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This paper presents uniform estimation and inference theory for a large
class of nonparametric partitioning-based M-estimators. The main theoreti-
cal results include: (i) uniform consistency for convex and non-convex objec-
tive functions; (ii) rate-optimal uniform Bahadur representations; (iii) rate-
optimal uniform (and mean square) convergence rates; (iv) valid strong ap-
proximations and feasible uniform inference methods; and (v) extensions
to functional transformations of underlying estimators. Uniformity is estab-
lished over both the evaluation point of the nonparametric functional parame-
ter and a Euclidean parameter indexing the class of loss functions. The results
also account explicitly for the smoothness degree of the loss function (if any),
and allow for a possibly non-identity (inverse) link function. We illustrate the
theoretical and methodological results in four examples: quantile regression,
distribution regression, Ly regression, and Logistic regression. Many other
possibly non-smooth, nonlinear, generalized, robust M-estimation settings
are covered by our results. We provide detailed comparisons with the existing
literature and demonstrate substantive improvements: we achieve the best (in
some cases optimal) known results under improved (in some cases minimal)
requirements in terms of regularity conditions and side rate restrictions. The
supplemental appendix reports complementary technical results that may be
of independent interest, including a novel uniform strong approximation re-
sult based on Yurinskii’s coupling.

1. Introduction. Let (y1,21), (y2,22), -, (yn, T,) be independent and identically dis-
tributed copies of the random vector (Y, X) € Y x X C R x R% Given a loss function
p: Y xExQ— R with £ CR an open connected set and Q C R a connected compact
set, and n: R — £ a strictly monotonic transformation function, consider the functional pa-
rameter ug: X x Q — R satisfying

(1) 1o(+,q) € argminE [p(yi, n(u(x:)):q)],
neM

where the minimization is over the space of measurable functions from X to R. In particular,
we assume that the (local) minimum is achieved, which is true in most cases. This setup cov-
ers settings of interest in nonparametric statistics, econometrics, and data science, including
generalized linear models, robust nonlinear regression, and generalized conditional quantile
regression. In practice, the parameter of interest may be i itself, or otherwise specific trans-
formations thereof such as 7(fo(-,-)) or its partial derivatives. This paper presents uniform
over X x Q estimation and inference results for 1, and transformations thereof, based on
nonparametric partitioning-based M -estimation.
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1.1. Partitioning-Based Methodology. The series (or sieve) nonparametric partitioning-
based M -estimator is

~ ~

) fi(z,q)=p(x) B(g), Blag)e argmin Z p(yi,n(p(x:) ) q),

where B C R¥ is the feasible set of the optimization problem, and « — p(z) = p(z; A, m) =

(pl(w; Aym),...,pr(x; A,m))T is a dictionary of K locally supported basis functions of
order m based on a quasi-uniform partition A = {¢;: 1 <1 < k} containing a collection of
open disjoint polyhedra in X such that the closure of their union covers X.

[20] give a textbook introduction to the partitioning-based estimation literature. In this
nonparametric framework, the Haar basis

pa() = (L(z €6y),..., 1 (weby))"

corresponds to the canonical basis with m =1 and K = k, and is an essential building block
for the construction of other basis functions. Since the Haar basis is “unconnected” across
cells (i.e., each basis function is supported on a single cell), the resulting estimator in (2)
reduces to K separate M-estimators, each only using observations with x; € dy, for k =
1,..., K. For estimation and inference, “small” cells decrease bias but increase variance,
while “large” cells have the opposite effect.

A natural generalization is the piecewise polynomial basis

pr(T) = pu(T) @ (),
where the vector r,,(x) contains the unique terms of an (m — 1)th-degree polynomial ex-

pansion based on & and ® is the Kronecker product operator, and thus K = %H. The
resulting piecewise polynomial fit within each cell gives more flexible approximation, thus
decreasing bias, but the estimation approach remains unconnected.

Since the piecewise polynomial estimator may be discontinuous over A, it is sometimes
preferred to impose smoothness restrictions across cells: for example, if the partition A ad-
mits a tensor product representation with equal number of partitions along the d axes, then

the Splines basis is
ps(@) = ©f_, Tsps(e}x),

where ey, denotes the k-th unit vector (1 < k < d), and T denotes a transformation matrix
that ensures the estimator « — fi(x, q) is (s — 1)-times continuously differentiable (s < m)
over X, and thus K = ((m — s)x'/% 4 5)%. Due to the global smoothness restrictions, the
spline basis is no longer unconnected, and the resulting estimator in (2) cannot be reduced
to separate local estimators. Other spline constructions on more general partitioning schemes
are available, and compactly supported wavelets are yet another example of a local basis
constructed recursively out of the Haar basis. See [2], [8], [9], and [13] for more discussion on
these and other basis of approximation. Furthermore, partitioning-based estimation naturally
arises in the recursive partitioning literature [17, 38].

To enable good statistical performance, we need to restrict the partition of X, and the
local basis constructed on it. The first assumption concerns the regularity of the cells in the
partition. Let a,, < b,, denote limsup,,_, . |ay/by,| < oo.

ASSUMPTION A (Quasi-uniform partition). The ratio of the sizes of inscribed and cir-
cumscribed balls of each 6 € A is bounded away from zero uniformly in § € A, and
max{diam(d) : 6 € A} _
min{diam(d) : d € A} ~
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where diam(0) denotes the diameter of 0. Further, for h = max{diam(9) : § € A}, assume
h=o0(1) and log(1/h) <logn, as n — oc.

Assumption A requires the partition A be quasi-uniform: the elements in the partition A
do not differ too much in size asymptotically. As a consequence, we can use the maximum
diameter h as a universal measure of mesh sizes. The next assumption requires the basis be
“locally supported”, non-collinear, and bounded in a proper sense. A function p(-) on X is
said to be active on ¢ € A if it is not identically zero on J; we also employ standard multi-
index notation (see Section 1.4 for details).

ASSUMPTION B (Local basis).

(i) For each basis function pg, k =1,. .., K, the union of elements of /A on which py, is active
is a connected set, denoted by Hy. For all k=1, ..., K, both the number of elements of
‘Hy. and the number of basz# functions which are active on Hy, are bounded by a constant.

(ii) Forany a= (ai,...,ax) €RE alh?<a’ f’Hk p(x)p(x)'drafork=1,... K.

(iii) Let |v| < m. There exists an integer < € [|v|,m) such that, for all s, |s| <,

—lsl < 5 i (s) (s) < sl
VS Ll PO @l < g IPT @] ST

where cl(0) is the closure of 6.

In Assumption B, condition (i) implies that each basis function in p(a) is supported by
a region consisting of a finite number of cells in A (independent of n). Then, as kK — oo,
all basis functions are locally supported relative to the whole support of the data. Condition
(ii) can be read as “non-collinearity” of the basis functions in p(x). Since local support
condition has been imposed, it suffices to require the basis functions are not too collinear
“locally”. Condition (iii) controls the magnitude of the local basis in a uniform sense.

Assumptions A and B implicitly relate the number of approximating series terms, the
number of cells in A, and the maximum mesh size: K =< k =< h~%, where a,, < b,, means
an < by, and by, < ay,. Under appropriate assumptions on the statistical model (Assumption
C in Section 3), the parameter m will control how well p can be approximated by linear
combinations of the local basis (via Assumption F in Section 3). We consider large sample
approximations where d and m are fixed constants, and x — oo (and thus K =< h~¢ — o) as
n — o0o. As a consequence, appropriate choices of A and p(-) will enable valid nonparamet-
ric approximations of 1, and transformations thereof, in large samples.

In practice, the parameter (1) and its associated plug-in estimator (2) may not be unique
(e.g., when the objective function is not convex and hence several local minima may exist).
In such cases the interpretation of the estimator and its probability limit may depend on
the specific (algorithmic) implementation used. This paper does not study these additional
complications, but rather assumes that the estimator (2) has been computed, and then relies on
the assumptions in Section 3 concerning the data generating process to study the large sample
statistical properties of the partitioning-based M -estimator and transformations thereof.

1.2. Summary of Contributions. The objective function in (2) may not be convex. To ad-
dress this challenge, we first provide primitive conditions for uniform over X x Q (and mean
square) consistency of the partitioning-based estimator /i(x, ¢), taking explicitly into account
whether the loss function 6 +— p(y,7(6); q) is convex: setting B =RX if it is convex, or oth-
erwise B = {b € R¥ : ||b||.. < R} for some large enough fixed constant R > 0, we establish
SUPgeo H,@(q) — Bo(q)||, = or(1), where || - || denotes the £>°-norm, and B: Q — R¥
denotes coefficients such that 3y (q)" p approximates 119 well enough uniformly over X x Q
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(Assumption F in Section 3). For the non-convex case, the resulting “fixed box” constrained
optimization is arguably a mild assumption in practice, and may be justified in theory under
different regularity conditions. These results are presented in Section 4.

Taking the uniform consistency of the partitioning-based estimator as given, and hence be-
ing agnostic about the shape of the objective function and other optimization-related aspects,
we establish three theoretical results for the partitioning-based series M -estimator in (2):

(i) rate-optimal Bahadur representation uniformly over X x Q,
(ii) rate-optimal convergence rates in mean square and uniformly over X' x Q, and
(iii) valid strong approximation and feasible distribution theory uniformly over X x Q.

These results allow for a large class of possibly non-smooth loss functions. In addition, we
precisely characterize how the degrees of smoothness of p and 7 affect the order of the re-
mainder in the uniform Bahadur representation for /i, its convergence rates, and the validity
of the associated uniform inference procedures. Results (i) and (ii) are presented in Section
5, while results (iii) are presented in Sections 6 and 7.

Section 2 introduces four examples: Generalized Conditional Quantile Regression, Gen-
eralized Conditional Distribution Regression, Generalized L, Regression Estimation, and
Maximum Likelihood Logistic Regression. These examples are used to both motivate our
high-level assumptions and demonstrate the broad applicability of our uniform estimation
and inference results. Our most general results cover other applications such as nonparametric
partitioning-based (quasi-maximum likelihood) Poisson regression, censored and truncated
regression, as well as Tukey and Huber regression. Section 3 presents the slightly simplified
high-level technical assumptions used throughout the paper, but their most general form is
given in the supplemental appendix to streamline the presentation. Section 8 demonstrates
how our general sufficient conditions are verified for each of our motivating examples.

