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A. Generalized Framework 15

A.1. Setup
This section extends Rosenbaum’s rank standardization idea to a more general setting, and establishes

general theory that will cover Theorem 1 as a special case. More specifically, for ω = 0, 1, consider the
following general mappings

φω : X → Xφ ⊂ Rm,

with X representing the support of X and m not necessarily equal to d. Note that here we allow φ0 and 20

φ1 to be different. Consider the setting when φω is possibly unknown, and we will approximate it based
on the sample {(Xi,Di,Yi)}ni=1, leading to a generic estimator φ̂ω that may differ with different ω. We then
define

Uφ,ω ≡ φω(X) and Ûφ,ω,i ≡ φ̂ω(Xi) for i ∈ {1, . . . , n}.

Note that, when setting φ0 = φ1 = F and φ̂0 = φ̂1 = F̂n, the latter of which stands for the empirical CDF,
we recover the U and Ûi’s introduced in Section 2. 25

Similar to Section 2, let Jφ(i) represent the index set of M-NN matches of Ûφ,1−Di,i in {Ûφ,1−Di, j :
Dj = 1 − Di}

n
j=1 with ties broken in an arbitrary way. In other words, for determining the nearest neighbors,

we are going to measure the similarity based on the Euclidean distance between transformed data points
with the transformation function probably also having to be learned from the same data. Additionally, let
µ̂φ,ω(u) be a mapping from Xφ to R that estimates the conditional means of the outcomes 30

µφ,ω(u) ≡ E(Y | Uφ,ω = u,D = ω).

The general φ-transformation based bias-corrected matching estimator is then defined to be

τ̂φ ≡
1
n

n∑
i=1

(
Ŷφ,i(1) − Ŷφ,i(0)

)
,
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where

Ŷφ,i(ω) ≡

{
Yi, if Di = ω,

1
M

∑
j∈Jφ (i)

(
Yj + µ̂φ,ω(Ûφ,ω,i) − µ̂φ,ω(Ûφ,ω, j)

)
if Di = 1 − ω

.

It follows that τ̂φ generalizes τ̂ in (1).35

A.2. General Theory
In order to analyze τ̂φ , we introduce some additional notation and assumptions that are in parallel to

those made in Section 3. Let the residuals from fitting the outcome models be

R̂φ,i ≡ Yi − µ̂φ,Di (Ûφ,Di,i), i ∈ {1, . . . , n},

and the estimator based on the outcome models be

τ̂
reg
φ ≡ n−1

n∑
i=1

(
µ̂φ,1(Ûφ,1,i) − µ̂φ,0(Ûφ,0,i)

)
.

Finally, let Kφ(i) be the number of matched times for the unit i according to the distances between Ûφ,Di,i’s,40

i.e.,

Kφ(i) ≡
n∑

j=1,Dj=1−Di

1
(
i ∈ Jφ( j)

)
.

The first lemma corresponds to a generalization of the AIPW representation of the bias-corrected
rank-based estimator given in (2) in Section 3.

Lemma 1. It holds true that

τ̂φ = τ̂
reg
φ +

1
n

n∑
i=1
(2Di − 1)

(
1 +

Kφ(i)
M

)
R̂φ,i .45

The first two assumptions in this section parallel Assumptions 1 and 2.

Assumption 1. (i) For almost all x ∈ X , D is independent of (Y (0),Y (1)) conditional on X = x, and
there exists some constant c > 0 such that c < pr(D = 1 | X = x) < 1 − c.

(ii) {(Xi,Di,Yi)}ni=1 are i.i.d. following the joint distribution of (X,D,Y ).
(iii) E{(Y (ω) − µφ,ω(Uφ,ω))

2 | Uφ,ω = u} is uniformly bounded for almost all u ∈ Xφ and ω = 0, 1.50

(iv) E(µ2
φ,ω(Uφ,ω)) is bounded for ω = 0, 1.

Assumption 2. (i) There exists a deterministic, possibly changingwith n, function µ̄φ,ω(·) : Rm → R
such thatE(µ̄2

φ,ω(Uφ,ω)) is uniformly bounded and the estimator µ̂φ,ω(x) satisfies ‖ µ̂φ,ω − µ̄φ,ω ‖∞ =
oP(1) for ω = 0, 1.

(ii) maxi∈{1,...,n} | µ̄φ,ω(Ûφ,ω,i) − µ̄φ,ω(Uφ,ω,i)| = oP(1) for ω = 0, 1.55

The next assumption regulates the transformation φω; cf. Lin et al. (2023, Section B) and Lin & Han
(2022, Assumption 3.3(ii)). From a high level perspective, it roughly states that M−1Kφ(i) should be a
consistent density ratio estimator. A detailed discussion of this assumption is given in Section A.3 ahead.

Assumption 3. The number of matched times satisfies

lim
n→∞

E
{Kφ(1)

M
−

(
D1

1 − e(X1)

e(X1)
+ (1 − D1)

e(X1)

1 − e(X1)

)}2
= 0,60

where, for any x ∈ X, e(x) ≡ pr(D = 1 | X = x) is the propensity score.

The next three assumptions correspond to Assumptions 4 through 6 in Section 3.

Assumption 4. (i) The estimator µ̂φ,ω(x) satisfies ‖ µ̂φ,ω − µφ,ω ‖∞ = oP(1) for ω = 0, 1.
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(ii) maxi∈{1,...,n} |µφ,ω(Ûφ,ω,i) − µφ,ω(Uφ,ω,i)| = oP(1) for ω = 0, 1.
(iii) E(Y (ω) | X = x) = µφ,ω(φω(x)) for almost all x ∈ X and ω = 0, 1. 65

Assumption 5. (i) E{(Y (ω) − µφ,ω(Uφ,ω))
2 | Uφ,ω = u} is uniformly bounded away from zero for

almost all u ∈ Xφ and ω = 0, 1.
(ii) There exists a constant c > 0 such that E(|Y (ω) − µφ,ω(Uφ,ω)|

2+c | Uφ,ω = u) is uniformly bounded
for almost all u ∈ Xφ and ω = 0, 1.

(iii) maxt∈Λmax{bm/2c,1}+1 ‖∂
t µφ,ω ‖∞ is bounded. 70

(iv) E(Y (ω) | X = x) = µφ,ω(φω(x)) for almost all x ∈ X and ω = 0, 1.
(v) The density of φω(X) is continuous over its support for ω = 0, 1.

Assumption 6. For ω = 0, 1, the estimator µ̂ω(x) satisfies

max
t∈Λmax{bm/2c,1}+1

‖∂t µ̂φ,ω ‖∞ = OP(1)

and

max
t∈Λ`
‖∂t µ̂φ,ω − ∂

t µφ,ω ‖∞ = OP(n−γ` ) for all ` ∈ {1, . . . ,max{bm/2c, 1}},

with some constants γ` > max{1/2 − `/m, 0} for ` = 1, 2, . . . ,max{bm/2c, 1}. 75

The next assumption poses a Donsker-type condition on the approximation accuracy of the estimated
transformation φ̂ω towards φω . This assumption is usually needed when one wishes to avoid using sample
splitting.

Assumption 7. For ω = 0, 1, the estimator φ̂ω satisfies

lim
δ→0

lim sup
n→∞

pr
(
n1/2 sup

x,y∈X, ‖φω (x)−φω (y) ‖≤δ

‖(φ̂ω − φω)(x) − (φ̂ω − φω)(y)‖ ≥ ε
)
= 0.

We are now ready to present the following theorem, which is a generalization to Theorem 1. 80

Theorem 1 (Generalized Main Theorem). (i) (Double robustness of τ̂φ) If either Assumptions 1,
2, 3 hold, or Assumptions 1 and 4 hold, then

τ̂φ − τ converges in probability to 0.

(ii) (Semiparametric efficiency of τ̂φ) Assume the distribution of (X,D,Y ) satisfies Assumptions 1, 3, 5,
6, 7. Define

γ = max
{[

1 −
1
2

m
max{bm/2c, 1} + 1

]
, min
`∈{1,...,max{ bm/2c,1}}

{
1 −

(1
2
− γ`

) m
`

}}
,

recalling that γ`’s were introduced in Assumption 6. Then, if M →∞ and M/nγ → 0 as n→∞, 85

we have

n1/2(τ̂φ − τ) converges in distribution to N(0, σ2).

(iii) If in addition Assumption 4 holds, then σ̂2
φ converges in probability to σ2, where

σ̂2
φ ≡

1
n

n∑
i=1

{
µ̂φ,1(Ûφ,1,i) − µ̂φ,0(Ûφ,0,i) + (2Di − 1)

(
1 +

Kφ(i)
M

)
R̂φ,i − τ̂φ

}2
.

A.3. Discussion on High-Level Assumption
It remains to decipher the high-level condition in Assumption 3. To this end, we first give additional

regularizations about the population-transformed data. 90

Assumption 8. (i) The diameter of Xφ and the surface area of Xφ are bounded.
(ii) The density of φω(X) is continuous over its support for ω = 0, 1.
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(iii) pr(D = 1 | φω(X) = φω(x)) = pr(D = 1 | X = x) for almost all x ∈ X and ω = 0, 1.

Next, we give two different type of conditions for the estimator φ̂ω to approximate φω so that Assump-
tion 3 can hold.95

Assumption 9. For ω = 0, 1,

lim
n→∞

E
{( n

M

)2
sup

x1,x2∈X
‖φ̂ω(·; x1, x2) − φω ‖

2d
∞

}
= 0,

where φ̂ω(·; x1, x2) is the estimator constructed by inserting two more new points, x1 and x2, into the group
with D = 1 − ω for some x1, x2 ∈ X.

Assumption 10. For ω = 0, 1, we assume that for any fixed ε > 0, there exists a function Tε (u) such that,
for any δ > 0,100

pr
(

sup
δ≥u

δ−1 sup
‖φω (s)−φω (t) ‖≤δ

sup
x1,x2∈X

‖(φ̂ω(·; x1, x2) − φω)(s) − (φ̂ω(·; x1, x2) − φω)(t)‖ > ε
)
≤ Tε (u),

and, for any k ∈ {1, . . . , 2},

lim
n→∞

( n
M

)k ∫ ∞

0
uk−1Tε (u1/m)du = 0

and

lim
n→∞

( n
M

)2
pr

(
‖φ̂ω − φω ‖∞ > ε

)
= 0.

Theorem 2. Assume that Assumption 8 holds, M log n/n→ 0 and M →∞ as n→∞. If either As-
sumption 9 or Assumption 10 holds, then Assumption 3 holds.105

B. Proofs of Main Results
B.1. Proof of Theorem 1

We take φ0 = φ1 = F and φ̂0 = φ̂1 = F̂n, where F̂n stands for the empirical CDF.Note that F is a bijective
function. Then Assumption 1 implies Assumption 1. To show that Assumption 2 and Assumption 4 imply
Assumption 2 and Assumption 4, respectively, it remains to show110

max
i∈{1,...,n}

| µ̄ω(Ûi) − µ̄ω(Ui)| = oP(1) or max
i∈{1,...,n}

|µω(Ûi) − µω(Ui)| = oP(1).

Note that [0, 1]d is compact. Then the continuity of µω implies uniform continuity. Then
maxi∈{1,...,n} |µω(Ûi) − µω(Ui)| = oP(1) is directly from maxi∈{1,...,n} ‖Ûi −Ui ‖ = oP(1). The same holds
for µ̄ω .

To verify Assumption 3, we use Theorem 2. Assumption 8 holds by Assumption 3 and the bijection of
F. We verify Assumption 9 when d ≥ 2 and Assumption 10 when d = 1.115

Part I. d ≥ 2.
Note that

sup
x1,x2∈X

‖F̂n(·; x1, x2) − F‖2d∞ . sup
x1,x2∈X

‖F̂n(·; x1, x2) − F̂n‖
2d
∞ + ‖F̂n − F‖2d∞ ,

where . means “asymptotically small than”.
By the definition of F̂n(·; x1, x2) and F̂n, for any x1, x2 ∈ X,120

‖F̂n(·; x1, x2) − F̂n‖∞

≤ d1/2 max
k∈{1,...,d}

max
x∈R

��� 1
n + 2

( n∑
i=1

1(Xi,k ≤ x) + 1(x1 ≤ x) + 1(x2 ≤ x)
)
−

1
n

n∑
i=1

1(Xi,k ≤ x)
���
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= d1/2 max
k∈{1,...,d}

max
x∈R

��� 1
n + 2

(
1(x1 ≤ x) + 1(x2 ≤ x)

)
−

2
n(n + 2)

n∑
i=1

1(Xi,k ≤ x)
���

≤
4d1/2

n + 2
.

We then have 125

lim
n→∞

E
{( n

M

)2
sup

x1,x2∈X
‖F̂n(·; x1, x2) − F̂n‖

2d
∞

}
= 0.

Note that

‖F̂n − F‖2d∞ . max
k∈{1,...,d}

max
x∈R

���1
n

n∑
i=1

1(Xi,k ≤ x) − pr(Xk ≤ x)
���2d

≤

d∑
k=1

max
x∈R

���1
n

n∑
i=1

1(Xi,k ≤ x) − pr(Xk ≤ x)
���2d .

By the Dvoretzky–Kiefer–Wolfowitz inequality, we have 130

E(‖F̂n − F‖2d∞ ) . n−d .

By d ≥ 2 and M →∞, we have

lim
n→∞

E
{( n

M

)2
‖F̂n − F‖2d∞

}
= 0.

The proof is now complete.
Part II. d = 1. 135

Note that for any s, t ∈ R, by Part I,

sup
x1,x2∈X

���(F̂n(·; x1, x2) − F)(s) − (F̂n(·; x1, x2) − F)(t)
��� ≤ 8d1/2

n + 2
+

���(F̂n − F)(s) − (F̂n − F)(t)
���.

For any ε > 0, we can take n sufficiently large such that 8d1/2/(n + 2) < ε , and then

pr
(

sup
δ≥u

δ−1 sup
|F(s)−F(t) |≤δ

sup
x1,x2∈X

���(F̂n(·; x1, x2) − F)(s) − (F̂n(·; x1, x2) − F)(t)
��� > 2ε

)
≤ pr

(
sup
δ≥u

δ−1 sup
|F(s)−F(t) |≤δ

���(F̂n − F)(s) − (F̂n − F)(t)
��� > ε

)
140

= pr
(

sup
δ≥u

sup
s≤t:pr(s<X≤t)≤δ

δ−1
���1
n

n∑
i=1

1(s < Xi ≤ t) − pr(s < X ≤ t)
��� > ε

)
.

Fix u ≥ 0 and ε . Let Ti = δ−1u(1(s < Xi ≤ t) − pr(s < X ≤ t)) for i ∈ {1, . . . , n}. Then for any i ∈
{1, . . . , n}, we have E(Ti) = 0, and that |Ti | ≤ 1 for δ ≥ u.

Note that

sup
δ≥u

sup
s≤t:pr(s<X≤t)≤δ

n∑
i=1

E(T2
i ) ≤ sup

δ≥u
sup

s≤t:pr(s<X≤t)≤δ

n∑
i=1

δ−2u2pr(s < Xi ≤ t) ≤ un, 145

and

E(sup
δ≥u

sup
s≤t:pr(s<X≤t)≤δ

n∑
i=1

T2
i ) ≤ E(sup

δ≥u
sup

s≤t:pr(s<X≤t)≤δ

n∑
i=1

δ−2u21(s < Xi ≤ t)) . un,
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by standard empirical process theory. Then by the concentration inequality for bounded processes
(Boucheron et al., 2013, Theorem 12.2), we have for n sufficiently large,

pr
(

sup
δ≥u

sup
s≤t:pr(s<X≤t)≤δ

δ−1
���1
n

n∑
i=1

1(s < Xi ≤ t) − pr(s < X ≤ t)
��� > ε

)
150

=pr
(

sup
δ≥u

sup
s≤t:pr(s<X≤t)≤δ

��� n∑
i=1

Ti
��� > unε

)
≤ exp

(
−

u2n2ε2

Cun + unε

)
= exp

(
−

ε2

C + ε
un

)
.

