E[ε2|w]fw(w)2dw

which is uniquely minimized at θ = θ0 as H0 is positive definite.

Assumption 2(i) By

∥sPL(z1, z2;θ)∥ ≤ {|ε1|+ |ε2|+ |g(w1)|+ g(w2) + (∥x1∥+ ∥x2∥)∥θ − θ0∥}(∥x1∥+ ∥x2∥),

38



we can take

b(z1) = (1 + |ε1|+ |g(w1)|+ ∥x1∥)(1 + ∥x1∥)

for some δ ∈ (0, 1). By hypothesis, E[b(z)4|w]fw(w) is bounded and E[b(z)4] <∞.

Assumption 2(ii) For θ ∈ Θ,

|sPL(z1, z2;θ)− sPL(z1, z2;θ0)| ≤ (∥x1∥+ ∥x2∥)2∥θ − θ0∥ ≤ 2(∥x1∥2 + ∥x2∥2)∥θ − θ0∥

and with probability one, as (θ,u) → (θ0,0),

E[s(z1, z2;θ)|z1,w2 = w1 + u]− E[s(z1, z2;θ0)|z1,w2 = w1 + u] → 0.

Also, under the maintained hypothesis,

E[sPL(z1, z2;θ0)|z1,w2 = w1 + u] = −(g(w1)− g(w1 + u) + ε1)(x1 − E[x2|w2 = w1 + u])

→ −ε1(x1 − E[x1|w1]) = E[sPL(z1, z2;θ0)|z1,w2 = w1]

as u → 0. Thus, the first display holds.

Also, the dominated convergence theorem implies

E[s(z1, z2;θ0)s(z1, z2;θ0)′|w1,w2] = (g(w1)− g(w2))
2E[(x1 − x2)(x1 − x2)

′|w1,w2]

+ E[(ε21 + ε22)(x1 − x2)(x1 − x2)
′|w1,w2]

converges to E[s(z1, z2;θ0)s(z1, z2;θ0)′|w1,w2 = w1] as u → 0. Combined with this observation,

the bound

∥sPL(z1, z2;ϑ)− sPL(z1, z2;θ0)∥∥sPL(z1, z2;θ)∥

≤ {(∥x1∥+ ∥x2∥)3(|ε1|+ |ε2|+ |g(w1)|+ |g(w2)|+ (∥x1∥+ ∥x2∥)∥θ − θ0∥}∥ϑ− θ0∥

implies that the second display holds.

Assumption 2(iii) We have

e1(z1, z2;θ, t, τ) =
1

2
τ |t′(x1 − x2)|2

and

E[e1(z1, z2;θ, t, τ)|z1,w2] ≤ τ∥t∥(∥x1∥2 + E[∥x2∥2|w2]) (5.1)

E[e1(z1, z2;θ, t, τ)2|w1,w2] ≤ 2τ2∥t∥2(E[∥x1∥4|w1] + E[∥x2∥4|w2]).
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Thus, the first and second displays hold. The third display holds because e2(w1,w2;θ, t, τ) = 0

almost surely. Finally, since ∥HPL(w1,w2;θ, t)∥ ≤ 2(E[∥x1∥2|w1] + E[∥x2∥2|w2]),

E sup
θ∈Θδ

0

sup
w∈W

∥HPL(w1,w;θ, t)∥fw(w) ≤ C(E[∥x1∥2] + 1) <∞.

Assumption 2(iv) By (5.1), the first two displays hold. The third display holds as e2 = 0

almost surely. The fourth and fifth displays hold as HPL(w1,w2;θ, t) does not depend on θ and is

continuous with respect to w2.

5.2 Partially Linear Logistic Model

In this example, the objective function is twice-differentiable in θ and we have

s(z1, z2;θ) = sPLL(z1, z2;θ) = −1{y1 ̸= y2}
[
y1Λ(x

′
2θ − x′

1θ)− y2Λ(x
′
1θ − x′

2θ))
]
(x1 − x2)

and

H(w1,w2;θ, t) = HPLL(w1,w2;θ) = E
[
1{y1 ̸= y2}λ(x′

1θ − x′
2θ)(x1 − x2)(x1 − x2)

′∣∣w1,w2

]
where λ(u) = Λ(u)(1− Λ(u)) and the H function does not depend on t.

