Supplement to “Uniform Estimation and Inference
for Nonparametric Partitioning-Based M-Estimators”

Matias D. Cattaneo* Yingjie Feng' Boris Shigidat

August 20, 2025

Abstract

This supplement is self-contained. It presents more general theoretical results than those
reported in the paper, as well as their proofs. In particular, a larger class of loss functions is
allowed for, and weaker regularity conditions are employed when possible. Additional results
not reported in the paper and their proofs are given, and some of the technical results presented
herein may be of independent theoretical interest. Omitted details on the motivating examples
are also provided. Finally, simulation evidence is reported.

*Department of Operations Research and Financial Engineering, Princeton University.
TSchool of Economics and Management, Tsinghua University.
fDepartment of Operations Research and Financial Engineering, Princeton University.



Contents

SA1 Introduction

SAT.1 Notation . . . . . . . . .
SA1.2 Organization . . . . . . . . . . . . e
SA1.3 Comparison to prior literature . . . . . . . .. . .. ...

SA2 Assumptions

SA2.1 Simplifying assumption on loss function . . . . . . . . ... oo

SA3 Frequently used lemmas

SA4 Consistency

SA4.1 ConvexX CaSe . . . . v v v v e e e e e e e e e

SA4.2 NONCONVEX CASE . . « v v v v v e e e e e e e e e e e e e e e

SA4.3 Weaker conditions for special cases . . . . . . . . ... ... ..
SA5 Bahadur representation

SA5.1 Proof: convex case. . . . . . . . .. e e e

SA5.2 Proof: general case . . . . . ...

SA5.3 Rates of convergence . . . . . . . ...
SA6 Strong approximation

SA6.1 Yurinskii coupling . . . . . . . ... L

SA6.2 Main Result . . . . . . . . . e
SA7 Uniform inference

SA7.1 Plug-in approximation . . . . . . . . . . . ..

SA7.2 Confidence bands . . . . . . . . . ...

SA7.3 Kolmogorov-Smirnov distance bound . . . . . ... ... oo

SA8 Examples

SA8.1 Quantile regression . . . . .
SA8.2 Distribution regression . . .
SA8.3 L, regression. . . ... ...
SA8.4 Logistic regression . . . . . .

SA8.5 FExamples of basis functions
SA9 Other parameters of interest

SA10 Simulation Evidence

13

24
24
27
31

34
35
45
48

50
50
99

65
65
73
75

81
81
86
91
94
97

98

100



List of important statements

SA2.1
SA2.2
SA2.3
SA2.4
SA2.5
SA2.6
SA2.7
SA2.8
SA2.9
SA5.1
SA5.16
SA5.17
SA6.1
SAG6.2
SA6.4
SA7.1
SA7.7
SA7.11
SA8.1
SA8.2
SA8.3
SA8.5
SA8.6
SA8.9
SA9.1

Assumption (Quasi-uniform partition) . . . . . . . ... ... 5
Assumption (Local basis) . . . . .. .. .. ... o 6
Assumption (Data generating process) . . . . . . . ... 6
Assumption (Loss function) . . . . . . .. ... L 6
Assumption (Complexity of {¢(-,-;@)}.) - - - . .« o . oo 7
Assumption (Approximation error) . . . . ... ... 8
Assumption (Estimator of the Gram matrix) . . . .. .. ... ... ... .... 8
Assumption (Additional complexity assumption) . . . . ... ... ... ... 8
Proposition (Simplified setup) . . . . .. ... oo o o L oo 8
Theorem (Bahadur representation) . . . . . . .. ... ... ... .. .. ... 34
Corollary (Uniform rate of convergence) . . . . . .. ... ... ... ....... 48
Corollary (Mean square rate of convergence) . . . . ... ... ... ....... 48
Theorem (Conditional Strassen’s theorem) . . . . .. ... ... ... ... ... 50
Theorem (Conditional Yurinskii coupling, d-norm) . . . . ... ... ... .. .. 50
Theorem (Strong approximation) . . . . . . . . . . ... 59
Theorem (Plug-in approximation) . . . . ... ... ... ... ... ....... 65
Theorem (Confidence bands) . . . . . .. ... ... ... .. ... ... 73
Theorem (Kolmogorov-Smirnov Distance) . . . . . . ... ... ... ... .... 75
Proposition (Verification of Assumption SA2.4 for quantile regression) . . . . . . 81
Proposition (Verification of the conditions of Lemma SA4.3) . . ... ... ... 86
Proposition (Verification of assumptions for distribution regression) . . . .. .. 86
Proposition (Verification of Assumption SA2.4 for L, regression) . . . . ... .. 91
Proposition (Verification of Assumption SA2.4 and others for logistic regression) 94

Proposition (Verifying Assumptions SA2.2 and SA2.6) . . . . .. ... ... ... 98
Theorem (Other parameters of interest) . . . . . ... ... ... ... ...... 98

ii



List of lemmas

SA2.10
SA2.11
SA2.12
SA2.13
SA2.14
SA3.1

SA3.2

SA3.3

SA3.4
SA3.5
SA3.6
SA3.7
SA3.8
SA3.9
SA3.10
SA3.11
SA3.12
SA3.14
SA4.1
SA4.2
SA4.3
SA4.4
SA4.5
SA4.6
SA5.3
SAb5.4
SA5.5
SAb.6
SA5.7
SAB.8
SA5.10
SA5.11
SA5.12
SA5.13
SA5.14
SA5.15
SA6.3
SA6.6
SA6.7
SA6.8
SAT7.3
SA74