The proof for this part is now complete by taking integral using m = 1 and M →∞.
Lastly, it is easy to see Assumption 5 and Assumption 6 imply Assumption 5 and Assumption 6,

respectively. Assumption 7 is followed by the Donsker’s theorem applied to empirical distribution function.155

B.2. Proof of Theorem 2
Let Q̃ ≡ ®P> ®P/n. Using ‖ ®Q−1/2‖2 = λ

−1/2
K ,

‖ ®Q−1/2pK (Wi)pK (Wi)
> ®Q−1/2‖2 = ‖ ®Q−1/2pK (Wi)‖

2 ≤ λ−1
K ζ2

0,K,

‖E( ®Q−1/2pK (Wi)pK (Wi)
> ®Q−1pK (Wi)pK (Wi)

> ®Q−1/2)‖22160

≤λ−1
K ζ2

0,K ‖E( ®Q
−1/2pK (Wi)pK (Wi)

> ®Q−1/2)‖22 = λ
−1
K ζ2

0,K,

and a standard exponential concentration inequality for random matrices (Tropp, 2012, Section 6),

‖ ®Q−1/2Q̃ ®Q−1/2 − IK ‖2 = OP
(
λ
−1/2
K ζ0,K (log(K)/n)1/2 + λ−1

K ζ2
0,K log(K)/n

)
= oP(1)

because λ−1
K ζ2

0,K log(K)/n = o(1) by assumption.
Let Q̃n ≡ ®P>n ®Pn/n. Then,165

‖ ®Q−1/2 ®P>‖22 = ‖ ®Q
−1/2 ®P> ®P ®Q−1/2‖2

≤ n‖ ®Q−1/2(Q̃ − ®Q) ®Q−1/2‖2 + n‖ ®Q−1/2 ®Q ®Q−1/2‖2

= OP(nλ
−1/2
K ζ0,K (log(K)/n)1/2 + n),

and therefore

‖ ®Q−1/2(Q̃n − Q̃) ®Q−1/2‖2170

=‖ ®Q−1/2( ®P>n ®Pn − ®P> ®P) ®Q−1/2‖2/n

≤‖ ®Q−1/2( ®Pn − ®P)>( ®Pn − ®P) ®Q−1/2‖2/n + 2‖ ®Q−1/2 ®P>( ®Pn − ®P) ®Q−1/2‖2/n

≤‖( ®Pn − ®P) ®Q−1/2‖22/n + 2‖ ®Q−1/2 ®P>‖2‖( ®Pn − ®P) ®Q−1/2‖2/n

=OP(Bn + λ
−1/4
K ζ0,K (log(K)/n)1/4B1/2

n + B1/2
n ) = oP(1),

because λ−1
K ζ2

0,K log(K)/n = o(1) and Bn = oP(1) by assumption.175

Putting the two results together,

‖ ®Q−1/2Q̃n
®Q−1/2 − IK ‖2 ≤ ‖ ®Q−1/2(Q̃n − Q̃) ®Q−1/2‖2 + ‖ ®Q−1/2Q̃ ®Q−1/2 − IK ‖2

= OP(B
1/2
n + λ

−1/2
K ζ0,K (log(K)/n)1/2) = oP(1),

given the rate restrictions imposed in the theorem.
Let 1n = 1(λmin( ®Q−1/2Q̃n

®Q−1/2) > 1/2). Then, limn→∞ pr(1n = 1) = 1. Letting ε ≡ ®Y − ®Ψ,180

1n‖ψ̂K − ψK ‖
2
L2 = 1n

∫
(pK (w)> β̂K − pK (w)>βK )2dFW (w)
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= 1n(β̂K − βK )
>E(pK (W)pK (W)>)(β̂K − βK ) = 1n‖ ®Q1/2(β̂K − βK )‖

2

≤ 21n‖ ®Q1/2Q̃−1
n
®P>n ε/n‖

2 + 21n‖ ®Q1/2Q̃−1
n
®P>n ( ®Ψ − ®PnβK )/n‖2.

For the first term, we have

1n‖ ®Q1/2Q̃−1
n
®P>n ε/n‖

2 = OP(K/n) 185

because

1n‖ ®Q1/2Q̃−1
n
®P>n ε/n‖

2 ≤ 1n‖ ®Q1/2Q̃−1/2
n ‖22 ‖Q̃

−1/2
n
®P>n ε/n‖

2 = OP(1)1n‖Q̃
−1/2
n
®P>n ε/n‖

2,

using 1n‖ ®Q1/2Q̃−1/2
n ‖22 = 1n‖ ®Q1/2Q̃−1

n
®Q1/2‖2 = OP(1), and

E(‖Q̃−1/2
n
®P>n ε/n‖

2 |Fn) = tr(Q̃−1/2
n
®P>n E(εε> |Fn) ®PnQ̃−1/2

n )/n2 = OP(K/n).

We can bound the second term in different ways, depending on the approximation errors considered. 190

The first two bounds rely on vanishing approximation errors (ξK → 0 or ϑ0,K → 0), and thus (implicitly)
require K →∞ in general:

1n‖ ®Q1/2Q̃−1
n
®P>n ( ®Ψ − ®PnβK )/n‖2

≤1n‖ ®Q1/2Q̃−1
n
®P>n /n

1/2‖22 ‖(
®Ψ − ®PnβK )/n1/2‖2

≤OP(1)‖ ®Ψ − ®PnβK ‖
2/n 195

=OP(min{Bn + ξ
2
K , Rn + ϑ

2
0,K }),

because1n‖ ®Q1/2Q̃−1
n
®P>n /n

1/2‖22 = 1n‖ ®Q1/2Q̃−1
n
®Q1/2‖2 = OP(1), and because the term ‖ ®Ψ − ®PnβK ‖

2/n can
be bounded in two different ways:

‖ ®Ψ − ®PnβK ‖
2/n ≤ 2‖ ®Ψ − ®Ψn‖

2/n + 2‖ ®Ψn − ®PnβK ‖
2/n = OP(Rn + ϑ

2
0,K ),

or 200

‖ ®Ψ − ®PnβK ‖
2/n ≤ 2‖ ®Ψ − ®PβK ‖2/n + 2‖( ®P − ®Pn)βK ‖

2/n

≤ OP(ξ
2
K ) + 2‖( ®P − ®Pn) ®Q−1/2‖22 ‖E( ®Q

−1/2pK (W1)ψ(W1))‖
2/n

= OP(Bn + ξ
2
K ),

because ‖E( ®Q−1/2pK (Wi)ψ(Wi)) = β
>
K
®QβK = E{(pK (Wi)

>βK )
2} = E(ψK (Wi)

2) ≤ E(ψ(Wi)
2) = O(1).

Therefore, ‖( ®P − ®Pn)βK ‖
2/n = OP(Bn). 205

Next, for other possible bounds that do not require vanishing approximation errors (ϑ0,K ≥ ξK 6→ 0),
even when possibly K →∞, notice that

1n‖ ®Q1/2Q̃−1
n
®P>n ( ®Ψ − ®PnβK )/n‖2

≤1n‖ ®Q1/2Q̃−1
n
®Q1/2‖22 ‖

®Q−1/2 ®P>n ( ®Ψ − ®PnβK )‖
2/n2

≤OP(1)‖ ®Q−1/2( ®Pn − ®P)>( ®Ψ − ®PnβK )‖
2/n2

210

+OP(1)‖ ®Q−1/2 ®P>( ®Pn − ®P)βK ‖2/n2

+OP(1)‖ ®Q−1/2 ®P>( ®Ψ − ®PβK )‖2/n2,

where each of the three terms are bounded as follows. For the first term,

‖ ®Q−1/2( ®Pn − ®P)>( ®Ψ − ®PnβK )‖
2/n2

≤‖ ®Q−1/2( ®Pn − ®P)>‖22 ‖ ®Ψ − ®PnβK ‖
2/n2

215

=OP(Bn)OP(min{Bn + ξ
2
K , Rn + ϑ

2
0,K }),
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using the calcultions above. For the second term,

‖ ®Q−1/2 ®P>( ®Pn − ®P)βK ‖2/n2

≤‖ ®Q−1/2 ®P>‖22 ‖( ®Pn − ®P)βK ‖2/n2

=OP(λ
−1/2
K ζ0,K (log(K)/n)1/2 + 1)OP(Bn),220

also using the calculations above. Finally, for the third and the last term,

‖ ®Q−1/2 ®P>( ®Ψ − ®PβK )‖2/n2 = OP(min{λ−1
K ζ2

0,Kξ
2
K,Kϑ

2
0,K }/n)

because, by the orthogonality of the L2 projection,

E{‖ ®Q−1/2 ®P>( ®Ψ − ®PβK )‖2}/n2

=
1
n2 E

{( n∑
i=1

®Q−1/2pK (Wi)(ψ(Wi) − ψK (Wi))

)> ( n∑
i=1

®Q−1/2pK (Wi)(ψ(Wi) − ψK (Wi))

)}
225

=
1
n

E
(
pK (Wi)

> ®Q−1pK (Wi)(ψ(Wi) − ψK (Wi))
2
)
.

The final result in the theorem follows because limn→∞ pr(1n = 1) = 1.

B.3. Proof of Lemma 1
For any u ∈ RK with ‖u‖ = 1, by the orthonormality of the basis functions, we have

1 = ‖u‖2 =
∫ ( K∑

k=1
ukpkK (w)

)2
dw.230

Note that

λmin(E(pK (W1)pK (W1)
>)) = min

u∈RK :‖u ‖=1
u>E(pK (W1)pK (W1)

>)u = min
u∈RK :‖u ‖=1

E
{( K∑

k=1
ukpkK (W1)

)2}
= min

u∈RK :‖u ‖=1

∫ ( K∑
k=1

ukpkK (w)
)2

fW (w)dw,

and since E(pK (W1)pK (W1)
>) is positive semidefinite,

‖E(pK (W1)pK (W1)
>)‖2 = max

u∈RK :‖u ‖=1

∫ ( K∑
k=1

ukpkK (w)
)2

fW (w)dw.235

If fW is bounded away from zero over the support of W , then for any u ∈ RK with ‖u‖ = 1,∫ ( K∑
k=1

ukpkK (w)
)2

fW (w)dw ≥ c
∫ ( K∑

k=1
ukpkK (w)

)2
dw = c,

for some constants c > 0. If fW is bounded over the support of W , then∫ ( K∑
k=1

ukpkK (w)
)2

fW (w)dw ≤ C
∫ ( K∑

k=1
ukpkK (w)

)2
dw = C,

for some constants C > 0.240

More generally, for any t > 0,∫ ( K∑
k=1

ukpkK (w)
)2

fW (w)dw ≥
∫ ( K∑

k=1
ukpkK (w)

)2
fW (w)1( fW (w) ≥ t)dw



On Rosenbaum’s Rank-based Matching Estimator 9

≥ t
∫ ( K∑

k=1
ukpkK (w)

)2
1( fW (w) ≥ t)dw

= t
{
1 −

∫ ( K∑
k=1

ukpkK (w)
)2
1(0 < fW (w) < t)dw

}
.

By the Cauchy-Schwarz inequality, for all sufficiently small t > 0, 245∫ ( K∑
k=1

ukpkK (w)
)2
1(0 < fW (w) < t)dw ≤

∫ ( K∑
k=1

p2
kK (w)

)
1(0 < fW (w) < t)dw

≤ ζ2
0,K

∫
1(0 < fW (w) < t)dw ≤ Cζ2

0,K tρ .

Take t = c′ζ−2/ρ
0,K for some sufficiently small c′ > 0 such that Cζ2

0,K tρ < 1/2. We then obtain
λmin(E(pK (W1)pK (W1)

>)) ≥ c′ζ−2/ρ
0,K /2, as desired.

B.4. Proof of Proposition 1 250

For Part (i), W follows the distribution of the Gaussian copula from the multivariate normal distribution
with correlation matrix Σ, and thus the Lebesgue density of W is

fW (w) =
1

(det Σ)1/2
exp

(
−

1
2
(Φ−1(w1), . . . ,Φ

−1(wd))(Σ
−1 − Id)(Φ−1(w1), . . . ,Φ

−1(wd))
>
)
,

where Φ−1(·) is the inverse cumulative distribution function of a standard normal. Then,{
w : 0 < fW (w) < t

}
255

=
{
w : (Φ−1(w1), . . . ,Φ

−1(wd))(Σ
−1 − Id)(Φ−1(w1), . . . ,Φ

−1(wd))
> > 2 log

( 1
t(det Σ)1/2

)}
⊂

{
w : ‖(Φ−1(w1), . . . ,Φ

−1(wd))‖
2 >

2
λmax(Σ−1 − Id)

log
( 1
t(det Σ)1/2

)}
⊂

d⋃
k=1

{
w : Φ−1(wk)

2 >
2

dλmax(Σ−1 − Id)
log

( 1
t(det Σ)1/2

)}
=

d⋃
k=1

{
w : wk > Φ

({ 2
dλmax(Σ−1 − Id)

log
( 1
t(det Σ)1/2

)}1/2)}
.

For any k ∈ {1, . . . , d}, by the Chernoff bound, 260

Leb
({
w : wk > Φ

( [ 2
dλmax(Σ−1 − Id)

log
( 1
t(det Σ)1/2

)]1/2)})
=1 − Φ

({ 2
dλmax(Σ−1 − Id)

log
( 1
t(det Σ)1/2

)}1/2)
≤ exp

{
−

1
dλmax(Σ−1 − Id)

log
( 1
t(det Σ)1/2

)}
=
(
t(det Σ)1/2

) 1
dλmax(Σ−1−Id ) .

Then, we have 265

Leb({w : 0 < fW (w) < t}) ≤ d
(
t(det Σ)1/2

) 1
dλmax(Σ−1−Id ) ,

as desired.
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B.5. Proof of Lemma 1
By simple algebra, we have

τ̂φ =
1
n

n∑
i=1

(
Ŷφ,i(1) − Ŷφ,i(0)

)
270

=
1
n

n∑
i=1

Di

(
Yi −

1
M

∑
j∈Jφ (i)

(Yj + µ̂φ,0(Ûφ,0,i) − µ̂φ,0(Ûφ,0, j))
)

+
1
n

n∑
i=1
(1 − Di)

( 1
M

∑
j∈Jφ (i)

(Yj + µ̂φ,1(Ûφ,1,i) − µ̂φ,1(Ûφ,1, j)) − Yi
)

=
1
n

n∑
i=1,Di=1

(
R̂φ,i + µ̂φ,1(Ûφ,1,i) − µ̂φ,0(Ûφ,0,i) −

1
M

∑
j∈Jφ (i)

R̂φ, j
)

+
1
n

n∑
i=1,Di=0

( 1
M

∑
j∈Jφ (i)

R̂φ, j − R̂φ,i + µ̂φ,1(Ûφ,1,i) − µ̂φ,0(Ûφ,0,i)
)

=
1
n

n∑
i=1

(
µ̂φ,1(Ûφ,1,i) − µ̂φ,0(Ûφ,0,i)

)
+

1
n

{ n∑
i=1,Di=1

(
1 +

Kφ(i)
M

)
R̂φ,i −

n∑
i=1,Di=0

(
1 +

Kφ(i)
M

)
R̂φ,i

}
.275

This completes the proof.

B.6. Proof of Theorem 1(i)
Part I. Suppose the propensity score model is correct, i.e., Assumption 2 and 3 hold. For any i ∈

{1, . . . , n}, let R̄φ,i ≡ Yi − µ̄φ,Di (Uφ,Di,i). By Lemma 1,

τ̂φ = τ̂
reg
φ +

1
n

n∑
i=1
(2Di − 1)

(
1 +

Kφ(i)
M

)
R̂φ,i280

=
1
n

n∑
i=1

(
µ̂φ,1(Ûφ,1,i) − µ̄φ,1(Uφ,1,i)

)
−

1
n

n∑
i=1

(
µ̂φ,0(Ûφ,0,i) − µ̄φ,0(Uφ,0,i)

)
+

1
n

{ n∑
i=1

Di

(
1 +

Kφ(i)
M

) (
µ̄φ,1(Uφ,1,i) − µ̂φ,1(Ûφ,1,i)

)
−

n∑
i=1
(1 − Di)

(
1 +

Kφ(i)
M

) (
µ̄φ,0(Uφ,0,i) − µ̂φ,0(Ûφ,0,i)

)}
+

1
n

{ n∑
i=1

Di

(
1 +

Kφ(i)
M
−

1
e(Xi)

)
R̄φ,i −

n∑
i=1
(1 − Di)

(
1 +

Kφ(i)
M
−

1
1 − e(Xi)

)
R̄φ,i

}
+

1
n

{ n∑
i=1

(
1 −

Di

e(Xi)

)
µ̄φ,1(Uφ,1,i) −

n∑
i=1

(
1 −

1 − Di

1 − e(Xi)

)
µ̄φ,0(Uφ,0,i)

}
+

1
n

( n∑
i=1

Di

e(Xi)
Yi −

n∑
i=1

1 − Di

1 − e(Xi)
Yi

)
. (1)285

For each pair of terms, we only establish the first half part under treatment, and the second half under
control can be established in the same way.