Assumption 6. Let C > 0 be a finite constant.

(i) E[∥x∥4|w]fw(w) ≤ C with probability one. E[∥x∥4] <∞.

(ii) H0 =
∫
HPLL(w,w;θ0)f

2
w(w)dw is positive definite.

(iii) w 7→ g(w) is continuous for almost all w. The conditional distribution of x given w

has a density with respect to some measure ρ. Denoting the conditional density by fx|w,∫
(1 + ∥x∥2) sup∥v∥≤δ fx|w(x|w + v)dρ(x) is finite for almost all w. Also, w 7→ fx|w(x|w) is

continuous almost surely.

(iv) E[(x1 − x2)(x1 − x2)
′|w1 = w,w2 = w] is invertible for almost all w.

Proposition 4. Under Assumptions 1(i)(iii) and 6, Assumptions 1(iv) and 2 hold for the partially

linear logistic regression example.

Proof.

Assumption 1(iv) We have − ln Λ ≥ 0 on R and by lnΛ(u) = u− ln(1 + exp(u)),

0 ≤ mPLL(z1, z2;θ) ≤ − ln Λ(x′
2θ − x′

1θ)− ln Λ(x′
1θ − x′

2θ)

= ln
(
1 + exp(x′

2θ − x′
1θ)
)
+ ln

(
1 + exp(x′

1θ − x′
2θ)
)
≤ 2 ln 2 + 2∥x1 − x2∥∥θ∥
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where the last inequality uses for u ≥ 0, ln(1 + exp(u)) ≤ ln 2 + u. Thus, E[|mPLL(z1, z2;θ)|] < ∞
for each θ.

The above bound and E[∥x∥|w]fw(w) ≤ C imply

0 ≤ E[mPLL(z1, z2;θ)|w1,w2 = w] ≤ C(1 + E[∥x1∥|w1]∥θ∥+ ∥θ∥)

which in turn implies the second display.

For the first display,

E
[
1{y1 ̸= y2}y2 ln Λ(x′

2θ − x′
1θ)
∣∣w1,w2

]
=

∫
{1− Λ(x′

1θ0 + g(w1))}Λ(x′
2θ0 + g(w2)) lnΛ(x

′
2θ − x′

1θ)fx|w(x1|w1)fx|w(x2|w2)dρ(x1)dρ(x2)

where the integrand is continuous in w1,w2 and the integrand times (−1) is non-negative and

bounded above by (ln 2+|x′
2θ−x′

1θ|) sup∥v∥≤δ fx|w(x1|w1+v) sup∥v∥≤δ fx|w(x2|w2+v) which is in-

tegrable by the hypothesis. Then, the dominated convergence theorem implies E[mPLL(z1, z2;θ)|w1,w2]

is continuous in w2 almost surely.

Finally, to show θ0 uniquely minimizes M0, note that for d ∈ {0, 1},

P[y1 = d, y2 = 1− d|y1 + y2 = 1,x1,x2,w1,w2] =
exp(d{(x1 − x2)

′θ0 + g(w1)− g(w2)})
1 + exp((x1 − x2)′θ0 + g(w1)− g(w2))

and E[mPLL(z1, z2;θ0)|x1,x2,w1 = w,w2 = w] equals the conditional log-likelihood of (y1, y2)

given y1 + y2 = 1,x1,x2,w1 = w,w2 = w. By the hypothesis, P[(x1 − x2)
′θ = c|w1 = w,w2 =

w] = 0 for any c ∈ R, which in turn implies P[E[mPLL(z1, z2;θ)|x1,x2,w1 = w,w2 = w] ̸=
E[mPLL(z1, z2;θ0)|x1,x2,w1 = w,w2 = w]] > 0 for θ ̸= θ0. Then, by standard arguments, the

desired conclusion follows.