SAT7.5

Lemma (Class G1) . . .« o i v oo 9
Lemma (Class G2) . . . . . . . .. o i 9
Lemma (Class Gi3) . . . .« oo v i it e 10
Lemma (Class G4) . . . . . . o oo oo oo 11
Lemma (Class G5) . . . .« o v v v it e e 11
Lemma (Second moment bound of the max of sub-Gaussian random variables) . 14
Lemma (Boundedness of conditional expectation in probability implies uncondi-

tional boundedness in probability) . . . . ... ... oo Lo 14
Lemma (Converging to zero in conditional probability is the same as converging

to zero in probability) . . . . ... 14
Lemma (Permanence properties of the uniform entropy bound) . . . . . . . . .. 14
Lemma (Maximal inequality for Gaussian vectors) . . . . . . ... ... ... .. 15
Lemma (A maximal inequality for i.n.i.d. empirical processes) . . . . . . . . . .. 15
Lemma (Maximal inequalities for Gaussian processes) . . . . . . ... ... ... 16
Lemma (Closeness in probability implies closeness of conditional quantiles) . . . 16
Lemma (Anti-concentration for suprema of separable Gaussian processes) . . . . 16
Lemma (The existence of pu(-)) . . . .. .. o Lo o 16
Lemma (Gram matrix) . . . . . . . . . ... 17
Lemma (Uniform convergence: variance) . . . . . . . .. .. ... ... .. .... 19
Lemma (Projection of approximation error) . . . . . . . . . . . ... ... .... 21
Lemma (Consistency, convex €ase) . . . . . . . . ..o v v v v 24
Lemma (Preparation for consistency in the nonconvex case) . . . . . . ... ... 27
Lemma (Consistency, NONCONVEX CaSE) . . . . . .« v v v v v v v v it 28
Lemma (Consistency, convex case, unconnected basis functions) . . ... .. .. 31
Lemma (Consistency in the nonconvex case: unconnected basis) . . . ... ... 32
Lemma (Consistency: strongly convex and strongly smooth loss case) . . .. .. 33
Lemma (Uniform concentration) . . . .. ... .. .. ... .. .......... 39
Lemma (Bonding variance) . . . . . ... ... ... Lo 41
Lemma (Complexity of class G) . . . . . . . . . ... ... 42
Lemma (Bounding T7) . . . . . . . . ... 43
Lemma (Bounding T5) . . . . . . . . . .. 44
Lemma (Bounding 73) . . . . . . . . o 45
Lemma (Bounding variance) . . . . .. ... ... ... ... .. 46
Lemma (Complexity of class G) . . . . . . .. . . ... ... 46
Lemma (Uniform concentration in G) . . . . .. .. ... ... ... ....... 46
Lemma . . . . . . .o 46
Lemma . . . . ... e 46
Lemma . . . . . . . 47
Lemma (Yurinskii coupling: K-dimensional process) . . .. . ... ... ..... 52
Lemma (Asymptotic variance) . . . . . ... ... ... 60
Lemma (Closeness of linear terms) . . . . . . ... ... ... ... ... ..... 62
Lemma (Hats off) . . . ... ... . 64
Lemma (Solution to the program) . . . .. ... ... .. .. ... 67
Lemma (Consistency of 2; G e 67
Lemma (The matrices X% and 3% are close) . . . ... Lo 68

iii



SAT7.6
SAT.8
SAT7.9
SAT7.10
SAT7.12
SA7.13
SA8.7
SAS8.8

Lemma (Bounding the supremum of the Gaussian process) . . . . ... ... .. 71
Lemma (Closeness rates) . . . . . . . . oo v i i 73
Lemma (First sequence) . . . . . .. .. ... L oo 73
Lemma (Second sequence) . . . . . . . . . ... 74
Lemma . . . . ... e 76
Lemma (The matrices 3% and X% are close) . . . . . . . .. .. ... .. 80
Lemma (Class G1) . . . . . . oo 95
Lemma (Class G3) . . . . . . o oo i it 96

v



SA1 Introduction

Let @ c R%, X C RY be fixed compact sets, where dg and d are positive integers. (In the
paper, do = 1 was set only for simplicity.) Suppose that ((yz, acz))1 <;<p, 15 a random sample, where
y; € Y C R is a scalar response variable, x; is a d-dimensional covariate with values in X'. Let
p(+,+;q) be a loss function parametrized by g € Q (Borel-measurable in all three arguments), and
let n(-): R — & be a strictly monotonic continuously differentiable transformation function. (More
detailed assumptions on p(-, -; ¢) and 7(-) will be provided below.) We fix a function po(-,-): XxQ —
R, Borel-measurable in both arguments and such that

po(-,q) € arg:ninE[p(yl, n(p(x1)); q)l, (SAL.1)

where the argmin is over the space of Borel functions X — R. In particular, we assume that the
minimum is finite, and such a minimizer exists.

Our main goal is to conduct uniform (over X x Q) estimation and inference for pg, and trans-
formations thereof, employing the partitioning-based series M-estimator

~ ~

fi(z,q) =px)'B(q). Blg)e argmin > p(yin(p(x:)"b); q), (SA1.2)
5 =

where B C RX is the feasible set of the optimization problem, and
-
x> p(x) = p(x; A,m) = (p1(x; A,m), ..., pg(x; A, m))

is a dictionary of K locally supported basis functions of order m based on a quasi-uniform partition
A = {§ : 1 <1 < K} containing a collection of open disjoint polyhedra in X such that the
closure of their union covers X. The m parameter controls how well pg can be approximated
by linear combinations of the basis (Assumption SA2.6 below); the partition being quasi-uniform
intuitively means that the largest size of a cell cannot get asymptotically bigger than the smallest
one (Assumption SA2.1 below). We consider large sample approximations where d and m are fixed
constants, and k — oo (and thus K — 00) as n — oo. Prior literature is discussed in the paper.