Section 9 discusses how our results can be extended to cover other parameters of interest,
while Section 10 concludes. The supplemental appendix reports simulation evidence, col-
lects all the technical proofs, presents other theoretical results that may be of independent
interest. In particular, our more general theoretical results (i) allow for Q to be a set of vec-
tors rather than scalars, which can be useful in other examples beyond those studied in this
paper; and (ii) consider more complex (VC-type) classes of loss and transformation func-
tions, thereby covering a broader class of settings than those studied herein, but at the cost of
additional, cumbersome notation and technicalities. In addition, the supplemental appendix
presents new strong approximation results for a class of K -dimensional linear stochastic pro-
cesses indexed by X’ x Q under standard complexity and smoothness conditions, leveraging
a conditional Strassen’s Theorem [14, 32] and generalizing prior Yurinskii’s coupling results
in the literature [3, 37].

1.3. Related Literature. Our paper contributes to the literature on nonparametric curve
estimation and inference, focusing in particular on series (or sieve) partitioning-based meth-
ods. See, for example, [19] and [20] for textbook introductions. This literature is mature and
well-developed for the special case of a square loss function p(y,7(6);q) = (y — 6)? with
identity transformation n(u) = u, and hence not a function of ¢ € Q. See, for example, [2],
[8], [9], [11], [13], [23], [39] for pointwise and uniform over X estimation and inference re-
sults at different levels of generality, and with increasingly weaker technical conditions. This
strand of the literature explicitly exploits the special structure, which leads to a closed-form
solution of the estimator in (2), and hence results are often obtained under minimal assump-
tions and technical regularity conditions. To be more precise, up to polylog(n) terms and
mild regularity conditions, [9] show that the minimal requirement K /n — 0 is (necessary
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and) sufficient for rate-optimal convergence rates for any d > 1, and for strong approxima-
tions uniformly over X when d = 1. They also establish valid strong approximations uni-
formly over X for d > 1 under the requirement K3 /n — 0, up to polylog(n) terms and mild
regularity conditions.

Despite aiming for generality, that is, allowing for a large class of loss functions with dif-
ferent levels of smoothness and a non-identity transformation function, this paper establishes
rate-optimal uniform over both X’ and Q estimation results under the same minimal assump-
tion K /n — 0 for unconnected bases, and under the slightly stronger assumption K2 /n — 0
for general partitioning-based estimators. Furthermore, we establish valid uniform over both
X and Q inference under the same condition K3/n — 0, leveraging a new strong approxi-
mation result given in the supplemental appendix. Compared to the prior literature focusing
on the special case of square loss and identity transformation, we are able to achieve the same
best known (in some cases rate-optimal) estimation and inference results, under the same (in
some cases minimal) side rate restrictions and conditions on the partitioning-based method
(Assumptions A and B). Furthermore, our results on uniform consistency disentangling con-
vex and non-convex loss functions (Section 4), rate-optimal uniform Bahadur representation
and convergence capturing explicitly the smoothness degree of the loss function (Section 5),
and uniform feasible inference validity (Sections 6 and 7), are necessarily new relative to
prior work studying the special case of least square partitioning-based methods.

Going beyond square loss and identity transformation, there are only a handful of re-
sults available in the literature. The closest antecedent is [3], who consider nonparametric
conditional quantile series regression estimation and inference uniformly over X x Q with
n(u) = u, and under the side rate restriction K*/n — 0, up to polylog(n) terms, and other
regularity conditions. As a comparison, for the special case of nonparametric quantile regres-
sion (Example 1 below), this paper allows for a non-identity (inverse) link function 7(-), and
establishes convergence rates under the minimal condition K /n — 0 for piecewise polynomi-
als, and the improved condition K 2 /n — 0 for connected bases, while for uniform inference
we require the weaker condition K2/n — 0, in all cases up to polylog(n) terms. We also
weaken other assumptions imposed in [3]: see Example 1 in Sections 2 and 8.1, and Sections
5.2 and 6.1. On the other hand, it is worth noting that [3] also consider generic dimension-
increasing covariates, while our paper focuses exclusively on partitioning-based local basis.

Our contributions can also be compared to recent work on nonparametric M-estimation
employing other smoothing techniques. For example, [26] considers local polynomial meth-
ods, and [33] considers smoothing spline methods. Sections 5.2 and 6.1 give a more detailed
comparison with prior literature, and explain precisely how our general results are either
on par with or improve upon prior work. In a nutshell, we present estimation and inference
results for partitioning-based M -estimators that (i) allow for a large class of possibly non-
smooth loss functions, (ii) are uniformly valid over both X and Q, (iii) achieve the best
known (in some cases rate-optimal) convergence rates, and (iv) require substantially weaker
(in some cases minimal) side rate restrictions and regularity conditions. Our results, for ex-
ample, permit the use of Haar M -estimators for estimation and inference, which were ruled
out by prior work.

1.4. Notation. We employ standard notation in probability, statistics and empirical pro-

cess theory [4, 18, 24, 36]. For any vector a = (a1, ,ap) € RM, we write |ja|| =

(Z;\il a?)'/? and ||a|| = maxi<j<r|a;|. For any real function f depending on d vari-

ables (t1,...,tq) and any vector v = (vy,---,v4) of nonnegative integers, denote f(¥) =
olvl

571 gl Where [v| = S ¢_, v;. For functions that depend on (z,q), the multi-index
1 7"d

derivative notation is taken with respect to the first argument x, unless otherwise noted.
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We say a function f is a-Holder on a set Z if for some constant C' > 0 and o > 0,
|f(x1) — f(x2)| < C||l@r — @2||* for any x1,2x2 € Z. For any two numbers a and b,
aV b=max{a,b}, and a A b =min{a,b}. Let E,[g(z;)] = + > g(z;) and Gy, [g(z;)] =
ﬁ > i (g(x;) —Elg(z;)]). For sequences, a, = O(by,) or a,, < b, denotes limsup,, |a,,/by,|
is finite, a,, = Op(b,,) denotes limsup,_, . limsup,,_, . P[|an/bn| > €] =0, a, = o(by,) de-
notes a,, /b, — 0, and a,, = op(b,,) denotes a,, /b, —p 0, where —p is convergence in prob-
ability. Limits are taken as n — oo, and the dependence on n is often suppressed, e.g.
K = K,,. Also, we say a random variable ¢ is sub-Gaussian conditional on X if for some
constant 02 > 0, P(|¢] > t| X = ) < 2exp(—t?/o?) forallt >0 and x € X.

2. Examples. We discuss four motivating examples of interest covered by our theoreti-
cal results. Section 8 demonstrates how our high-level assumptions, introduced in Section 3,
are verified for these examples in order to obtain uniform estimation and inference results;
the supplemental appendix collects omitted details.

Our first example generalizes the work of [3], who studies the large sample properties
of nonparametric conditional quantile series regression with 7(u) = u. We allow for non-
identity transformation under substantially weaker technical conditions.

EXAMPLE 1 (Generalized Conditional Quantile Regression). The quantile regression
loss function is

p(y,m59) = (¢ — Ly <n))(y —n),

where g € Q = [g0,1 — £¢] denotes the quantile position, with €y > 0. Then, n(uo(x,q)) is
the g-th conditional quantile function of Y given X = x, and the partitioning-based quantile
regression estimator is 7(ji(x, ¢)) as defined in (2). In the classical case, 7)(+) is the identity
function, but our theory accommodates other transformations. Interest lies on the quantile
process estimator (n(i(x,q)) : (x,q) € X x Q), which can be used to characterize heteroge-
neous effects of covariates on the outcome distribution and to conduct specification testing.
See Section 8.1 for our main results, and Section 9 for results on transformations. A

[15] obtains large sample estimation and inference results for parametric (K fixed) gen-
eralized conditional distribution regression, and applies them to counterfactual analysis and
causal inference. The following example discusses a nonparametric partitioning-based gen-
eralized conditional distribution regression estimator.

EXAMPLE 2 (Generalized Conditional Distribution Regression). Non-linear least squares
conditional distribution regression employs

p(y,m59) = (L(y < q) —n)?,

where we can, for example, use the complementary log-log link 7(f) = 1 — exp(— exp()).
Estimands of interest are 77( 1o (, ¢)), which corresponds to the conditional distribution func-
tion of Y given X =z (i.e., Fy|x(q|z) = E[1(Y < ¢)|X = z]), and derivatives thereof.
Uniform estimation and inference results based on (n(fi(x,q)) : (x,q) € X x Q) are useful
for a variety of purposes, including heterogeneous treatment effect estimation and specifica-
tion testing. See Section 8.2 for our main results, and Section 9 for transformations. A

[27] studies L, regression estimation with identity transformation 7)(-) in a parametric set-
ting (K fixed). The next example considers a class of nonparametric partitioning-based gen-
eralized L, regression with p € [1,2], covering the full interpolation between nonparametric
generalized median regression (p = 1) and nonparametric nonlinear least squares regression
(p = 2), with possibly non-identity 7(-).
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EXAMPLE 3 (Generalized L, Regression). The (possibly nonlinear) L,, regression esti-
mator is defined by taking

p(y,n) =y —nl?,

for a fixed p > 0. In particular, p = 2 leads to nonlinear least squares, and p = 1 leads to
generalized least absolute deviations, when a non-identity transformation function 7(-) is
used. The estimand of interest is usually the transformed regression function (o ()), which
needs to be interpreted in context. Our general theory applies to any choice p € [1, 2], deliver-
ing uniform estimation and inference methods based on (zi(x) : € X'), and transformations
thereof. See Section 8.3 for our main results, and Section 9 for transformations. A

The final example considers (nonparametric) Generalized Linear Models [31]. For speci-
ficity, we focus on (quasi-)maximum likelihood logistic regression, but our results cover
many other examples within this class such as regression models with limited dependent
variables (e.g., Poisson, fractional, censored and truncation regression).