Assumption 2(i) We have ∥sPLL(z1, z2;θ)∥ ≤ ∥x1∥+ ∥x2∥, and we can take b(z) = 1 + ∥x∥.

Assumption 2(ii) Note ∥sPLL(z1, z2;θ)− sPLL(z1, z2;θ0)∥ ≤ ∥θ − θ0∥∥x1 − x2∥2 and for any w,

∥E[sPLL(z1, z2;θ)|z1,w2 = w]− E[sPLL(z1, z2;θ0)|z1,w2 = w]∥ fw(w)

≤ ∥θ − θ0∥C
(
∥x1∥2 + 1

)
∥∥E[sPLL(z1, z2;ϑ)sPLL(z1, z2;θ)′|w1,w2 = w]− E[sPLL(z1, z2;θ0)sPLL(z1, z2;θ0)′|w1,w2 = w]

∥∥ fw(w)

≤ ∥ϑ− θ0∥C
(
∥x1∥3 + 1

)
+ ∥θ − θ0∥C

(
∥x1∥3 + 1

)
where we use (E[∥x∥4|w] + 1)fw(w) ≤ C. Then, it suffices to show that

w2 7→ E[sPLL(z1, z2;θ0)|z1,w2] w2 7→ E[sPLL(z1, z2;θ0)sPLL(z1, z2;θ0)′|w1,w2]
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are continuous with probability one.

We have

E[sPLL(z1, z2;θ0)|z1,w2] = (1− y1)

∫
Λ(x′

2θ0 + g(w2))Λ(x
′
2θ0 − x′

1θ0)(x1 − x2)fx|w(x2|w2)dρ(x2)

− y1

∫
Λ(x′

1θ0 − x′
2θ0)(x1 − x2)fx|w(x2|w2)dρ(x2)

and letting L(x1,w1,x2,w2) = Λ(x′
1θ0 + g(w1)){1− Λ(x′

2θ0 + g(w2))}Λ(x′
2θ0 − x′

1θ0)
2,

E[sPLL(z1, z2;θ0)sPLL(z1, z2;θ0)′|w1,w2]

=

∫
{L(x1,w1,x2,w2) + L(x2,w2,x1,w1)}(x1 − x2)(x1 − x2)

′fx|w(x1|w1)fx|w(x2|w2)dρ(x1)dρ(x2).

Under the hypothesis, the dominated convergence theorem implies that both conditional expecta-

tions are continuous in w2 with probability one, proving the desired results.

Assumption 2(iii) For ϑ,θ with η = ∥ϑ− θ∥,

∣∣mPLL(z1, z2;ϑ)−mPLL(z1, z2;θ)− sPLL(z1, z2;θ)
′(ϑ− θ)

∣∣
≤ η sup

θ1:∥θ1−θ∥≤η
∥sPLL(z1, z2;θ1)− sPLL(z1, z2;θ)∥ ≤ η2∥x1 − x2∥2

where the last inequality uses sPLL(z1, z2;θ) = −1{y1 ̸= y2}(y2 − Λ(x′
2θ − x′

1θ))(x2 − x1) and

|Λ(u) − Λ(v)| ≤ |u − v|. Then, |e1(z1, z2;θ, t, τ)| ≤ τ∥t∥2∥x1 − x2∥2, and the first and second

displays hold.

Using twice continuous differentiability of θ 7→ mPLL(z1, z2;θ), with ∥ϑ− θ∥ = η,∣∣∣∣mPLL(z1, z2;ϑ)−mPLL(z1, z2;θ)− sPLL(z1, z2;θ)
′(ϑ− θ)− 1

2
(ϑ− θ)∂sPLL(z1, z2;θ)

∂θ′
(ϑ− θ)

∣∣∣∣
≤ η2 sup

θ1:∥θ1−θ∥≤η

∥∥∥∥∂sPLL(z1, z2;θ)∂θ′

∣∣∣
θ=θ1

− ∂sPLL(z1, z2;θ)

∂θ′

∥∥∥∥ ≤ η3∥x1 − x2∥3.