SA1.1 Notation

For any real function f depending on d variables (t1,...,t;) and any vector v of nonnegative
integers, denote
olvl

('v),: v
FU=000 = e gt

the multi-indexed partial derivative of f, where |v| = Zizl vj. A derivative of order zero is the
function itself, so if v; = 0, the ith partial differentiation is ignored. For functions that depend
on (x,q), the multi-index derivative notation is taken with respect to the first argument @, unless
otherwise noted.

We will denote N(F,p,¢e) the e-covering number of a class F with respect to a semi-metric p
defined on it.

For a function f: S — R the set {(z,t) € S xR :t < f(x)} is called the subgraph of f. A class
F of measurable functions from S to R is called a VC-subgraph class or VC-class if the collections
of all subgraphs of functions in F is a VC-class of sets in S x R, which means that for some finite



m no set of size m is shattered by it. In this case, the smallest such m is called the VC-index of F.
See [18] for details.

For a measurable function f: S — R on a measurable space (.59, S), a probability measure Q on
this space and some ¢ > 1, define the (Q, g)-norm of f as HfH(aq = Exo[f(X)1].

We will say that a class of measurable functions F from any set S to R has a measurable
envelope F' if F: S — R is such a measurable function that |f(s)| < F(s) for all s € S and all
f € F. We will say that this class satisfies the uniform entropy bound with envelope F' and real
constants A > eand V > 11if

A 14
sup N o<l Flloa) < (£) (5AL3)

for all 0 < &€ < 1, where the supremum is taken over all finite discrete probability measures Q with
(Q, 2)-norm.
We will say that an R-valued random variable £ is o?-sub-Gaussian, where o2 > 0, if

P{|¢| > t} < 2exp{—t*/o®} for all t > 0. (SA1.4)

We will denote by D, the random vector of all the data {z;, y;};, X,, for {x;}!" ; and y,, for
{witiza

For two random elements Z; and Zs, the notation Z; 1. Zs means they are independent, and
the notation 73 iL Z5 means they are independent given a third random element &.

The notation Z1 Zg means the two random elements Z; and Z5 have the same laws.

If we say the probability space is rich enough, it means that it admits a randomization variable,
that is, a random variable distributed uniformly on [0, 1] independent of the data. Since this one
random variable can be replicated (see, e.g., Lemma 4.21 in [14]), we can find a random variable
distributed uniformly on [0, 1] independent of the data and such random variables previously used,
whenever the argument requires.

Finally, we will use the following notations:

Qq 1= Enlp(w)p ()T Ui (25 n(si0(20)); ) (0 s, )] (541.5)
Qo,q := E[p(xi)p(x:) U1 (2, n(10(xi, @)); @)™ (1o (24, )] (SAL.6)
Zoq = E[p(x:)p(a:)" ¢(yi,n (Mo(iﬂu 0);9)*n™ (no (i, q))?) (SA1.7)

3¢ = Enlp(zi)p(@:) o ( Dn™ (po(@i, 0))?] (SA1.8)
(@, q) == p) (@) Qs T, Qg 4P () (SAL.9)
Qu(w,q) = p(2)'Q, ' 24Q, 'p) (), (SA1.10)

where (-, -;-), U1(-,+;-), 02(-) are defined in Assumption SA2.4.
Many mathematical notations are clickable and link to their definitions; for example, clicking
on X4 should lead to (SA1.8).

SA1.2 Organization

Section SA2 collects the general assumptions used through this supplemental appendix. In subse-
quent sections, we will list which assumptions are required for each lemma, proposition, or theorem.
Note that Assumption SA2.4 is weaker than the assumptions on the loss function described in Sec-
tion 3 of the main paper. In particular, a complexity condition on {¢(-,;q)} is absent in Section 3



because the main paper contains a stronger but simpler Assumption E. Thus, the setup in this sup-
plement is more general that in the main paper; this fact is formally shown by Proposition SA2.9.
The correspondence of assumptions given in the paper and the versions given in the supplement is
as follows:

Assumption A < Assumption SA2.1,
Assumption B < Assumption SA2.2,
Assumption C < Assumption SA2.3,
Assumption D < Assumption SA2.4,
Assumption E = Assumptions SA2.5 and SA2.8 (by Proposition SA2.9),
Assumption F < Assumption SA2.6.

Section SA3 records some well-known results and tools in probability and stochastic process
theory that will be useful for our theoretical analysis, and also presents a collections of lemmas
that are used repeatedly in many subsequent arguments throughout this supplement.

The rest of the supplement presents our main theoretical results, which encompass and generalize
the simplified results presented in the main paper (to improve exposition). In the rest of this
subsection, we explain how the two set of theoretical results relate to each other. All equivalences
below are given up to the fact that the supplement contains weaker complexity Assumptions SA2.5
and SA2.8, which are not present in the paper because the simplified setup (Assumption E) is used.

Section SA4 presents all our consistency results, categorized based on whether the objective
function is convex or not. Additional results of theoretical and methodological interest, such as
the consistency of partitioning-based M-estimators in special cases (e.g., an unconnected basis or
a strongly convex and smooth loss function), which were not formally reported in the paper, are
also presented. The matching of consistency results given in the paper with the versions given in
the supplement is as follows:

Lemma 1 < Lemma SA4.1,
Lemma 2 < Lemma SA4.3.

