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A. GENERALIZED FRAMEWORK
A.l.  Setup
This section extends Rosenbaum’s rank standardization idea to a more general setting, and establishes

general theory that will cover Theorem 1 as a special case. More specifically, for w = 0, 1, consider the
following general mappings

¢w2X—>X¢CRm,

with X representing the support of X and m not necessarily equal to d. Note that here we allow ¢( and
¢1 to be different. Consider the setting when ¢,, is possibly unknown, and we will approximate it based
on the sample {(X;, D;, ¥;)}I_, leading to a generic estimator ¢,, that may differ with different w. We then
define

Up,r = ¢or(X) and ﬁ(/,,w,i = ¢ (X:) for ie{l,...,n}.

Note that, when setting ¢o = ¢1 = F and ao = (Z 1= I::n, the latter of which stands for the empirical CDF,
we recover the U and l?i’s introduced in Section 2.

Similar to Section 2, let J4(i) represent the index set of M-NN matches of U¢,1—D,~,i in {l7¢’1_D[, it
D; =1-D; }j:] with ties broken in an arbitrary way. In other words, for determining the nearest neighbors,
we are going to measure the similarity based on the Euclidean distance between transformed data points
with the transformation function probably also having to be learned from the same data. Additionally, let
Hg, (1) be a mapping from X, to R that estimates the conditional means of the outcomes

HowW) = EXY | Up o =u,D = w).

The general ¢-transformation based bias-corrected matching estimator is then defined to be

n

IR -
= (¥,i(1) = Yy,:(0)),
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where
-~ Y, if D; = w,
Y¢’i(a)) = i e —~ e —~ A ! _ .
3 2y Tu(i) Y + tp0(Upwi) = Bpw(Upwj) ifDi=1-w

It follows that T generalizes T in (1).

A.2. General Theory

In order to analyze Ty, we introduce some additional notation and assumptions that are in parallel to
those made in Section 3. Let the residuals from fitting the outcome models be

I/éc/),i = Yl - ﬁ(ﬁsDi(ﬁQS,Di»i)’ i€ {1, RN n},
and the estimator based on the outcome models be
n
TE=n! Z (Fg,1(Ug,1.0) = Hp.0(Ug,0.0))-
i=1

Finally, let K (i) be the number of matched times for the unit i according to the distances between ﬁ@ D.i S
ie.,

n

Kod= > i€ ().

j=1,D;j=1-D;

The first lemma corresponds to a generalization of the AIPW representation of the bias-corrected
rank-based estimator given in (2) in Section 3.

Lemma 1. It holds true that

. 1< K¢(i) ~
_ zteg _ . .
T =Ty + . ;(21)1 1)(1 + i )R¢,1.

The first two assumptions in this section parallel Assumptions 1 and 2.

Assumption 1. (i) For almost all x € X, D is independent of (Y(0), Y(1)) conditional on X = x, and
there exists some constant ¢ > O suchthatc <pr(D=1|X =x) <1 -c.

(i) {(Xi, D, Y;)}L, are i.i.d. following the joint distribution of (X, D,Y).

(iii) E{(Y(w) — y¢,w(U¢,w))2 | Ug,» = u} is uniformly bounded for almost all u € X4 and w = 0, 1.

(iv) E(ué,w(U@w)) is bounded for w = 0, 1.

Assumption 2. (i) There exists a deterministic, possibly changing with n, function fig .,(-) : R — R
suchthat E (ﬁéyw(Uq),w)) is uniformly bounded and the estimator i1 ., (x) satisfies || g, — fg,wlleo =
op(l)forw=0,1.

(i) max;e(1,...n) lig,w(Upw,i) = fg,0Uspw,i)| = op(l) forw =0, 1.

The next assumption regulates the transformation ¢,,; cf. Lin et al. (2023, Section B) and Lin & Han
(2022, Assumption 3.3(ii)). From a high level perspective, it roughly states that M "Kq,(i) should be a
consistent density ratio estimator. A detailed discussion of this assumption is given in Section A.3 ahead.

Assumption 3. The number of matched times satisfies

. Kg(1) 1 —e(X)) e(X1) \\2_
,}EISOE{ M _(D‘ (X)) +(1_D1)1—6(X1))} =0

where, for any x € X, e(x) = pr(D = 1 | X = x) is the propensity score.
The next three assumptions correspond to Assumptions 4 through 6 in Section 3.

Assumption 4. (i) The estimator iy, ,(x) satisfies ||fig,c0 — Mo, llo = 0p(1) for w = 0, 1.
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(i) maxieqr,...n} 1.0 Upwi) = tg.wUpwi)l = op(1) for w = 0, 1.
(iii) EX(w) | X = x) = g, (¢ (x)) for almost all x € X and w = 0, 1.

Assumption 5. (i) E{Y(w) - ,t1¢,>,w(U¢,w))2 | Up,» = u} is uniformly bounded away from zero for
almost all u € Xy and w =0, 1.

(ii) There exists a constant ¢ > 0 such that E(|Y (w) — ,u¢,w(U¢,,w)|2+c | Ug,» = u)is uniformly bounded
for almost all u € X and w = 0, 1.

(i) MaXyeA oy (mopiyer 10" oo llo is bounded.

(iv) E¥(w) | X = x) = g, (¢e(x)) for almost all x € X and w = 0, 1.

(v) The density of ¢.,(X) is continuous over its support for w = 0, 1.

Assumption 6. For w = 0, 1, the estimator i, (x) satisfies

max 10" Hg,wlle = Op(1)

1€ Amax{|m/2),1}+1

and

max 10" g — 0" el = Op(n7¥¢) forall € € {1,...,max{|m/2],1}},
teNy

with some constants yp, > max{1/2 — £/m,0} for £ = 1,2, ..., max{|m/2], 1}.

The next assumption poses a Donsker-type condition on the approximation accuracy of the estimated
transformation ¢, towards ¢,,. This assumption is usually needed when one wishes to avoid using sample
splitting.

Assumption 7. For w = 0, 1, the estimator @, satisfies

lim lim sup pr(n” : sup (P = o) (%) = (B = Be) W = 6) =0.
6-0 nooo %y €X, [$0(¥) -0 )] <6

We are now ready to present the following theorem, which is a generalization to Theorem 1.

THEOREM | (GENERALIZED MAIN THEOREM). (i) (Double robustness of Tg) If either Assumptions I,
2, 3 hold, or Assumptions 1 and 4 hold, then

Ty — T converges in probability to 0.

(ii) (Semiparametric efficiency of Ty) Assume the distribution of (X, D,Y) satisfies Assumptions 1, 3, 5,
6, 7. Define

m

13 [ L CR O b
2 max{|m/2],1} + 11 ce{1,...max{|m/2],1}} 2T

Y = max {
recalling that y¢’s were introduced in Assumption 6. Then, if M — oo and M [n¥ — 0 as n — oo,
we have
nl/z(?¢ — T) converges in distribution to N(0, o).

(iii) If in addition Assumption 4 holds, then 5’5 converges in probability to o2, where

~2
¢

n R . . . K¢(l) e = 2
Z {ﬂ¢,l(U¢,l,i) — Hp0Ugp0,:) + (2D; - 1)(1 + T)Rm - qu} .
i=1

S| =

A.3. Discussion on High-Level Assumption

It remains to decipher the high-level condition in Assumption 3. To this end, we first give additional
regularizations about the population-transformed data.

Assumption 8. (i) The diameter of X and the surface area of Xy are bounded.
(ii) The density of ¢.,(X) is continuous over its support for w = 0, 1.
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4 CattaNEO, M.D., HAN, F. AND LIN, Z.
(iii) pr(D = 1| ¢p(X) = ¢po(x)) =pr(D =1 | X = x) for almost all x € X and w = 0, 1.

Next, we give two different type of conditions for the estimator b 10 approximate ¢, so that Assump-
s tion 3 can hold.

Assumption 9. Forw =0, 1,

. n\? Iy 2d
tim E{(57)" supl1go i1, 02) - dul®) = 0,
n—oo M X1,X2 eX

where ¢.,(-; x1, x) is the estimator constructed by inserting two more new points, x| and xy, into the group
with D = 1 — w for some xq, x; € X.

Assumption 10. For w = 0, 1, we assume that for any fixed € > 0, there exists a function T¢(u) such that,
w0 forany d > 0,

prlsupo™ supsup (@) — 0)(s) ~ Bl — )0l > €) < Telu
Szu [l ($) =P (D) <6 x1,x2€X

and, for any k € {1,...,2},

n—oo

n\k [
lim (— / T (W ™ydu = 0
(M) 0 €

and
n\2 —~
Jim () pr(l160 ~ ulle > €) = 0.
THEOREM 2. Assume that Assumption 8 holds, M logn/n — 0 and M — o as n — oo, If either As-
s sumption 9 or Assumption 10 holds, then Assumption 3 holds.

B. Proors or MAIN RESULTS
B.1.  Proof of Theorem 1
We take ¢y = ¢ = F and 50 = 51 = fn, where I::n stands for the empirical CDF. Note that F is a bijective
function. Then Assumption 1 implies Assumption 1. To show that Assumption 2 and Assumption 4 imply
1o Assumption 2 and Assumption 4, respectively, it remains to show
max (U)oU) = op() or max  1a(T) = pa (U] = op(D).
Note that [0, l]dA is compact. Then the continuity of u, implies uniform continuity. Then
max;eq1,..n} [Ho(Ui) = tw(U;)| = op(1) is directly from max;cq1,.._»} [|U; = Ui|| = op(1). The same holds
for fi,,.
To verify Assumption 3, we use Theorem 2. Assumption 8 holds by Assumption 3 and the bijection of
us  F. We verify Assumption 9 when d > 2 and Assumption 10 when d = 1.
PartI. d > 2.
Note that

sup [|1Fu(ix1,x2) = FIRY s sup ||Fu(5x1, x0) = Full24 + | Fy = FIIZ,
xp,x€X x1,x2€X

where < means “asymptotically small than”.
120 By the definition of F},(-; x1, xp) and F,,, for any xi, x, € X,

|1 Fn (-5 x1, 22) — Flloo

<d"? max max
ke{l,...d} xeR

‘ 1

n 1 n
— ( D UKok €0+ 1w < 0) + L < x)) — = X < x)’
n n
i=1 i=1
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2 n
— g\ ‘ (]1 <x)+1(x; < )_ LX< )
kE?ll,?.)id}Tgﬁ n+2 (o1 <x)+1(x2 < %) i’l(n+2)iZ:1: (o= )
44d'/?
< .
n+2
We then have .
2 e —
tim E{()" sup 1F (i3 - B2} =0,
n—eo M xl,X2€X
Note that
1B~ FIY < LS 1064 < 0 - i <0
n— o S max max|— ik < XxX)—pr <x
kel,...d} xeR In & k Pk
d n
1 2d
< — < _ < )
< D max 710Kk < )= pr( 5 )
By the Dvoretzky—Kiefer—Wolfowitz inequality, we have -

E(IF, - FlIZ) s n?.