Then, noting HPLL(w1,w2;θ) = E[∂sPLL(z1, z2;θ)/∂θ′|w1,w2], we have

|e2(w1,w2;θ, t, τ)| ≤ τ∥t∥3E[∥x1 − x2∥3|w1,w2],

and the third display holds.

We have ∥HPLL(w1,w2;θ)∥ ≤ 2(E[∥x1∥2|w1] + E[∥x2∥2|w2]) and the fourth display follows from

(E[∥x∥4|w] + 1)fw(w) ≤ C and E[∥x∥4] <∞.

Assumption 2(iv) The bound |e1(z1, z2;θ, t, τ)| ≤ τ∥t∥2∥x1−x2∥2 implies the first and second

displays. Similarly, |e2(w1,w2;θ, t, τ)| ≤ τ∥t∥3E[∥x1 − x2∥3|w1,w2] implies the third display.
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For the fourth display, we have

HPLL(w1,w2;θ)

=

∫
P (x1,w1,x2,w2)λ(x

′
1θ − x′

2θ)(x1 − x2)(x1 − x2)
′fx|w(x1|w1)fx|w(x2|w2)dρ(x1)dρ(x2)

where

P (x1,w1,x2,w2) = Λ(x′
1θ0 + g(w1))Λ(−x′

2θ0 − g(w2))}+ Λ(−x′
1θ0 − g(w1))Λ(x

′
2θ0 + g(w2))

is uniformly bounded and continuous in w2. We have

∥HPLL(w1,w1 + u;θ)−HPLL(w1,w1;θ)∥ ≤
∫

|P (x1,w1,x2,w1 + u)fx|w(x1|w1)

× fx|w(x2|w1 + u)− P (x1,w1,x2,w1)fx|w(x1|w1)fx|w(x2|w1)||x1 − x2∥2dρ(x1)dρ(x2)

where the dominating function does not depend on θ. Under the maintained hypothesis, the last

integral goes to zero as u → 0 by the dominated convergence theorem. Thus, the fourth display

holds.

For the fifth display, the dominated convergence theorem implies θ 7→ HPLL(w1,w1;θ) is contin-

uous with probability one.

5.3 Partially Linear Tobit Model

Let x12 = x1 − x2 and y12 = y1 − y2. In this example, we have

s(z1, z2;θ) = sPLT(z1, z2;θ) = −x121{y12 − x′
12θ > 0}1{y1 > 0}+ x121{y12 − x′

12θ < 0}1{y2 > 0}.

Below, we assume the existence of conditional density fε|w with respect to the Lebesgue measure.

Define µ(x,w) = x′θ0 + g(w) and

η(z1, z2;θ) = 2

∫ ∞

0
fε|w(u+ x′

12θ − µ(x1,w1)|w1)fε|w(u− µ(x2,w2)|w2)du

+ fε|w(x
′
12θ − µ(x1,w1)|w1)

∫ 0

−∞
fε|w(u− µ(x2,w2)|w2)du.

We take

H(w1,w2;θ, t) = HPLT(w1,w2;θ, t) = E
[{
η(z1, z2;θ)(1{x′

12θ > 0}+ 1{x′
12θ = 0,x′

12t > 0})

+ η(z2, z1;θ)(1{x′
12θ < 0}+ 1{x′

12θ = 0,x′
12t < 0})

}
x12x

′
12

∣∣w1,w2

]
.

Under the conditions stated below, HPLT(w1,w1;θ0, t) does not depend on t. In this case, we drop

the last argument.

To verify Assumption 2, we impose the following conditions.
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Assumption 7. Let δ, C > 0 be some fixed finite constants.

(i) With probability one (E[∥x∥4|w] + 1)fw(w) ≤ C, and E[∥x∥4] <∞.

(ii) The matrix H0 =
∫
HPLT(w,w;θ0)fw(w)2dw is positive definite.

(iii) E[x12x
′
12|w1 = w,w2 = w] is invertible for almost all w. Conditional on w, ε and x are

statistically independent.

(iv) w 7→ g(w) is continuous.