EXAMPLE 4 (Generalized Linear Models). The classical logistic regression model, or
binary classification with sigmoid (inverse) link, employs

p(y,n) =—ylogn — (1 —y)log(1 —n),  n(0)=exp(0)/(1+exp(F)),

with ) = {0, 1}. The estimand n(uo(x)) characterizes the conditional probability of ¥ = 1
given X = . See Section 8.4 for uniform estimation and inference methods based on (fi() :
x € X'), and Section 9 for transformations thereof. Furthermore, our results also cover other
related quasi-maximum likelihood (and non-linear least squares) problems such as fractional
regression where ) = [0, 1]. A

The four examples illustrate distinct settings from a technical perspective. In Example 1
uniformity over X x Q is of interest, and the loss function is non-smooth as a function of
x € X but smooth as a function of ¢ € Q. Example 2 is the antithesis of Example 1 because
now the loss function is smooth as a function of £ € X and non-smooth as a function of
q € Q, while uniformity over X x @Q is still of interest. In Example 3 only uniformity over
X is of interest because ¢ € Q is not present in the loss function, but its smoothness depends
on p € [0, 1]; the a. e. derivative of 1 — p(y,n) ranges from discontinuous (p = 1), to Holder
continuous (p € (1,2)), to linear (p = 2). Likewise, Example 4 only involves uniformity over
X because g € Q is not present in the loss function, but now the loss function is smooth and
well-behaved; this last example serves as a benchmark for our theoretical development. All
of the examples above have a convex loss function when 7(u) = u, but can be non-convex
when 7)(+) is not the identity function.

Our theoretical results cover other examples. For instance, Tukey and Huber regression
are popular methods in robust statistics, and our theory allows for their generalizations
to nonparametric partitioning-based uniform estimation and inference. Specifically, Tukey
regression employs the loss function p(y,m;q) = ¢*(1 — [1 — (y — 0)?/?1*)1(Jly — n| <
q) + ¢*1(]y — n| > q), while Huber regression uses the loss function p(y,n;q) = (y —
21 (|ly — 1l < q) + q(2ly —n| — ¢)1(Jy — n| > q), where q is treated as a tuning param-
eter that balances the robustness and the bias of the estimation. We do not discuss these and
other examples for brevity.



3. Assumptions. Our theoretical work proceeds under Assumptions A and B on the
partitioning-based estimation framework, three assumptions concerning the data generat-
ing process and the loss function, and a final assumption linking the statistical model and
partition-based approximation.

ASSUMPTION C (Data Generating Process).

(i) ((yi,x;): 1 <i<n)isarandom sample satisfying (1).

(ii) The distribution of x; admits a Lebesgue density fx (-) which is continuous and bounded
away from zero on support X C R, where X is the closure of an open, connected and
bounded set.

(iii) The conditional distribution of y; given x; admits a conditional density fy|x (y|x) with

support Vg with respect to some (sigma-finite) measure M, and sup sup fyx(y | z) <

xreX yE)}m
(0. ¢]

(iv) x+— po(x,q) is m > 1 times continuously differentiable for every q € Q, x — po(x,q)
and its derivatives of order no greater than m are bounded uniformly over (x,q) € X x Q,
and

‘MO(mv QI) B uO(ma QZ)| <

~

sup sup 1.

TEX q1#£q2 ’Ch - q2’

Assumption C imposes standard conditions from the nonparametric regression literature,
including basic support and smoothness restrictions. Minimal additional regularity is im-
posed to accommodate uniformity over ¢ € Q, and different types of conditional distributions
of Y| X (e.g., absolutely continuous, discrete or mixed) are allowed. We consider continu-
ously distributed covariates for simplicity, but with additional notation, and by appropriate
modification of our assumptions and proof, it is possible to accommodate x; with continuous
and discrete components.

The next assumption requires regularity conditions on the loss and transformation func-
tions. Define B, (x) = {( : |¢ — po(2, ¢)| < r} for some fixed (small enough) constant > 0,
which is a “ball” around the true value po(x, ¢) with radius r.

ASSUMPTION D (Loss Function).

(i) Let Q C R be a connected compact set. For each q € Q, y € Y, and some open con-
nected subset £ of R not depending on y, n— p(y,n;q) is absolutely continuous on
closed bounded intervals within £, and admits an a. e. derivative 1(y,n;q).

(ii) The first-order optimality condition B[ (y;, n(pmo(xi,q));q)|x;] = 0 holds; the func-
tion B[ (yi, n(po(x:,q)); q)?|x; = ] is continuous in both arguments (z,q) € X x Q,
bounded away from zero, and Lipschitz in q uniformly in x; there is a positive mea-

surable envelope function \(x;,y;) such that sup,eg [¥(yi, n(po(xi,q)); ¢)| < (i, ys)
with supe v E[Y (i, y;)" |2 = x| < 00 for some v > 2.

(iii) n(-) is strictly monotonic and twice continuously differentiable. Furthermore, for some
fixed constant o € (0, 1], for any (xz,q) € X x Q, and a pair of points (1, (s € By(x), ¥(-)
satisfies the following (constants hidden in < do not depend on x, q, (1, (2):

o if M is the Lebesgue measure, then

sup sup [y, (G + MG —C1))sa) — (Y, n(¢); )| S G — G,
A€[0,1] y&Z[n(¢1)An(¢2),m(¢1)Vn(¢2)]
sup sup [y, n(+ MG —€1))sa) — ¢ (y,m(¢2)i @) S 1

A€[0,1] y€[n(¢1)An(¢2),m(¢1)vn(¢2)]
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o if NN is not the Lebesgue measure, then

sup sup [¢(y, n(C1 + MG — 1)) — ¥ (Y, n(G); a)] S [¢ — Gal*.

AE[0,1] yEY

(iv) ¥(x,n;q) =E[Y(yi,n;q)|x; = x] is twice continuously differentiable with respect to n,
ak
sup sup ‘\Ilk(w777(C)7q)’ < 00, \Ijk<w7naq):7k\1](x7nvq>v k:1727
€X' ,qeQ (EBy(x) 877

and

inf inf W ’ : (1) 2>0‘
seloo 2t 1(x,1n(0):q) ("7 (¢))

Assumption D is carefully crafted to accommodate all the examples discussed in Section
2, and many others. Part (i) allows for different degrees of smoothness in the loss function,
assuming only absolute continuity (with respect to ). It also makes clear that ¢ is scalar,
which is assumed only to simplify the notation; see the supplemental appendix for the general
case Q C R9e with dg > 1. Part (ii) formalizes the idea that yo(x, ¢) may not be a unique
(global) minimizer in (1), and consequently it is only required to be a root of the (conditional)
first-order condition; the rest of the assumptions in that part are mild regularity conditions.
In some applications, p(x,q) can be the unique minimizer; see, for example, [29], [30], and
references therein.

Part (iii) of Assumption D imposes additional structure on the a. e. first derivative of the
loss function, allowing for all types of outcome data (discrete, mixed, and continuous) and
rescalings emerging in some of the motivating examples. Importantly, this part characterizes
precisely the role of (Holder) smoothness, which is controlled by the parameter o € (0, 1].
We illustrate the full power of this general assumption in Section 8, where o = 1 in Ex-
amples 1 and 2, o = p — 1 in Example 3 when p > 1, and o = 1 in Example 4. The strict
monotonicity condition on 7(-) is satisfied by usual (inverse) link functions used in general-
ized linear models. Finally, part (iv) of Assumption D collects mild regularity conditions on
the smoothed-out a. e. derivative of the loss function.

Assumptions C and D have restricted basic aspects of the statistical model, imposing stan-
dard support, moment, and smoothness conditions, in addition to other minimal structure
required on the loss and transformation functions. These conditions are sufficient for point-
wise estimation and inference, but more is needed for uniform over X x Q results. In the
supplemental appendix, our theoretical results are established under one more condition that
governs the complexity of the loss function and related function classes. To avoid a long list
of complexity bounds, we present a more restrictive but simpler assumption motivated by the
examples discussed in Section 2: we consider a loss function p(y,7; ¢) that can be expressed
as a linear combination of certain “simple” functions. See Section SA2.1 for omitted details.

ASSUMPTION E (Simplified Setup).

(i) q+— po(x,q) is non-decreasing.
(ii) p(y,m;q) = Z?:l p;(y,n;q), where the functions p;(-) are of the following types:
* Type I: pi(y,n;q) = (f1(y) + Din)l(y <n),
* Type Il: pa(y,m;q) = (f2(y) + Dan)(y < q),
* Bype I p3(y,n;q) = (f3(y) + Dsn)a.
* Type IV: pa(y,m30) =T (y,m),
where f;(-) are fixed continuous functions, D; are universal constants, and T (-) is a fixed
continuous function.
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(iii) n — E[r(y;,n)|x; = x] is differentiable, where T(y,n) = %’T(y,n), 7(y,n) and
%E[T(yi,nﬂwi = x| are continuous in their arguments and o-Hélder continuous (o €
(0,1]) in n for n in any fixed compact subset of € with the Holder constants independent

of (y, ).

(iv) supgeq |T(y, n(po(x, )| < 7(x,y) with supex E[T (i, y:)"|2: = x] < 00 for some
v> 2.

(v) If D1 #0, then Fy|x is differentiable with a Lebesgue density fyx, and fy|x is contin-
uous in both arguments and y — fy|x (y|x) is continuously differentiable.

This third assumption imposes an additional weak monotonicity condition on pg(x, q) as
a function of ¢, which is compatible with all the examples in Section 2. Finally, the key re-
striction emerging from Assumption E is on the structure of the loss function, which allows
for linear combinations of smooth loss functions of y and 7, and non-smooth loss functions
involving indicator functions of either y and 7, or y and q. These restrictions are still general
enough to cover the four motivating examples: the loss function in Example 1 is a combi-
nation of Type I and Type III functions with f; and f3 being linear functions of y; the loss
function in Example 2 is a combination of Type II and Type IV functions; the loss function in
Example 3 is of Type IV for p > 1, and of the same type as Example 1 when p = 1 (median
regression); and the loss function in Example 4 is usually a Type IV function. See Section 8
for details.

Our final assumption concerns the approximation power of the basis p(-) in connection
with the underlying functional parameter.