By d > 2 and M — oo, we have

lim E{(%)znﬁn - F||3,,d} - 0.

n—oo

The proof is now complete.
PartIl. d = 1. 135
Note that for any s,¢ € R, by Part I,

8dl/2
n+2

sup |(Fals31,52) = F)(s) = (B x1,32) = F)0)| <~ + |(Fo = F)s) = (B = 0|

xp,x€X

For any € > 0, we can take n sufficiently large such that 84'/?/(n + 2) < €, and then

pr( sup 67! sup sup ’(I::n(g x1,x2) — F)(s) - (I::n(-; X1, X2) — F)(t)‘ > 25)

S>u |F(s)-F(t)|<6 x1,x2€X
< pr( sup 67! sup (I?,, - F)(s) - (fn - F)(t)) > e) 140
o>u |F(s)—-F(t)|<6

] n
=pr(sup sup 6*1|;Z]I(S<X,- st)—pr(s<X§t)|>e).
i=1

O2u s<t:pr(s<X<t)<é

Fix u>0 and €. Let T; = 6 'u(l(s < X; <t)—pr(s < X < 1)) for i € {1,...,n}. Then for any i €
{1,...,n}, we have E(T;) = 0, and that |T;| < 1 for 6§ > u.

Note that
n n
sup sup Z E(Tiz) < sup sup Z 6§ 2ulpr(s < X; < t) < un, 145
6zu s<t:pr(s<X<1)<6 771 6zu s<t:pr(s<X<1)<6 771
and
n n
E(sup sup Z Tiz) < E(sup sup 572P1(s < X; < 1)) < un,

6zu s<t:pr(s<X<t)<6 771 6zu s<t:pr(s<X<1)<6 771
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by standard empirical process theory. Then by the concentration inequality for bounded processes
(Boucheron et al., 2013, Theorem 12.2), we have for n sufficiently large,

O2u s<t:pr(s<X<t)<6

1 n
pr( sup sup 5_1|— Z Is<X;<t)—-pr(s <X < t)| > e)
n
i=1

n
=pr( sup sup Tl’ > une)
6zu s<tpr(s<X<1)<6 ' 75
o (- o) <o - )
<exp| ——=—1) = - un).
P Cun + une P C+e

The proof for this part is now complete by taking integral using m = 1 and M — oo.
Lastly, it is easy to see Assumption 5 and Assumption 6 imply Assumption 5 and Assumption 6,
respectively. Assumption 7 is followed by the Donsker’s theorem applied to empirical distribution function.

B.2.  Proof of Theorem 2
Let O = PTP/n. Using ||0~/?|, = /11}1/{

107" 2 px (W)px (W) TO™ 2|l = 107 px W) II* < A Gk

IEQ~" 2 px (Wi)px (W) T O~ pre(Wo)px (W) T O~/ |12
<A K IE@ ™ P pr (Wopx (W) O™ )13 = 2 .
and a standard exponential concentration inequality for random matrices (Tropp, 2012, Section 6),
1071200712 — Ix |l = Op (4?0 x (log(K) /m)'/* + A1 &3 1og(K) /n) = op(1)
because /1;{1 {&K log(K)/n = o(1) by assumption.
Let 0, = f_’:ﬁn/n Then,
107 2BT|)3 = |0~ 2PT PO,
< nll07*(Q - 0)0™ |l +nllQ7 200" 2I,
= Op(nAg'* o x (log(K)/m)'/? + n),
and therefore
10720, — 0)O I
=G VA(BT By — PTEYO™?|la/n
<NQ™VA(Py = PYT(Py = PYO ' Plla/n + 2107 2P (P, — YO |2 /n
<Ny = PYO 213 /n + 20107 2P | N|(Py = PYO ™ 1a/n
=0p(By + A {0,k (log(K)/n)'*B)/* + B)/?) = op(1),

because Ax' {3 log(K)/n = o(1) and B, = op(1) by assumption.
Putting the two results together,

1G7120,07 = Il < 107200 = 00|12 + 1107007 ~ Il
= 0p(B, + 1/t ke (log(K) /) '12) = 0p(1),
given the rate restrictions imposed in the theorem.

Let 1,, = 1(Amin(0~1/20,071/2) > 1/2). Then, lim,_,eo pr(L, = 1) = 1. Letting e = ¥ — ¥,

Lk - v % = 1, / (P () B — prc () B V2dFy ()
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= 1(Bx — Bx) " E(px W)px (W) ") (Bx — Bx) = 1110 *(Bx — Br)II*
< 21,110"20; Bl e/nll* + 21,10"* 0, PT(¥ - i)/l
For the first term, we have
1,110"2@,' Py e/n||* = Op(K /n)
because
11020, B e/n|l* < 1110205 1310, By e/nll> = Op()1,110;, > P e /nll?,

. = ~—1/2 = ~_ 1A
using 1,,[|0'20, 2| = 1,10"20;' 02|, = Op(1), and

E(I0,

We can bound the second term in different ways, depending on the approximation errors considered.

The first two bounds rely on vanishing approximation errors (éx — 0 or ¥ x — 0), and thus (implicitly)
require K — oo in general:

V2B e/nl?|F) = (05 P PYE(s™ |F0) P01 0 = Op(K /).

1,020, PY(¥ — P.fi) nl|?

<1100, T /n' PRI — Prr)/n' 2|

<Op(D)|¥ - P, Bk |I*/n

=Op(min{B, + &g . Ry + 95 ¢ }).
because ]ln||é1/2Q~;11_’),T/n1/2||§ = ]IHIIQI/ZQZIQI/ZHZ = Op(1), and because the term |¥ — P, Sk ||>/n can
be bounded in two different ways:

19 = Pupic|I*/n < 20% = 12/ + 20 = Pufic|I* /1 = Op(Ro + 95 ),
or
I — Pl /n < 2% = BB |1 /n +20|(P = P)Bk*/n

< Op(E}) + 2||(P = PO PIBIEQ ™ *pre W)y (W))I1* /n

= Op(B, + &2),
because  [|E(Q™!2px (Wi)w (W) = B 0Bk = E{(x(Wi)"Bk)*} = E(x(Wi)*) < EQ(Wi)*) = O(1).
Therefore, [|(P — P,)Bk [|*/n = Op(By).

Next, for other possible bounds that do not require vanishing approximation errors (g > éx /4 0),
even when possibly K — oo, notice that

1,110"20, PY (¥ = P x)/nl)*
<1,[10'20;,' 0" PIRIIQ 2 BT (¥ — P
<Op(IG™V2(P — P)T (¥ — P
+Op(DIIQ™"2PT(P, - P)B|* I
+0p(D[|0™2PT (¥ — Ppx)|1* n?,
where each of the three terms are bounded as follows. For the first term,
107 (P, = BYT(¥ = PP/
<NQ'2(Py = PYTIZNY - Pupi|*/n?
=0p(B,)Op(min{B,, + &g , Ry + 9§ ¢ }),
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using the calcultions above. For the second term,
1G> PT (P, - P)BiI/n*

<lO™ PP IG NP, — PP /n®

=0p(A' "tk (log(K)/m)'* + 1)Op(By.),
also using the calculations above. Finally, for the third and the last term,

1G> PT(¥ - PBx)II” /n* = Op(min{ A & x &5 K9G }/n)

because, by the orthogonality of the L? projection,

E{|I07'2PT(¥ — PBx)II*} /n?

=%E{( 2”1 O~ 2 pr (W) (W;) — lﬂK(Wi)))T( z”: O~ 2 pr (W) (W (W;) — l/fK(Wi)))}
in1 i=1

1 =
= E(pc (W) ™0™ pre (W (W) =y (W)?).
The final result in the theorem follows because lim,,—,., pr(1, = 1) = 1.

B.3.  Proof of Lemma 1
For any u € RK with ||lu|| = 1, by the orthonormality of the basis functions, we have

=l = [ (Y et e

k=1
Note that
T T T u 2
Ain (EreW0pk W)Y = _min T EGr(Wopx W)= _min E{( Y upix (W) |
u Hu= u Hull= k:l

K

- MGRLn'iHI;”f] / (Z ”kpkK(W))sz(W)dw,
o k

=1
and since E(px(W)px(W1)T) is positive semidefinite,

K 2
IE(pk W)pxk(Wi) D)l = max /(Z“kPkK(W)) Sfw(w)dw.

K yll=
ueRX:fjul|=1 =1

If fw is bounded away from zero over the support of W, then for any u € RX with |ju|| = 1,

K 5 K )
/ (Z ukPkK(W)) Sw(w)dw > c/ (Z ukpkK(w)) dw = ¢,

k=1 k=1
for some constants ¢ > 0. If fyy is bounded over the support of W, then

K

K 5 )
/ (Z ukPkK(W)) Sww)dw < C/ (Z ukpkk(w)) dw =C,

k=1 k=1
for some constants C > 0.
More generally, for any ¢ > 0,

K K

/ (Z MkpkK(W))sz(W)dW > / (Z ukpkK(W))sz(W)]l(fW(W) > 1)dw

k=1 k=1
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s ¢ [ (D eer0) 1) = 00
k=1
K 2
=t{1—/(zukpk,<(w)) 10 < fiw(w) <t)dw}.

k=1
By the Cauchy-Schwarz inequality, for all sufficiently small # > 0,

245
K

J (3 mex0) 10 < o < i = [ (35 c09)110 < ) < xw
k=1

k=1
< g&K/n(o < fw(w) < )dw < CLG 1.

Take 1 =c"{, i/p for some sufficiently small ¢’ > 0 such that C{g k< 1/2. We then obtain
Amin(E(pxk W1)px (W1)T)) > c’§&?</p/2, as desired.

B.4.  Proof of Proposition 1

For Part (i), W follows the distribution of the Gaussian copula from the multivariate normal distribution
with correlation matrix X, and thus the Lebesgue density of W is

250

_ 1 1 -1 -1 -1 -1 -1 T
Jww) = (detn) 12 exp ( - E(CD Wi, @ (Wa)ET = L)@ (W), ..., @ (wa)) ),
where ®~!(-) is the inverse cumulative distribution function of a standard normal. Then,

{w:0<fw(w)<t}

255

:{W S@7 ), 0T wa)ET = L)@ (1), @7 (wa)T > 210g (W)}
C{W @ o)L DT )P > Amax (1 = 1) log (t(detZ)l/z)}
d ) 1
(v )2
- kL:Jl {W F dAmax(Z7" = 1) log (t(detE)l/Z)}

(=~

h {W Wk (D({dﬂmax(zz—l ~ 1) log(t(detlE)”z)}l/z)}'
For any k € {1,. .., d}, by the Chernoff bound,
Leb({w Dwg > (D([d/lmax(f.z‘l ~ 1) log (t(detlz)l/z)]l/z)})

=1- (D({d/lmax(zz—l ~ 1) log (t(detlz)‘/z)} 1/2)

Sexp{—

1l
—_

260

D E1 — 1) 2 \1(det2)1 2
1
=(¢(detz)1/2) T

Then, we have 265

Leb({w : 0 < fix(w) < 1}) < d(r(detZ)m) max 1)

as desired.
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B.5.  Proof of Lemma 1
By simple algebra, we have

%=L 3 (Fa) ~Tat)

i=1

1
= D; (Y- - — Z ; +ﬂ¢0(U¢0z) #¢0(U¢01)))
i=1 /65/?»(1)

1 . .
o (l—Di)(M Z ()ﬁ'+,U¢,1(U¢,1,i)—,U¢,1(U¢,1,j))—Yi)

i=1 JE€Te (i)
1 - (= _ . 1 _
= Z (R¢,i + Hpa(Up.1i) = Hpo(Up0.i) = 7 ' Z R¢,j)
i=1,D;=1 J€Jp (@)
1 < 1 ~ - _ _
+o (M Z Ryj = Ry,i + g, 1(Up,1,0) — ﬁ«p,o(Ucp,o,i))
i=1,D;=0 " jeT (i)
1 v 1 S Ky(i)\ ~ < Ky(i)\ ~
== (M (U 1,i) — He, 0(U¢01)) { Z (1 + =2 )R¢,i - (1 + =2 )R¢,i}-
n 4 nt, M ) M
i=1 i=1,D;=1 i=1,D;=0

This completes the proof.