For the first term in (1), by Assumption 2,���1
n

n∑
i=1

(
µ̂φ,1(Ûφ,1,i) − µ̄φ,1(Uφ,1,i)

)��� ≤ ���1
n

n∑
i=1

(
µ̂φ,1(Ûφ,1,i) − µ̄φ,1(Ûφ,1,i)

)��� + ���1
n

n∑
i=1

(
µ̄φ,1(Ûφ,1,i) − µ̄φ,1(Uφ,1,i)

)���
≤ ‖ µ̂1 − µ̄1‖∞ + max

i∈{1,...,n}

���µ̄φ,1(Ûφ,1,i) − µ̄φ,1(Uφ,1,i)
��� = oP(1).290
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Then

1
n

n∑
i=1

(
µ̂φ,1(Ûφ,1,i) − µ̄φ,1(Uφ,1,i)

)
= oP(1). (2)

For the second term in (1), by Assumption 2,���1
n

n∑
i=1

Di

(
1 +

Kφ(i)
M

) (
µ̄φ,1(Uφ,1,i) − µ̂φ,1(Ûφ,1,i)

)���
≤ max

i∈{1,...,n}

���µ̄φ,1(Uφ,1,i) − µ̂φ,1(Ûφ,1,i)
��� · 1

n

n∑
i=1

Di

(
1 +

Kφ(i)
M

)
= max

i∈{1,...,n}

���µ̄φ,1(Uφ,1,i) − µ̂φ,1(Ûφ,1,i)
��� 295

≤ ‖ µ̂1 − µ̄1‖∞ + max
i∈{1,...,n}

���µ̄φ,1(Ûφ,1,i) − µ̄φ,1(Uφ,1,i)
��� = oP(1).

We then have

1
n

n∑
i=1

Di

(
1 +

Kφ(i)
M

) (
µ̄φ,1(Uφ,1,i) − µ̂φ,1(Ûφ,1,i)

)
= oP(1). (3)

For the third term in (1), by the Cauchy-Schwarz inequality,���1
n

n∑
i=1

Di

(
1 +

Kφ(i)
M
−

1
e(Xi)

)
R̄φ,i

��� 300

≤

{1
n

n∑
i=1

Di

(
1 +

Kφ(i)
M
−

1
e(Xi)

)2}1/2 (1
n

n∑
i=1

Di R̄2
φ,i

)1/2
.

Note that by Assumptions 1 and 2,

E
(1

n

n∑
i=1

Di R̄2
φ,i

)
= E

(
D1 R̄2

φ,1

)
= E

{
D1

(
Y1(1) − µ̄φ,1(Uφ,1,1)

)2}
≤2E

{
D1

(
σ2

1 (Uφ,1,1) + (µφ,1(Uφ,1,1) − µ̄φ,1(Uφ,1,1))
2
)}
< ∞,

where σ2
1 (u) ≡ E{(Y (1) − µφ,1(u))2 | Uφ,1 = u} for u ∈ Xφ . We then obtain by Assumption 3 and the 305

Markov inequality that

1
n

n∑
i=1

Di

(
1 +

Kφ(i)
M
−

1
e(Xi)

)
R̄φ,i = oP(1). (4)

For the fourth term in (1), notice that µ̄φ,1(Uφ,1,i) is a function of Xi . Then by the definition of the
propensity score and Assumption 1,

E
{(

1 −
Di

e(Xi)

)
µ̄φ,1(Uφ,1,i)

}
= 0, E

{���(1 − Di

e(Xi)

)
µ̄φ,1(Uφ,1,i)

���} < ∞.
By the i.i.d of [(Xi,Di)]

n
i=1 and the weak law of large numbers, we have 310

1
n

n∑
i=1

(
1 −

Di

e(Xi)

)
µ̄φ,1(Uφ,1,i) = oP(1). (5)

For the fifth term in (1), notice that E[|Y |] is bounded from Assumption 1 and [(Xi,Di,Yi)]ni=1 are i.i.d..
Using the weak law of large numbers yields

1
n

( n∑
i=1

Di

e(Xi)
Yi −

n∑
i=1

1 − Di

1 − e(Xi)
Yi

)
converges in probability to E

(
Yi(1) − Yi(0)

)
= τ. (6)
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Plugging (2), (3), (4), (5) into (1) completes the proof.315

Part II. Suppose the outcome model is correct, i.e., Assumption 4 holds. Using the representation (2),

τ̂φ = τ̂
reg
φ +

1
n

n∑
i=1
(2Di − 1)

(
1 +

Kφ(i)
M

)
R̂φ,i

=
1
n

n∑
i=1

(
µ̂φ,1(Ûφ,1,i) − µφ,1(Uφ,1,i)

)
−

1
n

n∑
i=1

(
µ̂φ,0(Ûφ,0,i) − µφ,0(Uφ,0,i)

)
+

1
n

{ n∑
i=1

Di

(
1 +

Kφ(i)
M

) (
µφ,1(Uφ,1,i) − µ̂φ,1(Ûφ,1,i)

)
−

n∑
i=1
(1 − Di)

(
1 +

Kφ(i)
M

) (
µφ,0(Uφ,0,i) − µ̂φ,0(Ûφ,0,i)

)}
+

1
n

{ n∑
i=1

Di

(
1 +

Kφ(i)
M

) (
Yi − µφ,1(Uφ,1,i)

)
−

n∑
i=1
(1 − Di)

(
1 +

Kφ(i)
M

) (
Yi − µφ,0(Uφ,0,i)

)}
320

+
1
n

n∑
i=1

(
µφ,1(Uφ,1,i) − µφ,0(Uφ,0,i)

)
. (7)

For the first term in (7), in the same way as (2),

1
n

n∑
i=1

(
µ̂φ,1(Ûφ,1,i) − µφ,1(Uφ,1,i)

)
= oP(1). (8)

For the second term in (7), in the same way as (3),

1
n

n∑
i=1

Di

(
1 +

Kφ(i)
M

) (
µφ,1(Uφ,1,i) − µ̂φ,1(Ûφ,1,i)

)
= oP(1). (9)325

For the third term in (7), noticing that [Kφ(i)]ni=1 is a function of {(Xi,Di)}
n
i=1, by Assumption 1 and

Assumption 4, we can obtain for any i ∈ {1, . . . , n},

E
{
Di

(
1 +

Kφ(i)
M

) (
Yi − µφ,1(Uφ,1,i)

) ��� {(Xi,Di)}
n
i=1

}
=Di

(
1 +

Kφ(i)
M

) (
E(Yi | Xi,Di = 1) − µφ,1(Uφ,1,i)

)
=Di

(
1 +

Kφ(i)
M

) (
E(Yi(1) | Xi) − µφ,1(Uφ,1,i)

)
= 0,330

and

E
{���1

n

n∑
i=1

Di

(
1 +

Kφ(i)
M

) (
Yi − µφ,1(Uφ,1,i)

)���} ≤ E
{���1

n

n∑
i=1

Di

(
1 +

Kφ(i)
M

)���}‖σ1‖∞

. ‖σ1‖∞ = O(1).

Accordingly, by the martingale convergence theorem in the same way as Abadie & Imbens (2012), we
obtain335

1
n

n∑
i=1

Di

(
1 +

Kφ(i)
M

) (
Yi − µφ,1(Uφ,1,i)

)
= oP(1). (10)

For the fourth term in (7), notice that E{µ2
φ,ω(Uφ,ω)} is bounded for ω = 0, 1. Using the weak law of

large number, we obtain

1
n

n∑
i=1

(
µφ,1(Uφ,1,i) − µφ,0(Uφ,0,i)

)
converges in probability to E

(
µ1(X1) − µ0(X1)

)
= τ. (11)

Plugging (8), (9), (10), (11) into (7) completes the proof. 340
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B.7. Proof of Theorem 1(ii)
We decompose τ̂φ as

τ̂φ = τ̂
reg
φ +

1
n

n∑
i=1
(2Di − 1)

(
1 +

Kφ(i)
M

)
R̂φ,i

=
1
n

n∑
i=1

(
µφ,1(Uφ,1,i) − µφ,0(Uφ,0,i)

)
+

1
n

n∑
i=1
(2Di − 1)

(
1 +

Kφ(i)
M

) (
Yi − µφ,Di (Uφ,Di,i)

)
+

1
n

n∑
i=1
(2Di − 1)

(
µφ,1−Di (Uφ,1−Di,i) −

1
M

∑
j∈Jφ (i)

µφ,1−Di (Uφ,1−Di, j)

)
345

−
1
n

n∑
i=1
(2Di − 1)

(
µ̂φ,1−Di (Ûφ,1−Di,i) −

1
M

∑
j∈Jφ (i)

µ̂φ,1−Di (Ûφ,1−Di, j)

)
≡τ̄φ + En + Bn − B̂n.

In the same way as Lemmas A.1 and A.2 in Lin & Han (2022), we have the following central limit
theorem on τ̄φ + En.

Lemma 2. Under Assumptions 1, 3, 5, 350

n1/2σ−1(τ̄φ + En − τ) converges in distribution to N(0, 1).

For the bias term BM − B̂M , in light of the smoothness conditions on µω and approximation conditions
on µ̂ω for ω = 0, 1, one can establish the following lemma.

Lemma 3. Under Assumptions 1, 3, 5, 6, 7,

n1/2(Bn − B̂n) converges in probability to 0. 355

Combining Lemma 2 and Lemma 3 completes the proof.
The consistency of the variance estimator can be established in a similar way as the proof of Theorem

4.1 in Lin et al. (2023).

B.8. Proof of Theorem 2
Similar to Lin et al. (2023), we first consider a two-sample density ratio estimation problem. 360

With an abuse of notation, restricted to this section let’s consider two general random vectors X, Z in Rd
that are defined on the same probability space. LetX,Z ⊂ Rd be the supports of X and Z respectively with
Z ⊂ X. Consider a general function φ : X → Rm. Let ν0 and ν1 represent the probability measures of φ(X)
and φ(Z), respectively. Assume ν0 and ν1 are absolutely continuous with respect to the Lebesgue measure
λ on Rm equipped with the Euclidean norm ‖·‖; denote the corresponding densities (Radon-Nikodym 365

derivatives) by f0 and f1. Assume further that ν1 is absolutely continuous with respect to ν0 and write the
corresponding density ratio, f1/ f0, as r; set 0/0 = 0 by default.

Assume X1, . . . , XN0 are N0 independent copies of X , Z1, . . . , ZN1 are N1 independent copies of Z , and
[Xi]

N0
i=1 and [Zj]

N1
j=1 are mutually independent. We aim to estimate the density ratio r(φ(x)) for any x ∈ X

based on {X1, . . . , XN0, Z1, . . . , ZN1 }. 370

For any x ∈ X, we consider a general estimator φ̂ estimating φ, which may depend on

{X1, . . . , XN0, Z1, . . . , ZN1 } and x.

Define the catchment area of x:

Aφ(x) = Aφ
(
x, {Xi}

N0
i=1, φ̂

)
≡

{
z ∈ Z : ‖φ̂(x) − φ̂(z)‖ ≤ Φ̂M (z)

}
, (12)
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where Φ̂M (z) is the M-th order statistics of {‖φ̂(Xi) − φ̂(z)‖}
N0
i=1, and the number of matched times of x:

Kφ(x) = Kφ
(
x, {Xi}

N0
i=1, {Zj}

N1
j=1

)
≡

N1∑
j=1

1
(
Zj ∈ Aφ(x)

)
. (13)375

Then the density ratio estimator is defined as:

r̂φ(x) = r̂φ
(
x, {Xi}

N0
i=1, {Zj}

N1
j=1

)
≡

N0
N1

Kφ(x)
M

. (14)

For any positive integer p, let φ̂(Z1,...,Zp )→z be the estimator replacing (Z1, . . . , Zp) by z for z ∈ Zp . We
consider the following two assumptions, which are analogies of Assumption 9 and Assumption 10 in the
two-sample problem.380

Assumption 11.

lim
N0→∞

E
{( N0

M

)p
sup
z∈Zp

‖φ̂(Z1,...,Zp )→z − φ‖
pd
∞

}
= 0.

Assumption 12. For any ε > 0 and δ > 0,

pr
(

sup
δ∈R:δ≥u

δ−1 sup
s,t∈X:‖φ(s)−φ(t) ‖≤δ

sup
z∈Zp

‖(φ̂(Z1,...,Zp )→z − φ)(s) − (φ̂(Z1,...,Zp )→z − φ)(t)‖ > ε
)
≤ Tε (u),

for Tε (u) satisfying for any k ∈ {1, . . . , p},

lim
N0→∞

( N0
M

)k ∫ ∞

0
uk−1Tε (u1/m)du = 0,

and

lim
N0→∞

( N0
M

)p
pr

(
‖φ̂ − φ‖∞ > ε

)
= 0.

The following theorem considers the asymptotic Lp moments of r̂φ .385

Theorem 3 (Asymptotic Lp moments of r̂φ). Let p be any positive integer. Assume Assumption 11 or
12 holds for p. Assume M log N0/N0 → 0, MN1/N0 →∞ and M →∞ as N0 →∞. We then have

lim
N0→∞

E{(̂rφ(x))p} = {r(φ(x))}p

holds for all x ∈ X such that f0(φ(x)) > 0 and f0, f1 are continuous at φ(x).

The proof of Theorem 3 will use the following lemma.

Lemma 4. Under the same conditions of Theorem 3, we have390

lim
N0→∞

( N0
M

)p
pr

(
Z1, . . . , Zp ∈ Aφ(x)

)
= {r(φ(x))}p .

holds for all x ∈ X such that f0(φ(x)) > 0 and f0, f1 are continuous at φ(x).

As a direct result of Theorem 3, we can establish the pointwise consistency of the estimator r̂φ .

Corollary 1 (Pointwise consistency). Under the same conditions as Theorem 3, if p is even, we
have395

lim
N0→∞

E{|r̂φ(x) − r(φ(x))|p} = 0

holds for all x ∈ X such that f0(φ(x)) > 0 and f0, f1 are continuous at φ(x).

The pointwise consistency of r̂φ can then be generalized to global consistency under the following
assumptions on X.
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Assumption 13. (i) X is compact and the surface areas of X andZ are bounded.
(ii) r is bounded over X. 400

(iii) f0 is continuous over X and f1 is continuous overZ.

Theorem 4 (Global consistency). Under the same conditions of Theorem 3 and Assumption 13, if p
is even, we have

lim
N0→∞

E{|r̂φ(X) − r(φ(X))|p} = 0.

Now back to the causal setting, the density ratio r(φ(x)) is not necessarily equal to the density ratio we
are interested in. We consider a lemma showing the equivalence of the two density ratios under additional 405

assumptions.

Lemma 5. Let fX |D=1 and fX |D=0 be the density of X | D = 1 and X | D = 0, respectively. Let fφ,X |D=1
and fφ,X |D=0 be the density of φ(X) | D = 1 and φ(X) | D = 0. Then for any x ∈ X such that pr(D = 1 |
φ(X) = φ(x)) = pr(D = 1 | X = x), we have

fφ,X |D=1(φ(x))
fφ,X |D=0(φ(x))

=
fX |D=1(x)
fX |D=0(x)

.

Note that 410

E
{Kφ(1)

M
−

(
D1

1 − e(X1)

e(X1)
+ (1 − D1)

e(X1)

1 − e(X1)

)}2

=E
[
E

[{Kφ(1)
M
−

(
D1

1 − e(X1)

e(X1)
+ (1 − D1)

e(X1)

1 − e(X1)

)}2 ��� {Di}
n
i=1

] ]
=E

[
E
{(Kφ(1)

M
−

1 − e(X1)

e(X1)

)2 ��� {Di}
n
i=1,D1 = 1

}
1
(
D1 = 1

)]
+ E

[
E
{(Kφ(1)

M
−

e(X1)

1 − e(X1)

)2 ��� {Di}
n
i=1,D1 = 0

}
1
(
D1 = 0

)]
.