Section SA5 proves our main Bahadur representation result and its corollaries, matched as
follows to the results in the paper:

Theorem 1 < Theorem SA5.1,
Corollary 1 < Corollary SA5.16,
Corollary 2 < Corollary SA5.17.

Section SA6 develops strong approximation results using a generalized conditional Yurinskii’s
coupling approach. First, Section SA6.1 gives general results that may be of independent theoretical
interest: they provide generalizations of, and in some cases complement, prior coupling results
established in [2], [7], [8], and references therein. Second, Section SA6.2 deploys those results to the

setting of interest in our paper to verify our main result Theorem SA6.4 that confirms Theorem 2
in the paper:

Theorem 2 <= Theorem SA6.4 (see also Remark SA6.5).

Section SA7 discusses results related to the implementation of uniform inference, formally show-
ing the validity of the plug-in approximation method and confidence bands described in the paper.
In particular, the following correspondence holds:

Theorem 3 <= Theorem SA7.1 (see also Remark SA7.2).



Section SAS8 discusses in detail the verification of our high-level assumptions for each of the
four motivating examples in the paper, proving Propositions 1 through 4 in the paper along with
verifying more general complexity assumptions discussed above. The correspondence between the
results in the paper and the results in this section is as follows:

Proposition 1 <= Proposition SAS8.1,
Proposition 2 < Proposition SAS.3,
Proposition 3 < Proposition SAS8.5,
Proposition 4 < Proposition SAS.6.

Section SA9 discusses other parameters of potential interest such as the level and marginal
effect functions, which formalizes the claims made in Section 9 of the paper.

Section SA10 is devoted to simulation runs with synthetic data, covering pointwise and uniform
inference.

SA1.3 Comparison to prior literature

Our general M-estimation theoretical results are on par or improve over prior literature partitioning-
based nonparametric least squares regression [3, 5, 6, 4, 9, 13, 19], and on series nonparametric
quantile regression [2]. Both strands of the literature assume an identity transformation function
n(-). In addition, we also compare to the closely related setting of nonparametric smoothing spline
nonlinear regression [17].

The main paper gives a detailed discussion of our improvements when discussing the theoretical
results for consistency (Section 4), Bahadur representation (Section 5), and strong approximation
(Section 6). To complement that discussion, we present three tables that summarize the comparison
between prior literature and this paper.

Table 1 compares the best known results for mean-square (L2) and uniform (Ls,) consistency
of series and partitioning-based estimators. In each case considered in this table, rate-optimal Lo
and L., convergence rates are achievable, but with different side rate conditions on h, m, and d.
The table shows that our results either achieve the best (minimal) restrictions in the literature for
the special case of square loss and identity transformation functions, or improve upon prior results
in the general M-estimation case.

Table 1: Comparison to prior literature: Consistency (Section 4)

Side rate restriction m v.s. d restriction Uniformity

Mean regression nh® — oo None x only
Quantile regression, La-consistency nh?® = oo m>d x, and ¢ (scalar)
Quantile regression, Loo-consistency nh* — oo m>d x, and ¢ (scalar)
This paper, La- and Lo,-consistency

General partitioning basis nh?* — oo m > d/2 x, and q

Strongly convex and smooth loss function nh? — oo None x, and q

Unconnected partitioning basis nh® — oo None x, and q

Notes: (i) m is the smoothness of @ — po(x, q) and order of the basis; (ii) d is the dimension of @;; and (iii) poly-log-n and
similar additional terms are not reported to simplify the exposition.



Table 2 compares the best known results for uniform Bahadur representation for series and
partitioning-based estimators. It again demonstrates that the results in our paper either achieve
the best (minimal) restrictions in the literature for the special case of square loss and identity
transformation functions, or improve upon prior literature in the general M-estimation case.

Table 2: Comparison to prior literature: Uniform Bahadur representation (Section 5)

Side rate restriction m v.s. d restriction remainder Uniformity
Mean regression nh? = oo None # (optimal) x only
Quantile regression nht = 0o m>d m x, and ¢ (scalar)
Smooth loss + smoothing spline nh* — oo d=1 W z, and ¢ (scalar)
This paper (assuming consistency)
Smooth weak derivative (o = 1) nh? = oo None m (optimal) z, and q
Non-smooth week derivative (o € (0,1)) nh? = oo None See Theorem 1 z, and q

Notes: (i) m is the smoothness of @ — puo(x, q) and order of the basis; (ii) d is the dimension of x;; and (iii) poly-log-n and
similar additional terms are not reported to simplify the exposition.

Finally, Table 3 compares the best known results for uniform strong approximation for series and
partitioning-based estimators. Our results achieve the best (minimal) restrictions in the literature
for the special case of square loss and identity transformation functions when d > 1, and improve
upon prior literature in the general M-estimation case.

Table 3: Comparison to prior literature: Strong approximation (Section 6)

Side rate restriction m v.s. d restriction Uniformity
Mean regression
d=1 nh® — oo None x only
d>1 nh3d = 0o None x only
Quantile regression (d > 1) nhAdV2H3d) o0 m>d @, and ¢ (scalar)

This paper (assuming consistency, d > 1) nh3? — oo None x, and q

Notes: (i) m is the smoothness of @ — po(x, q) and order of the basis; (ii) d is the dimension of @;; and (iii) poly-log-n and
similar additional terms are not reported to simplify the exposition.

SA2 Assumptions

This section collects the assumptions used throughout the supplemental appendix. These assump-
tions are weaker than (i.e, implied by) the assumptions imposed in the paper.