B.6.  Proof of Theorem 1(i)
Part 1. Suppose the propensity score model is correct, i.e., Assumption 2 and 3 hold. For any i €
{L,...,n},1et Ry ; = Y; — iy p,(Up,p,,;)- By Lemma I,

g4 - Z(2D 1)( K¢(l))R¢l

[—
3

v o~ _
= - (#¢ 1(Ug,1.0) = fig,1(Ug,1 l)) - Z (,U¢,0(U¢,0,i) - H¢,0(U¢,o,i))
i=1 i=1

+ % an Dl( ¢(l))(ﬂ¢,1(U¢,l,i) - ﬁ(,,,l(f](,,,l,i)) - Zn:(l _ D,-)(l . Kj:f)) (/1¢,0(U¢,o,i) _ /7¢,o(l7¢,o,i))}
S 0 (i) ]

Dl( Kj\)/Il e(;()) Z(l D; )( j:,,l ﬁ(Xi))RW}
( (X)),U¢ 1(Up,1,0) — Z:; ( %(X"i))ﬁ(,),o(utﬁ,o,i)}

D; 1-D;
e(Xz)Y ; 1 —e(Xi)Yi)' (1)

For each pair of terms, we only establish the first half part under treatment, and the second half under
control can be established in the same way.
For the first term in (1), by Assumption 2,

=

%Zn:( lp1(Up1.i) — /1¢1(U¢1z))‘ |}11an(ﬁ¢,1(l7¢,1,i)—ﬁ¢,1(l7¢,1,i))|+E (¢1(U¢11) H¢1(U¢1z))|
1

i=1 i= i=1

< W= il +_max (g (D) = fipa(Ug,1.0)] = op(1).
i yeesl
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Then

&N o~ B
- Z (ﬂ¢,1(U¢,1,i) - #¢,1(U¢,1,i)) = op(1). (2)
o1

For the second term in (1), by Assumption 2,

| ZD( ¢())(M¢1(U¢1z) ﬂ¢1(U¢1l))|

_ = 1 < Ky(i)
< max |/1¢,1(U¢,1,i)_/J¢,1(U¢,1,i)‘ : ;ZDi(] + ¢7) =  max
i1

295

ie{l,...n} max
< i1 = i lleo + ie?ll,.a.)fn} ‘/j¢,1((7¢,1,i) — fig1(Ug1,0)| = op(1).
We then have
_ZD ( ¢())(H¢1(U¢11) ,u¢1(U¢ll)) = op(1). 3)

For the third term in (1), by the Cauchy-Schwarz inequality,

N (i) _
‘%ZD"(”KLI ‘%)Rm’

i 2ol 50 ) G )

Note that by Assumptions 1 and 2,

E(% Zn: DiRS,) = E(DiR,) = E{Di () - ﬁ¢’1(U¢’L1))2}
i=1

SZE{D1 (012(U¢,1,1) + (g, 1(Ug,1,1) — ﬁ¢,1(U¢,1,1))2)} <o

where o 2(u) = E{(Y(1) — pp,1(w))? | Ug,1 = u} for u € Xy. We then obtain by Assumption 3 and the ss
Markov inequality that

1< Ke() 1 \5
;;Di(1+ - —e(Xi))R¢,i_0p(1). (4)

For the fourth term in (1), notice that fig 1(Ug,1,;) is a function of X;. Then by the definition of the
propensity score and Assumption 1,

{1~ g e o) =0 E{(1 - 255 Vs < o
By the i.i.d of [(X;, D;)]", and the weak law of large numbers, we have 310
= Z ( o(X; )),U¢ 1(Ug,1,i) = op(1). &)

For the fifth term in (1), notice that E[|Y[] is bounded from Assumption 1 and [(X;, D;, ;)] are i.i.d..
Using the weak law of large numbers yields

1( Zn: e(DX 5 Z T b eg( ) ) converges in probability to E(Y (1) - Y(O)) (6)
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Plugging (2), (3), (4), (5) into (1) completes the proof.
Part II. Suppose the outcome model is correct, i.e., Assumption 4 holds. Using the representation (2),

=T 1Z(zD -1+ L(’))Rm

i=1

- % Z (o1 1.0 = b0 W10 = % 2 (76.0@6.0.) = t0.0(Ug0)

+ %{ZDi(l + Kjf))(w,l(w,l,i) = o1 Tp10)) - Z(l -1+ ufiC ))(MO(UW oo |
SILIEE SRRV SR

e 13 (b W) = 0V @

For the first term in (7), in the same way as (2),
1 v .
- Z; (ﬁ¢,1(U¢,1,i) - ﬂ¢,1(U¢,1,i)) = op(1). (8)
For the second term in (7), in the same way as (3),
(i)
= ZD ( Kol )(ﬂ¢ 1(Ug,1,0) = Fig,1(Up,1 z)) = op(1). )

For the third term in (7), noticing that [K(i)]"_, is a function of {(X;, D;)}!" |, by Assumption 1 and
Assumption 4, we can obtain for any i € {1,...,n},

Kjl(l))(yl _ ﬂzp,l(Ud),lJ)) | {(X;, Di)}?:l}

E{D(1+

=Di(] + %w)(E(K | Xi, D; = 1)—,U¢,1(U¢,Li))

2,1+ X80 (£ 1) | %) - s U1.0) = 0

and

fls 31+ S0 - s < £ 3301+ S

< lloillo = O(D).

Accordingly, by the martingale convergence theorem in the same way as Abadie & Imbens (2012), we
obtain

= ZD ( Ko )>(Y He,1(Ug1 z)) = op(1). (10)

For the fourth term in (7), notice that E { x> s WUsg.)} is bounded for w = 0, 1. Using the weak law of
large number, we obtain

] n
- Z (u¢,1(U¢,1,,~) - y¢,0(U¢,o,,<)) converges in probability to E(m(Xl) - /J()(Xl)) =T. €8))]
i=1

Plugging (8), (9), (10), (11) into (7) completes the proof.

340



On Rosenbaum’s Rank-based Matching Estimator 13

B.7.  Proof of Theorem 1(ii)
We decompose Ty as

—~ I 1 2 ¢(l)
— 7 E -
Tp =T, + i_l(ZDl 1)(1 )R¢l

= %Zn: (#¢,1(U¢,l,i) - /~l¢,0(U¢,o,i)) Z(ZD - 1)( Kol ))(Y Ho,D; (Us. D, l))

i=1

+ - Z(ZD —1)(#¢1D(U¢1D )_M Z H¢1D(U¢1D,1))

JEIp (D)

I ~ _ I ~ _
- Z;(ZDi - 1)(/J¢,1—D,«(U¢,1—D,«,i) % Z ﬂ¢,1—Di(U¢,1—Di,j))

J€Tp (@)
=7y + E, + B, —En.

In the same way as Lemmas A.l1 and A.2 in Lin & Han (2022), we have the following central limit
theorem on 7y + Ej,.

LemMA 2. Under Assumptions 1, 3, 5,
n'?g! (Ty + En — 7) converges in distribution to N(0O, 1).
For the bias term By, — EM, in light of the smoothness conditions on y,, and approximation conditions
on i, for w = 0, 1, one can establish the following lemma.

LemmMma 3. Under Assumptions 1, 3, 5, 6, 7,
n'*(B, - En) converges in probability to 0.

Combining Lemma 2 and Lemma 3 completes the proof.
The consistency of the variance estimator can be established in a similar way as the proof of Theorem
4.1 in Lin et al. (2023).

B.8. Proof of Theorem 2

Similar to Lin et al. (2023), we first consider a two-sample density ratio estimation problem.

With an abuse of notation, restricted to this section let’s consider two general random vectors X, Z in R4
that are defined on the same probability space. Let X, Z < R¢ be the supports of X and Z respectively with
Z c X.Consider a general function ¢ : X — R™. Let vy and v, represent the probability measures of ¢(X)
and ¢(Z), respectively. Assume v and v; are absolutely continuous with respect to the Lebesgue measure
A on R equipped with the Euclidean norm ||-||; denote the corresponding densities (Radon-Nikodym
derivatives) by fp and fi. Assume further that v; is absolutely continuous with respect to v and write the
corresponding density ratio, fi/ fo, as r; set 0/0 = 0 by default.

Assume X, ..., Xy, are Ny independent copies of X, Zy, ..., Zy, are N; independent copies of Z, and
[X; ]NO and [Z; ] ' are mutually independent. We aim to estimate the density ratio r(¢(x)) for any x € X
based on {Xj, .. XNO, Zi, ..., 2Zn,}

For any x € X , we consider a general estimator n estimating ¢, which may depend on

{Xl, .. .,XNO, Z], .. .,ZNI} and x.
Define the catchment area of x:

Ag(x) = Ag (x, {X: 30, 9)

[z € 21800 - )l < Bu ()}, (12)
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where E)M(z) is the M-th order statistics of {||¢(X;) — $(z)||}i1\i % » and the number of matched times of x:

N

Ko(x) = Ko (e XV (23 = ) ]1(Zj c A¢(x)). (13)
iz

Then the density ratio estimator is defined as:

_ Mo Ko

Fo(x) =T (2 AX} 1. {Z)])) = N M o

For any positive integer p, let @zl,..., Z,)— be the estimator replacing (Zy, ..., Z,) by z for z € ZP. We
consider the following two assumptions, which are analogies of Assumption 9 and Assumption 10 in the
two-sample problem.

Assumption 11.

. No\P ~ d
tim E{(77)" sup 16z....2- ~ 9I15"} = 0.

N()—N)O ZGZP

Assumption 12. For any € > 0and ¢ > 0,

pr( sup 67 swp w2~ 6 ~ Bz~ DO > €) < Telw)
SeR:S>u s,1€X:||p(s)—p(1)|| <6 zeZP

for Te(u) satisfying for any k € {1,...,p},
k (o]
lim (&) / KT ™) du = 0,
0

No—oo \ M

and

N() p -
im_(5) pr{1 = 0lle > ¢) 0.
aim {7 P ¢ —dllo > €) =0
The following theorem considers the asymptotic LP moments of 7.

THEOREM 3 (AsYMPTOTIC LP MOMENTS OF 7). Let p be any positive integer. Assume Assumption 11 or
12 holds for p. Assume M log Ny/Ny — 0, MN{ /Ny — co and M — oo as Ny — oo. We then have

Jim_ E(@0)'} = (@)
holds for all x € X such that fy(¢(x)) > 0 and fy, fi are continuous at ¢(x).