ASSUMPTION F (Approximation Error). There exists a vector of coefficients (30(q) €
RE such that for all s satisfying |s| < in Assumption B,

sup sup \uég) (z,q) — Bolq) ' ()| < h™IeL
geQ xeX

The vector 3y(q) can be viewed as a pseudo-true value, and does not have to be unique.
The existence of such 3y(q) can be established using approximation theory or related meth-
ods, and necessarily depends on the specific underlying structure of the statistical model
(determining (2, q)) and the partitioning-based method (determining p()(x)). For stan-
dard local bases, the assumption can be verified by imposing smoothness conditions on
(x,q) — ,u,((f) (z,q) (see Assumption C(iv)). For more discussion, see [2], [3], [8], [9], [13],
[23], and references therein.

4. Consistency. We show that the partitioning-based M -estimator is consistent, which
is the starting point for establishing its main point estimation and inference asymptotic prop-
erties. We endeavor to impose the weakest possible conditions, which requires careful con-
sideration of the specific shape of the loss function in (2): we consider two cases, either the
loss function p(y,n(#);¢q) is convex with respect to 6 or not; in the latter case, we will have
to restrict the feasibility region B.

4.1. Convex Loss Function. For the case of convex 6 — p(y,n(0); ), consistency can be
established for general unconstrained estimators (3 = R¥ in (2)) under mild conditions. The
proof is deferred to the supplemental appendix (Lemma SA4.1).

LEMMA 1 (Consistency, convex case). Suppose that Assumptions A-F hold, p(y,n(6); q)
is convex with respect to 6 with left or right derivative ¢ (y,7(0); ¢)n™" (), B =R in (2),
and m > d/2. Furthermore, assume that one of the following two conditions holds:
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o
(ii) (105225/2 = o0(1) and ¢ (z;, ;) is sub-Gaussian conditional on ;.
Then
3) sup ||B(q) — Bo(q)|| = 0x(1),
7€Q
4) sup sup ‘,u(”) q) — /L(()U)(«’B,q)’ = op(h™11),
xeX geQ
® sup [ (5% (@.0) = 1 (@.0))" () do = on (1721,
qe

Lemma 1 shows that the function estimator f is uniform-in-g consistent for the true
value jiy in both Lo-norm and sup-norm over X', whereas for the derivative estimator 7i(?)
(with |v| > 0) the lemma only provides a bound on its deviation from the estimand ,u,(v).
Technically, all we need from this lemma to establish the Bahadur representation later is
the uniform-in-q consistency of the coefficients estimator (3(¢q) for the pseudo-true coeffi-
cients By(q) in sup-norm, i.e., ||§(q) — Bo(q)|loc = op(1), which is immediate from (3), the
uniform-in-g consistency in the Euclidean norm.

Two kinds of rate restrictions are imposed in Lemma 1, depending on the moment con-
dition assumed for the generalized residual v (y;, n(po(;,q)); q). In the best case when the
residual has a sub-Gaussian envelope, we need 1/(nh??) < K?/n = o(1), up to polylog(n)
terms, while in the worst case when the envelope of ¥ (y;, n(po(x;,q)); ) has a bounded v-
th moment with v close to 2, we roughly need 1/(nh*?) < K*/n = o(1), up to polylog(n)
terms.

A feature of Lemma 1 is that no constraints are imposed on the coefficients in the optimiza-
tion procedure, which allows the estimation space to be, for example, piecewise polynomials.
In contrast, many studies of series (or sieve) methods restrict the functions in the estimation
space to satisfy certain smoothness conditions, e.g., Lipschitz continuity, to derive the uni-
form consistency [e.g., 16].

4.2. Non-Convex Loss Function. Consider the case when the loss p(y,n(0);q) is pos-
sibly non-convex with respect to 6. This setting naturally arises, for example, in nonlinear
regression when p(y,n(6);q) = (y — n(6))* with n(-) non-identity: while 5 — p(y,n;q) is
a square loss function, hence convex, introducing a transformation function 7 such as the
(inverse) logistic link will often make 6 — p(y,n(#); ¢) non-convex.

A proof of consistency for the unconstrained estimator in (2) with a non-convex loss func-
tion is not available, but we are able to establish consistency of a regularized M -estimator.
Specifically, we add a fixed “box” constraint: for some fixed constant R > 0,

Blg) € argmin Zp (i, n(p(a:)"b); q).

lblle <R =5

In the supplemental appendix we show that the pseudo-true coefficients 3y (g) from Assump-
tion F are bounded in sup-norm by a universal constant: sup,cg [|Bo(¢)[lcc S 1 (because
p(x)T Bo(q) has to be close to pg(x, ¢) which is uniformly bounded). Therefore, we can al-
ways choose a sufficiently large constant R in the optimization procedure, making the box
constraint set contain By (g) as an interior point. The following lemma, proven in the supple-
mental appendix (Lemma SA4.3), establishes consistency of the constrained estimator.
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LEMMA 2 (Consistency, non-convex case). Suppose that Assumptions A-F hold, B =
{beR" : [|blloc <R} with R > 2sup,cg [80(q)l|s0 in (2), m > d/2, and that there exists
some constant ¢ > 0 such that inf ¥, (x, (; q) > ¢, where the infimum is over x € X, ¢ € Q,
between n(p(z)"B) and 7(u0(x, q)), and 3 € B. Furthermore, assume one of the following
two conditions holds:

(i) (log”f:dl:o(l),or

(ii) (10g:2)d/ =0(1) and 1 (x;, ;) is sub-Gaussian conditional on ;.

Then (3), (4), and (5) hold.

Compared to Lemma 1, two additional restrictions are imposed in this lemma. The first
one, R > 2sup,co ||Bo(q) |- can be theoretically justified by Lemma SA4.2 in the supple-
mental appendix, and in practice a large enough R is recommended. The other restriction
concerns a lower bound for ¥y, which implies that the (population) loss function is strongly
convex in a neighborhood of the true value n(uo(, q)), making the (constrained) minimizer
well defined. (This condition does not break because of the shape of 7(-), in contrast with
the convexity of p(y,7n(0);¢q) in 6.) The other conditions in this lemma are the same as those
in the convex case, and thus all improvements discussed before also apply to this second
consistency result.

4.3. Weaker Conditions for Special Cases. In the supplemental appendix we provide
additional consistency results for two special cases:

* the loss function is strongly convex and smooth (i.e., the second “derivative” of p(y,n(); q)
is bounded and bounded away from zero), or

 an unconnected basis (i.e., each basis function is supported on a single cell of A) is em-
ployed.

The first case covers the usual square loss function with identity transformation. The sec-
ond case covers partitioning-based M -estimation using the (Haar and) piecewise polynomial
basis. Notably, in these two special cases, the consistency result || B (@) — Bo(q)||co = 0p(1) is
established for any m and d, so the requirement m > d/2 imposed in Lemmas 1 and 2 is not
needed. Furthermore, in these two cases, it only requires the minimal side rate restrictions
1/(nh?) < K/n = o(1) in the sub-Gaussian case, and 1/(nh7-1%) < K71 /n = o(1) in the
bounded v-th moment case, up to polylog(n) terms. See Section SA4 in the supplemental
appendix for more details.

4.4. Comparison with Existing Results. These restrictions imposed in Lemmas 1 and 2,
and the associated results in the supplemental appendix for special cases, are either compa-
rable to or improve upon the existing literature. In the special case of square loss function
and identity transformation, uniform (over € X’) consistency of the partitioning-based esti-
mator is essentially automatic due to the intrinsic closed-form and linearity of the estimator.
Nevertheless, compared to the best known result in that strand of the literature [8, 2, 9], our
general results are essentially on par in terms of side rate restrictions and regularity condi-
tions. For example, in the sub-Gaussian case, and up to polylog(n) terms, the best side rate
restriction in that literature requires 1/(nh?) < K/n = o(1), while Lemmas 1 and 2 require
1/(nh*) < K?/n = o(1), and our improved results in the supplemental appendix for un-
connected bases require 1/(nh?) < K/n = o(1). Therefore, our results are on par with the
best available results for series-based least squares regression [8, 2, 9], despite being able to
cover a large class of M -estimation settings such as piecewise-polynomial-based quantile,
nonlinear, or robust regression.
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In the case of quantile regression with tensor-product B-splines, Corollary 1 of [3] implies
that the Ly-consistency (5) can be obtained under 1/(nh??) < K2 /n = o(1), and their Corol-
lary 2 implies that the uniform consistency (4) can be obtained under 1/(nh*?) < K*/n =
o(1). In contrast, since the generalized residual from quantile regression has a sub-Gaussian
envelope, we only require 1/(nh??) < K2/n = o(1) to establish both kinds of consistency.
Moreover, when an unconnected basis is used, or when the loss function is strongly convex
and smooth (e.g., the square loss for mean regression), we establish consistency under the
weakest possible restriction: 1/(nh?) < K/n = o(1), up to polylog(n) terms. It remains an
open question whether it is possible to establish consistency under the weakest condition
1/(nh%) < K/n = o(1) for general partitioning-based M -estimators.

5. Bahadur Representation and Convergence Rates. The Bahadur representation is

L@ (2, q) = —p®) (@) Qq 4B [p(:)n™ (1o(, )¢ (yi n(po (i, 9)); 0)]

where
Qoo =E[p(z:)p(z:) W1 (i, (1o (xi,9)); 0) [ (1o (4, )]

The following theorem takes the sup-norm consistency of the coefficient estimators B (q)
as a high-level assumption, and thus avoids imposing any of the specific sufficient conditions
discussed in Section 4. The proof is provided in the supplemental appendix (Theorem SAS.1).

THEOREM 1 (Bahadur representation). Suppose that Assumptions A-F hold. Further-
more, assume the following four conditions:

(i) supyeq [|B(a) = Bola)]|, = 02 (1):
(ii) there exists a fixed constant ¢ > 0 such that {b € RX : [|b — Bo(¢)||c < ¢, € O} C B;

ogn d+2
(i) S5— =o(1);
(iv) either n(f?%/”) ma = o(1) or (x;, ;) is sub-Gaussian conditional on x;.