(v) The conditional distribution of ε given w has a Lebesgue density, denoted by fε|w. For

almost all (e,w), fε|w(e|w) ≤ C, and (e,w) 7→ fε|w(e|w) is continuous. For each x,w in

their support, ∫
R

sup
|v|,∥v∥≤δ

fε|w(u− x′θ0 − g(w) + v|w + v)du ≤ C.

(vi) The conditional distribution of x given w has a density with respect to some measure ρ.

Denoting the conditional density by fx|w,
∫
(1 + ∥x∥2) sup∥v∥≤δ fx|w(x|w + v)dρ(x) is finite

for almost all w. Also, w 7→ fx|w(x|w) is continuous almost surely.

Proposition 5. Under Assumptions 1(i)(iii) and 7, Assumptions 1(iv) and 2 hold for the partially

linear Tobit example.

Proof. Let y∗i = x′
iθ0+g(wi)+εi. Since the conditional distribution of ε given x,w has a Lebesgue

density, we can write

fy∗|x,w(y
∗|x,w) = fε|x,w(y

∗ − x′θ0 − g(w)|x,w) = fε|w(y
∗ − x′θ0 − g(w)|w).

Assumption 1(iv) Since |mPLT(z1, z2;θ)| ≤ (∥x1∥+∥x2∥)∥θ∥, E[mPLT(z1, z2;θ)] <∞ for θ ∈ Θ.

Also, E[m(z1, z2;θ)|w1,w2]fw(w2) ≤ C∥θ∥(E[∥x1∥|w1] + 1), which implies the second display.

For the first display, letting y12 = y1 − y2 and x12 = x1 − x2,

mPLT(z1, z2;θ) = −1{y1 > 0, y2 > 0}1{sgn(y12 − x′
12θ) = sgn(y12)}x′

12θ sgn(y12)

+ 1{y1 > 0, y2 > 0}1{x′
12θ < y12 < 0}

(
2y12 − x′

12θ
)

+ 1{y1 > 0, y2 > 0}1{0 < y12 < x′
12θ}

(
x′
12θ − 2y12

)
− 1{y1 > 0, y2 = 0}

(
1{y1 > x′

12θ}x′
12θ + 1{0 < y1 ≤ x′

12θ}y1
)

+ 1{y1 = 0, y2 > 0}
(
1{y2 > −x′

12θ}x′
12θ − 1{0 < y2 ≤ −x′

12θ}y2
)
.

Then, E[mPLT(z1, z2;θ)|w1,w2] is an integral with respect to

fy∗|x,w(y
∗
1|x1,w1)fx|w(x1|w1)fy∗|x,w(y

∗
2|x2,w2)fx|w(x2|w2)dy

∗
1dy

∗
2dx1dx2
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and the first display follows from the dominated convergence theorem under the maintained hy-

pothesis.

θ0 being a unique minimizer can be proven following the arguments in Honoré (1992) with

appropriate modifications.

Assumption 2(i) We have ∥sPLT(z1, z2;θ)∥ ≤ ∥x1∥+ ∥x2∥, and we can take b(z) = 1 + ∥x∥.

Assumption 2(ii) Note

E[sPLT(z1, z2;θ)|z1,w2] = −E
[
x12

∫ y1−x′
12θ

0
fε|w(u− µ(x2,w2)|w2)du

∣∣∣z1,w2

]
1{y1 > 0} (5.2)

− E
[
x121{y1 > x′

12θ}
∫ 0

−∞
fε|w(u− µ(x2,w2)|w2)du

∣∣∣z1,w2

]
1{y1 > 0}

+ E
[
x12

∫ ∞

0∨(y1−x′
12θ)

fε|w(u− µ(x2,w2)|w2)du
∣∣∣z1,w2

]
Using that fε|w is bounded,∣∣∣E[sPLT(z1, z2;θ)|z1,w2]− E[sPLT(z1, z2;θ0)|z1,w2]

∣∣∣
≤ C

(
∥x1∥2 + E[∥x2∥2|w2]

)
∥θ − θ0∥+ E

[
∥x12∥1{x′

12θ < y1 ≤ x′
12θ0}|z1,w2

]
1{y1 > 0}

+ E
[
∥x12∥1{x′

12θ0 < y1 ≤ x′
12θ}|z1,w2

]
1{y1 > 0}

and the terms after the inequality goes to zero almost surely as θ → θ0 by the dominated conver-

gence theorem, using
∫
(1 + ∥x∥) sup∥v∥≤δ fx|w(x|w + v)dρ(x) <∞ with probability one.