The proof of Theorem 3 will use the following lemma.

LemwMma 4. Under the same conditions of Theorem 3, we have

Jim_ (%)ppr<z], Zye A¢(x)) = (H(B(x)}P.

holds for all x € X such that fo(¢(x)) > 0 and fy, fi are continuous at ¢(x).
As a direct result of Theorem 3, we can establish the pointwise consistency of the estimator 7.

CoroLLARY | (POINTWISE CONSISTENCY). Under the same conditions as Theorem 3, if p is even, we
have

Jim E{[Fo() = r(#(e)I7} = 0
holds for all x € X such that fo(¢(x)) > 0 and fy, fi are continuous at ¢(x).

The pointwise consistency of 74 can then be generalized to global consistency under the following
assumptions on X.
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Assumption 13. (i) X is compact and the surface areas of X and Z are bounded.

(ii) r is bounded over X.

(iii) fp is continuous over X and fj is continuous over Z.

THEOREM 4 (GLOBAL CONSISTENCY). Under the same conditions of Theorem 3 and Assumption 13, if p
is even, we have

N{)iLnOOE{|?¢(X) - r(¢(X)IP} = 0.

Now back to the causal setting, the density ratio r(¢(x)) is not necessarily equal to the density ratio we
are interested in. We consider a lemma showing the equivalence of the two density ratios under additional
assumptions.

LemMA 5. Let fx|p=1 and fx|p=o be the density of X | D = 1 and X | D = 0, respectively. Let f4 x|p-1
and fg x|p=0 be the density of $(X) | D = 1 and ¢(X) | D = 0. Then for any x € X such that pr(D =1 |
d(X) = ¢(x)) =pr(D = 1| X = x), we have

Jo.xip=1(¢(x)) _ fx|p=1(x)
Joxip=0(#(x))  fxip=0(x)’

Note that
Helt o o0 AR
el (5 - oo I,Dnﬂu(w)}

+E[E{(K‘Z§”— o) [y =ofe(o = o))

We consider the second term for example. Conditional on {D;}" |,
samples from X | D = 0and X | D = 1, respectively. Note that

Ky(1)  e(X)) Ny No Kg(1) Ny e(X))
E{( M _l—e(Xl)) ){D}t L } (NO)E{(
By the strong law of large number, we have (Ny/N;) — pr(D = 0)/pr(D = 1) with probability one. Note
that

[X;]i:p;=0 and [X;]i.p,=1 are two

pr(D =0) e(X)) _ fxip=1(x)
pr(D =1)1-e(X1)  fxip=o(x)

To apply Theorem 4 and Lemma 5, the last thing is to compare the definition of K (1) with K4(x). Note
that if we define

Ny
Ay = {2 € Z: 1180 - )l < Du @), Kyx)= D 1(7 € Ap),

j=1
as long as the ties are broken in arbitrary way, we can check that K (;(X]) < Ky(1) < Ky(Xq). Note that all
the previous results for K4(x) are also hold for K (;(x). Then the proof is complete.

C. Proors or AUXILIARY RESULTS
C.1.  Proof of Lemma 3
Note that for any i € {1,...,n} and w = 0, 1,

16,0 (Ug,0.i) = tp,0(Ug,0.7) = .U o,i) + Hepo(Ugp 0,

N M _ﬁll—e(xl)) ‘{D}l P }

410

415
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< | ug,0Upw,i) = o0 Up.w.j) = Hpw(Up,w.i) + Hp,w(Up,w,j)l
+ |ﬁ¢,w(U¢,w,i) - /7¢,w(U¢,m,j) - ﬁ(ﬁ,w(Utp,w,i) + /7¢,w(U¢,a),j)|~

We can also decompose it in another way:

|tp,0(Ug,0.i) = Hp,00(Ug,0,) = Hpoo(Ugpo,i) + Hpo(Ugp 0, )]
Slpg,wUpw,i) = Ho,0Upw,j) = o0 (Upw.i) + Ho,w(Upw, )l
+ g0 (Upw,i) = Moo Upw,j) = Hp,w(Up,w,i) + Ho,w(Ugp,w )l

We consider the proof under (1), and the proof under the second decomposition is similar.
For the first term in (1), by Taylor expansion to k-th order with k = max{|m/2],1} + 1,

:ut/)w(UcpwJ) ,ut/)w(Ucpwt) ZZ 6ﬂ¢w(U¢wt)(U¢wJ U¢>w1)t

=1 IEA[

1
< ‘ 2 : I o ik
S ;2%’:”6 ,U¢,w”oo P ||U¢,w,j Ud),w,z” .

In the same way,

‘We also have

teAy

,U¢ m(U¢w1) ,u¢ w(U¢w1) Z Z 6 Mo, a)(Ud)au)(Utﬁa)] - Uqﬁa)l)t

=1 tEA[

1
t~ — L ik
< ;relif”a ,ut/),wlloo § P ”Ut/),w,j U¢>,w,1” .

k‘

<

”?

S

teA

- 1

(a Mo, w(Uq)wt) -9 Ho, w(Uduu t))(U¢wj - U, l)

1 IEA(?
-1

For the second term in (1), by Taylor expansion,

a9 g Upni) = 0" o (Up o) Z MUsj = Upanill”
1

tEA[

1,0 (Ug,0,i) = Hp,0(Ug,0.) = Hepoo(Upco,i) + Hepoo(Usp o,

= |5ﬁ¢,w(ﬁj)T(ﬁ¢,w,j - Upw,j)— 3ﬁ¢,w(ﬁi)T(l7¢,w,i -
< (0, (i) = O, ()T (Ui —

Uq&,w,i)'

ey

Ug,e,)| + 1004,0(0) (Up,wr,j — Up i = Up,,j + Up i)
< ?g\x||3t/7¢,w||oo||ﬁj = 4illlUpw,i = Upw,ill + 101g,wllolUsp,c0,j = Ui = Up,w,j + Up,ew,ills
2

where ii; is between Uy, ; and 17¢,,w,,~, and #; is between Uy, ; and l7¢,w,j. Since ||17¢,w’,< —Ugpw,ill <

6w = bolloo and [l — il < [|Up,w.j =

U¢,w,i|| + ”¢w

— ¢ ||, We have

|lp.0Upw.i) = HpoUpwj) = Hp0Us.w,i) + UpwUpw,))
< max||0" fig, o lloo (| — SeollZ + Il b
teN,

— bollollUs.w., =

Since we have | J3(i)| = M forany i € {1,...,n}, then

B, — Byl

Up,w,ill) + 10,0 llollUpw,j = Upw,i =

Up.w.j + Upw,ill-

<—Z Z ’/1¢1D(U¢1Dl) He,1-D; (U, 1-Dy,j) — ﬂ¢1D(U¢lDz)+ﬂ¢lD(U¢1D,1)

i=1

JEJ¢(1)
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1 v _ ~ _ ~
< - Z _max ‘ﬂ¢,1—Di(U¢,l—D,¢,i) — U, 1-D;(Up,1-D,.j) = He,1-D; (Ug,1-D,.i1) + ,uqb,l—D,-(UqS,l—D,-,j)‘
n = jeJds )

] n
< max (maxll9' oo oo+ max ' gl ) 2., max 1Wa-n. - Up1-p,ill*)

we{0,1} \teAy 1 J€Tp (@)

k-1 1 n
+ = max||0" g 1-p, Up1-p..i) — 0" up.1-p. (Us1-D. i maxU_.-—U_.-f)

Z;(n;ze/\f” Hg,1-D;(Up,1-D;.i) Mg, 1-D; (Ug,1 D,,z)||j€j¢(i)|| o 1-Dij — Up1-pyill 450
b max X0 Bl {150 = B0l + 180~ dull Z mas 1Us.1-,; = Us.i-,ll |

we{0,1} ¢

1 n
+ m{ax ||3,U¢w||oo( TI}?’(‘)HUM p1j = Up1-psi = Upr-p,.j + Ug1- D,t”) 2
ol

Foranyi € {1,...,n}, letjq)(i) be the index set of M-NNs of Uy, 1_p,,; in {Ug 1-p,j : Dj =1- Di};‘zl
with ties broken in arbitrary way. Then

max ||Ug, 1-p;,j — Ugp,1-p,,ill £ max ||U¢1 D,j—U¢1 poill + 2é1-D; = ¢1-D; lloo 485
Jj€Is (i) J€J (i)
< max |Ugp,1-p,.; = Up1-pyill + 2l¢1-D; = ¢1-D; lloo
Jj€Js (i)
< max ||Ug1-p,.; = Ug1-ppill + 4¢1-D; = $1-D; llco-
€T ()

By Li & Racine (2023, Lemma 14.1), as long as the density of Uy, is continuous for w = 0, 1, we have
for any positive integer p,

470

, M\p/m
( Z max |Ug,1-0,,j = Usi-nuall”) < (=) -
16.7(/;(1 8

Then for any positive integer p, by Assumption 7, we have

- max ||Ug 1-p,.; — Ug1-D;.ill”
Z/e%a) $1=Dios = H 1Dt

<= Z ( max 1Ug,1-p,; = Up1puil” + 161, = 1.0, I2)

€T ()
=op<<M/n>P/'" +n7P2). (3)
For any positive integer € € {1, ...,k — 1}, by Assumption 6, we have 475

|f

1 n
= max||8' iy 1-p. (Us1-p. ;) — 0 tig 1-p. (Up.1—p..)|| max |Us1-p. i — Us1-D. ;
. ;ta\[” Hg,1-D; (Up,1-D;.i) He,1-D; (Ug,1 D,,l)||j€J¢(i)|| 6.1-Di.j — Up,1-D.i

1 n
< max max||d'[, Hpw — 0 /.1¢,¢u||00( Z max ||U¢1 pij — U 1-D,ill )

we{0,1} teA, 17 €Jp (i)
= Op(n™" (M [n)"1™ + n~t/%)). )
For any € > 0 and w = 0, 1, we have
480 pr(1 Zn: max ||Upw; = Upwi = Upaj + Upill = n_%e)
1/ €Js (@)
Spr(n”2 sup 1B = 6)(X) = (o = $) ) = €)

X%y EX, (¢ (X)-pu (¥ <6
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+pr[ max max ||U, Up w.i 26),
p(ie{l n}jEJ¢(t ” d,w,j] — ¢,m,l“

which holds for any ¢ > 0.
Taking n — oo and then 6 — 0, by Assumption 7 and M /n — 0, we have

- Z max ||U¢ w,j ﬁ¢,w,i - U¢,w,j + U¢,w,i|| = OP(n_l/z)' (5)
J€J¢(l)

Plugging (3), (4), (5) into (2) and using Assumption 6 yields

|Bn - Enl
k-1

< Op((M/mMI™ 17812 4" Op(n™ (M [m)" ™ 4+ 17012)) + Op((M 1) 1707 2) + 0p(n™' 1),
=1

This completes the proof by the selection of M.

C.2. Proof of Theorem 3

Note that by the multinomial theorem,
Eior = | (B (542w

N M N M ¢
j=1

D
50 Pl PN,

pit:+PN| =P; Pls--PNy 2

YR T
]20 pl’-'-ale

pit*PN|=DP; Pl,-->PN

N

Il
—_—
E
<I®
v

1(7 € ay0)”)

i
<

Zj € Ay(x) : pj > O).