We consider the second term for example. Conditional on {Di}
n
i=1, [Xi]i:Di=0 and [Xi]i:Di=1 are two 415

samples from X | D = 0 and X | D = 1, respectively. Note that

E
{(Kφ(1)

M
−

e(X1)

1 − e(X1)

)2 ��� {Di}
n
i=1,D1 = 0

}
=

( N1
N0

)2
E
{( N0

N1

Kφ(1)
M
−

N0
N1

e(X1)

1 − e(X1)

)2 ��� {Di}
n
i=1,D1 = 0

}
.

By the strong law of large number, we have (N0/N1) → pr(D = 0)/pr(D = 1)with probability one. Note
that

pr(D = 0)
pr(D = 1)

e(X1)

1 − e(X1)
=

fX |D=1(x)
fX |D=0(x)

. 420

To apply Theorem 4 and Lemma 5, the last thing is to compare the definition of Kφ(1) with Kφ(x). Note
that if we define

A′φ(x) ≡
{
z ∈ Z : ‖φ̂(x) − φ̂(z)‖ < Φ̂M (z)

}
, K ′φ(x) ≡

N1∑
j=1

1
(
Zj ∈ A′φ(x)

)
,

as long as the ties are broken in arbitrary way, we can check that K ′φ(X1) ≤ Kφ(1) ≤ Kφ(X1). Note that all
the previous results for Kφ(x) are also hold for K ′φ(x). Then the proof is complete. 425

C. Proofs of Auxiliary Results
C.1. Proof of Lemma 3

Note that for any i ∈ {1, . . . , n} and ω = 0, 1,

|µφ,ω(Uφ,ω,i) − µφ,ω(Uφ,ω, j) − µ̂φ,ω(Ûφ,ω,i) + µ̂φ,ω(Ûφ,ω, j)|
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≤ |µφ,ω(Uφ,ω,i) − µφ,ω(Uφ,ω, j) − µ̂φ,ω(Uφ,ω,i) + µ̂φ,ω(Uφ,ω, j)|430

+ | µ̂φ,ω(Uφ,ω,i) − µ̂φ,ω(Uφ,ω, j) − µ̂φ,ω(Ûφ,ω,i) + µ̂φ,ω(Ûφ,ω, j)|. (1)

We can also decompose it in another way:

|µφ,ω(Uφ,ω,i) − µφ,ω(Uφ,ω, j) − µ̂φ,ω(Ûφ,ω,i) + µ̂φ,ω(Ûφ,ω, j)|

≤|µφ,ω(Uφ,ω,i) − µφ,ω(Uφ,ω, j) − µφ,ω(Ûφ,ω,i) + µφ,ω(Ûφ,ω, j)|

+ |µφ,ω(Ûφ,ω,i) − µφ,ω(Ûφ,ω, j) − µ̂φ,ω(Ûφ,ω,i) + µ̂φ,ω(Ûφ,ω, j)|.435

We consider the proof under (1), and the proof under the second decomposition is similar.
For the first term in (1), by Taylor expansion to k-th order with k = max{bm/2c, 1} + 1,���µφ,ω(Uφ,ω, j) − µφ,ω(Uφ,ω,i) −

k−1∑̀
=1

∑
t∈Λ`

1
t!
∂t µφ,ω(Uφ,ω,i)(Uφ,ω, j −Uφ,ω,i)

t
���

≤max
t∈Λk

‖∂t µφ,ω ‖∞
∑
t∈Λk

1
t!
‖Uφ,ω, j −Uφ,ω,i ‖

k .

In the same way,440 ���µ̂φ,ω(Uφ,ω, j) − µ̂φ,ω(Uφ,ω,i) −

k−1∑̀
=1

∑
t∈Λ`

1
t!
∂t µ̂φ,ω(Uφ,ω,i)(Uφ,ω, j −Uφ,ω,i)

t
���

≤max
t∈Λk

‖∂t µ̂φ,ω ‖∞
∑
t∈Λk

1
t!
‖Uφ,ω, j −Uφ,ω,i ‖

k .

We also have ��� k−1∑̀
=1

∑
t∈Λ`

1
t!
(∂t µ̂φ,ω(Uφ,ω,i) − ∂

t µφ,ω(Uφ,ω,i))(Uφ,ω, j −Uφ,ω,i)
t
���

≤

k−1∑̀
=1

max
t∈Λ`
‖∂t µ̂φ,ω(Uφ,ω,i) − ∂

t µφ,ω(Uφ,ω,i)‖
∑
t∈Λ`

1
t!
‖Uφ,ω, j −Uφ,ω,i ‖

` .445

For the second term in (1), by Taylor expansion,

| µ̂φ,ω(Uφ,ω,i) − µ̂φ,ω(Uφ,ω, j) − µ̂φ,ω(Ûφ,ω,i) + µ̂φ,ω(Ûφ,ω, j)|

= |∂ µ̂φ,ω(ūj)>(Ûφ,ω, j −Uφ,ω, j) − ∂ µ̂φ,ω(ūi)>(Ûφ,ω,i −Uφ,ω,i)|

≤ |(∂ µ̂φ,ω(ūj) − ∂ µ̂φ,ω(ūi))>(Ûφ,ω,i −Uφ,ω,i)| + |∂ µ̂φ,ω(ūj)>(Ûφ,ω, j − Ûφ,ω,i −Uφ,ω, j +Uφ,ω,i)|

. max
t∈Λ2
‖∂t µ̂φ,ω ‖∞‖ūj − ūi ‖‖Ûφ,ω,i −Uφ,ω,i ‖ + ‖∂ µ̂φ,ω ‖∞‖Ûφ,ω, j − Ûφ,ω,i −Uφ,ω, j +Uφ,ω,i ‖,450

where ūi is between Uφ,ω,i and Ûφ,ω,i , and ūj is between Uφ,ω, j and Ûφ,ω, j . Since ‖Ûφ,ω,i −Uφ,ω,i ‖ ≤

‖φ̂ω − φω ‖∞ and ‖ūj − ūi ‖ ≤ ‖Uφ,ω, j −Uφ,ω,i ‖ + ‖φ̂ω − φω ‖∞, we have

| µ̂φ,ω(Uφ,ω,i) − µ̂φ,ω(Uφ,ω, j) − µ̂φ,ω(Ûφ,ω,i) + µ̂φ,ω(Ûφ,ω, j)|

. max
t∈Λ2
‖∂t µ̂φ,ω ‖∞(‖φ̂ω − φω ‖

2
∞ + ‖φ̂ω − φω ‖∞‖Uφ,ω, j −Uφ,ω,i ‖) + ‖∂ µ̂φ,ω ‖∞‖Ûφ,ω, j − Ûφ,ω,i −Uφ,ω, j +Uφ,ω,i ‖.

Since we have |Jφ(i)| = M for any i ∈ {1, . . . , n}, then455

|Bn − B̂n |

≤
1
n

n∑
i=1

1
M

∑
j∈Jφ (i)

���µφ,1−Di (Uφ,1−Di,i) − µφ,1−Di (Uφ,1−Di, j) − µ̂φ,1−Di (Ûφ,1−Di,i) + µ̂φ,1−Di (Ûφ,1−Di, j)

���
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≤
1
n

n∑
i=1

max
j∈Jφ (i)

���µφ,1−Di (Uφ,1−Di,i) − µφ,1−Di (Uφ,1−Di, j) − µ̂φ,1−Di (Ûφ,1−Di,i) + µ̂φ,1−Di (Ûφ,1−Di, j)

���
. max
ω∈{0,1}

(
max
t∈Λk

‖∂t µφ,ω ‖∞ +max
t∈Λk

‖∂t µ̂φ,ω ‖∞

) (1
n

n∑
i=1

max
j∈Jφ (i)

‖Uφ,1−Di, j −Uφ,1−Di,i ‖
k
)

+

k−1∑̀
=1

(1
n

n∑
i=1

max
t∈Λ`
‖∂t µ̂φ,1−Di (Uφ,1−Di,i) − ∂

t µφ,1−Di (Uφ,1−Di,i)‖ max
j∈Jφ (i)

‖Uφ,1−Di, j −Uφ,1−Di,i ‖
`
)

460

+ max
ω∈{0,1}

max
t∈Λ2
‖∂t µ̂φ,ω ‖∞

{
‖φ̂ω − φω ‖

2
∞ + ‖φ̂ω − φω ‖∞

(1
n

n∑
i=1

max
j∈Jφ (i)

‖Uφ,1−Di, j −Uφ,1−Di,i ‖

)}
+ max
ω∈{0,1}

‖∂ µ̂φ,ω ‖∞

(1
n

n∑
i=1

max
j∈Jφ (i)

‖Ûφ,1−Di, j − Ûφ,1−Di,i −Uφ,1−Di, j +Uφ,1−Di,i ‖

)
. (2)

For any i ∈ {1, . . . , n}, let J̃φ(i) be the index set of M-NNs of Uφ,1−Di,i in {Uφ,1−Di, j : Dj = 1 − Di}
n
j=1

with ties broken in arbitrary way. Then

max
j∈Jφ (i)

‖Uφ,1−Di, j −Uφ,1−Di,i ‖ ≤ max
j∈Jφ (i)

‖Ûφ,1−Di, j − Ûφ,1−Di,i ‖ + 2‖φ̂1−Di − φ1−Di ‖∞ 465

≤ max
j∈J̃φ (i)

‖Ûφ,1−Di, j − Ûφ,1−Di,i ‖ + 2‖φ̂1−Di − φ1−Di ‖∞

≤ max
j∈J̃φ (i)

‖Uφ,1−Di, j −Uφ,1−Di,i ‖ + 4‖φ̂1−Di − φ1−Di ‖∞.

By Li & Racine (2023, Lemma 14.1), as long as the density of Uφ,ω is continuous for ω = 0, 1, we have
for any positive integer p,

E
(1

n

n∑
i=1

max
j∈J̃φ (i)

‖Uφ,1−Di, j −Uφ,1−Di,i ‖
p
)
.

( M
n

)p/m
. 470

Then for any positive integer p, by Assumption 7, we have

1
n

n∑
i=1

max
j∈Jφ (i)

‖Uφ,1−Di, j −Uφ,1−Di,i ‖
p

.
1
n

n∑
i=1

(
max

j∈J̃φ (i)
‖Uφ,1−Di, j −Uφ,1−Di,i ‖

p + ‖φ̂1−Di − φ1−Di ‖
p
∞

)
=OP((M/n)p/m + n−p/2). (3)

For any positive integer ` ∈ {1, . . . , k − 1}, by Assumption 6, we have 475

1
n

n∑
i=1

max
t∈Λ`
‖∂t µ̂φ,1−Di (Uφ,1−Di,i) − ∂

t µφ,1−Di (Uφ,1−Di,i)‖ max
j∈Jφ (i)

‖Uφ,1−Di, j −Uφ,1−Di,i ‖
`

≤ max
ω∈{0,1}

max
t∈Λ`
‖∂t µ̂φ,ω − ∂

t µφ,ω ‖∞

(1
n

n∑
i=1

max
j∈Jφ (i)

‖Uφ,1−Di, j −Uφ,1−Di,i ‖
`
)

= OP(n−γ` ((M/n)`/m + n−`/2)). (4)

For any ε > 0 and ω = 0, 1, we have

pr
(1

n

n∑
i=1

max
j∈Jφ (i)

‖Ûφ,ω, j − Ûφ,ω,i −Uφ,ω, j +Uφ,ω,i ‖ ≥ n−
1
2 ε

)
480

≤pr
(
n1/2 sup

x,y∈X, ‖φω (x)−φω (y) ‖≤δ

‖(φ̂ω − φω)(x) − (φ̂ω − φω)(y)‖ ≥ ε
)
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+ pr
(

max
i∈{1,...,n}

max
j∈Jφ (i)

‖Uφ,ω, j −Uφ,ω,i ‖ ≥ δ
)
,

which holds for any δ > 0.
Taking n→∞ and then δ→ 0, by Assumption 7 and M/n→ 0, we have

1
n

n∑
i=1

max
j∈Jφ (i)

‖Ûφ,ω, j − Ûφ,ω,i −Uφ,ω, j +Uφ,ω,i ‖ = oP(n−1/2). (5)485

Plugging (3), (4), (5) into (2) and using Assumption 6 yields

|Bn − B̂n |

. OP((M/n)k/m + n−k/2) +
k−1∑̀
=1

OP(n−γ` ((M/n)`/m + n−`/2)) +OP((M/n)1/mn−1/2) + oP(n−1/2).

This completes the proof by the selection of M .

C.2. Proof of Theorem 3490

Note that by the multinomial theorem,

E{(̂rφ(x))p} = E
{( N0

N1

Kφ(x)
M

)p}
=

( N0
N1M

)p
E
{( N1∑

j=1
1
(
Zj ∈ Aφ(x)

))p}
=

( N0
N1M

)p ∑
p1+· · ·+pN1=p; p1,...,pN1 ≥0

(
p

p1, . . . , pN1

)
E

( N1∏
j=1

1
(
Zj ∈ Aφ(x)

)pj )
=

( N0
N1M

)p ∑
p1+· · ·+pN1=p; p1,...,pN1 ≥0

(
p

p1, . . . , pN1

)
pr

(
Zj ∈ Aφ(x) : pj > 0

)
.

Then by Lemma 4, we have495

lim
N0→∞

( N0
M

)∑N1
j=1 1(pj>0)

pr
(
Zj ∈ Aφ(x) : pj > 0

)
= {r(φ(x))}

∑N1
j=1 1(pj>0)

.

Note that for p1, . . . , pN1 ≥ 0with p1 + · · · + pN1 = p, the number of terms such that
∑N1

j=1 1(pj > 0) = k
is of order Nk

1 for any k ∈ {1, . . . , p}. Also note that
( p
p1,...,pN1

)
is bounded. Therefore if MN1/N0 →∞,

we have

lim
N0→∞

E{(̂rφ(x))p} = lim
N0→∞

1
Np

1

(
N1
p

) (
p

1, . . . , 1

)
{r(φ(x))}p = {r(φ(x))}p .500

This completes the proof.

C.3. Proof of Lemma 4
We only consider those x ∈ X such that f0(φ(x)) > 0 and φ(x) is a continuous point of f0 and f1. We

seperate the proof into two cases depending on whether f1(φ(x)) is zero.
Part I. We first consider the simple case where p = 1 and Assumption 11 holds for p.505

Case I. f1(φ(x)) > 0. Since φ(x) is a continuous point of f0 and f1, for any ε ∈ (0, 1), there exists some
δ = δx > 0 such that for any z ∈ X with ‖φ(z) − φ(x)‖ ≤ 3δ, we have | f0(φ(z)) − f0(φ(x))| ≤ ε f0(φ(x))
and | f1(φ(z)) − f1(φ(x))| ≤ ε f1(φ(x)). Denote the closed ball in Rm centered at x with radius δ by Bx,δ ,
and the Lebesgue measure by λ. Then for any z ∈ X with ‖φ(z) − φ(x)‖ ≤ δ, we have��� ν0(Bφ(x), ‖φ(z)−φ(x) ‖)

λ(Bφ(x), ‖φ(z)−φ(x) ‖)
− f0(φ(x))

��� ≤ ε f0(φ(x)),
��� ν0(Bφ(z), ‖φ(z)−φ(x) ‖)
λ(Bφ(z), ‖φ(z)−φ(x) ‖)

− f0(φ(x))
��� ≤ ε f0(φ(x)), 510
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λ(Bφ(x), ‖φ(z)−φ(x) ‖)

− f1(φ(x))
��� ≤ ε f1(φ(x)),

��� ν1(Bφ(z), ‖φ(z)−φ(x) ‖)
λ(Bφ(z), ‖φ(z)−φ(x) ‖)

− f1(φ(x))
��� ≤ ε f1(φ(x)).

Accordingly, if ‖φ(z) − φ(x)‖ ≤ δ, we have

1 − ε
1 + ε

f0(φ(x))
f1(φ(x))

≤
ν0(Bφ(z), ‖φ(z)−φ(x) ‖)
λ(Bφ(z), ‖φ(z)−φ(x) ‖)

λ(Bφ(x), ‖φ(z)−φ(x) ‖)
ν1(Bφ(x), ‖φ(z)−φ(x) ‖)

≤
1 + ε
1 − ε

f0(φ(x))
f1(φ(x))

.