Assumption SA2.1 (Quasi-uniform partition). The ratio of the sizes of inscribed and circum-
scribed balls of each § € A is bounded away from zero uniformly in § € A, and

max{diam(J) : 6 € A} <

min{diam(d) : § € A} ~

where diam(0) denotes the diameter of §. Further, for h = max{diam(¢) : 6 € A}, assume h = o(1)
and log(1/h) < log(n).




Assumption SA2.2 (Local basis).

(i) For each basis function py, k = 1,..., K, the union of elements of A on which py, is active
is a connected set, denoted by Hy. For all k = 1,..., K, both the number of elements of H;, and
the number of basis functions which are active on Hj, are bounded by a constant.

(ii) For any a = (ay,...,ax)" € RE

aT/ plx; A, m)p(z; A,m) de a > a%hd, k=1,...,K.
Hr

(iii) Let |v| < m. There exists an integer ¢ € [|v|,m) such that, for all ¢, |s| <,

RSl <inf inf [Ip) (25 A, m)|| < sup sup [[p)(@; A, m)|| < A7
dEA zecl(6) d€A zecl(d)

where cl(9) is the closure of 4.

Assumption SA2.2 implicitly relates the number of basis functions and the maximum mesh size:
K =h"?%=J

For the following assumption and throughout the document, when speaking of the conditional
distribution of y; given @1, or its functionals (like conditional moments or quantiles), we mean one
fixed regular variant of such a distribution satisfying all the assumptions listed.

Assumption SA2.3 (Data generating process).
Q) ((vi, wi))lgz‘gn is a random sample satisfying (SA1.1).
(ii) The distribution of x; admits a Lebesgue density fx(-) which is continuous and bounded
away from zero on support X C RY, where X is the closure of an open, connected and bounded set.
(iii) The conditional distribution of y; given x; admits a conditional density fy|x(y|x) with
support Yy with respect to some (sigma-finite) measure M, and SUPgex SUP, ey, fy|x (y|T) < co.
(iv) & — po(x,q) is m > 1 times continuously differentiable for every q € Q, x +— uo(x, q) and
its derivatives of order no greater than m are bounded uniformly over (x,q) € X x Q, and

sup sup |M0($7q1) —,U,U(Cc7q2)‘ S 1.
zEX q17#q2 HQI - QQH

For the following assumption and throughout the document, we fix some (small enough) r > 0
and denote

Bg(z) == {C: | — po(z, @) < 7}, (SA2.1)
i.e. we will work with a fixed neighborhood of u(x, q).

Assumption SA2.4 (Loss function).

(i) Let Q C R% be a connected compact set. For each ¢ € Q and y € Y, and some open
connected subset £ of R not depending on y, n +— p(y,n;q) is absolutely continuous on closed
bounded intervals within £, and admits an a. e. derivative 1(y,n; q), Borel measurable as a function

of (., q)-
(ii) The first-order optimality condition E[¢(y;, n(uo(xi, q)); q) | xi] = 0 holds; the function

oo(x) == E[¢(yi, n(po(xi, q)); q)° | @i = ]

is continuous in both arguments (x,q) € X x Q, bounded away from zero, and Lipschitz in q uni-
formly in x; there is a positive measurable envelope function 1 (x;, y;) such that supgeo|¥(yi, n(po(i, q)); q)| <
Y(xi,y;) with

sup E[@(ml,yl)y ‘ x; = m] < oo for some v > 2.
reX



(iii) The function n(-): R — & is strictly monotonic and twice continuously differentiable; for
some fixed constant o € (0, 1], for any (x,q) € X x Q, and a pair of points (1, (2 € Bg(x), ¥(-,;:q)
satisfies the following (constants hidden in < do not depend on x,q,(1,(2):

o if M in Assumption SA2.3(iii) is the Lebesgue measure, then

sup sup [ (y.n(CL+ A& — Q1)) a) — (Y, n(¢2);@)| S G — Gl
A€[0,1] y¢[n(¢1)An(C2),m(C1)Vn(C2)]
sup sup (g n(C+ MG = ¢1))ia) — vy n(¢2)ia)| S 1
A€[0,1] y€[n(¢1)An(C2),m(C1)Vn(C2)]
(SA2.2)
e if M is not the Lebesgue measure, then
sup sup|v(y, (¢ + A(¢2 — €1)); @) — ¥(y,n(C2); @)| S 1¢ — Gf*. (SA2.3)

A€0,1] yeY

(iv) U (x,n;q) = E[Y(yi,n;q) | x; = x] is twice continuously differentiable with respect to 1,
ok

sup  sup |[Wi(z,n(¢);q)| <oo, Vi(x,n;q) = W‘P(wm; q), k=12, (SA2.4)
zeX,qeQ (€By(x) n

and

nf f T D2 > 0.
a:e«’I\’I}qGQCGgZ(m) @ (e e > 0

In addition, we make the following assumption on the complexity of {¢(-, ;) }. It is much more
general than Assumption E in the main paper (Proposition SA2.9).

Assumption SA2.5 (Complexity of {¢(-,-;q)}.). For any fixed r > 0 and ¢ > 0,1 € {1,..., K},
the classes of functions

Gr={Xx Y3 (x,y) — Yy np) B)q) — vy, nlu(x, q):q):
18 — Bo(@)llc <7, q € Q}

Gy :={X x Y3 (x,y) = ¥(y,n(po(x, q));q): q € Q},

Gs = {X XY 3 (x,y)—
[W(y.n(p(x)"B); q) — ¥(y. n(p(x)" Bo(q)); Q)] L(x € Niogn)(9)):
18 = Bo(q)lle <70 € A, q € Q},

Gy :={X 32— Ui(x,n(uo(z,q));q) : q € Q},

Gy = {X XY 3 (xz,y) —
pu(@) [y n(po(x.q)); q) — (v, n(p(x) Bo(q)): q)] : q € Q}

satisfy the uniform entropy bound (SA1.3) with respective envelopes and constants as follows:

G <1, A <1, Vi <K=h¢
Ga(x,y) < v(x,y), Ay S 1, VoS 1

Gs S 1, A3 S, V3 < log?n;

Gy <1, Ay 51, Vis L

Gs S 1, A5 S1, Vs <1,

where for s € Z.N[0,00), N,(d) denotes the s-neighborhood of cell § € A which is the union of all
cells §' € A reachable from some point of § in no more than s steps (following a continuous path).