I

=

— |2

EO
<

Then by Lemma 4, we have

No

ll(p, >0) ny .
- (M) pr(7 € g py > 0) = (a5 1

N0—>oo
Note thatfor py, ..., pn, = Owith p; + -+ + pn, = p, the number of terms such that Zjli‘l 1(p; >0) =k
is of order le for any k € {1, ..., p}. Also note that (p| ”pN ) is bounded. Therefore if MN; /Ny — o,
>- PNy
we have

Jim E{F(0)) = Nlp (Nl)(l 7 1){r(¢(x>)}P={r(¢(x)>}P.
This completes the proof.

C.3.  Proof of Lemma 4

We only consider those x € X such that fy(¢(x)) > 0 and ¢(x) is a continuous point of fy and f;. We
seperate the proof into two cases depending on whether fi(¢(x)) is zero.

Part I. We first consider the simple case where p = 1 and Assumption 11 holds for p.

Case I. fi(¢(x)) > 0. Since ¢(x) is a continuous point of fy and fi, for any € € (0, 1), there exists some
& = 0y > 0 such that for any z € X with ||¢(z) — #(x)|| < 38, we have | fo(¢(z)) — fo(d(x))| < €fo(dp(x))
and |f1(¢(2)) — fi(d(x))] < €fi(¢(x)). Denote the closed ball in R™ centered at x with radius ¢ by By s,
and the Lebesgue measure by A. Then for any z € X with [|¢(z) — ¢(x)|| < J, we have

B X 2)—p(x B Z z)—px
0Boior-ow) _ e ul < e gy, [FUBRLI-0wI)

- < N 510
ABy(x), lp(2)-p(x)II) ABy(2), Ip(2)-¢(x)1) PG < €pl9lx)
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VI(By(x), llp(2)-¢()]) ViI(By(2), llp(2)-g(0)l)
: = file(x))| < efi(@(x)), :
A(By(x), llp(2)-g(0)1) A(By(2), 1 p(z)-(x)1)

Accordingly, if ||¢(z) — ¢(x)|| < 6, we have

= file(x)| < €fi(¢(x)).

- € folg(x)) _ Yo(Boyls-ewi) ABsw.lisc-oen) _ 1+ € fo(d(x))
L+€ fi(d(x) = ABpey, lp@-sl) VIBoxylip@)-sl) ~ 1= € filg(x)

Since A(Byz), lp(c)-¢) 1) = ABy(x), I(2)-0(x)1))> We then have

1€ fo(6(x) _ 10Byarlig@r-¢l) _ 1+ € fo(¢(x))
1+ € fi(d(x) =~ vi(Bpgarlpe)-sl) ~ 1= € filg(x))

On the other hand, consider any €’ € (0, 1). For any z € X such that ||¢(z) — #(x)|| > &, as long as
€’ small enough such that e’diam(X) < ¢/2, where diam(X) is the diameter of X, we have By s5/» C
By(2), 16(2)-d)l1-6/2 € Ba(z),(1-¢)ll6(z)-8(x)||» Where y € R is taken such that y is the intersection point of
the surface of Byy) s and the line connecting ¢(z) and ¢(x). Then

Vo(Bg (), (1-e)llp(z)-px) ) = Vo(By,572) 2 (1 = €) fo(d(x)A(By,5/2) = (1 = €) fo(p(x))A(Bo,s/2)-

Let ny = 41og(Ny/M). Since M log Ny/ Ny — 0, we can take Ny large enough so that

mv% - 4% tog (1) < (1 - OR(HNUBosp).

Then for any z € X such that vo(Bg (), (1-¢")[lp()-¢x) ) < v M/ No, we have ||¢(z) — ¢(x)|| < & since
otherwise it would contradict the selection of ny .

Upper bound. Let @y, (z) be the M-th order statistics of {||¢(X;) — ¢(2)|| }iA:’Ol. By the definition of Ag(x),
we have for any €’ € (0, 1),

pr(Z1 € Ap() = pr(I16(x) - B2 < Bu(21)
(1196) = @Il = 2116 = Bl < Pur(Z1) + 2116 - )
=pr([16(x) = HZ0)Il = 416 - Bl < Ous(Z1), 416~ 91k < € l6() — S(Z0)I|
+pr(l600) = 9Z0I = 416 = bl < Ou(ZD 418 - Bl > €l19(x) = SZDI). (©)

<pr

For the first term in (6), note that [qb(Xl-)]f\I:"l are i.i.d from vy, and then vo(Byz,), |a(x;)-4(2)))) are ii.d

from U(0, 1) and are independent of Z; by the probability integral transform. Then

pr(l9() = $(Z0) = 416 = Bl < Pur(Z1), 4116 - Bl < €'19x) = S(Z)I)
<pr((1 - )l19(x) - $(Z0)]| < Pur(21))
=pr(v<>(3¢<zl),<1—e')||¢<x>—¢<zl>||) < Vo(B¢<zl>,<1>M<zl>))

M M
SPF(V0(3¢<21),<1—e/)||¢<x>—¢<zl>||) < vo(By(zy),om(z) < "Nﬁo) + PF(U<M) > mvﬁo)’

where Uy is the M-th order statistic of Ny independent random variables from U(0, 1).

By the selection of 7y, and taking €’ small and Ny large enough, we have

Pr(Vo(B(ﬁ(zl),(l—e/)H¢<x>—¢<zl>||) < vo(By(zi),om(z1) < 1IN Vo)

Spr(Vo(Bazl>,(1—e/>u¢<x>—¢<zl)||) < vo(By(z).om (20): 16(x) = $(Z1)]| < 5)~
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Under the event {||¢(x) — ¢(Z)|| < 6}, we have
W0(Bo(zy). lox)-0(z0)1) = Y0(Bo(zi),(1-e)lpx)-6(21) )

= / Jo(y)dy
Bz lp(x)-¢ I\ Bg(z)).(1-eNlg(x)-o(Z)
<(1+€) fo(@(NABp(z,). px)-¢(z)l \ Boz1).(1-e)llg(x)-(21)11)
=(1 + &) fol¢(x))Vml[1 — (1 — €l p(x) — $(Z))]|“
<(1 + ) fol@(x)Vimde' | p(x) — $(Z1)||*
=(1 + €) fo(p(x))de’ A(By(x), | p(x)-6(2)])

1 de’
<! (Ir_é ):;0 J(cl(i(;()z))e 1By llo0)-0(20)1):

where V,,, is the Lebesgue measure of the m—dimensional unit ball, and

1-
0(By(z).lox-sz0)1) 2 %V! (B lox)-0(2)1)-

From the probability integral transform, we have v{(Bg(x), |p(x)-s(z))|) is from U(0, 1) and then for
U~U(@,1),

pr(Vo(B¢(z,),(175')||¢(x)7¢(zl>||) < Vo(By(z), s z)h 1 0(x) — S(Z1)|| < 5)

l-€ 1+€ )\ fo(¢(x))
(15 - l—ede)fl(czs(x))
_((l=€ 1+€ ) folg(x))
_pr((l +e 1- edE )ﬁ(¢(x))

< Vi(Bgo, lgtx)-aznl) < Vo(B«»(zl),ch(zl)))

U< U(M)).

We can check that
N l-€ l+e, )\ fo(p(x) l-e l+e N\filgx))
fim —pr((l +e 1 —edE )ﬁ(¢(x)) l+e 1- Ed€ ) So(p(x))’

N0—>oo M
Note that ny — oo as Ny — oo since M /Ny — 0. Then from the Chernoff bound and for Ny sufficiently
large, we have

U< U(M)) =(

No (B' (N M)<M)
= —pr(Bin|[ Ny, ny — ) <
MP OTYNN0

e (than > v )
_I‘ —_—
MP (M) UNNO

N N 1 No\ 1-2M
< ﬁoexp((1+lognN—nN)M) < ﬁOeXp(—EUNM) :(MO) )
Since M /Ny — 0 and M > 1, we then obtain
No M
1. -— (U > —) =0.
N(}an y PriVon =1 No
Then we obtain

N ~ —~
lim sup MOPY(IW(X) = 3(Z)II =4l — Sllw < Pm(Z1). 4114 - ¢lleo < €'llP(x) - ¢(Zl)||)

Ny— o
l-€e 1+e )\ fi(¢(x))
S(1+6_1—ed€) folo(x))

For the second term in (6), we have for any ¢ > 0,

pr{160) = SZ)I = 415 = Bllo < Prr(21). 415 = Bl > €'l60x) = H(Z0)1]
<pr(|l#C0) - §(Z)I| < 415 - Bl /€'

565
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<pr{1l#00) — 2l < 416 - Bllw/€’ < 5) + pr(416 = dlle/e” > ).

Note that /g? may depend on Z;. Recall that (;ﬁ\zl_)z is the estimator of ¢ replacing Z; by some z € Z. Then
sup, ¢ zll¢z,—z — ¢llw is independent of Z; and then we have

pr([19(x) = @(Z0)l < 4116 - Blle/e” < 6)
<pr(ABotey oter-szoi) < Vin @116~ DI, I6(0x) = (1) < 0)
SPY(VI(Bcp(x),H¢<x>—¢<zl)||) < (1+€) fi(¢(x)Vm(d/€ ) 1§ - ¢|Ii)
SPT(Vl(B«»(x),|\¢<x>—¢<zl>n) < (1+ &) fi(¢(x)Vm(4/€)? sup pz, -z — ¢|Ii)
=E[{(1 + ©)fi(§()Vin(4/€) supl| 7,z — S} A 1].

zeZ
By the Markov inequality,

pr(416 - g/’ > 6) < 574/ EIG - $19) < 64/ E(sup iz, e -~ #113).

zeZ

By Assumption 11, we have

N ~ —~
Jim Z2pr([[400 = $(Z0)ll = 416 = Bl < Ou (2. 43 = Bl > €10() = $Z0)1I) = 0.