Since λ(Bφ(z), ‖φ(z)−φ(x) ‖) = λ(Bφ(x), ‖φ(z)−φ(x) ‖), we then have

1 − ε
1 + ε

f0(φ(x))
f1(φ(x))

≤
ν0(Bφ(z), ‖φ(z)−φ(x) ‖)
ν1(Bφ(x), ‖φ(z)−φ(x) ‖)

≤
1 + ε
1 − ε

f0(φ(x))
f1(φ(x))

.

On the other hand, consider any ε ′ ∈ (0, 1). For any z ∈ X such that ‖φ(z) − φ(x)‖ > δ, as long as 515

ε ′ small enough such that ε ′diam(X) < δ/2, where diam(X) is the diameter of X, we have By,δ/2 ⊂
Bφ(z), ‖φ(z)−φ(x) ‖−δ/2 ⊂ Bφ(z),(1−ε ′) ‖φ(z)−φ(x) ‖ , where y ∈ Rm is taken such that y is the intersection point of
the surface of Bφ(x),δ and the line connecting φ(z) and φ(x). Then

ν0(Bφ(z),(1−ε ′) ‖φ(z)−φ(x) ‖) ≥ ν0(By,δ/2) ≥ (1 − ε) f0(φ(x))λ(By,δ/2) = (1 − ε) f0(φ(x))λ(B0,δ/2).

Let ηN = 4 log(N0/M). Since M log N0/N0 → 0, we can take N0 large enough so that

ηN
M
N0
= 4

M
N0

log
( N0

M

)
< (1 − ε) f0(φ(x))λ(B0,δ/2).

Then for any z ∈ X such that ν0(Bφ(z),(1−ε ′) ‖φ(z)−φ(x) ‖) ≤ ηN M/N0, we have ‖φ(z) − φ(x)‖ < δ since 520

otherwise it would contradict the selection of ηN .
Upper bound. LetΦM (z) be the M-th order statistics of {‖φ(Xi) − φ(z)‖}

N0
i=1. By the definition of Aφ(x),

we have for any ε ′ ∈ (0, 1),

pr
(
Z1 ∈ Aφ(x)

)
= pr

(
‖φ̂(x) − φ̂(Z1)‖ ≤ Φ̂M (Z1)

)
≤pr

(
‖φ(x) − φ(Z1)‖ − 2‖φ̂ − φ‖∞ ≤ ΦM (Z1) + 2‖φ̂ − φ‖∞

)
525

=pr
(
‖φ(x) − φ(Z1)‖ − 4‖φ̂ − φ‖∞ ≤ ΦM (Z1), 4‖φ̂ − φ‖∞ ≤ ε ′‖φ(x) − φ(Z1)‖

)
+ pr

(
‖φ(x) − φ(Z1)‖ − 4‖φ̂ − φ‖∞ ≤ ΦM (Z1), 4‖φ̂ − φ‖∞ > ε ′‖φ(x) − φ(Z1)‖

)
. (6)

For the first term in (6), note that [φ(Xi)]
N0
i=1 are i.i.d from ν0, and then ν0(Bφ(Z1), ‖φ(Xi )−φ(Z1) ‖) are i.i.d

from U(0, 1) and are independent of Z1 by the probability integral transform. Then

pr
(
‖φ(x) − φ(Z1)‖ − 4‖φ̂ − φ‖∞ ≤ ΦM (Z1), 4‖φ̂ − φ‖∞ ≤ ε ′‖φ(x) − φ(Z1)‖

)
530

≤pr
(
(1 − ε ′)‖φ(x) − φ(Z1)‖ ≤ ΦM (Z1)

)
=pr

(
ν0(Bφ(Z1),(1−ε ′) ‖φ(x)−φ(Z1) ‖) ≤ ν0(Bφ(Z1),ΦM (Z1))

)
≤pr

(
ν0(Bφ(Z1),(1−ε ′) ‖φ(x)−φ(Z1) ‖) ≤ ν0(Bφ(Z1),ΦM (Z1)) ≤ ηN

M
N0

)
+ pr

(
U(M) > ηN

M
N0

)
,

where U(M) is the M-th order statistic of N0 independent random variables from U(0, 1).
By the selection of ηN , and taking ε ′ small and N0 large enough, we have 535

pr
(
ν0(Bφ(Z1),(1−ε ′) ‖φ(x)−φ(Z1) ‖) ≤ ν0(Bφ(Z1),ΦM (Z1)) ≤ ηN

M
N0

)
≤pr

(
ν0(Bφ(Z1),(1−ε ′) ‖φ(x)−φ(Z1) ‖) ≤ ν0(Bφ(Z1),ΦM (Z1)), ‖φ(x) − φ(Z1)‖ ≤ δ

)
.
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Under the event {‖φ(x) − φ(Z1)‖ ≤ δ}, we have

ν0(Bφ(Z1), ‖φ(x)−φ(Z1) ‖) − ν0(Bφ(Z1),(1−ε ′) ‖φ(x)−φ(Z1) ‖)

=

∫
Bφ(Z1), ‖φ(x)−φ(Z1)‖\Bφ(Z1),(1−ε ′)‖φ(x)−φ(Z1)‖

f0(y)dy540

≤(1 + ε) f0(φ(x))λ(Bφ(Z1), ‖φ(x)−φ(Z1) ‖ \ Bφ(Z1),(1−ε ′) ‖φ(x)−φ(Z1) ‖)

=(1 + ε) f0(φ(x))Vm[1 − (1 − ε ′)d]‖φ(x) − φ(Z1)‖
d

≤(1 + ε) f0(φ(x))Vmdε ′‖φ(x) − φ(Z1)‖
d

=(1 + ε) f0(φ(x))dε ′λ(Bφ(x), ‖φ(x)−φ(Z1) ‖)

≤
(1 + ε) f0(φ(x))dε ′

(1 − ε) f1(φ(x))
ν1(Bφ(x), ‖φ(x)−φ(Z1) ‖),545

where Vm is the Lebesgue measure of the m−dimensional unit ball, and

ν0(Bφ(Z1), ‖φ(x)−φ(Z1) ‖) ≥
(1 − ε) f0(φ(x))
(1 + ε) f1(φ(x))

ν1(Bφ(x), ‖φ(x)−φ(Z1) ‖).

From the probability integral transform, we have ν1(Bφ(x), ‖φ(x)−φ(Z1) ‖) is from U(0, 1) and then for
U ∼ U(0, 1),

pr
(
ν0(Bφ(Z1),(1−ε ′) ‖φ(x)−φ(Z1) ‖) ≤ ν0(Bφ(Z1),ΦM (Z1)), ‖φ(x) − φ(Z1)‖ ≤ δ

)
550

≤pr
((1 − ε

1 + ε
−

1 + ε
1 − ε

dε ′
) f0(φ(x))

f1(φ(x))
ν1(Bφ(x), ‖φ(x)−φ(Z1) ‖) ≤ ν0(Bφ(Z1),ΦM (Z1))

)
=pr

((1 − ε
1 + ε

−
1 + ε
1 − ε

dε ′
) f0(φ(x))

f1(φ(x))
U ≤ U(M)

)
.

We can check that

lim
N0→∞

N0
M

pr
((1 − ε

1 + ε
−

1 + ε
1 − ε

dε ′
) f0(φ(x))

f1(φ(x))
U ≤ U(M)

)
=

(1 − ε
1 + ε

−
1 + ε
1 − ε

dε ′
)−1 f1(φ(x))

f0(φ(x))
.

Note that ηN →∞ as N0 →∞ since M/N0 → 0. Then from the Chernoff bound and for N0 sufficiently555

large, we have

N0
M

pr
(
U(M) > ηN

M
N0

)
=

N0
M

pr
(
Bin

(
N0, ηN

M
N0

)
≤ M

)
≤

N0
M

exp
(
(1 + log ηN − ηN )M

)
≤

N0
M

exp
(
−

1
2
ηN M

)
=

( N0
M

)1−2M
.

Since M/N0 → 0 and M ≥ 1, we then obtain

lim
N0→∞

N0
M

pr
(
U(M) > ηN

M
N0

)
= 0.

Then we obtain560

lim sup
N0→∞

N0
M

pr
(
‖φ(x) − φ(Z1)‖ − 4‖φ̂ − φ‖∞ ≤ ΦM (Z1), 4‖φ̂ − φ‖∞ ≤ ε ′‖φ(x) − φ(Z1)‖

)
≤

(1 − ε
1 + ε

−
1 + ε
1 − ε

dε ′
)−1 f1(φ(x))

f0(φ(x))
.

For the second term in (6), we have for any δ > 0,

pr
(
‖φ(x) − φ(Z1)‖ − 4‖φ̂ − φ‖∞ ≤ ΦM (Z1), 4‖φ̂ − φ‖∞ > ε ′‖φ(x) − φ(Z1)‖

)
≤pr

(
‖φ(x) − φ(Z1)‖ < 4‖φ̂ − φ‖∞/ε ′

)
565
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≤pr
(
‖φ(x) − φ(Z1)‖ < 4‖φ̂ − φ‖∞/ε ′ ≤ δ

)
+ pr

(
4‖φ̂ − φ‖∞/ε ′ > δ

)
.

Note that φ̂ may depend on Z1. Recall that φ̂Z1→z is the estimator of φ replacing Z1 by some z ∈ Z. Then
supz∈Z ‖φ̂Z1→z − φ‖∞ is independent of Z1 and then we have

pr
(
‖φ(x) − φ(Z1)‖ < 4‖φ̂ − φ‖∞/ε ′ ≤ δ

)
≤pr

(
λ(Bφ(x), ‖φ(x)−φ(Z1) ‖) ≤ Vm(4/ε ′)d ‖φ̂ − φ‖d∞, ‖φ(x) − φ(Z1)‖ ≤ δ

)
570

≤pr
(
ν1(Bφ(x), ‖φ(x)−φ(Z1) ‖) ≤ (1 + ε) f1(φ(x))Vm(4/ε ′)d ‖φ̂ − φ‖d∞

)
≤pr

(
ν1(Bφ(x), ‖φ(x)−φ(Z1) ‖) ≤ (1 + ε) f1(φ(x))Vm(4/ε ′)d sup

z∈Z

‖φ̂Z1→z − φ‖
d
∞

)
=E[{(1 + ε) f1(φ(x))Vm(4/ε ′)d sup

z∈Z

‖φ̂Z1→z − φ‖
d
∞} ∧ 1].

By the Markov inequality,

pr
(
4‖φ̂ − φ‖∞/ε ′ > δ

)
≤ δ−d(4/ε ′)dE(‖φ̂ − φ‖d∞) ≤ δ

−d(4/ε ′)dE(sup
z∈Z

‖φ̂Z1→z − φ‖
d
∞). 575

By Assumption 11, we have

lim
N0→∞

N0
M

pr
(
‖φ(x) − φ(Z1)‖ − 4‖φ̂ − φ‖∞ ≤ ΦM (Z1), 4‖φ̂ − φ‖∞ > ε ′‖φ(x) − φ(Z1)‖

)
= 0.

By (6) and ε, ε ′ are arbitrary, we obtain

lim sup
N0→∞

N0
M

pr
(
Z1 ∈ Aφ(x)

)
≤

f1(φ(x))
f0(φ(x))

.

Lower bound. For any ε ′ ∈ (0, 1), we have 580

pr
(
Z1 ∈ Aφ(x)

)
= pr

(
‖φ̂(x) − φ̂(Z1)‖ ≤ Φ̂M (Z1)

)
≥ pr

(
‖φ(x) − φ(Z1)‖ + 2‖φ̂ − φ‖∞ ≤ ΦM (Z1) − 2‖φ̂ − φ‖∞

)
≥ pr

(
‖φ(x) − φ(Z1)‖ + 4‖φ̂ − φ‖∞ ≤ ΦM (Z1), 4‖φ̂ − φ‖∞ ≤ ε ′‖φ(x) − φ(Z1)‖

)
≥ pr

(
(1 + ε ′)‖φ(x) − φ(Z1)‖ ≤ ΦM (Z1), 4‖φ̂ − φ‖∞ ≤ ε ′‖φ(x) − φ(Z1)‖

)
≥ pr

(
(1 + ε ′)‖φ(x) − φ(Z1)‖ ≤ ΦM (Z1)

)
− pr

(
4‖φ̂ − φ‖∞ > ε ′‖φ(x) − φ(Z1)‖

)
585

= pr
(
ν0(Bφ(Z1),(1+ε ′) ‖φ(x)−φ(Z1) ‖) ≤ ν0(Bφ(Z1),ΦM (Z1))

)
− pr

(
4‖φ̂ − φ‖∞ > ε ′‖φ(x) − φ(Z1)‖

)
≥ pr

(
ν0(Bφ(Z1),(1+ε ′) ‖φ(x)−φ(Z1) ‖) ≤ ν0(Bφ(Z1),ΦM (Z1)) ≤ ηN

M
N0

)
− pr

(
4‖φ̂ − φ‖∞ > ε ′‖φ(x) − φ(Z1)‖

)
.

Note that by the selection of ηN , and taking ε ′ small and N0 large enough, we have

pr
(
ν0(Bφ(Z1),(1+ε ′) ‖φ(x)−φ(Z1) ‖) ≤ ν0(Bφ(Z1),ΦM (Z1)) ≤ ηN

M
N0

)
=pr

(
ν0(Bφ(Z1),(1+ε ′) ‖φ(x)−φ(Z1) ‖) ≤ ν0(Bφ(Z1),ΦM (Z1)) ≤ ηN

M
N0
, ‖φ(x) − φ(Z1)‖ ≤ δ

)
. 590

Under the event {‖φ(x) − φ(Z1)‖ ≤ δ}, we have Bφ(Z1),(1+ε ′) ‖φ(x)−φ(Z1) ‖ ⊂ Bφ(x),3δ , and then

ν0(Bφ(Z1),(1+ε ′) ‖φ(x)−φ(Z1) ‖) − ν0(Bφ(Z1), ‖φ(x)−φ(Z1) ‖)

=

∫
Bφ(Z1),(1+ε ′)‖φ(x)−φ(Z1)‖\Bφ(Z1), ‖φ(x)−φ(Z1)‖

f0(y)dy
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≤(1 + ε) f0(φ(x))λ(Bφ(Z1),(1+ε ′) ‖φ(x)−φ(Z1) ‖ \ Bφ(Z1), ‖φ(x)−φ(Z1) ‖)

=(1 + ε) f0(φ(x))Vm[(1 + ε ′)d − 1]‖φ(x) − φ(Z1)‖
d

595

≤(1 + ε) f0(φ(x))Vmdε ′(1 + ε ′)d−1‖φ(x) − φ(Z1)‖
d

=(1 + ε) f0(φ(x))dε ′(1 + ε ′)d−1λ(Bφ(x), ‖φ(x)−φ(Z1) ‖)

≤
(1 + ε) f0(φ(x))dε ′(1 + ε ′)d−1

(1 − ε) f1(φ(x))
ν1(Bφ(x), ‖φ(x)−φ(Z1) ‖),

and

ν0(Bφ(Z1), ‖φ(x)−φ(Z1) ‖) ≤
(1 + ε) f0(φ(x))
(1 − ε) f1(φ(x))

ν1(Bφ(x), ‖φ(x)−φ(Z1) ‖).600

Then

pr
(
ν0(Bφ(Z1),(1+ε ′) ‖φ(x)−φ(Z1) ‖) ≤ ν0(Bφ(Z1),ΦM (Z1)) ≤ ηN

M
N0
, ‖φ(x) − φ(Z1)‖ ≤ δ

)
≥ pr

(
(1 + ε) f0(φ(x))
(1 − ε) f1(φ(x))

(
1 + dε ′(1 + ε ′)d−1

)
ν1(Bφ(x), ‖φ(x)−φ(Z1) ‖) ≤ ν0(Bφ(Z1),ΦM (Z1)) ≤ ηN

M
N0
, ‖φ(x) − φ(Z1)‖ ≤ δ

)
= pr

(
(1 + ε) f0(φ(x))
(1 − ε) f1(φ(x))

(
1 + dε ′(1 + ε ′)d−1

)
ν1(Bφ(x), ‖φ(x)−φ(Z1) ‖) ≤ ν0(Bφ(Z1),ΦM (Z1)) ≤ ηN

M
N0

)
≥ pr

(
(1 + ε) f0(φ(x))
(1 − ε) f1(φ(x))

(
1 + dε ′(1 + ε ′)d−1

)
ν1(Bφ(x), ‖φ(x)−φ(Z1) ‖) ≤ ν0(Bφ(Z1),ΦM (Z1))

)
− pr

(
U(M) > ηN

M
N0

)
605

= pr
(
(1 + ε) f0(φ(x))
(1 − ε) f1(φ(x))

(
1 + dε ′(1 + ε ′)d−1

)
U ≤ U(M)

)
− pr

(
U(M) > ηN

M
N0

)
.