Assumption SA2.6 (Approximation error). There exists a vector of coefficients By(q) € RX such
that for all ¢ satisfying |¢| < ¢ in Assumption SA2.2,

Sup ‘N((Jg)(a% a) — Bo(q)"p (; Am)| S pmlsl
qeQ,xeX

In particular, this requires supq@’,uév) (x,q) — Bo(q)Tp®) (x; A, m)‘ < pmlvl,
Assumption SA2.7 (Estimator of the Gram matrix). Qq is an estimator of the matrix Qq such
that HQq - Qquo <p hirq and HQ;IHOO <p h™%, where rq = o(1).

Finally, we state the following technical addition to Assumption SA2.5 needed for Theorem SA5.1.
As proven in Proposition SA2.9, it is also automatically true under Assumption E in the main paper.

Assumption SA2.8 (Additional complexity assumption). For any fixed ¢ > 0, v > 0, and a
positive sequence €, — 0 the class of functions

0
{(w,y) H/ . [W(y,n(p(z)" (Bo(g) + B) + t);q) — ¥(y, n(p(z) Bo(q)); q)]
—p(x)Tv
1D (p(@)" (Bo(g) + B) + 1) dt - L(z € Njerogn(9)) :

Iﬂ—%mwmévwﬂmé%ﬁeAﬂeQ}

with envelope e,, multiplied by a large enough constant (not depending on n), satisfies the uniform
entropy bound (SA1.3) with A < 1/e,, V < log?n, where the constants in < do not depend on n.

SA2.1 Simplifying assumption on loss function

As discussed in the paper, it is possible to impose a simplifying assumption on the loss function,
which is motivated by the examples considered. More specifically, we aim at simplifying the general
complexity Assumptions SA2.5 and SA2.8.

Proposition SA2.9 (Simplified setup). Assume the following conditions.
(i) q— po(x, q) is non-decreasing.
(ii) p(y,m;q) = Z?:l p;(y,m;q), where the functions p;(y,n;q) are of the following types:
o Type I: p1(y,m;q) = (f1(y) + Din)1{y < n},
o Type II: p2(y,m;q) = (f2(y) + D2n)1{y < g},
e Type III: p3(y,n;q) = (f3(y) + Dsn)q,
o Type IV: pa(y.n;q) =T (y,n),

where f;(-) are fixed continuous functions, D; are universal constants, and T (y;n) : Y x € = R is
a measurable function, differentiable in 7 for any fixed y with a derivative T(y,n) := %T(y, n).
(iii) E[r(yi,n) | x; = x] is also differentiable in n for any x. The functions

(y,m) = 7(y,n), and
@m%ﬁiﬁh@mﬂ%zﬂ

are continuous in their arguments, and a-Hélder continuous (with 0 < o < 1) inn on Y x K and
X x K respectively, where K is any fixed compact subset of £ (with the Hélder constant possibly
depending on K, but on y or x).



(iv) Assumptions SA2.1 to SA2.4 hold with (z,y) = 7(x,y) + |D1| + |Da| + | D3| max,eg |q|,
where T(x,y) is a measurable envelope of {(a:, y) — T(y, n(po(x, q)))}

(v) If Dy is nonzero, Fy|x is differentiable and fy|x is its derivative (in particular, M is
Lebesgue measure), (x,n) = fy|x(n|z) is continuous in both arguments and continuously dif-

ferentiable in 7).
Then Assumptions SA2.5 and SA2.8 also hold.

We will prove this now.
In this case

Y(y,m;q) = Dil{y < n} + D21{y < ¢} + D3q + 7(y, n).

SA2.1.1 Verifying Assumption SA2.5

Lemma SA2.10 (Class Gi). The class G; described in Assumption SA2.5 with a large enough
constant envelope satisfies the uniform entropy bound (SA1.3) with A <1,V S K.

Proof of Lemma SA2.10. Tt is shown in the proof of Proposition SA8.1 (replacing < with < does
not change the argument) that for any fixed r > 0 the class

{(@,9) = Hy < n(p@)'8)} — Ly < nluo(z,q))} : |18 = Bo(@)lls <74 € Q}

with envelope 2 satisfies the uniform entropy bound (SA1.3) with A S 1 and V' < K.
Next, assume that the infinity-norms of 3 and 3 lie in a fixed bounded interval, and let ¢, § € O.
Note that by a-Holder continuity of 7(y,-) on compacta

|7y n(p(@)"B)) — 7(y; (o (@, 0))) — 7(y, n(p()" B)) + 7(y, n(po(x, )]
S In(p(@)"B) — n(p()"B)|" + [n(no(, a)) = n(uo(, @)|"
S8 =Bl% + g —al*,
where the constants in < do not depend on 3, 5, q, ¢, and we used that 7n(-) on a fixed bounded

interval is Lipschitz, and ¢ — uo(x, ¢) is Lipschitz (uniformly in @). Again by a-Hdélder continuity
for any fixed r > 0 the class

{(z,y) = 7(y,n(p()"B)) — 7(y,n(0(x, ) : 1B — Bo(a)llec <7, € Q}

has a constant envelope. It follows that it satisfies the uniform entropy bound (SA1.3) with A < 1,
V <K.
Combining these results concludes the proof of Lemma SA2.10 by Lemma SA3.4. O

Lemma SA2.11 (Class Gs). The class Gy described in Assumption SA2.5 with envelope 1(x,y)
satisfies the uniform entropy bound (SA1.3) with A <1,V < 1.