By (6) and €, €’ are arbitrary, we obtain

. No fi(¢(x))
limsup —pr{Z; € Ap(x)] < ——=.
imsup hpr(Z1 € 4s() < TS
Lower bound. For any €’ € (0, 1), we have 580

pr(Z1 € Ap) = pr(116x) - B2 < Bu(21)

> pr(I16(x) = #Z0)1 + 218 - Bl < Oua(Z1) = 2116 - 61|

pr(l6(0) = (21 + 4118 - Bl < Pur(Z0, 416 = b1k < €l16(x) - H(Z1)I)
pr((1+ €)l19(x) = SZ)I < D (Z). 416 = dlks < € l6x) - S(ZDI)
(
(

\%

\%

v

pr((1+ €)l19(x) = Z)I < Oua(Z)) = pr(4116 - Blle > €l16(x) - $(Z0))

pr(70(Bazasenocer-azl) < 0Bazanz) - pr(418 - 8l > €l19(x) - $(Z0)11)

F0) - pr(4||$- Pllo > €'lp(x) = ¢(Zl)||)~

Note that by the selection of 1, and taking €’ small and N, large enough, we have

M
2 Pf(Vo(Bas(zl),(1+e')||¢<x>—¢<zl>||) < vo(Byz),op(z1) <IN

M
pr(VO(B¢(Zl),(1+5/)H¢(X)_¢(Zl)”) < vo(Bo(znau(zn) < 1IN Vo)

=PF(V0(B¢(21),(1+e')u¢(x)—¢(zl)||) < Vo(By(z)).0m(21)) <IN %, llp(x) — p(ZD)I| < 5). 590
Under the event {||¢(x) — ¢(Z1)|| < 6}, we have By(z)) (1+e)|16(x)-62)I| € Ba(x),35, and then
W0(By(z)).(1+e) lpx)-a(zn)ll) — Yo(Bo(z), lo(x)-(21)1)
Jo(y)dy

/B¢<zl>.u+s'>|¢<x)¢(zl>| \By(z)).l6(x)-0(Z)
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(1 + ) fo(BABpz))(1+e)llp(x)-020)1| \ Baz)). lo(x)-o20)1)

=(1 + €) fo(p(X))Vil(1 + €)= 1| $(x) — $(Z1) |

<(1 + €) fo(p(xX)Vimde' (1 + €))7 p(x) = (Z1)]1*

=(1 + &) fo(p(x))de'(1 + €)Y ABp(x, jo0-6z0)1)

L+ ) fo(g(x))de’(1 + e)d!
(1 -e)fi(p(x))

V1(Bp(x), g (x)-¢(21)I1)»

and

1
Vo(By(z,), llp(x)-p(z)) < %W (Bp(x), llp(x)-p(21)I1)-

Then

M
pr(VO(Bda(Z]),(1+s/)||¢(x)—¢(Zl)||) < Vo(By(z), 00 (21)) <IN No’ lp(x) — p(Z)I| < 5)

1 , - M
> pr(%(l +de'(1 + €)? l)w (Bo(x). o(x)-a(z)1) < Vo(Bp(z)).00m (21) < 1IN No llp(x) — o(Z))]| < 5)
(1 + e)fo(s(x))

M
— N EJJUNERNAT ’ nd-1 o
= Pf((l O f60) (1 +de'(1+€) )Vl By, lgpxr-azol) < 0Bz ouz) < 1N No)

1 M
= Pr( El J_r 3?2;8; (1 +de'(1+ 6')‘“)V1(B¢<x>,||¢<x>—¢(zl>u) < v0(Bp(z:)0m <zl))) - pr(U<M> > N Vo)
_((d+e)fo(¢(x)) , nd- M
= pr((l — E)ﬁ(¢(x))(1 +de'(1+€)? 1)U < U(M)) —pr(U(M) > UNFO).

The second last equality is from the fact that for z € X such that ||¢(z) — ¢(x)|| > &,
1 1
% (1 +de'(1+ e’)d‘l)w (By(x). llp(x)-¢@1) 2 %w(&(m)
_ (L+ O f(#()
— (I -e)fi(¢(x))

by the selection of .
We can check that

AO)1 - OA(Bos) > nN%

CONo (LR (s el g AGW)
Nlolinmﬁpr(m(l +de'(1+€) )U < U(M)) = 3 +6(1 +de'(1+€) ) o
By €, €’ are arbitrary, we obtain
N
lllvlgl_l)rgof ﬁopr(zl € A¢(x)) > ;;Eig;;
Combining the upper bound and the lower bound yields
. N
NloanDo Mopr(Zl € A¢(x)) = J;}EZES;

Case II. fi(¢(x)) = 0.
For any € € (0, 1), there exists some § = & > 0 such that for any z € X with ||¢(z) — ¢(x)|| < 36, we

have | fo(¢(2)) — fo(d(x))] < €fo(¢(x)) and fi(¢(z)) < €. Then for any z € X with ||¢(z) — ¢(x)|| < &, we
have 620

v0(B(2), lp(2)-p(x)I1) ViI(Bg(x), ¢(z)-(x)])
: = fo(o(x))| < e fo(e(x)), . <e.
ABy(2), | p(z)-¢ ()1 A(By(x), llp(2)-¢(0)1)
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We consider the same decomposition as (6). For the first term in (6), we still have

pr(l19(x) = $Z0 = 418 - Bl < Par(Z1), 416 - Bl < € 16(x) - $(Z0))

M
Spr(Vo(Bazl>,<1—e'>u¢(x>—¢(zl)||) < 0(Bo(z).on (z), 19(x) = $(Z1)]| < 5) + PT(U<M> > 1IN

Note that for any z € X with [|¢(x) — ¢(2)|| < 6,

V0(Bg(2),(1-¢) ()4 (x)Il)
A(By(2),(1-¢) ¢(2)-p(x)II)

- (@) < efo(8(x),

and
M1 Bo)low-e@l)  _  ABowls@-sw1)  V1Bpw,lo@-sl)
ABy(a)(1-e)lp@-0l)  ABpiz),(1-eNlo@-o)1) ABo),lpe)1-o)1)
A(B }
< MBoio@-owl) _ y _ y-ag
ABy(a)(1-€) (2~ )1l)
Then

pr(VO(B¢(Z|),(l—e’)||¢(x)—¢(Zl)||) < Vo(By(z),@p (z)s l6(x) — d(Z1)]] £ 5)
Spr((l — €)™ (1= €) fo( ()i By (o) ox)-a(z)]) < Vo(B¢(zl),<pM(zl>))
=pr((1 - €)?e™(1 = OfBNU < Uian))-
We can check that

Jim_ pr((1 - €11 - AU < Un)) = 1 =) (1 - 7 -

fo(g(x)

Then we obtain

W)

N - —~
timsup 2pr(16(x) ~ (21l = 416 = dllee < P (Z1) 4116~ Dl < €1903) =~ 920

0—00

1
Jo(¢(x))’

For the second term in (6), we still have
pr([19(x) = 20l = 416 = dlle < Ou(Z1). 416~ bl > €'ll6(x) - $(Z1))
< pr(I19x) — 21l < 4116 - Bllw/€ < 6) + pr(4116 - Blluse’ > 6).

<e(l1-€) 41 -e!

Note that
pr(l19(x) = (2Dl < 4118 - dllo/e” < )
pr(ﬁ<B¢<x),u¢<x>-¢<z1>u> < V@€Yl - ol llp(x) — p(Zp)]] < 6)

<
Spr(w(qu(x),||¢(x)—¢(zl)u) < €Vu(d/€) | - ¢||§lo)

SPY(Vl By, llo)-6(z)l) < €Vm(d/€)? supllz, -z — ¢||odo)

z€Z

=E[{€Vin(4/€')? Sugllazﬁz — ISy AL

By €, € are arbitrary, we obtain

_ fi¢))

. No _
lim ﬁpr(zl € A¢(x)) =0= 00

Ny— o0
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Part II. We then consider the general case where p is a fixed positive integer and Assumption 11 holds
for p. We only consider the case where fi(¢(x)) > 0. The case with fi(¢(x)) = 0 can be established in a
similar way.

Let ny =1nn,p = 4plog(No/M). We also take Ny sufficiently large so that

M M N
v = 4Py 108 (57) < (1= D@0 ABus1).

Then
pr(Z1 . Zp € Ag(x)) = pr(I16x) - HZOI < Dua (Z),Vk € (1. p})
< pr(116(x) = $(Zi)ll = 215~ Blles < Paa(Z2) + 2016 - B, VK € {1, p})

= >0 or(lle00) - 20l - 416 - Bl < Oua(Z), 4116 - Bl < €ll6(x) = $(Zi)| for k € 5,

Sc{l,...p}

416~ glle > €l1(x) — $(Zo)]| for k ¢ 5|

< ) Pr(VO(B¢<Zk>,<1—e'>||¢<x>—¢<zk>||) < V0(By(z,0n1 (z2) Tor k € S.4116 ~ Pl > € max|¢(x) - ¢(Zk)ll).
Sc{l,...p}

(N

Let Wk = VO(B¢(Zk),(l—e’)||¢(x)—¢(Zk)||) and Vk = vO(B(l’(Zk),(DM(Zk)) for any k (S {l, e ,p}. Then [Wk]izl

are i.i.d. since [Zk]‘;::1 arei.i.d..Forany k € {1, ..., p} and Z; € X given, Vi | Z; has the same distribution

as Uyry. Then for any k € {1,.. ., p}, Vi has the same distribution as Uy), and Vi is independent of Z;.
Fix S c {1,...,p}. Let Wiax = maxges Wy and Viax = maxges V. Then

Pr(Vo(B¢><zk>,<17e'>||¢<x>f¢(zk)||) < v0(By(z).0m (22) fOr k € S,4]1¢ = pllos > € max(|¢(x) - ¢(Zk)||)
< pr{Wanss < Vi 4116 = 8l > € maxll o) - #(Z2)
M - ’
< pr(Winax < Vinax < v 3 maxl|g(x) = $(Z0)| < 416 = S/’ < )
0 k¢S
M - ’
+pr{Vaas > v ) + pr(418 - 9l > 0). ®)
For the first term in (8), by the selection of 77y, and taking € < 1/2 and N, large enough, we have
M N ’
Pr(Wmax < Vinax < IN 3 max||¢(x) — ¢(Zi)l| < 4||¢ — ¢llw/€” < 5)
0 k¢S
M I ’
< pr(Wmax < Vmax < UNF, max||¢(x) - ¢(Zk)“ < 4”¢ - ¢||oo/€ <6, max||¢(x) - ¢(Zk)|| < 6)
o keS keS

Let W/ = vo(By(z,), | ¢(x)-6(z)|) and Wy, = maxges W/. Under the event {maxyes||¢(x) — #(Zy)|| < 6},
we have

Winax = Winax < max {(vo(By(z,). lpx)-¢(zi) 1) ~ Yo(Bozo(a-enlip-¢zi 1)}

_ (L+ Of(@(x)de’

S A ofiet) maxBo.lew-owzol)

and 675

4 1 -
Winax 2 % II?SSX Vi(Bp(x). ll(x)-o(z0)11)-
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On the other hand, recall that Q’;(Zl,..., Z,)—z I8 the estimator replacing (Zi, ..., Z,) by z for z € Z”. Then
Sup, ¢ z» ||$(Zl,...,z,,)—>z — ¢l is independent of (Zy, . . ., Z,). Note that

max|[¢(x) = #(Zll < 4119 - lle/€’ < &
implies that
max v (Bo(x), lox)-0zo)l) < (1 + ) fild(x))Vim(4/€') sup. ¢z, 212 = Dl
Then

M —~
pr(Wanax < Vi < v 30 max9(x) = 9(Zi)| < 418~ dlloo/€” < 5, maxllé(x) = 6(20)] < o)

1 - 1+
< pr ((1 +Z 1o idf );ngg ;i max vi (B, ¢n-¢(2) 1) < Vimax.