Then

(logn)d) 3+H(§AT)

7 logn + h™ 7.
n

©) sup sup [i*)(@,q) - " (@,q) — L) (@, 9)| S b~
qEQmEX

If, in addition, sup,cy ,co [¥(y,1(¢1);9) — Y (y,1(¢2);@)| S 161 — G2|* without any re-
strictions on y in Assumption D(iii), then

o~ —|v 10 nd e m—|v
(1) sup sup |5 (. q) — 5 (. q) — L (@,q)| o b7 '(%) ® logn -+ Mol
geQreX nh

The Bahadur representation (6) applies to the case where the “derivative” (-, ; q) of the
loss function may be discontinuous. One typical example is quantile regression (Example 1),
where the “derivative” 1 (y,n;q) = 1(y —n < 0) — g, as a function of (y — ), is piecewise
constant with a jump at zero. In this case we can let a = 1, and (6) implies that the order
of the remainder in the Bahadur representation for partitioning-based quantile regression is
O(h~Pl(nhd)=3/% + km=I1) up to polylog(n) terms. Another example is L, regression
with p € (1,2), Example 3, where the derivative of the loss function is ¢¥(y,n) =¥ (y —n) =
ply — n|P~tsgn(n — y) with sgn(-) denoting the sign function. As a function of (y — 1), ¥(-)
is a-Holder on [0,00) or (—o0,0] for all a € (0,p — 1] but not for o > p — 1. Thus, (6)
applies with the order of the remainder depending on p, which is the same as that for quantile
regression when p > 3/2.
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On the other hand, the Bahadur representation (7) applies to the case where the “deriva-
tive” of the loss is a continuous function of (y — 7). Nonlinear least squares regression (Ex-
ample 2 and quasi-maximum likelihood estimation of generalized linear models (Example
4) fall into this category with the Holder parameter o« = 1. In such cases, (7) implies that
the order of the remainder in the Bahadur representation is O (k"I (nh®) =1 4 ™=} up to
polylog(n) terms, which is a tighter upper bound than that implied by (6). See Section 8 and
the supplemental appendix for more details.

In both cases, the remainder of the Bahadur representation consists of two terms. The last
term 2™~ |*! corresponds to the error from approximating the function 1 using the partition-
ing basis (cf. Assumption F), whereas the first term arises from the (potential) nonlinearity
underlying the M -estimation, and reflects explicitly the role of non-smoothness of the loss
function. When the “derivative” of the loss function has discontinuity points, the order of
the remainder in (6) is greater than that in the continuous case (7); with a smaller Holder
parameter «, the order of the remainder in both cases could increase.

5.1. Rates of Convergence. The uniform Bahadur representations (Theorem 1) can be
used to establish convergence rates for the general partitioning-based M -estimators. We fo-
cus first on uniform convergence over € X and q € Q.

COROLLARY 1 (Uniform Rate of Convergence). Suppose that Assumptions A—F and
the four conditions (i)—(iv) in Theorem 1 hold. Furthermore, assume one of the following
two conditions holds:

)‘H%
nhd

(i) (osn = O(1), and h(@A05)™(log n)05 = O(
1

1),
d+1
(ii) the additional condition for (7) holds, % =0
Then
1
(8) sup sup |1 (x, ¢) — i (w,q)| Sp 17Ny /% 4 el
n

geQxeX

or
1

(1), and h*™(logn)?% = O(1).

1
By setting h < (10%) 2mtd Corollary 1 implies that the partitioning-based M -estimator

can achieve the uniform convergence rate (lo%) 2m+d This matches the optimal rate of con-

vergence in sup-norm for nonparametric estimators of the conditional mean [35] and con-
ditional quantiles [12]. In this sense, the rate of convergence in Corollary 1 is optimal and
cannot be further improved at our level of generality.

Theorem 1 can also be used to obtain the mean square convergence rate of the partitioning-
based M -estimator uniformly-in-q.

COROLLARY 2 (Mean Square Rate of Convergence). Suppose that Assumptions A-F
and the four conditions (i)—(iv) in Theorem 1 hold. Furthermore, assume one of the following

two conditions holds:

. (logn)*t anos

(i) nha P
d44+2

(ii) the additional condition for (7) holds, % = 0(1), and h*™(logn) =" = o(1).

Then

~(v (v) 2 1 2(m—|v

qeQ

= 0(1) and A(@\09)m(logn) 5 = o(1), or
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By setting h =< n_m, Corollary 2 implies that the partitioning-based M -estimator can
also achieve the Ly convergence rate n” i, uniformly over Q, thereby matching the opti-
mal rate of convergence in Ly-norm for nonparametric estimators of conditional means [34]
and conditional quantiles [12].

The convergence rates in (8) and (9) capture two contributions: the first term reflects the
variance of the estimator, while the second term arises from the error of approximating the
unknown o by the partitioning basis. In the case of Corollary 2, it is possible to further
leverage Theorem 1 to obtain a precise first-order asymptotic approximation for the integrated
mean square error of the partitioning-based M -estimator, uniformly over Q, which in turn
could be used to develop plug-in asymptotically optimal rules for selecting K = h~¢. See,
for example, Theorem 4.2 in [9] for a similar result in the special case of square loss and
identity transformation functions. We do not pursue this result here for brevity.

5.2. Comparison with Existing Results. 'To our knowledge, this paper is the first to estab-
lish uniformly valid Bahadur representations for partitioning-based M -estimators at the level
of generality allowed in Theorem 1, and the implied convergence rates in Corollaries 1 and
2. The restriction on the tuning parameter h required by the theorem is seemingly minimal:
when the envelope of the generalized residual ¥ (y;, n(1o(xi,q));q) is sub-Gaussian (or its
v-th moment is bounded with a large ), we roughly only need 1/(nh¢) < K/n = o(1), up
to polylog(n) terms. Having noted this, verification of the high-level consistency assumption
H,@ (¢) — Bo(q)|lco = op(1) in the sub-Gaussian case may require a more stringent condition
on h, as discussed in Section 4. In the best scenario (e.g., an unconnected basis is used), the
minimal restriction 1/(nh?) < K/n = o(1) suffices, while in the worst scenario we need at
most 1/(nh??) < K% /n = o(1), up to polylog(n) terms.

The rest of this section discusses precisely how our results improve on prior literature.

Mean Regression. The usual mean regression is a special case of our general setup where
p(-,-) is the square loss, 7(+) is the identity link, and Q is a singleton. Bahadur representa-
tions for this special case were established by [2] and [9]. Since the derivative of the square
loss for mean regression is linear, the first term in (6) or (7) does not show up in the uni-
form linearization of least squares series estimators. See, for example, Lemma SA-4.2 of [9];
Ryy,4 defined therein has been implicitly included in the leading variance term in (7) above.
Theorem 1 substantially extends these prior results to other nonlinear settings, under minimal
additional conditions.

Finally, Corollaries 1 and 2 demonstrate the convergence rate optimality of general
partitioning-based series M -estimation, recovering in particular known results for mean re-
gression [2, 9] under essentially the same minimal conditions.

Quantile Regression. Theorem 1 improves upon prior theoretical results for nonparamet-
ric series quantile regression estimators. The most recent advance in this literature is due to
[3], which establishes a uniform linear approximation for general series-based quantile re-
gression estimators. In comparison, we exploit the “local support” feature of the partitioning
basis, and make improvements in (at least) four aspects. To summarize these improvements
without additional cumbersome notation, we set v = 0 and ignore the smoothing bias h™ in
the Bahadur approximation remainders.

First, [3] shows that the order of the remainder in the Bahadur representation is
O((nh®)=3/1h=4/2), up to polylog(n) terms (see proofs of Theorem 2 and Corollary 2
therein for details). In contrast, Theorem 1 implies that the remainder in the Bahadur rep-
resentation for partitioning-based quantile regression estimators is O((nh®)~%/%), up to
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polylog(n) terms, which is not only a much tighter bound but also matches the optimal
parametric bound when taking nh? as the effective sample size.

Second, the rate restriction 1/(nh*?) < K*/n = o(1) is required for B-spline-based es-
timators in [3]. In contrast, the restriction on /& in Theorem 1 depends on the tail behav-
ior of the generalized residuals and becomes weaker as v gets larger. In the best case (the
residuals have a sub-Gaussian envelope) we only need the seemingly weakest restriction
1/(nh%) < K/n = o(1), up to polylog(n) terms, along with the consistency condition for
B(q) Recall that in the sub-Gaussian scenario we need at worst 1/(nh??) < K2/n = o(1),
up to polylog(n) terms, to satisfy the consistency requirement.

Third, the restriction h™~% = o(n~¢) for some £ > 0 in [3] implicitly requires the smooth-
ness m of the conditional quantile function be greater than the dimensionality d of the covari-
ates. In contrast, the proof of Theorem 1 does not need such a restriction, though a weaker
condition m > d/2 might be needed to verify the consistency condition on 3 (q); see Lem-
mas 1 and 2. Furthermore, when an unconnected basis (e.g., piecewise polynomials) is used
for approximation, the condition m > d/2 is unnecessary for consistency, and thus we have
no constraint on the relation between smoothness m and dimensionality d; see Section 4.3.

Fourth, compared to [3], we allow for a possibly non-identity link. Introducing a link func-
tion may lead to non-convexity of the loss p(y,n(6);q) with respect to 6, making the usual
proof strategies for consistency and Bahadur representation under convexity inapplicable. For
example, non-convex quantile regression is covered in Theorem 1 by virtue of our general
consistency results in Lemma 2.

All of the aforementioned improvements are practically relevant. For example, they ac-
commodate univariate quantile regression using the piecewise constant basis with the IMSE-
optimal choice of the mesh size h (in this case h =< n~1/3 and m = d), which was theoretical
excluded in prior literature.

Finally, Corollaries 1 and 2 establish the optimal rate of convergence for general
partitioning-based series M -estimators, which substantially improve on prior work on quan-
tile series regression in particular. More specifically, the conditions on the mesh size h, the
smoothness m, and the dimensionality d in both corollaries are weaker than in prior work.
In the best case (e.g., an unconnected basis is used and a sub-Gaussian envelope for resid-
uals exists), we only require the seemingly minimal restriction 1/(nh?) < K/n = o(1), up
to polylog(n) terms, and an arbitrary relation between m and d is permitted. For compari-
son, in the special case of quantile regression, [3] shows that series estimators can achieve
the fastest possible uniform-in-g rate in both Lo-norm and sup-norm (see Comments 3
and 4 therein), but under more stringent conditions: 7 is the identity function, m > d, and
1/(nh*?) < K*/n = o(n%) for some & > 0 (see their Corollary 2). Such conditions ex-
clude, e.g., the IMSE-optimal choice of A for the Haar basis when d = 1 (since h < n~'/3
and m = d = 1), or piecewise linear fit when d = 2 (since m = d = 2).