The second last equality is from the fact that for z ∈ X such that ‖φ(z) − φ(x)‖ > δ,

(1 + ε) f0(φ(x))
(1 − ε) f1(φ(x))

(
1 + dε ′(1 + ε ′)d−1

)
ν1(Bφ(x), ‖φ(x)−φ(z) ‖) ≥

(1 + ε) f0(φ(x))
(1 − ε) f1(φ(x))

ν1(Bφ(x),δ)

≥
(1 + ε) f0(φ(x))
(1 − ε) f1(φ(x))

f1(φ(x))(1 − ε)λ(B0,δ) > ηN
M
N0

by the selection of ηN .610

We can check that

lim
N0→∞

N0
M

pr
(
(1 + ε) f0(φ(x))
(1 − ε) f1(φ(x))

(
1 + dε ′(1 + ε ′)d−1

)
U ≤ U(M)

)
=

1 − ε
1 + ε

(
1 + dε ′(1 + ε ′)d−1

)−1 f1(φ(x))
f0(φ(x))

.

By ε, ε ′ are arbitrary, we obtain

lim inf
N0→∞

N0
M

pr
(
Z1 ∈ Aφ(x)

)
≥

f1(φ(x))
f0(φ(x))

.

Combining the upper bound and the lower bound yields615

lim
N0→∞

N0
M

pr
(
Z1 ∈ Aφ(x)

)
=

f1(φ(x))
f0(φ(x))

.

Case II. f1(φ(x)) = 0.
For any ε ∈ (0, 1), there exists some δ = δx > 0 such that for any z ∈ X with ‖φ(z) − φ(x)‖ ≤ 3δ, we

have | f0(φ(z)) − f0(φ(x))| ≤ ε f0(φ(x)) and f1(φ(z)) ≤ ε . Then for any z ∈ X with ‖φ(z) − φ(x)‖ ≤ δ, we
have 620��� ν0(Bφ(z), ‖φ(z)−φ(x) ‖)

λ(Bφ(z), ‖φ(z)−φ(x) ‖)
− f0(φ(x))

��� ≤ ε f0(φ(x)),
��� ν1(Bφ(x), ‖φ(z)−φ(x) ‖)
λ(Bφ(x), ‖φ(z)−φ(x) ‖)

��� ≤ ε .
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We consider the same decomposition as (6). For the first term in (6), we still have

pr
(
‖φ(x) − φ(Z1)‖ − 4‖φ̂ − φ‖∞ ≤ ΦM (Z1), 4‖φ̂ − φ‖∞ ≤ ε ′‖φ(x) − φ(Z1)‖

)
≤pr

(
ν0(Bφ(Z1),(1−ε ′) ‖φ(x)−φ(Z1) ‖) ≤ ν0(Bφ(Z1),ΦM (Z1)), ‖φ(x) − φ(Z1)‖ ≤ δ

)
+ pr

(
U(M) > ηN

M
N0

)
.

Note that for any z ∈ X with ‖φ(x) − φ(z)‖ ≤ δ, 625��� ν0(Bφ(z),(1−ε ′) ‖φ(z)−φ(x) ‖)
λ(Bφ(z),(1−ε ′) ‖φ(z)−φ(x) ‖)

− f0(φ(x))
��� ≤ ε f0(φ(x)),

and
ν1(Bφ(x), ‖φ(x)−φ(z) ‖)

λ(Bφ(z),(1−ε ′) ‖φ(z)−φ(x) ‖)
=

λ(Bφ(x), ‖φ(z)−φ(x) ‖)
λ(Bφ(z),(1−ε ′) ‖φ(z)−φ(x) ‖)

ν1(Bφ(x), ‖φ(z)−φ(x) ‖)
λ(Bφ(x), ‖φ(z)−φ(x) ‖)

≤
λ(Bφ(x), ‖φ(z)−φ(x) ‖)

λ(Bφ(z),(1−ε ′) ‖φ(z)−φ(x) ‖)
ε = (1 − ε ′)−dε .

Then 630

pr
(
ν0(Bφ(Z1),(1−ε ′) ‖φ(x)−φ(Z1) ‖) ≤ ν0(Bφ(Z1),ΦM (Z1)), ‖φ(x) − φ(Z1)‖ ≤ δ

)
≤pr

(
(1 − ε ′)dε−1(1 − ε) f0(φ(x))ν1(Bφ(x), ‖φ(x)−φ(Z1) ‖) ≤ ν0(Bφ(Z1),ΦM (Z1))

)
=pr

(
(1 − ε ′)dε−1(1 − ε) f0(φ(x))U ≤ U(M)

)
.

We can check that

lim
N0→∞

N0
M

pr
(
(1 − ε ′)dε−1(1 − ε) f0(φ(x))U ≤ U(M)

)
= ε(1 − ε ′)−d(1 − ε)−1 1

f0(φ(x))
. 635

Then we obtain

lim sup
N0→∞

N0
M

pr
(
‖φ(x) − φ(Z1)‖ − 4‖φ̂ − φ‖∞ ≤ ΦM (Z1), 4‖φ̂ − φ‖∞ ≤ ε ′‖φ(x) − φ(Z1)‖

)
≤ε(1 − ε ′)−d(1 − ε)−1 1

f0(φ(x))
.

For the second term in (6), we still have

pr
(
‖φ(x) − φ(Z1)‖ − 4‖φ̂ − φ‖∞ ≤ ΦM (Z1), 4‖φ̂ − φ‖∞ > ε ′‖φ(x) − φ(Z1)‖

)
640

≤ pr
(
‖φ(x) − φ(Z1)‖ < 4‖φ̂ − φ‖∞/ε ′ ≤ δ

)
+ pr

(
4‖φ̂ − φ‖∞/ε ′ > δ

)
.

Note that

pr
(
‖φ(x) − φ(Z1)‖ < 4‖φ̂ − φ‖∞/ε ′ ≤ δ

)
≤pr

(
λ(Bφ(x), ‖φ(x)−φ(Z1) ‖) ≤ Vm(4/ε ′)d ‖φ̂ − φ‖d∞, ‖φ(x) − φ(Z1)‖ ≤ δ

)
≤pr

(
ν1(Bφ(x), ‖φ(x)−φ(Z1) ‖) ≤ εVm(4/ε ′)d ‖φ̂ − φ‖d∞

)
645

≤pr
(
ν1(Bφ(x), ‖φ(x)−φ(Z1) ‖) ≤ εVm(4/ε ′)d sup

z∈Z

‖φ̂Z1→z − φ‖
d
∞

)
=E[{εVm(4/ε ′)d sup

z∈Z

‖φ̂Z1→z − φ‖
d
∞} ∧ 1].

By ε, ε ′ are arbitrary, we obtain

lim
N0→∞

N0
M

pr
(
Z1 ∈ Aφ(x)

)
= 0 =

f1(φ(x))
f0(φ(x))

.
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Part II. We then consider the general case where p is a fixed positive integer and Assumption 11 holds650

for p. We only consider the case where f1(φ(x)) > 0. The case with f1(φ(x)) = 0 can be established in a
similar way.

Let ηN = ηN,p = 4p log(N0/M). We also take N0 sufficiently large so that

ηN
M
N0
= 4p

M
N0

log
( N0

M

)
< (1 − ε) f0(φ(x))λ(B0,δ/2).

Then

pr
(
Z1, . . . , Zp ∈ Aφ(x)

)
= pr

(
‖φ̂(x) − φ̂(Zk)‖ ≤ Φ̂M (Zk), ∀k ∈ {1, . . . , p}

)
655

≤ pr
(
‖φ(x) − φ(Zk)‖ − 2‖φ̂ − φ‖∞ ≤ ΦM (Zk) + 2‖φ̂ − φ‖∞, ∀k ∈ {1, . . . , p}

)
=

∑
S⊂{1,...,p}

pr
(
‖φ(x) − φ(Zk)‖ − 4‖φ̂ − φ‖∞ ≤ ΦM (Zk), 4‖φ̂ − φ‖∞ ≤ ε ′‖φ(x) − φ(Zk)‖ for k ∈ S,

4‖φ̂ − φ‖∞ > ε ′‖φ(x) − φ(Zk)‖ for k < S
)

≤
∑

S⊂{1,...,p}
pr

(
ν0(Bφ(Zk ),(1−ε ′) ‖φ(x)−φ(Zk ) ‖) ≤ ν0(Bφ(Zk ),ΦM (Zk )) for k ∈ S, 4‖φ̂ − φ‖∞ > ε ′max

k<S
‖φ(x) − φ(Zk)‖

)
.

(7)

Let Wk = ν0(Bφ(Zk ),(1−ε ′) ‖φ(x)−φ(Zk ) ‖) and Vk = ν0(Bφ(Zk ),ΦM (Zk )) for any k ∈ {1, . . . , p}. Then [Wk]
p
k=1660

are i.i.d. since [Zk]
p
k=1 are i.i.d.. For any k ∈ {1, . . . , p} and Zk ∈ X given,Vk | Zk has the same distribution

as U(M). Then for any k ∈ {1, . . . , p}, Vk has the same distribution as U(M), and Vk is independent of Zk .
Fix S ⊂ {1, . . . , p}. Let Wmax = maxk∈S Wk and Vmax = maxk∈S Vk . Then

pr
(
ν0(Bφ(Zk ),(1−ε ′) ‖φ(x)−φ(Zk ) ‖) ≤ ν0(Bφ(Zk ),ΦM (Zk )) for k ∈ S, 4‖φ̂ − φ‖∞ > ε ′max

k<S
‖φ(x) − φ(Zk)‖

)
≤ pr

(
Wmax < Vmax, 4‖φ̂ − φ‖∞ > ε ′max

k<S
‖φ(x) − φ(Zk)‖

)
665

≤ pr
(
Wmax < Vmax ≤ ηN

M
N0
,max
k<S
‖φ(x) − φ(Zk)‖ < 4‖φ̂ − φ‖∞/ε ′ ≤ δ

)
+ pr

(
Vmax > ηN

M
N0

)
+ pr

(
4‖φ̂ − φ‖∞/ε ′ > δ

)
. (8)

For the first term in (8), by the selection of ηN , and taking ε ′ < 1/2 and N0 large enough, we have

pr
(
Wmax < Vmax ≤ ηN

M
N0
,max
k<S
‖φ(x) − φ(Zk)‖ < 4‖φ̂ − φ‖∞/ε ′ ≤ δ

)
≤ pr

(
Wmax < Vmax ≤ ηN

M
N0
,max
k<S
‖φ(x) − φ(Zk)‖ < 4‖φ̂ − φ‖∞/ε ′ ≤ δ,max

k∈S
‖φ(x) − φ(Zk)‖ ≤ δ

)
.670

Let W ′
k
= ν0(Bφ(Zk ), ‖φ(x)−φ(Zk ) ‖) and W ′max = maxk∈S W ′

k
. Under the event {maxk∈S ‖φ(x) − φ(Zk)‖ ≤ δ},

we have

W ′max −Wmax ≤ max
k∈S
{ν0(Bφ(Zk ), ‖φ(x)−φ(Zk ) ‖) − ν0(Bφ(Zk ),(1−ε ′) ‖φ(x)−φ(Zk ) ‖)}

≤
(1 + ε) f0(φ(x))dε ′

(1 − ε) f1(φ(x))
max
k∈S

ν1(Bφ(x), ‖φ(x)−φ(Zk ) ‖).

and 675

W ′max ≥
(1 − ε) f0(φ(x))
(1 + ε) f1(φ(x))

max
k∈S

ν1(Bφ(x), ‖φ(x)−φ(Zk ) ‖).
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On the other hand, recall that φ̂(Z1,...,Zp )→z is the estimator replacing (Z1, . . . , Zp) by z for z ∈ Zp . Then
supz∈Zp ‖φ̂(Z1,...,Zp )→z − φ‖∞ is independent of (Z1, . . . , Zp). Note that

max
k<S
‖φ(x) − φ(Zk)‖ < 4‖φ̂ − φ‖∞/ε ′ ≤ δ

implies that

max
k<S

ν1(Bφ(x), ‖φ(x)−φ(Zk ) ‖) ≤ (1 + ε) f1(φ(x))Vm(4/ε ′)d sup
z∈Zp

‖φ̂(Z1,...,Zp )→z − φ‖
d
∞.

Then

pr
(
Wmax < Vmax ≤ ηN

M
N0
,max
k<S
‖φ(x) − φ(Zk)‖ < 4‖φ̂ − φ‖∞/ε ′ ≤ δ,max

k∈S
‖φ(x) − φ(Zk)‖ ≤ δ

)
≤ pr

((1 − ε
1 + ε

−
1 + ε
1 − ε

dε ′
) f0(φ(x))

f1(φ(x))
max
k∈S

ν1(Bφ(x), ‖φ(x)−φ(Zk ) ‖) < Vmax,

max
k<S

ν1(Bφ(x), ‖φ(x)−φ(Zk ) ‖) ≤ (1 + ε) f1(φ(x))Vm(4/ε ′)d sup
z∈Zp

‖φ̂(Z1,...,Zp )→z − φ‖
d
∞

)
680

= E
{
1
((1 − ε

1 + ε
−

1 + ε
1 − ε

dε ′
) f0(φ(x))

f1(φ(x))
max
k∈S

ν1(Bφ(x), ‖φ(x)−φ(Zk ) ‖) < Vmax

)
(
{(1 + ε) f1(φ(x))Vm(4/ε ′)d sup

z∈Zp

‖φ̂(Z1,...,Zp )→z − φ‖
d
∞} ∧ 1

)p−|S |}
,

since supz∈Zp ‖φ̂(Z1,...,Zp )→z − φ‖∞, Vmax and [Zk]k∈S are all independent with [Zk]k<S .
Note that

E
{
1
((1 − ε

1 + ε
−

1 + ε
1 − ε

dε ′
) f0(φ(x))

f1(φ(x))
max
k∈S

ν1(Bφ(x), ‖φ(x)−φ(Zk ) ‖) < Vmax

)
685(

{(1 + ε) f1(φ(x))Vm(4/ε ′)d sup
z∈Zp

‖φ̂(Z1,...,Zp )→z − φ‖
d
∞} ∧ 1

)p−|S |}
=

∫ 1

0
|S |u |S |−1E

{
1
((1 − ε

1 + ε
−

1 + ε
1 − ε

dε ′
) f0(φ(x))

f1(φ(x))
u < Vmax

)
(
{(1 + ε) f1(φ(x))Vm(4/ε ′)d sup

z∈Zp

‖φ̂(Z1,...,Zp )→z − φ‖
d
∞} ∧ 1

)p−|S | ��� max
k∈S

ν1(Bφ(x), ‖φ(x)−φ(Zk ) ‖) = u
}
du

= |S |
{(1 − ε

1 + ε
−

1 + ε
1 − ε

dε ′
)−1 f1(φ(x))

f0(φ(x))
M
N0

} |S | ∫ ( 1−ε
1+ε −

1+ε
1−ε dε

′)
f0(φ(x))
f1(φ(x))

N0
M

0
u |S |−1E

{
1
(
Vmax >

M
N0

u
)

(
{(1 + ε) f1(φ(x))Vm(4/ε ′)d sup

z∈Zp

‖φ̂(Z1,...,Zp )→z − φ‖
d
∞} ∧ 1

)p−|S | ��� 690

max
k∈S

ν1(Bφ(x), ‖φ(x)−φ(Zk ) ‖) =
(1 − ε
1 + ε

−
1 + ε
1 − ε

dε ′
)−1 f1(φ(x))

f0(φ(x))
M
N0

u
}
du. (9)

We split the above integral into two parts using 1. For the first part, note that supz∈Zp ‖φ̂(Z1,...,Zp )→z −