Now we verify w 7→ E[sPLT(z1, z2;θ0)|z1,w2 = w] is continuous almost surely.

E
[
x12

∫ y1−x′
12θ0

0
fε|w(u− µ(x2,w2)|w2)du

∣∣∣z1,w2

]
=

∫ ∫ y1−(x1−x)′θ0

0
(x1 − x)fε|w(u− µ(x,w2)|w2)dufx|w(x|w2)dρ(x)

and the integrand is continuous by the hypothesis. Thus the dominated convergence theorem

implies the desired continuity. Doing similar calculations for each of the terms in (5.2), we see that

lim
u→0

∣∣∣E[sPLT(z1, z2;θ0)|z1,w2 = w1 + u]− E[sPLT(z1, z2;θ0)|z1,w2 = w1]
∣∣∣ = 0

almost surely. Thus, the first display holds.

Letting f̃(y,x,w) = fε|w(y − µ(x,w)|w)fx|w(x|w), we have

E[sPLT(z1, z2;θ)sPLT(z1, z2;ϑ)′|w1,w2]
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=

∫∫ ∫ ∞

−∞

∫ ∞

0∨(max{y∗2 ,0}+max{x′
12θ,x

′
12ϑ})

x12x
′
12f̃(y

∗
1,x1,w1)f̃(y

∗
2,x2,w2)dy

∗
1dy

∗
2dρ(x1)dρ(x2)

−
∫∫ ∫ ∞

0

∫ y∗2+x′
12ϑ

y∗2+x′
12θ

x12x
′
12f̃(y

∗
1,x1,w1)f̃(y

∗
2,x2,w2)1{0 < x′

12(ϑ− θ)}dy∗1dy∗2dρ(x1)dρ(x2)

−
∫∫ ∫ ∞

0

∫ y∗2+x′
12θ

y∗2+x′
12ϑ

x12x
′
12f̃(y

∗
1,x1,w1)f̃(y

∗
2,x2,w2)1{0 > x′

12(ϑ− θ)}dy∗1dy∗2dρ(x1)dρ(x2)

+

∫∫ ∫ ∞

−∞

∫ ∞

0∨(max{y∗1 ,0}−min{x′
12θ,x

′
12ϑ})

x12x
′
12f̃(y

∗
1,x1,w1)f̃(y

∗
2,x2,w2)dy

∗
2dy

∗
1dρ(x1)dρ(x2).

Then, the second display follows from the dominated convergence theorem.

Assumption 2(iii) Note

(y12 − x′
12ϑ)1{y12 > x′

12ϑ} − (y12 − x′
12θ)1{y12 > x′

12θ}+ x′
12(ϑ− θ)1{y12 > x′

12θ}

= (y12 − x′
12ϑ)

(
1{0 < y12 − x′

12ϑ ≤ −x′
12(ϑ− θ)} − 1{−x′

12(ϑ− θ) < y12 − x′
12ϑ ≤ 0}

)
and

(y12 − x′
12ϑ)1{y12 < x′

12ϑ} − (y12 − x′
12θ)1{y12 < x′

12θ}+ x′
12(ϑ− θ)1{y12 < x′

12θ}

= (y12 − x′
12ϑ)

(
1{−x′

12(ϑ− θ) ≤ y12 − x′
12ϑ < 0} − 1{0 ≤ y12 − x′

12ϑ < −x′
12(ϑ− θ)}

)
These expressions imply

|e1(z1, z2;θ, t, τ)| ≤ |x′
12t|1{|y12 − x′

12(θ + tτ)| ≤ |x′
12t|τ}

(
1{y1 > 0}+ 1{y2 > 0}

)
(5.3)

≤ ∥t∥(∥x1∥+ ∥x2∥)

and the first two displays hold.