Other Nonparametric Smoothing Methods. [26] establishes a similar Bahadur represen-
tation for kernel-based M -estimators using weakly stationary time series data. They consider
a special case of our setup in Assumption D: their loss function class Q is a singleton, 7 is
an identity function, and the “derivative” of the loss can be written as ¢ (y,n) = ¥ (y — n)
and is assumed to be piecewise Lipschitz continuous. In a comparable cross-sectional con-
text with « = 1 and v = 0, the order of the remainder in our Bahadur representation (6) is
O((nh®)=3/%), up to polylog(n) terms, and thus Theorem 1 matches their approximation
error up to a minor difference in log n terms. Taking nh? to be the effective sample size, the
approximation rate can not be further improved at this level of generality, and hence Theorem
1 establishes that the partitioning-based series M -estimator in (2) can achieve the same best
Bahadur approximation as local polynomial kernel methods, up to polylog(n) terms.
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Furthermore, compared to [26] or other similar contributions in the literature, Theorem
1 exhibits (at least) two novel features. First, the Bahadur representations (6) and (7) hold
uniformly not only over the evaluation point z € X, but also over the loss function index
q € 9, which may be important, for example, to study simultaneous quantile regression
where the entire conditional quantile process may be of interest. Second, Theorem 1 also
covers the more general setup where the “derivative” function may exhibit different degrees
of smoothness, reflected by discontinuity points and/or the Holder parameter «, or admits a
more complex structure so that ¢(y,7; q) cannot be written as ¥ (y — 1; q). Thus, we cover
more examples such as distribution regression (Example 2) and L, regression with p € (1,2)
(Example 3). Finally, [26] does not discuss convergence rates as we do in Corollaries 1 and
2.

In the context of nonparametric penalized smoothing spline methods, [33] also establishes
a uniform Bahadur representation (and other results) that can be compared to Theorem 1.
However, their paper imposes more stringent assumptions and hence cover a smaller class of
settings: using our notation, they assume that (i) Q is a singleton so their uniformity is only
over X'; (ii) d = 1 so they consider only scalar covariate x;; and (iii) p(-,7(-)) is smooth so
they rule out many important examples such as quantile regression, and Tukey and Huber
regression. Furthermore, their results do not take explicit advantage of specific moment and
boundedness conditions, or the structure of the nonparametric estimator, and instead impose
the generic side condition nh? — oo, which is comparable to our condition K2 /n — oo, up
to polylog(n) terms. Most importantly, in the closest comparable case (d =1, « = 1,and v =
0), and only focusing on the variance component for simplicity, the order of the remainder in
their uniform Bahadur representation (a combination of Theorem 3.4 and Lemma 3.1 in [33])
is O((nh)~th=6m=1)/(4m)) "while (7) in Theorem 1 gives the optimal result O((nh)~1),
thereby demonstrating a substantial improvement over their result. Finally, as for convergence
rates, Proposition 3.3 in [33] and our Corollary 2 are essentially equivalent, both delivering
optimal mean square convergence. They do not explicitly discuss uniform convergence rates
as we do in Corollary 1.

6. Strong Approximation. The uniform Bahadur representations in Theorem 1 can also
be leveraged to establish uniform distribution theory for 7i(*). The infeasible conditional vari-
ance of the estimator can be written as

Qy(@,q) = p™(2)'Q;'=,Q, P (w),
where
Q, =E,[p(z:)p(x:) U1(xi,n(po(i,9)); )0 (o(xi,9))]?],  and
X¢ =E, [p(®:)p(:) "E[ (yi, n(po(xi,0)); 0?2 0™ (1o(xi, 0)))?)

Accordingly, we define a feasible variance estimator as
Qu(x,q) =p(2)'Q,'2,Q, ' P (@),

where Q, and 3, are some estimators of @, and 3, respectively, which are consistent in

a sense described below. Therefore, Qs (x,q) is an estimator of the infeasible conditional
variance {2, (x, q).

Statistical inference on ,uév) usually relies on the following ¢-statistic process:

1) (2. q) — (V) (o
T(m’q):/j' ( ,Q) Ko ( 7Q)’ (:c,q)GXXQ,

ﬁ'll(ma Q>/n
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where we drop the dependence of 7'(-) on v for simplicity.

Employing Theorem 1, or more precise arguments under slightly weaker conditions, it
is easy to show that 7'(x,q) converges in distribution to N(0,1) for each (z,q) € X x Q.
However, the stochastic process (T'(x,q) : (x,q) € X x Q) is generally not asymptotically
tight and, therefore, does not converge weakly in £*°(X x Q), where {>°(X x Q) denotes
the set of all (uniformly) bounded real functions on X x Q equipped with uniform norm
[36]. Nevertheless, we can construct a Gaussian process, in a possibly enlarged probability
space, that approximates the entire process 7'(+) sufficiently fast, which can then be used to
approximate the finite sample distribution of the function M -estimator 7i(”)(-).

More precisely, under some mild consistency conditions on SAL, (x,q), our Theorem 1 guar-
antees that sup ¢ g Supgc x ‘T(w, q) —t(x, q)‘ —p 0 sufficiently fast, where

P(@)Q,"
t(x,q) = — =G [p(@:)1" (po(2i, )¢ (i n(1o(i,)): )|
Qy (2, q)

It follows that, conditional on {x;}} ;, the randomness of ¢(x,q) comes exclusively from
the K -dimensional vector G, [p(x;)n™ (uo(x:,q))% (yi;n(1o(xi,q)); ¢)]. Thus, our proof
strategy is to further “discretize” this vector with respect to ¢ € Q, and then apply Yurinskii’s
coupling [37] to construct a (conditional) Gaussian process that is close to the original ¢-
statistic process T'(x, ¢) uniformly over both € X and ¢ € Q. Our construction leverages
a conditional Strassen’s theorem [14, Theorem B.2] to generalize prior coupling results [3,
Lemma 36]. See Section SA6 in the supplemental appendix for details.

Our strong approximation approach is formalized in the next theorem. We employ high-
level conditions to ease the exposition, but those conditions can be verified using Corollaries 1
and 2, and Theorem 1, as well as using the more general results in the supplemental appendix.
Let ryc, rer, 've, and rgy be positive non-random sequences as n — co. The proof is available
in the supplemental appendix (Theorem SA6.4).

THEOREM 2 (Strong approximation). Suppose that Assumptions A-F with v > 3 hold.
Furthermore, assume the following four conditions hold:

(i) $UPgeosUPzey [AM) (@, ) — puf” (@, 4)| Sp h1¥lrye.

(ii) SUPyeq SuPgey [ (@.4) — 1" (w,q) — L) (2, 4)| e
(iii) SUPgeoSUPLex |Qw(T,q) — Qu(®, q)| Sp h 2= rye, with rye = 0(1).

(iv) E[|v(yi, n(uo(®:,0)); @)™ (o(@s, @) — (ya (o, @)); D (po (24, @) |2 <
lg — q|, forall ¢,q € Q.

Then (provided the probability space is rich enough) there exists a stochastic process
(Z(x,q) : (x,q) € X x Q) such that, conditional on X,, = (&1, ,x,), Z is a mean-zero
Gaussian process with E[Z(x,q)Z (&, q)| X,] = E[t(x,q)t(z, §)|X,] for all (x,q), (x,q) €
X x Q, and

sup sup ‘T z,q) — Z(x Q)l Se 7sa 4+ Vnhd(ryc Tve 4 7er)-
geQxeX

where rgy, = o(1) is any positive sequence satisfying
logn
( h3d) Viegn+ —m = fri—2/v]d = olrs)-

Furthermore, if @(mi,yi) is sub-Gaussian conditional on x;, then the same result holds
with any positive sequence rgy = 0( 1) satisfying
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The speed of strong approximation in Theorem 2 is determined by four factors: the uni-
form convergence rate ryc, the order of the remainder in the Bahadur representation rgg,
the convergence rate ryc of the variance estimator SAL,, and the strong approximation rate
rsa. Therefore, our strong approximation results are established at a high level of generality,
building on our prior theoretical results: Corollary 1 for ry¢, and Theorem 1 for rpg, while
ryc 1s a high-level condition that needs to be verified on a case-by-case basis. See Sections 7
and 8 for more discussion.

With respect to the strong approximation rate, Theorem 2 lays down two versions of lower
bounds on 7g,, depending on the tail behavior of the generalized residuals. Such restric-
tions may not be optimal, but are still weak enough to cover almost all partition size choices
commonly used in practice. In particular, the restriction on rg, in Theorem 2 allows for the

MSE-optimal choice h < n~za+d in all cases except the unidimensional Haar basis approx-
imation (m = d = 1); there is also room for undersmoothing in order to make the smoothing
bias negligible in all cases but m = d = 1. The strong approximation for one dimensional
partitioning-based series estimators in the special case of square loss and identity transfor-
mation functions was studied in [9, 11] via a different coupling strategy, which delivered
tighter approximation results allowing for an MSE-optimal choice of i. We conjecture those
techniques could be adapted to cover the case m = d = 1 for general partitioning-based M -
estimator in (2), but we do not pursue this line of research here because it would require a
different theoretical treatment.

6.1. Comparison with Existing Results. Theorem 2 is the first to establish strong ap-
proximation results for general partitioning-based M -estimators at the level of generality
considered in this paper. In the prior literature, similar results are usually available only in
specific scenarios such as least squares regression or quantile regression. To be more pre-
cise, in the least squares context (Q is a singleton), [9] establishes uniform inference theory
for univariate regression (d = 1) and multivariate regression (d > 1) separately via different
strong approximation methods. In particular, when d > 1, the same Yurinskii coupling tech-
nique is employed to obtain strong approximation for ¢-statistic processes, leading to similar
rate restrictions on h. Theorem 2 is a substantial generalization of results therein, not just
covering other loss functions, but also providing distributional approximation uniformly over
the loss function index g € Q.