max Vi(Bg(o, lo)-azol) < (1 + €)fi(@(X)Vm(d/€) sup llbz,....z,)—z — ¢||§lo)

zeZP

_ l-€e 1+e€ ) folg(x))
a E{]l((l +e 1- ede )f1(¢(x)) Il?ezg( 1By lp-9(z0)1) < Vmax)

d d p-IS|
({0 + A@ENVn3/E) 0P 19z 2 = 9L} A1),

zeZP

since sup, ¢ 7 ||$(Zl,...,zp)—>z — @lloos Vimax and [Zg Jres are all independent with [Z |x¢s-
Note that

l—e_l+e, )AGO)
E{ﬂ((l Te 1<% )ﬁ(¢(x)) max v (B lox)-o(zi)1) < Vmax)

d d p-IS|
({0 + OAGENVa@/N 51p 16i7,....7,0- = 94} A1)}

zeZP

1S|-1 € l+e N\ folo(x))
/'S' E1((fe - e ) gy < Vo)

nd - d p-IS|
({(1 +€) fi(p(x))Vin(4/€") sup z.....2p)—z = Pl A 1) ( max vi (B, ox-¢(z)1) = u}du

e AN U
T+ve T-€e) NNl Jo max = Ny

—~ -S|
(10 + OGNV 51D 617,012 = o2} A1) |

l-e 1+Ed€,)‘1f1(¢>(x))M }d

B i = (- = 9
maxvi By, le-e@0l) = (17577~ 7-¢ o6 No" ©)
We split the above integral into two parts using 1. For the first part, note that sup, . 7 ||‘2’\(Zl,..., Zp)—z ~

¢l is independent with maxges vi(Bg(x), ||¢(x)-p(z,)|)- Then

(%)p_m/ol”'S"E{“(Vma” )({<1+6>f1<¢<x>>vm<4/e>d sup 19z zp>ﬁz—¢||i}A1)p_|SI|

l-¢ 1 = M
max vi (By (), lg(n-¢zol) = ( © - de ) ﬁgzggﬁou}d
< (NO

l+e 1-€
p-Is| ! ~ p-IS|
— IS e Vin(4/€')? e —oldYI Al du.
W) [ |+ e U 182,02 = S} A1) fa
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If |S| = p, we have

(%)”"S'/O o ]E{({(l + ) fi($(X)Vin(4/€)! sup 6(z,,... 2,12 = SIS} A 1)p_|s‘}du

zeZP

1
1
=/0 WP ldu = 1_7 (10)

If |S| < p, by Assumption 11, we have

No\p-ISI ! ~ -IS|
timsup (7] /0u'S"lE{({a+e)f|(¢(x)>vm<4/e’>"Zs;gap||¢<zl,...,z,,>az—¢||;£,}A1)p b

. N ~ p=IS|
<timsup E{( T2 sup Idcz,..z,- — #13) |} =0. an

No—00 zeZp
For the second part, we have

l+e gt Jo(e(x)) No

[y ) ) =18
/ P S {1 (Vs > ) (14 RGN 4/E S 160z, 202 = 91T A1) |

l-e l+e N\ lfils() M
I}(lggV1(3¢<x>,||¢(x>—¢<zk>||)=(1 +§— 1—§d6) 2(283 No }

< /loou|5\—1E{]l(Vmax > ]A\f )({(1 +€) fi(p(x))V,u(4/€ )d sup ||¢(21 Z)e - lﬁ”i} A 1)17*IS|’

l-¢ l+e )\ M
max vi (B, o~z 1) = (1 +Z - 1:“’6) Q)EZEX; N }

—1S1
=2 / {1 (Ve > Jou) (0 + RGNV SUp 16,2312 = 9} A1)

z€Z

12)

where the last step is from the fact that Vi and sup, 7, ||¢'§\(Zl
forany k € S.

For any k € S, by the Holder inequality,

vnZp)—z ¢|| are independent of [Zg Jxes

(G [ 1> o) (0 + AW 500 W00 = 212 1) e

zeZ

« M \ (N -~ p-IS|
IS|-1 0 d
< [ WSE{L (Vs Tu) (T2 sup 16z, z,0: - 01E) T Jdu
J o) 28
w MouE N ~ pis!
el S} E G )]
< u (Vi > u E su N du
A 20 10215 = 91
N() . d p P;!S\ (o] S|-1 M \f)|
=[£G el Y] T (> )
£ g V-0 e g

Using the Chernoff bound,

IS]

/looulsl_l{pr(Vk > %u)}zldu = /000(1 + u)lSl_l{pr(U(M) > %(1 + u))}7
< /m(l + )5+ wMISVP exp(—uM|S|/p)du
0

= exp(M]S|/p) /1 WMISUPHISI exp(—u S|/ p)du
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< exp(MIS|/p) / WMISUPHISI ex (S| p)du
0

C exp(MISI/p)

~(MIS|/p)yMISI/p+IS]

= __XPMISIP) 61 1 1S )s]/p + 1)(1 + o(1)

(M]S|/p)STp+TS]
MIS|/p\MIsi/p
(=27

L(MIS|/p +1S)

) (MT;II;%A%/Z)HM(MISI/IJ + DS @aM|s|/p)'

IS1-
- e Pais oy 21+ 3 B) T ot

(1+0(1))

where the last three steps are from Stirling’s approximation using M — oo.
By M — oo and Assumption 11, we have
No
No—oo \ M
=0. (13)

zel

Combining (10), (11), (12), (13) by (9) yields

No M . ,
timsup (52)" pr{ W < Vnax < v 3. max6(6) = (2| < 416~ bl €’ < 0)

N()%oo

Al e R (i i e RO

For the second term in (8), by the Chernoff bound,
No M No M
I ()(vx> —)<S1 ()(U> )0.
}ﬁ?iip ar) PV > v N }ﬁ?iip 2z ) Prilon >0y
For the third term in (8),
pr4lg — dllw/€’ > 6) < 5744/ E(lI¢ - HlILT)
_ d
< 6P/ VPIECsup [ dz,...z,)—z — BIZ).

zeZP

By Assumption 11,

hmsup(ljt;) pr(4||¢ O|loo/€ >6) =0.

Ny—

Then we obtain for any S c {1,..., p},

No
lim SUP( M) Pr(Vo(Bqa(zu(l ~e)lp(x)-6(Zl) < Vo(By(zi),o (z) for k €S,
N()—>0<3
48 = dll > € maxlio(x) - #(Z0)l)

l-e 1+€ )\ 1fi(o(x)
= {(1 Te 1—ed€) To((x)

{1081 =)

and then by (7),

1-€ B 1+ ede,)—lfl(qﬁ(x))}zﬂ.

imsup (37) pr(21e 2 € dut0) < (555 - ) GGG

NQ—)OO

720

725

o (_)p_m/]mulsl_]E{]l(Vk > %”)({(1+6)f1(¢(x))Vm(4/6 " S 160z,..2,)2 = FIEH A )"

730

735

740



28 CattaNEO, M.D., HAN, F. AND LIN, Z.

745 By €, €’ are arbitrary, we obtain

lim sup (11\‘]4) pr(21 Zp € A¢(x)) < (

No—o0

Si(¢(x)) )P
folg(x)/

A matched lower bound is directly from the Holder inequality.
Then we obtain

No\P p
lim (—0) pr(Z] ..... Z, € A¢(x)) = (M) .
No—oo \ M So(o(x))
750 Part III. We consider the simple case where p = 1 and Assumption 12 holds. We only consider the case

where f1(¢(x)) > 0, while the case where fi(¢(x)) = 0 is similar.
Upper bound. Note that

pr(Z1 € Ap() = pr(116) - B2 < Bua(21)

< pr{llg(0) - 6zl - 2 sup 16 = 6)s) = (&= DOl < Pur(Z1)).
llp(s)—p @I <lld(x)-A(Z)l
755 The inequality is from the fact that under the event {||$(x) -z < Dy (Z1)}, if ||p(x) — ¢(Zl)|| -
28UP | 4(5)-g(0)l <llox)-a(z1 (@ = )(s) = (¢ = S) )| > Par(Z,), then there exists a set S C {1,..., No}
such that |S| > M and for any i €S, [l¢(x) = H(ZIl = 25UPp(5)-p(0) < g x)- ¢(zl)\|||(¢ ¢)(S) - (¢ -
#)OI > [|¢(Xi) — ¢(Z1)||. For these i € S, we then have [|¢(x) — ¢(Z)|| > 6(X;) — (Z))|| since [|p(x) -
S(Z)| > |¢(X:) = #(Z)||. Then ||¢(x) — &(Z))|| > CDM(ZI) using |S| > M, which contradicts the event
760  WE assume.
For any € € (0, 1), we decompose as

pr(ll9(x) - ¢(Z0)] -2 sup 16 = 6)s) = (&= DOl < Pur(Z0))
ll¢(s)=pD I <llp(x)-p(Z1)l

= pr(llg00) - 9(Z1)]] -2 sup 166 = #)(s) = (& = ADII < Paa(Z1),
ll¢(s)-¢@ N <ll¢@x)-¢(Z1)l

2 sup 16 - 8)s) = (8 - DO < ellgx) - #(Z0))

ll¢(s)=pDI<ll¢(x)-p(Z1)l
+pr(ll9(0) - (Z0)ll -2 sup 166 = 9)(5) = (& = DDI| < Dur(Z0).

ll¢(s)-¢@) I <ll¢(x)-¢(Z1)l

2 sup 16 = 6)s) = G = Ol > ellg) - p(Zl). (14)

llo(s)-p®)lI<llp(x)-p(Z1) I
For the first term in (14),

pr{ll6(x) - 9(Z0)]| -2 sup 16 = 9)s) = (= DO < Oua (1)
llp(s)-¢@) Il <ll¢@x)-¢(Z1)l
2 sup 16 = 9)s) = G = DO < ellg(x) - 920
llp(s)-p(DI<llp(x)-p(Z1)l
< pr((1 = g (x) = SZVl < Par(20)),

and then can be handled in the same way as the upper bound part in Part I.

For the second term in (14), note that for any u € (0, 1), conditional on v|(Bg(x), ||¢(x)-¢(z)|) = 4 and
under [|¢(x) — ¢(Z1)]| < 6, we have u < (1 + €) fi($(x))Vinll¢(x) — #(Z1)[|"™, and then ||$(x) — ¢(Z1)]| =
[u/{(1 + €) fi(¢(x))V; }]"/™. Then for any u € (0, 1),

pr( sup (@ = #)(s) = (@~ DOl > €llg(x) = HZD)l [16(x) = $(Z1)I| < &
lo(s)-¢() | < llp(x)-(Z)

ViByxllpo-ezol) = u)

775
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< pr( sup sup|l(¢z, -z — #)(s) = (62,2 = DD > €lld(x) = SZ)II 1 $(0) = HZDI| < 6
llg(s)-pD)lI<ll¢(x)-(Z1)| z€Z

| Vi(Bgo, lg(x)-azo1) = M)
< Te([u/{(1 + €) fi( @)V},
where the last step is from the fact that sup, Z||((§5\Z1 Sz — P)(s) — (g;ﬁ\zl_>Z — ¢)(t)|| does not depend on Z; 70

together with Assumption 12.
Then

Pr(||¢(x) —¢(Z)l -2 sup (6 = ¢)(s) = (& — DD)I| < Pus(Zy),
651001 <l16(x)-0(Z0) |

2 sup 16 = 6)s) = G = Ol > ellg) - ozl
ll¢(s)-¢@)lI<llp(x)-¢(ZD)l

<pr(2 sup 16 = 9)s) - @ = O > ellg) - (20l
llp(s)—¢ @)1 <ll¢(x)-p(Z1)|

< pr(2 sup 16 = $)s) = (@ = A > elldx) = $ZD)Il 16(x) - (2Dl < )
ll¢(s)-¢@) N <ll¢@x)-¢(Z1)l

+pr(2 sup 13- $)5) = @ - YD > ellg(x) = $ZDIL l$x) - (2D > )
llp(s)—-¢ @)1 <llp(x)-(Z1)|

1
< /0 Tepo([u/{(1 + ) Fil @)V} 1"+ pr(116 = bl > e6/4)

/ 1/{(1+€)fi(¢(x)Vin }

= (1 + O i@V Tea(u™)du + pr(|16 = e > €6/4).