Let ν(u, v,x,w) = fε|w(u − µ(x,w) + v|w) − fε|w(u − µ(x,w)|w). Following calculations in

Honoré (1992), we can show

|e2(z1, z2;θ, t, τ)| ≤ |x′
12t|2

∫ ∞

0
sup

|v|≤|x′
12t|τ

∣∣ν(u+ x′
12θ, v,x1,w1)

∣∣fε|w(u− µ(x2,w2)|w2)du (5.4)

+ |x′
12t|2

∫ ∞

0
sup

|v|≤|x′
12t|τ

∣∣ν(u− x′
12θ, v,x2,w2)

∣∣fε|w(u− µ(x1,w1)|w1)du

+ |x′
12t|2

(
sup

|v|≤|x′
12t|τ

∣∣ν(x′
12θ, v,x1,w1)

∣∣+ sup
|v|≤|x′

12t|τ

∣∣ν(−x′
12θ, v,x2,w2)

∣∣)
≤ C∥t∥2

(
∥x1∥2 + ∥x2∥2

)
.

Then, the third display holds.

For the fourth display, note |η(z1, z2;θ)| ≤ C with probability one, and ∥HPLT(w1,w2;θ, t)∥ ≤
C(E[∥x1∥2|w1] + E[∥x2∥2|w2]). Thus, the desired result holds.
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Assumption 2(iv) The first three displays follow from (5.3), (5.4), and the dominated conver-

gence theorem.

Let ∆f(u,x,w,v) = |fε|w(u− µ(x,w+ v)|w+ v)− fε|w(u− µ(x,w)|w)|. For each x1,x2, with

sufficiently small ϵ > 0,

sup
θ∈Θϵ

0

∣∣η(x1,w1,x2,w2 + v;θ)− η(x1,w1,x2,w2;θ)
∣∣

≤ 2

∫ ∞

0
sup
|v|≤δ

fε|w(u+ v − µ(x2,w1)|w1)∆f(u,x2,w2,v)du+ C

∫ 0

−∞
∆f(u,x2,w2,v)du

where the terms after the inequality go to zero as v → 0 by the dominated convergence theorem.

Then, the fourth display follows from another application of the dominated convergence theorem.

The fifth display andH(w1,w1;θ0, t) not depending on t follow from continuity of θ 7→ η(z1, z2;θ)

with probability one and η(z1, z2;θ0) = η(z2, z1;θ0) on the event {x′
12θ0 = 0}.

6 Conclusion

This paper developed robust distribution theory and bootstrap-based inference for a broad class

of convex pairwise difference estimators. First, we established a general Gaussian distributional

approximation based on small bandwidth asymptotics and debiasing via the generalized jackknife.

Second, we showed that the nonparametric bootstrap leads to conservative inference due to variance

inflation when localization is high (bandwidth is small). Third, we proposed a new bootstrap-based

inference method that is asymptotically valid, thereby offering more robust uncertainty quantifi-

cation for pairwise difference estimators. Our theoretical work carefully preserved and leveraged

convexity of the objective function, which led to improved sufficient high-level conditions. We

illustrated our robust inference methods with three examples in the context of partially linear

regression, Logit, and Tobit models.

Our results lay the groundwork for several promising avenues of future research. First, our

methods could be generalized to develop bandwidth selection based on higher-order stochastic ex-

pansions. Second, they could be expanded to allow for pairwise difference estimators based on

generated regressors, a class of estimators that sometimes arises in the context of control function

and related econometric methods. Third, when the objective function is smooth, plug-in vari-

ance estimation could be developed as an alternative to bootstrap inference. Finally, our current

results do not cover settings where the objective function is sufficiently non-smooth to result in

non-Gaussian distributional approximations. We plan to investigate these research directions in

upcoming work (Cattaneo et al., 2025b).
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