In the quantile regression context, [3] provides two strong approximations for general
series-based estimators. When B-splines are used, their first strategy relies on a pivotal cou-
pling, imposing 1/(nh'%?) = o(n=%) and h™~% = o(n~*) for some constant ¢ > 0 (see The-
orem 11 therein), while the second strategy uses a Gaussian coupling (as in this paper),
imposing 1/(nh??(2+34)) = o(n=¢) and k™~ = o(n°) (see Theorem 12 and Comment 13
therein). In comparison, our Theorem 2 requires weaker conditions on the tuning parameter
h and the relation between the smoothness m and the dimensionality d. Specifically, we as-
sume 1/(nh3?) = o(1) up to polylog(n) terms for a valid approximation. This improvement
is practically relevant: for example, it allows for Gaussian approximation of linear-spline-
based univariate quantile regression estimators with the MSE-optimal mesh size h =< n~'/5.
In addition, our general strategy to verify the consistency condition on B (¢) in Theorem 1
only requires m > d/2 (not required for the special case of unconnected basis), which is
weaker than m > d as implicitly assumed in [3]. In practice, this improvement can accom-
modate, for example, the use of cubic splines for trivariate quantile regression.

Finally, [33] establishes uniform inference results for nonparametric penalized smooth-
ing spline M-estimators. As mentioned before, their work is more specialized because they
assume that d = 1, Q is a singleton, and p(-,7(-)) is smooth. Furthermore, their approach
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to constructing valid confidence bands and related uniform inference methods relies on ap-
proximating the suprema of the stochastic process directly via extreme value theory [33,
Theorem 5.1], which leads to substantially slower approximation rates and requires stronger
assumption and side rate restrictions; see [2] and [9] for more discussion in the context of
nonparametric least squares series estimation. In contrast, Theorem 2, and our related uni-
form inference methods, provide a pre-asymptotic approximation with better finite sample
properties, faster approximation rates, and weaker regularity conditions.

7. Feasible Plug-in Uniform Inference. The (conditional) Gaussian process (Z(x,q) :
(x,q) € X x Q) in Theorem 2 is still infeasible since its covariance structure contains un-
knowns. This section establishes the validity of a generic plug-in method to construct a fea-
sible version of Z(x,q). We later employ this result in Section 8 to develop feasible uniform
inference in the context of our motivating examples.

The core idea behind the plug-in method is to estimate the covariance structure of Z(x, q)
and then simulate its feasible version Z (z,q), a Gaussian process conditional on the data.
If the covariance estimate converges to the true covariance sufficiently fast, Z (x,q) will be
“close” to a copy of Z(x,q). The covariance structure of the process Z(x, q) in Theorem 2
is

E[Z(x,q)Z(®,q)| Xn] =

for all (x,q), (&,q) € X x Q, where
2.q=En[Spq(@i)n™ (no(ai,¢))n™ (1o(a:,G))p(a:)p(a:)]
with
Sea(®) = E[0(yi,n(po(xi,q)); )¢ (yi, n(po (4, §)); §) | i = ]

Given context-specific estimates @q and  — gq@(ac), we can put
B0 = En[Sqq(@i)n® (i, 0))n® (i, @))p(@:)p(a:)"],

and Q,(z,q) = p(”)(m)TQ;1§q7q@;1p(”)(m) as above. Section 8 illustrates how the esti-
mates @q and x — §q,q(w) can be constructed in specific examples. Then, a feasible Gaus-

sian approximation Z (x, q) can be constructed as a mean-zero Gaussian process conditional
on the data D,, = ((y1, 1), - , (Yn, @n)) With conditional covariance structure

P (@)7Q;'5,,Q; PV (%)
V(@ 0) 0 (&)

(10) E|Z(x,q)Z(&,q)|Dy) =

)

forall (x,q),(2,q) € X x Q.
The following theorem establishes the validity of the plug-in approach.

THEOREM 3 (Feasible Plug-in Strong Approximation). Suppose the assumptions in The-
orem 2 hold. Furthermore, assume the following three conditions hold:

(i) ”Qq - Qquo Sp her and Héq_luoo Sp h~4, with rq=o0(1).
‘Sq,ql(m)_sq,qz(m)‘ <1
lg1—qz] ~

(ii) Sqq(x) is continuous for all g, g, and sup,, ; ;. 2.,

(iii) sup, ;. lgm(w) — Sg.q(x)| Sprs, with rg = o(1).
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Then (provided the probability space is rich enough) there exists a mean-zero Gaussian

~

process, conditional on D,,, (Z(x,q) : (x,q) € X x Q) satisfying (10) and

sup sup | Z(x,q) ~ 2*(2.q)| Se [(rue +75)"/* + rq + rvc] v logn,

geQxeX
where (Z*(x,q) : (z,q) € X x Q) is a process such that, conditional on X,,, Z(-) and
Z*(-) have the same (conditional) distribution, and Z*(-) is (conditionally) independent of

(Y155 Yn)-

Once we have a feasible process Z (, q) thatis “close” to a copy of Z(x, q) uniformly over
X x Q, conditional on the data, then Z (x,q) can be used to conduct inference on the entire
function po(x,q), and functionals thereof. For example, our strong approximation results
can be converted to convergence of the Kolmogorov distance between the distributions of
SUP,eo SUPLex | T'(x, q)| and its feasible Gaussian approximation Sup e o SUp e x |2 (z,q)|
See Theorem SA7.11 in the supplemental appendix for the formal result.

Furthermore, Theorem SA7.7 in the supplemental appendix establishes the asymptotic

validity of the uniform confidence band for u(()v) given by

(11) CB o(w,q) = [ﬁ(”)(w,q) SR ﬁv(w,q)/n]
with ¢;_,, satisfying

P( sup sup | Z(w. )| < 10
qgeEQxeX

Dn) =1—a+op(l),

provided the smoothing (or misspecification) bias relative to the standard error of the esti-
mator is small, which could be achieved by undersmoothing, bias correction [21], simply
ignoring the bias [22], robust bias correction [6, 7], or the Lepskii’s method [28, 5], among
other possibilities. Thus, under regularity conditions, the confidence band (11) covers ,uév)
with probability approximately 1 — « in large samples, that is,

le IP)(,u(()v)(ac,q) € CBy_4(x,q), forall (x,q) € X X Q) =1-a.

8. Verification of Assumptions in Examples. We verify assumptions in our four moti-
vating examples (Section 2). Assumptions A and B concern the partitioning-based methodol-
ogy itself, Assumption C are already primitive conditions on the data generating process, and
Assumption F can be verified for usual local bases (e.g., piecewise polynomials and splines)
when we assume the functional parameter (i, such as the conditional quantile function in Ex-
ample 1 or conditional distribution function in Example 2, is smooth enough (see Assumption
C(iv) for details). Thus, we focus attention on two major issues that remain: (i) how the high-
level conditions imposed in Assumptions D and E, and Condition (iv) in Theorem 2, can be
verified under intuitive primitive assumptions; and (ii) how to implement uniform inference
based on our theory in Section 7.

8.1. Example 1: Generalized Conditional Quantile Regression. This example considers
generalized conditional quantile regression with a possibly non-identity link: p(y,n;q) =
(g —1(y <n))(y —n), where ¢ € Q denotes the quantile position. Thus, let n(uo(x,q))
be the conditional g-quantile of Y given X = x; we verify in the supplemental appendix
that such pg solves (1). For this example, the following simple proposition, proven in the
supplemental appendix (Proposition SA8.1), gives sufficient conditions to verify the general
Assumptions D and E, and Condition (iv) in Theorem 2.
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PROPOSITION 1 (Quantile Regression). Suppose Assumption C holds with Q = [gg, 1 —
go) for some g¢ € (0,0.5), the loss is p(y,n;q) = (¢ — L(y < n))(y —n), the first moment
of Y is finite E[|Y|] < co. Assume further that 7(-): R — £ is strictly monotonic and twice
continuously differentiable with £ an open connected subset of R containing the conditional
g-quantile of Y'| X = x, given by n(uo(x,q)) for all (x,q); fyx (n(po(2x,q))|z) is bounded
away from zero uniformly over ¢ € Q and a € &', and the derivative of y — fy|x(y|x) is
continuous and bounded in absolute value from above uniformly over y € )V, and = € X.
Then Assumptions D-E and Condition (iv) in Theorem 2 hold.

The additional conditions in this proposition are primitive and easy-to-interpret, only re-
stricting the conditional density of Y given X to be bounded and smooth in a mild sense.
Our assumptions are on par with or are weaker than those imposed in [3], despite the high
level of generality of our theoretical results.

We can implement uniform inference following the plug-in method described in Section 7.
In this context S, 5() = ¢ A ¢ — qq is known and constant in x, so a natural plug-in estimator
of ¥,;1is

Boq= (NG = q@)En [0 (s, )™ (s, G))p(@:)p(2:)'].
On the other hand, the matrix Qq

Q, =E.[p(zi)p(x:)" fyix (n(1o(xi, @))2:) (0™ (1o(zi, 0)))?]

depends on the unknown conditional density fy|x, and a plug-in estimator is not immedi-
ately available. However, many estimation strategies have been proposed in the literature
[25]. We do not recommend a particular choice, but rather any estimator satisfying the mild
convergence rate requirement in Condition (iii) of Theorem 2 may be used.

8.2. Example 2: Generalized Conditional Distribution Regression. The loss function is
p(y,m;9) = (1(y < q) — n)? with a possibly non-identity inverse link function 7(-). The
derivative function is ¢ (y,n;q) = —2(1(y < q) — n). The following proposition, proven in
the supplemental appendix (Proposition SA8.3), verifies our high-level assumptions under
mild regularity conditions on the conditional distribution function of Y given X.

PROPOSITION 2 (Distribution Regression). Let Q = [— A, A] for some A > 0. Suppose
that Assumption C holds, the loss is p(y,7;¢) = (1(y < q) — )%, n(-): R — (0,1) is strictly
monotonic and twice continuously differentiable, x +— Fy|x(¢|x) is a continuous function,
and Fy|x (q|z) = n(po(x,q)) lies in a compact subset of (0,1) forall ¢ € Q and « € X (this
subset does not depend on ¢ and ). Then Assumptions D-E and Condition (iv) in Theorem
2 hold.