By Assumption 12 and € is arbitrary, using (14), we obtain 790

No Si(g(x))
]}5‘0’ sup ﬁpr(zl € Aglx )) So(p(x))

Lower bound. For any € € (0, 1),

pr(Z1 € Ap() = pr(I19) - B2 < Bua(21)

> pr(I600) - $ZDI < Bz, swp 5 sup  [(@-d)s) - (G- A <€)

62|lgp(x)-p(ZD) |l llg(s)-gp()lI<6
> pr((1+ () = 92D < (1= Pu(ZD),  sup 57 sup (|G =9)s) = (@ = AD)| < )
6= ||¢(x)-¢(ZD)ll ll¢(s)-p(0)lI<6

The last inequality is from the fact that under the event {(1 + €)||¢(x) — ¢(Z))|| < (1 — €)Dpr(Z))},

there exists a set S C {1,..., Np} such that |S| > Ny — M and for any i€S, (1+e)ll¢(x)— ¢(Zl)|| <

(1 = e)llg(X:) — ¢(Z1)||. Under the event that {SUP5>H¢(x) o)l 6! SUP g(s) ¢(Z)H<6”(¢ $)(s) - (¢ -

$)(1)|| < €}, for these i € S, we then have [|¢(x) = ¢(Z1)|| < |¢(Xi) — ¢(Z))]| since [|p(x) — $(Z))]| <

||¢%(1) — ¢(Z))|| for i € S. Then [|§(x) — ¢(Z))|| < Oar(Zy). 00
en

pr(Z1 € Ap(x)) = pr((1 + )9 - (20 < (1 = )0y (Z1)
—or( s 6T swp @G- 46 - (G- 9Ol > ).
62[lp(x)-p(Z1)ll llp(s)-¢p()l <6

The first term can be handled in the same way as the lower bound part in Part I. The second term can
be handled in the same way as the second term in (14) in this proof. Then we can obtain a matched lower
bound.
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Part IV. We then consider the general case where p is a fixed positive integer and Assumption 12 holds.
We only consider the case where f(¢(x)) > 0, while the case where fj(¢(x)) = 0 is similar.
For any €’ € (0, 1), we have

v pr(Z1s. 0 Zp € Ap) = pr(1800) - HZOI < Bar(Ze). Yk € (1., p})

< pr(llg(0) - 9zl - 2 sup 13- 9)(5) - B - D < Par(Ze), Yk € {1,.....p})
llp(s)—¢ @)1 <l (x)—-(Zi) I

= >, or(lle) - ¢zl -2 sup 166 = 8)(s) = (@ = )OIl < Dur(Z).
Sc{l,...p} ll¢(s)-¢@) Nl <ll¢(x)=A(Zi)l

2 sup 16 — $)(s) = (& — DI < €'llp(x) — ¢(Zo)|| for k € S,
65100l <l (x)-0(Z0)

2 sup 16 = 6)s) = G = DOl > € ll6(x) = $(Zi)| for k ¢ 5)
llp(s)—- @)1 <l (x)—¢(Zi )|

w3 pr((1=ele) - #(Z0ll < O (Zi) for k € S,
Sc{l,...p}

2l1g(x) - (2l sup I - 8)s) = (G- YD) > € for k ¢ 5).
llg(s)-d(D)I<llp(x)-b(Zi)
If |S| = p, we have in the same way as the upper bound part in Part III that for any € € (0, 1),
. No\P ,
timsup (2 )" pr((1 = €)lI(x) = $(Zi)| < Par(Zo) for k € S,

N()—>00
2llp(x) - p(Zi)||I " sup 16— ¢)(s) — (¢ — p)@)I| > €’ for k ¢S)
llgp(s)-pO)lI<ll¢(x)-(Zi)l

l-€ 1+4+€, N\ Al P

< {( - de ) } .
l+e 1-e€ Jo(¢(x))

Now we consider |S| < p. Recall that Wy, = VO(Bq)(Zk),(l—e’)llq)(x)—qﬁ(Zk)II) and V), = VO(B(P(Zk),@M(Zk)) for
any k € {1,...,p}. Fix § c {1, ..., p}. Recall that Wy,nx = maxges Wi and Vipax = maxges Vi. We have

pr((1 = €)lIg(x) - B(Zi)| < Day(Ze) for k € 5,

20 ¢(x) - B(Zi) || sup 1= 8)s) = (G- $)0)]| > € for k ¢ 5|
llp(s)=op(@) | <|Ip(x)—p(Zi ) I
e < pr(Winas < Voo 2minll () — $(Z0)II”! sup 16 - 8)s) = (G - YD)l > €)
k¢S llp(s)-p (D)l <llp(x)-(Zi)
M ~ -
< pr(Wanax < Vinax < v - 2 minll6(6) - ¢(Z0)” sup 16 - 6)s) = (@ - Al > €
No  kes l(s)-(0) | <[l b (x)-b(Zi) |
+ pr(Vmax > UN%)'
No
Note that
2 minllé(x) - (20 sup (& - d)(s) = (& — B)D)| > €

llg(s)-p(DI<llp(x)-p(Ze )|

implies that

(max||p(x) — ¢(Zi)|))™ sup (& — ¢)(s) — (& — D)D)l > €' /2.
k¢s llp(s)=() | <maxyes llp(x)-(Zi)
Then

M —~ —~
r(Winax < Vinax < 113 1> 2 min () — $(Z0)]|” sup 16 - 6)s) = G- DOl > €
No kS llp(s)—¢ 1 <l (x)—-(Zi) I
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1- 1+ ,
< Pf((l +Z ~1C de );?Ezg;; max vi (By(x, g(n-¢zo)l) < Vmax
(max|l¢(x) = ¢(Z)[) ™ sup 16 = 6)s) = G- DOl > €'/2).
kesS ll¢(s)=p(2)l| <maxygs [|$(x)-¢(Zi) |

In the same way as the upper bound part in Part I, it suffices to show that
_ (Ng\p-Is| » - - ,
fim (=2)" " pr{(maxlig(x) - ¢(Zol) sup 1= 8)9) = G- POl > €'/2) =0.
No—oo keS llp(s)- (1) l| <maxgs lp(x)-¢(Zi) |

For any u € (0, 1), conditional on maxggs vi(Bg(x), | 6(x)-¢(z)|]) = # and under maxggs ||¢(x) — ¢(Zi)|| <
0, we have 835

max||¢(x) — $(Zill = [u/{(1 + )fi(@(x)Vin 3™

Then by Assumption 12,

(&)p_mpf((max'W(x) — ¢zl sup (6 — $)(s) — (6 — $)D)I| > e'/z)
M kes llp(s)—p(1) | <maxes ll6(x)-p(Zi)
= (o) [ o st pe{ ot - ozl sup

M 0 keS [[¢(s)—(t)|| <maxies ||p(x)-d(Zi) ||

(6 = ¢)(s) = (¢ = DD > €/2, 1}(1;1§<||¢(x) - (Zll < 5‘ max VI(Bg(x), l6(x)-0(Z)l) = M)du

+ (B0)" " {1 ol > €'6/4)

M
Then

< ()7 [ 0 o) Y+ {1 0l > €574)} = o).

l-e 1+ Ede,)*lfl((ﬁ(x))}lﬂ.

lim sup (%)ppr(Zl, e Zp € A¢(X)) < {(1 te 1—e fo(d(x))

N()—>(>O

By ¢, €’ are arbitrary, we obtain

GO

lim sup (%)ppr<zl, e Zp € A¢(X)) < (f0(¢(x))

N0—>00

845

A matched lower bound is directly from the Holder inequality.

C.4.  Proof of Theorem 4

Consider any € € (0, 1) be given. From Assumption 13, X is compact, and then Z is also compact.
Since fy, fi are continuous over their compact supports, they are uniformly continuous, that is, there exists
& > 0 such that for any x, z € Z with ||¢(z) — ¢(x)|| < 36, we have | fi($(z)) — fi(¢(x))| < €2, and for any  ss0
x,z € X with [|¢(2) — ¢(x)|| < 36, we have | fo(¢(2)) — fo(¢(x))| < €.

Let& = {x: fi(¢p(x)) < €}, E = {x: folgp(x)) < eordist(x, ) V dist(x, dX) < 36}. We then seper-
ate the proof into three cases. In the following, it suffices to consider x such that fy(¢(x)) > 0 since we are
considering L, risk.

Case I. x ¢ & U &;. In this case we have fy(¢(x)), fi(¢(x)) > €. Then for any z € X with [|¢(z) — ss
¢(x)|| <38, we have z € Z by the definition of & and then |fy(¢(z)) — fo(d(x))| < €fo(¢p(x)) and
1/1(¢(2)) = fi(d(x))| < €fi(d(x)).

Proceeding as in the proof of Case I in Lemma 4, we obtain

Jim | swp E([fo0) - ro0| ) =0,
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and then

NloianE{|?¢(X) - r(¢(X))(p]1(X ¢ & U 52)} = lim E{E()@(X) - r(¢(X))(" |X - x)]l(X 2E U 82)}

No— 00

< N?i“ooE{xgi“‘Ja E([F00 - o) | X = x)1(x ¢ 810 &)} = 0.

Case II. x € &1 \ &;. In this case we have fy(¢(x)) > €. Then for any z € X with ||¢(z) — ¢(x)|| < 36,
we have z € Z by the definition of &, and then | f5(4(2)) — fo(#(x))| < €fo(¢(x)) and fi((2)) < € + €.
Proceeding as in the proof of Case II in Lemma 4, we obtain

Jim sup E (o) - rio)|) =0,

and then

Nloing{ 7a(X) — r(¢(X)))p]1(X ¢&\ 82)} - 0.

Case III. x € &. In this case we have fy(¢(x)) < € or dist(x,dZ) V dist(x, 0X) < 35. Since X is
compact, the surface areas of X and Z are bounded, and r is bounded uniformly, we have

limsupE{ To(X) — r(¢(X))|le(X € 82)} < pr(X € 82) S €e+6.

N0—>oo
Since € is arbitrary and ¢ can be taken arbitrary small, we obtain
p
im E{ 7op(X) — r(q)(X))’ ]1(x c 82)} - 0.
0—00

Combining the above three cases completes the proof.

C.5. Proof of Lemma 5
Note that for any x € X,
Joxip=1(¢(x)) _ pr(D = 1| $(X) = ¢(x))pr(D = 0)
Jo.xip=0((x))  pr(D =0 | $(X) = $(x))pr(D = 1)’

and
Jxip=1(x) _pr(D=1|X = x)pr(D = 0)
Sxip=0(x)  pr(D=0]X =x)pr(D = 1)’

This completes the proof.
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