φ‖∞ is independent with maxk∈S ν1(Bφ(x), ‖φ(x)−φ(Zk ) ‖). Then( N0
M

)p−|S | ∫ 1

0
u |S |−1E

{
1
(
Vmax >

M
N0

u
) (
{(1 + ε) f1(φ(x))Vm(4/ε ′)d sup

z∈Zp

‖φ̂(Z1,...,Zp )→z − φ‖
d
∞} ∧ 1

)p−|S | ���
max
k∈S

ν1(Bφ(x), ‖φ(x)−φ(Zk ) ‖) =
(1 − ε
1 + ε

−
1 + ε
1 − ε

dε ′
)−1 f1(φ(x))

f0(φ(x))
M
N0

u
}
du695

≤

( N0
M

)p−|S | ∫ 1

0
u |S |−1E

{(
{(1 + ε) f1(φ(x))Vm(4/ε ′)d sup

z∈Zp

‖φ̂(Z1,...,Zp )→z − φ‖
d
∞} ∧ 1

)p−|S |}
du.
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If |S | = p, we have( N0
M

)p−|S | ∫ 1

0
u |S |−1E

{(
{(1 + ε) f1(φ(x))Vm(4/ε ′)d sup

z∈Zp

‖φ̂(Z1,...,Zp )→z − φ‖
d
∞} ∧ 1

)p−|S |}
du

=

∫ 1

0
up−1du =

1
p
. (10)

If |S | < p, by Assumption 11, we have700

lim sup
N0→∞

( N0
M

)p−|S | ∫ 1

0
u |S |−1E

{(
{(1 + ε) f1(φ(x))Vm(4/ε ′)d sup

z∈Zp

‖φ̂(Z1,...,Zp )→z − φ‖
d
∞} ∧ 1

)p−|S |}
du

. lim sup
N0→∞

E
{( N0

M
sup
z∈Zp

‖φ̂(Z1,...,Zp )→z − φ‖
d
∞

)p−|S |}
= 0. (11)

For the second part, we have∫ ( 1−ε
1+ε −

1+ε
1−ε dε

′)
f0(φ(x))
f1(φ(x))

N0
M

1
u |S |−1E

{
1
(
Vmax >

M
N0

u
) (
{(1 + ε) f1(φ(x))Vm(4/ε ′)d sup

z∈Zp

‖φ̂(Z1,...,Zp )→z − φ‖
d
∞} ∧ 1

)p−|S | ���
max
k∈S

ν1(Bφ(x), ‖φ(x)−φ(Zk ) ‖) =
(1 − ε
1 + ε

−
1 + ε
1 − ε

dε ′
)−1 f1(φ(x))

f0(φ(x))
M
N0

u
}
du705

≤

∫ ∞

1
u |S |−1E

{
1
(
Vmax >

M
N0

u
) (
{(1 + ε) f1(φ(x))Vm(4/ε ′)d sup

z∈Zp

‖φ̂(Z1,...,Zp )→z − φ‖
d
∞} ∧ 1

)p−|S | ���
max
k∈S

ν1(Bφ(x), ‖φ(x)−φ(Zk ) ‖) =
(1 − ε
1 + ε

−
1 + ε
1 − ε

dε ′
)−1 f1(φ(x))

f0(φ(x))
M
N0

u
}
du

≤
∑
k∈S

∫ ∞

1
u |S |−1E

{
1
(
Vk >

M
N0

u
) (
{(1 + ε) f1(φ(x))Vm(4/ε ′)d sup

z∈Zp

‖φ̂(Z1,...,Zp )→z − φ‖
d
∞} ∧ 1

)p−|S |}
du,

(12)

where the last step is from the fact that Vk and supz∈Zp ‖φ̂(Z1,...,Zp )→z − φ‖∞ are independent of [Zk]k∈S
for any k ∈ S.710

For any k ∈ S, by the Hölder inequality,( N0
M

)p−|S | ∫ ∞

1
u |S |−1E

{
1
(
Vk >

M
N0

u
) (
{(1 + ε) f1(φ(x))Vm(4/ε ′)d sup

z∈Zp

‖φ̂(Z1,...,Zp )→z − φ‖
d
∞} ∧ 1

)p−|S |}
du

.

∫ ∞

1
u |S |−1E

{
1
(
Vk >

M
N0

u
) ( N0

M
sup
z∈Zp

‖φ̂(Z1,...,Zp )→z − φ‖
d
∞

)p−|S |}
du

≤

∫ ∞

1
u |S |−1

{
pr

(
Vk >

M
N0

u
)} |S |

p
[
E
{( N0

M
sup
z∈Zp

‖φ̂(Z1,...,Zp )→z − φ‖
d
∞

)p}] p−|S |
p du

=
[
E
{( N0

M
sup
z∈Zp

‖φ̂(Z1,...,Zp )→z − φ‖
d
∞

)p}] p−|S |
p

∫ ∞

1
u |S |−1

{
pr

(
Vk >

M
N0

u
)} |S |

p du.715

Using the Chernoff bound,∫ ∞

1
u |S |−1

{
pr

(
Vk >

M
N0

u
)} |S |

p du =
∫ ∞

0
(1 + u) |S |−1

{
pr

(
U(M) >

M
N0
(1 + u)

)} |S |
p du

≤

∫ ∞

0
(1 + u) |S |−1(1 + u)M |S |/p exp(−uM |S |/p)du

= exp(M |S |/p)
∫ ∞

1
uM |S |/p+ |S |−1 exp(−uM |S |/p)du
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≤ exp(M |S |/p)
∫ ∞

0
uM |S |/p+ |S |−1 exp(−uM |S |/p)du 720

=
exp(M |S |/p)

(M |S |/p)M |S |/p+ |S |
Γ(M |S |/p + |S |)

=
exp(M |S |/p)

(M |S |/p)M |S |/p+ |S |
(M |S |/p + 1) |S |−1

Γ(M |S |/p + 1)(1 + o(1))

=
exp(M |S |/p)

(M |S |/p)M |S |/p+ |S |
(M |S |/p + 1) |S |−1(2πM |S |/p)1/2

( M |S |/p
e

)M |S |/p
(1 + o(1))

= (2π)1/2(M |S |/p)−1/2
(
1 +

p
M |S |

) |S |−1
(1 + o(1)),

where the last three steps are from Stirling’s approximation using M →∞. 725

By M →∞ and Assumption 11, we have

lim
N0→∞

( N0
M

)p−|S | ∫ ∞

1
u |S |−1E

{
1
(
Vk >

M
N0

u
) (
{(1 + ε) f1(φ(x))Vm(4/ε ′)d sup

z∈Zp

‖φ̂(Z1,...,Zp )→z − φ‖
d
∞} ∧ 1

)p−|S |}
du

= 0. (13)

Combining (10), (11), (12), (13) by (9) yields

lim sup
N0→∞

( N0
M

)p
pr

(
Wmax < Vmax ≤ ηN

M
N0
,max
k<S
‖φ(x) − φ(Zk)‖ < 4‖φ̂ − φ‖∞/ε ′ ≤ δ

)
730

≤
1
p
|S |

{(1 − ε
1 + ε

−
1 + ε
1 − ε

dε ′
)−1 f1(φ(x))

f0(φ(x))

} |S |
1(|S | = p) =

{(1 − ε
1 + ε

−
1 + ε
1 − ε

dε ′
)−1 f1(φ(x))

f0(φ(x))

}p
1(|S | = p).

For the second term in (8), by the Chernoff bound,

lim sup
N0→∞

( N0
M

)p
pr

(
Vmax > ηN

M
N0

)
≤ |S | lim sup

N0→∞

( N0
M

)p
pr

(
U(M) > ηN

M
N0

)
= 0.

For the third term in (8),

pr(4‖φ̂ − φ‖∞/ε ′ > δ) ≤ δ−pd(4/ε ′)pdE(‖φ̂ − φ‖pd∞ ) 735

≤ δ−pd(4/ε ′)pdE( sup
z∈Zp

‖φ̂(Z1,...,Zp )→z − φ‖
pd
∞ ).

By Assumption 11,

lim sup
N0→∞

( N0
M

)p
pr

(
4‖φ̂ − φ‖∞/ε ′ > δ

)
= 0.

Then we obtain for any S ⊂ {1, . . . , p},

lim sup
N0→∞

( N0
M

)p
pr

(
ν0(Bφ(Zk ),(1−ε ′) ‖φ(x)−φ(Zk ) ‖) ≤ ν0(Bφ(Zk ),ΦM (Zk )) for k ∈ S, 740

4‖φ̂ − φ‖∞ > ε ′max
k<S
‖φ(x) − φ(Zk)‖

)
≤

{(1 − ε
1 + ε

−
1 + ε
1 − ε

dε ′
)−1 f1(φ(x))

f0(φ(x))

}p
1(|S | = p),

and then by (7),

lim sup
N0→∞

( N0
M

)p
pr

(
Z1, . . . , Zp ∈ Aφ(x)

)
≤

{(1 − ε
1 + ε

−
1 + ε
1 − ε

dε ′
)−1 f1(φ(x))

f0(φ(x))

}p
.
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By ε, ε ′ are arbitrary, we obtain745

lim sup
N0→∞

( N0
M

)p
pr

(
Z1, . . . , Zp ∈ Aφ(x)

)
≤

( f1(φ(x))
f0(φ(x))

)p
.

A matched lower bound is directly from the Hölder inequality.
Then we obtain

lim
N0→∞

( N0
M

)p
pr

(
Z1, . . . , Zp ∈ Aφ(x)

)
=

( f1(φ(x))
f0(φ(x))

)p
.

Part III. We consider the simple case where p = 1 and Assumption 12 holds. We only consider the case750

where f1(φ(x)) > 0, while the case where f1(φ(x)) = 0 is similar.
Upper bound. Note that

pr
(
Z1 ∈ Aφ(x)

)
= pr

(
‖φ̂(x) − φ̂(Z1)‖ ≤ Φ̂M (Z1)

)
≤ pr

(
‖φ(x) − φ(Z1)‖ − 2 sup

‖φ(s)−φ(t) ‖≤ ‖φ(x)−φ(Z1) ‖
‖(φ̂ − φ)(s) − (φ̂ − φ)(t)‖ ≤ ΦM (Z1)

)
.

The inequality is from the fact that under the event {‖φ̂(x) − φ̂(Z1)‖ ≤ Φ̂M (Z1)}, if ‖φ(x) − φ(Z1)‖ −755

2 sup‖φ(s)−φ(t) ‖≤ ‖φ(x)−φ(Z1) ‖
‖(φ̂ − φ)(s) − (φ̂ − φ)(t)‖ > ΦM (Z1), then there exists a set S ⊂ {1, . . . , N0}

such that |S | ≥ M and for any i ∈ S, ‖φ(x) − φ(Z1)‖ − 2 sup‖φ(s)−φ(t) ‖≤ ‖φ(x)−φ(Z1) ‖
‖(φ̂ − φ)(s) − (φ̂ −

φ)(t)‖ > ‖φ(Xi) − φ(Z1)‖. For these i ∈ S, we then have ‖φ̂(x) − φ̂(Z1)‖ > ‖φ̂(Xi) − φ̂(Z1)‖ since ‖φ(x) −
φ(Z1)‖ > ‖φ(Xi) − φ(Z1)‖. Then ‖φ̂(x) − φ̂(Z1)‖ > Φ̂M (Z1) using |S | ≥ M , which contradicts the event
we assume.760

For any ε ∈ (0, 1), we decompose as

pr
(
‖φ(x) − φ(Z1)‖ − 2 sup

‖φ(s)−φ(t) ‖≤ ‖φ(x)−φ(Z1) ‖
‖(φ̂ − φ)(s) − (φ̂ − φ)(t)‖ ≤ ΦM (Z1)

)
= pr

(
‖φ(x) − φ(Z1)‖ − 2 sup

‖φ(s)−φ(t) ‖≤ ‖φ(x)−φ(Z1) ‖
‖(φ̂ − φ)(s) − (φ̂ − φ)(t)‖ ≤ ΦM (Z1),

2 sup
‖φ(s)−φ(t) ‖≤ ‖φ(x)−φ(Z1) ‖

‖(φ̂ − φ)(s) − (φ̂ − φ)(t)‖ ≤ ε ‖φ(x) − φ(Z1)‖
)

+ pr
(
‖φ(x) − φ(Z1)‖ − 2 sup

‖φ(s)−φ(t) ‖≤ ‖φ(x)−φ(Z1) ‖
‖(φ̂ − φ)(s) − (φ̂ − φ)(t)‖ ≤ ΦM (Z1),765

2 sup
‖φ(s)−φ(t) ‖≤ ‖φ(x)−φ(Z1) ‖

‖(φ̂ − φ)(s) − (φ̂ − φ)(t)‖ > ε ‖φ(x) − φ(Z1)‖
)
. (14)

For the first term in (14),

pr
(
‖φ(x) − φ(Z1)‖ − 2 sup

‖φ(s)−φ(t) ‖≤ ‖φ(x)−φ(Z1) ‖
‖(φ̂ − φ)(s) − (φ̂ − φ)(t)‖ ≤ ΦM (Z1),

2 sup
‖φ(s)−φ(t) ‖≤ ‖φ(x)−φ(Z1) ‖

‖(φ̂ − φ)(s) − (φ̂ − φ)(t)‖ ≤ ε ‖φ(x) − φ(Z1)‖
)

≤ pr
(
(1 − ε)‖φ(x) − φ(Z1)‖ ≤ ΦM (Z1)

)
,770

and then can be handled in the same way as the upper bound part in Part I.
For the second term in (14), note that for any u ∈ (0, 1), conditional on ν1(Bφ(x), ‖φ(x)−φ(Z1) ‖) = u and

under ‖φ(x) − φ(Z1)‖ ≤ δ, we have u ≤ (1 + ε) f1(φ(x))Vm‖φ(x) − φ(Z1)‖
m, and then ‖φ(x) − φ(Z1)‖ ≥

[u/{(1 + ε) f1(φ(x))Vm}]
1/m. Then for any u ∈ (0, 1),

pr
(

sup
‖φ(s)−φ(t) ‖≤ ‖φ(x)−φ(Z1) ‖

‖(φ̂ − φ)(s) − (φ̂ − φ)(t)‖ > ε ‖φ(x) − φ(Z1)‖, ‖φ(x) − φ(Z1)‖ ≤ δ 775��� ν1(Bφ(x), ‖φ(x)−φ(Z1) ‖) = u
)



On Rosenbaum’s Rank-based Matching Estimator 29

≤ pr
(

sup
‖φ(s)−φ(t) ‖≤ ‖φ(x)−φ(Z1) ‖

sup
z∈Z

‖(φ̂Z1→z − φ)(s) − (φ̂Z1→z − φ)(t)‖ > ε ‖φ(x) − φ(Z1)‖, ‖φ(x) − φ(Z1)‖ ≤ δ��� ν1(Bφ(x), ‖φ(x)−φ(Z1) ‖) = u
)

≤ Tε ([u/{(1 + ε) f1(φ(x))Vm}]
1/m),

where the last step is from the fact that supz∈Z ‖(φ̂Z1→z − φ)(s) − (φ̂Z1→z − φ)(t)‖ does not depend on Z1 780

together with Assumption 12.
Then

pr
(
‖φ(x) − φ(Z1)‖ − 2 sup

‖φ(s)−φ(t) ‖≤ ‖φ(x)−φ(Z1) ‖
‖(φ̂ − φ)(s) − (φ̂ − φ)(t)‖ ≤ ΦM (Z1),

2 sup
‖φ(s)−φ(t) ‖≤ ‖φ(x)−φ(Z1) ‖

‖(φ̂ − φ)(s) − (φ̂ − φ)(t)‖ > ε ‖φ(x) − φ(Z1)‖
)

≤ pr
(
2 sup
‖φ(s)−φ(t) ‖≤ ‖φ(x)−φ(Z1) ‖

‖(φ̂ − φ)(s) − (φ̂ − φ)(t)‖ > ε ‖φ(x) − φ(Z1)‖
)

785

≤ pr
(
2 sup
‖φ(s)−φ(t) ‖≤ ‖φ(x)−φ(Z1) ‖

‖(φ̂ − φ)(s) − (φ̂ − φ)(t)‖ > ε ‖φ(x) − φ(Z1)‖, ‖φ(x) − φ(Z1)‖ ≤ δ
)

+ pr
(
2 sup
‖φ(s)−φ(t) ‖≤ ‖φ(x)−φ(Z1) ‖

‖(φ̂ − φ)(s) − (φ̂ − φ)(t)‖ > ε ‖φ(x) − φ(Z1)‖, ‖φ(x) − φ(Z1)‖ > δ
)

≤

∫ 1

0
Tε/2([u/{(1 + ε) f1(φ(x))Vm}]

1/m)du + pr
(
‖φ̂ − φ‖∞ > εδ/4

)
= (1 + ε) f1(φ(x))Vm

∫ 1/{(1+ε ) f1(φ(x))Vm }

0
Tε/2(u1/m)du + pr

(
‖φ̂ − φ‖∞ > εδ/4

)
.