Proof of Lemma SA2.11. The class

{X Y>3 (xy)— 7(y,n(no(x,q)): g€ Q}

with envelope 7(x,y) satisfies the uniform entropy bound (SA1.3) with A < 1, V < 1 by a-
Hélder continuity and since 7(-) on a fixed bounded interval is Lipschitz, ¢ — po(x, q) is Lipschitz
(uniformly in ).
The class
{X %Y 3 (=) = Ly <nlpo(z,9)}: ¢ € Q}
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with envelope 1 satisfies the uniform entropy bound (SA1.3) with A <1, V' < 1 because po(x, q)
is nondecreasing in ¢, see the proof of Proposition SA8.1.
The class

{(XxY3(zy) = 1{y<g}:qec Q}
with envelope 1 satisfies the uniform entropy bound (SA1.3) with A < 1, V' < 1 because it is

VC-subgraph with a constant index, (cf. the proof of Proposition SAS8.3).
The class

{Xxya(:c,y)»ﬁq:qu}

with envelope maxgcg |g| satisfies the uniform entropy bound (SA1.3) with A <1, V' < 1 because
it is VC-subgraph with a constant index (as a subclass of a one-dimensional space of functions,
namely constants in x,y).

It is left to apply Lemma SA3.4, concluding the proof of Lemma SA2.11. O

Lemma SA2.12 (Class G3). The class G3 described in Assumption SA2.5 with a large enough
constant envelope satisfies the uniform entropy bound (SA1.3) with A <1, V < log?n.

Proof of Lemma SA2.12. Fix § € A and some large enough R > 0. Note that if 1{x € Mclogn](é)}
and p(z)T @ are both nonzero, 8 must lie in a vector subspace Bs of R of dimension O(log?n).
For any positive and small enough ¢, the class of vectors { B € Bs, [|Bloo < R} has an infinity-norm
e-net B§ such that

log|B5| < log? nlog(C/e),

where C' is some positive constant.
By a-Hélder continuity of 7(y,-) on compacta and since 7(-) on a compact is Lipschitz, this
means that the class of bounded (by a constant not depending on n) functions

Gas = {(2,9) = [T (y,0(p(2)"B)) — 7(y. n(P(2)"Bo(9))) | 1{z € Nclogn) (6)} :
18 = Bo(@)llec < 7,0 € Q}
has a covering number bound
log N (Gs. 5, sup-norm, C’e®) < log? nlog(C/e),
where C” is some other positive constant. This means that also
log N(Gs s, sup-norm, ) S log? nlog(C" /¢)

for some other positive constant C”. Finally, from this we can conclude that G35 with a large
enough constant envelope satisfies the uniform entropy bound (SA1.3) with A <1and V < log n.
Therefore, the union of O(h~%) such classes

{(@.9) = {7 (v 0(p@)78)) — 7(y.1(p() Bo(@)) }1{z € Metog(9)}
18— Bo(@)llee <rmqg€Q,6€A}

with a large enough constant envelope satisfies the uniform entropy bound (SA1.3) with A < 1 and
V <log?n, see (SA5.34).

Next, since 7(-) is monotonic, the functions = + p(x)"@ with 3 € Bs form a vector space of
O(log?n) dimension, and x +— 1{x € Nciogn] ()} is one fixed function, the class

{(z,y) = L{y < n(p(@)"B)}1{x € Nicipgn (0)} : B € RF}

10



is VC with an index O(log?n). Therefore, it satisfies the uniform entropy bound (SA1.3) with A < 1
and V < log?n. By Lemma SA3.4, a subclass of the difference of two such classes

{(@,9) = (1{y < n(p(x)"B8)} - {y < n(p(x)"Bo(9))}) 1{z € Noiogn)(9)} :
18— Bo(@)lc <7 q € Q}
for fixed § € A also satisfies the uniform entropy bound (SA1.3) with A < 1 and V < log?n.
Therefore, the union of O(h~?) such classes
{(@,y) = {L{y < n(p(=)'8)} — L{y < n(p(2)"Bo(a))}} 1{z € Nciogn) (6)} :
H/@ - ﬂO(q)HOO < T75 € Aaq € Q}

with a large enough constant envelope satisfies the uniform entropy bound (SA1.3) with A < 1 and
V < log?n, see (SA5.34).
It is left to apply Lemma SA3.4 once again, concluding the proof of Lemma SA2.12. O

Lemma SA2.13 (Class G4). The class Gy described in Assumption SA2.5 with a large enough
constant envelope satisfies the uniform entropy bound (SA1.3) with A <1,V < 1.