The implementation of uniform inference follows the plug-in method described in Sec-
tion 7. To construct the prerequisite estimators, in this case Sqg(;) = 4Fy|x (¢ A qla;) (1 —
Fyx(qV q|;)). Therefore, a simple plug-in estimator of 3 ; is

S0.q = 4B, [p(a)p(a) (i@, g A @) (1= n(i(@i v @)™ (@i, 0)n™ (i, @)

In addition, a plug-in estimator of the matrix Q, is Qq =2, [(n™ (7i(x:, q)))*p(x:)p(a;)T].
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8.3. Example 3: Generalized L, Regression. The loss function is p(y,n) = |y — n|?,
p € (1,2] with a possibly non-identity link. The case p = 1 is equivalent to quantile (me-
dian) regression discussed previously. The derivative function is ¥ (y,n) = ¥(y — n) =
ply — nP~tsgn(n — ). In this example the family Q of the loss functions is a singleton,
and hence the dependence on the index ¢ can be dropped to simplify notation.

The following proposition, proven in the supplemental appendix (Proposition SA8.5), pro-
vides a set of simple regularity conditions that ensure our general theory can be applied to
study generalized L, regression estimation and inference.

PROPOSITION 3 (L, Regression). Suppose that Assumption C holds with the loss func-
tion p(y,n) = |y —nl’, p € (1,2], and n(-): R — & is strictly monotonic and twice continu-
ously differentiable with £ an open connected subset of R. Denoting by a; and a, the left and
right ends of & respectively (possibly +00), assume that [, ¥ (y; a;) fy|x (y|z)dy < 0 if a; is
finite, and [, ¥ (y; ar) fy|x (y|z)dy > 0if a, is finite. Also assume that E[|Y'|**~1)] < oo for
some v > 2, and that « — fy|x(y|x) is continuous for any y € V. In addition, assume that
n— [ In—ylP"'sgn(n — y) fyx (y|z) dy is twice continuously differentiable with deriva-

tives g7 Jo [1 — y[P " sen(n — y) frix (yle) dy = [i In — yP~ sen(n — y) 57 frix (ylz) dy
for j € {1,2}. Moreover, the function [, [7(¢) — y[P~'sgn(n(¢) — y)a%fy\x(y@) dy is
bounded and bounded away from zero uniformly over € X’ and ¢ € B(x) with B(x) =
{¢ ¢ = po(x)] < 7} for some r > 0, and the function [, [n(¢) — y[P tsgn(n(¢) —

y)aa—;2 Jy|x (y|x) dy is bounded in absolute value uniformly over & € X and ¢ € B(z). Then
Assumptions D-E and Condition (iv) in Theorem 2 hold.

For implementation, we follow the plug-in method in Section 7. Since Q is a singleton, de-
pendence on g can be dropped. Direct plug-in choices for estimating the prerequisite matrices
take the form

Q =E.[p(@)p(@:) U1i[nV (A(x,))]"] and = =E,[p(@)p(@:) ¢@)* 0" (@),

where €; = y; — n(ji(x;)) and \TIM is some estimator of the function ¥y (x;,n(po(x;))). In
L, regression with p € (1,2], ¥y (z,n) = p(p — DE[]Y — n|P"?sgn(n — V)| X = z], and

therefore a simple plug-in choice is \Tlu =p(p — Vyi — n(a(=x;)) [P~ 2sgn(n(pi(z;)) — vi).
As an alternative, bootstrap-based inference could be used.

8.4. Example 4: Logistic Regression. For this final example, the loss function is
p(y,n) = —ylogn — (1 —y)log(1 —n), the inverse link function is 7(#) = 1/(1 +e~%), and
the derivative function is ¥ (y,n) = —y/n+ (1 —y)/(1 — n), and the loss function does not
depend on ¢ € Q. The following proposition, proven in the supplemental appendix (Propo-
sition SA8.6), gives simple primitive conditions verifying the high-level assumptions for our
general theoretical results.

PROPOSITION 4 (Logit Estimation). Suppose that Assumption C holds with the loss
function p(y,n) = —ylogn — (1 — y)log(1 — n) and the inverse link n() = 1/(1 + e=%);
Y ={0,1}; P(Y = 1|X = x) is continuous and lies in the interval (0,1) for all z € X". Then
Assumptions D-E and Condition (iv) in Theorem 2 hold.

It is easy to construct a feasible Gaussian process Z (x) conditional on the data D,, with
covariance structure (10). Standard choices are

Q =E,[p(zi)p(z;) H:(1 — 7)) and S =E,[p(z;)p(x;) ),

where 7; = n((x;)) and € = y; — 7;. See Section 7 for more discussion.



24

9. Other Parameters of Interest. We focused on uniform estimation and inference for
the unknown function i and derivatives thereof. However, the parameter of interest may be
other linear or nonlinear transformations of (. For example, in generalized linear models
usually the goal is to estimate the function 7(uo(x,q)), or the marginal effect of a covari-

ate on that function %n(uo(m,q)) = n(l)(uo(m,q))ugek)(m,q). Furthermore, in treatment
effect and causal inference settings [1, and references therein], interest often lies in differ-
ences of such estimands across two or more subgroups: for two treatment levels j = 1,2,
n(pa(x,q)) — n(p1(x,q)) can be interpreted as a mean, quantile, or other conditional (on
(x,q)) treatment effect, where y;(x, q) is estimated using separately the subsample of, say,
control (j = 1) and treated (j = 2) units. Our results can be applied to all these cases of
practical interest with minimal additional effort.

We showcase the generality of our theory by briefly discussing uniform inference on
the transformed function 7(uo(x, q)), its first derivative, and differences thereof across sub-
groups. Given the partitioning-based M -estimators fi(x, ¢) and [1;(x, q), j = 1,2, where /i,
is constructed using only data from the subsample j of the full sample, we can immediately
plug in to form the desired estimators.

* Level Estimator: n(fi(x,q)).
s Marginal Effect Estimator: n'" (fi(x, q))i(®*) (x, q).
* Conditional Treatment Effect Estimator: n(fi1(x,q)) — n(iz2(x,q)).

Uniform consistency of the three estimators follows from uniform consistency of fi(x,q)
(Corollary 1) because the transformation function 7 is twice continuously differentiable. A
Bahadur representation for each of the transformation estimators can be established via The-
orem 1 and a Taylor expansion. For example, for the level estimator,

sup sup |n(fi(z,q)) — 7(po(x,q)) — Lie(z, q)| Sprie
qeEQ ®EX

with
Lee(z,q) = =0 (po(x, 0))p(2) " Qy Ex [p(:)n™ (10 (21, 0)) ¥ (i, (o (i, 0)): 0)],

and for the marginal effect of the kth covariate,

(1)

sup sup [V (72, )i (2, q) — 0V (o (2, 0)) ™ (2, ¢) — Lus(, ¢)| Sp e

qgeEQxeX

with
Lie(z, @) = =0 (po(x, 0)) P (&) Qg s En [P(2:)n™ (1o, @) (yi, (110 (%4, 9)); )]

where the approximation remainders from the Taylor expansion, and their uniform rates rig
and ryg, are precisely characterized in the supplemental appendix (Theorem SA9.1). The
conditional treatment effect estimator is simply a difference of two level estimators, each
employing a disjoint sub-sample, and therefore it follows directly that

sup sup (17 0)) ~ i (,))) — (1(12(a0)) = (s () ~ Lere(a )| o e
q :z:

with Lere (22, ¢) = Lig2(, ¢) — Lig1 (¢, ¢) with Lig j(2, ¢) denoting the Bahadur approxima-
tion Lig(, ¢) but when only using the sub-sample ;.

Given the uniform Bahadur representations for each of the transformation estimators,
strong approximations of their corresponding ¢-statistic processes can be constructed as
in Section 6. For example, conditional on X,,, the stochastic process (Lig(x,q) : (x,q) €
X x Q) has mean zero and variance |n") (uo (2, q))|?Qo(2, ¢) /n. Then, applying our strong
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approximation strategy, we can construct a conditional Gaussian process Zig(x, q) that ap-
proximates the ¢-statistic process of n(u(x,q)):

s ’7@(937‘1))—77(#0(36,(1)) — Zie(x <P TSALE
qegmeg |U(1)(Mo($,q))|\/m ( 7Q)‘NP

with strong approximation rate rgyr g as in Theorem 2. Similarly, we can also construct a con-
ditional Gaussian process Zyg(x, q) that approximates the ¢-statistic process of the marginal
effect estimator %n(ﬁ(m, q)):

k

(1) (7 ~(er) @ (ex)
supsup|” (F(z,q)) ' (z, q) — n' (po(®, q)) 1o (w,q>_ZME(w’q) <

— ~SP TSAME
geQ@eX [ (o, q)) 1N/ Qe (,9) /0

with strong approximation rate rgyyg as in Theorem 2. These results are formalized in the
supplemental appendix (Theorem SA9.1). An analogous result holds for the conditional treat-
ment effect estimator.

Finally, for implementation we can construct feasible processes to approximate Zig(x, q)
and Zyg(x,q) via the plug-in method discussed in Section 7, and illustrated in Section 8,
which then can be employed to approximate the distributions of the entire level process
(n(p(x,q)) : (x,q) € X x Q), marginal effect process (%n(ﬁ(m,q)) D (x,q) € X x Q),
and conditional treatment effect process (n(ji2(x,q)) — n(f1(x,q)) : (x,q) € X x Q).

10. Conclusion. This paper investigated the asymptotic properties of a large class
of nonparametric partitioning-based M-estimators, allowing for different degrees of non-
smoothness in the loss function and a possibly non-identity monotonic transformation func-
tion. Our main theoretical results include uniform consistency for convex and non-convex
objective functions, uniform Bahadur representations with optimal remainder under appropri-
ate conditions, uniform and mean square convergence rates achieving optimal approximation
under appropriate conditions, uniform strong approximation methods under general condi-
tions, and uniform inference methods via plug-in approximations. We illustrated our general
theory with four examples, and demonstrated how our results improve on prior literature, in
many cases requiring minimal side rate restrictions on tuning parameters and achieving rate-
optimal approximation rates. The supplemental appendix collects further theoretical results
and generalizations that may be of independent interest. In future work, we plan to investigate
optimal tuning parameter selection, including random partitioning schemes, and the validity
of bootstrap-based approximations.
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SUPPLEMENTARY MATERIAL

Proofs and technical results
The supplementary material [10] contains more general results encompassing those reported
in the paper and all proofs, omitted technical and methodological details, other theoretical
results that may be of independent interest, and simulation evidence.
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