By Assumption 12 and ε is arbitrary, using (14), we obtain 790

lim sup
N0→∞

N0
M

pr
(
Z1 ∈ Aφ(x)

)
≤

f1(φ(x))
f0(φ(x))

.

Lower bound. For any ε ∈ (0, 1),

pr
(
Z1 ∈ Aφ(x)

)
= pr

(
‖φ̂(x) − φ̂(Z1)‖ ≤ Φ̂M (Z1)

)
≥ pr

(
‖φ̂(x) − φ̂(Z1)‖ ≤ Φ̂M (Z1), sup

δ≥‖φ(x)−φ(Z1) ‖
δ−1 sup

‖φ(s)−φ(t) ‖≤δ

‖(φ̂ − φ)(s) − (φ̂ − φ)(t)‖ ≤ ε
)

≥ pr
(
(1 + ε)‖φ(x) − φ(Z1)‖ ≤ (1 − ε)ΦM (Z1), sup

δ≥‖φ(x)−φ(Z1) ‖
δ−1 sup

‖φ(s)−φ(t) ‖≤δ

‖(φ̂ − φ)(s) − (φ̂ − φ)(t)‖ ≤ ε
)
.795

The last inequality is from the fact that under the event {(1 + ε)‖φ(x) − φ(Z1)‖ ≤ (1 − ε)ΦM (Z1)},
there exists a set S ⊂ {1, . . . , N0} such that |S | ≥ N0 − M and for any i ∈ S, (1 + ε)‖φ(x) − φ(Z1)‖ ≤
(1 − ε)‖φ(Xi) − φ(Z1)‖. Under the event that {supδ≥‖φ(x)−φ(Z1) ‖

δ−1 sup‖φ(s)−φ(t) ‖≤δ ‖(φ̂ − φ)(s) − (φ̂ −
φ)(t)‖ ≤ ε}, for these i ∈ S, we then have ‖φ̂(x) − φ̂(Z1)‖ ≤ ‖φ̂(Xi) − φ̂(Z1)‖ since ‖φ(x) − φ(Z1)‖ ≤
‖φ(Xi) − φ(Z1)‖ for i ∈ S. Then ‖φ̂(x) − φ̂(Z1)‖ ≤ Φ̂M (Z1). 800

Then

pr
(
Z1 ∈ Aφ(x)

)
≥ pr

(
(1 + ε)‖φ(x) − φ(Z1)‖ ≤ (1 − ε)ΦM (Z1)

)
− pr

(
sup

δ≥‖φ(x)−φ(Z1) ‖
δ−1 sup

‖φ(s)−φ(t) ‖≤δ

‖(φ̂ − φ)(s) − (φ̂ − φ)(t)‖ > ε
)
.

The first term can be handled in the same way as the lower bound part in Part I. The second term can
be handled in the same way as the second term in (14) in this proof. Then we can obtain a matched lower805

bound.
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Part IV. We then consider the general case where p is a fixed positive integer and Assumption 12 holds.
We only consider the case where f1(φ(x)) > 0, while the case where f1(φ(x)) = 0 is similar.

For any ε ′ ∈ (0, 1), we have

pr
(
Z1, . . . , Zp ∈ Aφ(x)

)
= pr

(
‖φ̂(x) − φ̂(Zk)‖ ≤ Φ̂M (Zk), ∀k ∈ {1, . . . , p}

)
810

≤ pr
(
‖φ(x) − φ(Zk)‖ − 2 sup

‖φ(s)−φ(t) ‖≤ ‖φ(x)−φ(Zk ) ‖

‖(φ̂ − φ)(s) − (φ̂ − φ)(t)‖ ≤ ΦM (Zk), ∀k ∈ {1, . . . , p}
)

=
∑

S⊂{1,...,p}
pr

(
‖φ(x) − φ(Zk)‖ − 2 sup

‖φ(s)−φ(t) ‖≤ ‖φ(x)−φ(Zk ) ‖

‖(φ̂ − φ)(s) − (φ̂ − φ)(t)‖ ≤ ΦM (Zk),

2 sup
‖φ(s)−φ(t) ‖≤ ‖φ(x)−φ(Zk ) ‖

‖(φ̂ − φ)(s) − (φ̂ − φ)(t)‖ ≤ ε ′‖φ(x) − φ(Zk)‖ for k ∈ S,

2 sup
‖φ(s)−φ(t) ‖≤ ‖φ(x)−φ(Zk ) ‖

‖(φ̂ − φ)(s) − (φ̂ − φ)(t)‖ > ε ′‖φ(x) − φ(Zk)‖ for k < S
)

≤
∑

S⊂{1,...,p}
pr

(
(1 − ε ′)‖φ(x) − φ(Zk)‖ ≤ ΦM (Zk) for k ∈ S,815

2‖φ(x) − φ(Zk)‖
−1 sup
‖φ(s)−φ(t) ‖≤ ‖φ(x)−φ(Zk ) ‖

‖(φ̂ − φ)(s) − (φ̂ − φ)(t)‖ > ε ′ for k < S
)
.

If |S | = p, we have in the same way as the upper bound part in Part III that for any ε ∈ (0, 1),

lim sup
N0→∞

( N0
M

)p
pr

(
(1 − ε ′)‖φ(x) − φ(Zk)‖ ≤ ΦM (Zk) for k ∈ S,

2‖φ(x) − φ(Zk)‖
−1 sup
‖φ(s)−φ(t) ‖≤ ‖φ(x)−φ(Zk ) ‖

‖(φ̂ − φ)(s) − (φ̂ − φ)(t)‖ > ε ′ for k < S
)

≤

{(1 − ε
1 + ε

−
1 + ε
1 − ε

dε ′
)−1 f1(φ(x))

f0(φ(x))

}p
.820

Now we consider |S | < p. Recall that Wk = ν0(Bφ(Zk ),(1−ε ′) ‖φ(x)−φ(Zk ) ‖) and Vk = ν0(Bφ(Zk ),ΦM (Zk )) for
any k ∈ {1, . . . , p}. Fix S ⊂ {1, . . . , p}. Recall that Wmax = maxk∈S Wk and Vmax = maxk∈S Vk . We have

pr
(
(1 − ε ′)‖φ(x) − φ(Zk)‖ ≤ ΦM (Zk) for k ∈ S,

2‖φ(x) − φ(Zk)‖
−1 sup
‖φ(s)−φ(t) ‖≤ ‖φ(x)−φ(Zk ) ‖

‖(φ̂ − φ)(s) − (φ̂ − φ)(t)‖ > ε ′ for k < S
)

≤ pr
(
Wmax < Vmax, 2 min

k<S
‖φ(x) − φ(Zk)‖

−1 sup
‖φ(s)−φ(t) ‖≤ ‖φ(x)−φ(Zk ) ‖

‖(φ̂ − φ)(s) − (φ̂ − φ)(t)‖ > ε ′
)

825

≤ pr
(
Wmax < Vmax ≤ ηN

M
N0
, 2 min

k<S
‖φ(x) − φ(Zk)‖

−1 sup
‖φ(s)−φ(t) ‖≤ ‖φ(x)−φ(Zk ) ‖

‖(φ̂ − φ)(s) − (φ̂ − φ)(t)‖ > ε ′
)

+ pr
(
Vmax > ηN

M
N0

)
.

Note that

2 min
k<S
‖φ(x) − φ(Zk)‖

−1 sup
‖φ(s)−φ(t) ‖≤ ‖φ(x)−φ(Zk ) ‖

‖(φ̂ − φ)(s) − (φ̂ − φ)(t)‖ > ε ′

implies that

(max
k<S
‖φ(x) − φ(Zk)‖)

−1 sup
‖φ(s)−φ(t) ‖≤maxk<S ‖φ(x)−φ(Zk ) ‖

‖(φ̂ − φ)(s) − (φ̂ − φ)(t)‖ > ε ′/2.

Then

pr
(
Wmax < Vmax ≤ ηN

M
N0
, 2 min

k<S
‖φ(x) − φ(Zk)‖

−1 sup
‖φ(s)−φ(t) ‖≤ ‖φ(x)−φ(Zk ) ‖

‖(φ̂ − φ)(s) − (φ̂ − φ)(t)‖ > ε ′
)
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≤ pr
((1 − ε

1 + ε
−

1 + ε
1 − ε

dε ′
) f0(φ(x))

f1(φ(x))
max
k∈S

ν1(Bφ(x), ‖φ(x)−φ(Zk ) ‖) < Vmax, 830

(max
k<S
‖φ(x) − φ(Zk)‖)

−1 sup
‖φ(s)−φ(t) ‖≤maxk<S ‖φ(x)−φ(Zk ) ‖

‖(φ̂ − φ)(s) − (φ̂ − φ)(t)‖ > ε ′/2
)
.

In the same way as the upper bound part in Part II, it suffices to show that

lim
N0→∞

( N0
M

)p−|S |
pr

(
(max
k<S
‖φ(x) − φ(Zk)‖)

−1 sup
‖φ(s)−φ(t) ‖≤maxk<S ‖φ(x)−φ(Zk ) ‖

‖(φ̂ − φ)(s) − (φ̂ − φ)(t)‖ > ε ′/2
)
= 0.

For any u ∈ (0, 1), conditional onmaxk<S ν1(Bφ(x), ‖φ(x)−φ(Zk ) ‖) = u and undermaxk<S ‖φ(x) − φ(Zk)‖ ≤

δ, we have 835

max
k<S
‖φ(x) − φ(Zk)‖ ≥ [u/{(1 + ε) f1(φ(x))Vm}]

1/m.

Then by Assumption 12,( N0
M

)p−|S |
pr

(
(max
k<S
‖φ(x) − φ(Zk)‖)

−1 sup
‖φ(s)−φ(t) ‖≤maxk<S ‖φ(x)−φ(Zk ) ‖

‖(φ̂ − φ)(s) − (φ̂ − φ)(t)‖ > ε ′/2
)

=
( N0

M

)p−|S | ∫ 1

0
(p − |S |)up−|S |−1pr

(
(max
k<S
‖φ(x) − φ(Zk)‖)

−1 sup
‖φ(s)−φ(t) ‖≤maxk<S ‖φ(x)−φ(Zk ) ‖

‖(φ̂ − φ)(s) − (φ̂ − φ)(t)‖ > ε ′/2,max
k<S
‖φ(x) − φ(Zk)‖ ≤ δ

��� max
k<S

ν1(Bφ(x), ‖φ(x)−φ(Zk ) ‖) = u
)
du

+
( N0

M

)p−|S |
pr

(
‖φ̂ − φ‖∞ > ε ′δ/4

)
840

≤

( N0
M

)p−|S | { ∫ 1

0
(p − |S |)up−|S |−1Tε ′({u/(‖ f1‖∞Vm)}

1/m)du + pr
(
‖φ̂ − φ‖∞ > ε ′δ/4

)}
= o(1).

Then

lim sup
N0→∞

( N0
M

)p
pr

(
Z1, . . . , Zp ∈ Aφ(x)

)
≤

{(1 − ε
1 + ε

−
1 + ε
1 − ε

dε ′
)−1 f1(φ(x))

f0(φ(x))

}p
.

By ε, ε ′ are arbitrary, we obtain

lim sup
N0→∞

( N0
M

)p
pr

(
Z1, . . . , Zp ∈ Aφ(x)

)
≤

( f1(φ(x))
f0(φ(x))

)p
. 845

A matched lower bound is directly from the Hölder inequality.

C.4. Proof of Theorem 4
Consider any ε ∈ (0, 1) be given. From Assumption 13, X is compact, and then Z is also compact.

Since f0, f1 are continuous over their compact supports, they are uniformly continuous, that is, there exists
δ > 0 such that for any x, z ∈ Z with ‖φ(z) − φ(x)‖ ≤ 3δ, we have | f1(φ(z)) − f1(φ(x))| ≤ ε2, and for any 850

x, z ∈ X with ‖φ(z) − φ(x)‖ ≤ 3δ, we have | f0(φ(z)) − f0(φ(x))| ≤ ε2.
Let E1 = {x : f1(φ(x)) ≤ ε}, E2 = {x : f0(φ(x)) ≤ ε or dist(x, ∂Z) ∨ dist(x, ∂X) ≤ 3δ}. We then seper-

ate the proof into three cases. In the following, it suffices to consider x such that f0(φ(x)) > 0 since we are
considering Lp risk.

Case I. x < E1 ∪ E2. In this case we have f0(φ(x)), f1(φ(x)) > ε . Then for any z ∈ X with ‖φ(z) − 855

φ(x)‖ ≤ 3δ, we have z ∈ Z by the definition of E2 and then | f0(φ(z)) − f0(φ(x))| ≤ ε f0(φ(x)) and
| f1(φ(z)) − f1(φ(x))| ≤ ε f1(φ(x)).

Proceeding as in the proof of Case I in Lemma 4, we obtain

lim
N0→∞

sup
x<E1∪E2

E
(���̂rφ(x) − r(φ(x))

���p) = 0,
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and then860

lim
N0→∞

E
{���̂rφ(X) − r(φ(X))

���p1(
X < E1 ∪ E2

)}
= lim

N0→∞
E
{
E

(���̂rφ(X) − r(φ(X))
���p ��� X = x

)
1
(
X < E1 ∪ E2

)}
≤ lim

N0→∞
E
{

sup
x<E1∪E2

E
(���̂rφ(X) − r(φ(X))

���p ��� X = x
)
1
(
X < E1 ∪ E2

)}
= 0.

Case II. x ∈ E1 \ E2. In this case we have f0(φ(x)) > ε . Then for any z ∈ X with ‖φ(z) − φ(x)‖ ≤ 3δ,
we have z ∈ Z by the definition of E2 and then | f0(φ(z)) − f0(φ(x))| ≤ ε f0(φ(x)) and f1(φ(z)) ≤ ε + ε2.

Proceeding as in the proof of Case II in Lemma 4, we obtain865

lim
N0→∞

sup
x∈E1\E2

E
(���̂rφ(x) − r(φ(x))

���p) = 0,

and then

lim
N0→∞

E
{���̂rφ(X) − r(φ(X))

���p1(
X < E1 \ E2

)}
= 0.

Case III. x ∈ E2. In this case we have f0(φ(x)) ≤ ε or dist(x, ∂Z) ∨ dist(x, ∂X) ≤ 3δ. Since X is
compact, the surface areas of X andZ are bounded, and r is bounded uniformly, we have870

lim sup
N0→∞

E
{���̂rφ(X) − r(φ(X))

���p1(
X ∈ E2

)}
. pr

(
X ∈ E2

)
. ε + δ.

Since ε is arbitrary and δ can be taken arbitrary small, we obtain

lim
N0→∞

E
{���̂rφ(X) − r(φ(X))

���p1(
X ∈ E2

)}
= 0.

Combining the above three cases completes the proof.

C.5. Proof of Lemma 5875

Note that for any x ∈ X,

fφ,X |D=1(φ(x))
fφ,X |D=0(φ(x))

=
pr(D = 1 | φ(X) = φ(x))pr(D = 0)
pr(D = 0 | φ(X) = φ(x))pr(D = 1)

,

and
fX |D=1(x)
fX |D=0(x)

=
pr(D = 1 | X = x)pr(D = 0)
pr(D = 0 | X = x)pr(D = 1)

.

This completes the proof.880

References
Abadie, A. & Imbens, G. W. (2012). A martingale representation for matching estimators. Journal of the American

Statistical Association 107, 833–843.
Boucheron, S., Lugosi, G. & Massart, P. (2013). Concentration Inequalities: A Nonasymptotic Theory of Indepen-

dence. Oxford University Press.885

Li, Q. & Racine, J. S. (2023). Nonparametric Econometrics: Theory and Practice. Princeton University Press.
Lin, Z., Ding, P. & Han, F. (2023). Estimation based on nearest neighbor matching: from density ratio to average

treatment effect. Econometrica 91, 2187–2217.
Lin, Z. & Han, F. (2022). On regression-adjusted imputation estimators of the average treatment effect. arXiv preprint

arXiv:2212.05424 .890

Tropp, J. A. (2012). User-friendly tail bounds for sums of random matrices. Foundations of Computational Mathe-
matics 12, 389–434.

[Received on X X X XXX. Editorial decision on X X X XXX]