Proof of Lemma SA2.13. In this case
U(x,n;q) = E[r(yi,n) | x; = «] + D1Fy|x(n|x) + D2Fy|x (q|z) + D3q

and

0
Uy (x,n;q) = %E[T(ym) | @i = x] + D1 fy|x (n]x).

By assumption, if 7 lies in a fixed compact, this function of x,n is bounded (by continuity).
Moreover,

|1 (2, n(po(, )); ¢) — Y1(q, 5 ¢)n(po(, 7))

(a)
S n(po(@, ) = n(po(e, )| + [n(po(2, q)) — n(po(x, ) < lg = ¢1* + lg — 4,

where in (a) we used that 7(-) on compacta is Lipschitz and g — po(@, ¢) is uniformly Lipschitz in
q. The result of Lemma SA2.13 follows. O

Lemma SA2.14 (Class G5). The class Gs described in Assumption SA2.5 with a large enough
constant envelope satisfies the uniform entropy bound (SA1.3) with A <1,V < 1.

Proof of Lemma SA2.14. Take R > 0 fixed and large enough so that H,@o,quo < R for all ¢ and
n. Note that for p;(z) and p(x)"B3 to be nonzero at the same time, 8 must lie in a fixed vector
subspace B; of R¥ of bounded dimension. For 0 < ¢ < 1, the class of vectors {,8 € B, |18l < R}
has an infinity-norm e-net B; such that

log| Bf| < log(C/e),

where C' is some positive constant.

By a-Holder continuity of 7(y, ) on compacta, since n(-) on a compact is Lipschitz and (-, q)
is uniformly Lipschitz in ¢, this means that the class of bounded (by a constant not depending on
n) functions

Gt = {(=,y) = p(@) (7 (y, n(po(x,9)) — 7(y,1(p(x) Bo(q)))) : q € Q}

11



has a covering number bound
log N(G%, sup-norm, C’e®) < log(C'/e),

where C’ is some other positive constant. It follows that this class with a large enough constant
envelope satisfies the uniform entropy bound (SA1.3) with A <1 and V < 1.
As in the proof of Lemma SA2.11, the class

{Xx Y>3 (x,y) = Wy <n(uo(x,q))}: g€ Q}

with envelope 1 satisfies the uniform entropy bound (SA1.3) with A < 1, V' < 1. Since 7(-) is
monotonic, the functions & ~ BTp(x) with B € B; form a vector space, and p;(x) is one fixed
function, we have that the class

{X¥x Y3 (2.y) = p(@)l{y <n(p()'8)} : B € RY}

is VC with a bounded index. Then it also satisfies the uniform entropy bound (SA1.3) with A <1
and V < 1.

It is left to apply Lemma SA3.4, concluding the proof of Lemma SA2.14. O

SA2.1.2 Verifying Assumption SA2.8

Suppose 61, 602,0 € R and 6;,605,0 € R all lie in a fixed compact interval. Then

T (y,n(01)) — T (y,n(02)) — [n(61) — n(02)]7(y,n(0))
— T (y,n(01)) + T (y,n(02)) + n(61) — n(62)]7(y, n(6))
= 7(y, C1y)[0(61) — n(01)] — 7(y, C2.y) [0(02) — n(62)]
61) — n(62)7(y,1(0)) + [n

— [n(61) — n(61) + n( (61) — n(62) + n(62) — n(B2)]7(y,n(6))
= [7(y, 1) — Ty, m(0)] - [n(61) — n(61)] = [7(y, (o) — (v, (~))] - [n(62) — n(62)]
— [n(61) — n(62)]7(y. () + [n(61) — n(62)]7(y, n(B))
= [T(y, Cry) — T(W,m(0))] - [n(61) — n(61)] — [T (y, Coy) — (y,n(9))l-[n(9z)—n(9z)]
<1 <101—0] <1 <102—02]
+ [n(61) = n(62)] [7(y,1(8)) — 7(y, n(6))] S 161 — 6] + |62 — 62| + 6 — 6]°

<1 <l

for some (1, between 7(61) and 7(01), G2,y between n(f2) and n(f2), where we used the a-Holder
continuity of 7(y,-) on a fixed compact and the Lipschitzness of 7(-) on a compact. This means
that the class of functions

G = {(z,y) = (T (y,n(p(x)"(Bo(q) + B))) — T (y.n(p(x)" (Bo(q) + B —v)))
— [n(p(x)"(Bo(a) + B)) — n(p(x)" (Bo(q) + B — v))] 7 (y,n(p(x) Bo(q))))
X 1{z € Netogn)(0)} 1 ¢ € Q. 1B = Bo(@)l|oe <7, [|0]|loc < €0}

has a covering number bound
/ d Ch
log N(G', sup-norm, €) < log®nlog ~ ) (SA2.5)
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for all small enough positive e, and C; is some positive constant (not depending on n), where we
used that all By(q), Bo(q) + B and By(q) + B — v must lie in a vector space of dimension O(log® n)
if 1{z € Nciogn)(0)} is not zero. Applying the mean-value theorem to

T (y,n(p(x)" (Bo(a) + 8))) — T (y,n(p(x)" (Bolq) + B —v)))

and a-Holder continuity again, we see that class G’ has an envelope which is €, multiplied by a
large enough constant Cs. Replacing ¢ with Caee,, (for large enough n this is small enough) in
(SA2.5), we get a covering number bound

1
Coeey, )

It follows that class G’ satisfies the uniform entropy bound (SA1.3) with A < 1/, and V < log?n.
Therefore, the union of O(h~%) such classes

G = { (T (y.n(p(@)"(Bo(a) + B))) = T (y.n(p(@)" (Bola) + B~ v)))
~ [n(@)" (Bola) + B)) — n(p(@) (Bola) + B~ v))] (v, n(p(@) Bo(0))) )
X 1{z € Netogn)(9)} 0 € Q118 = Bo(@)loe <7 [0]loc < 2,0 € A},

log N (G, sup-norm, Cee,,) < log?nlog <

also with envelope &, multiplied by a large enough constant, satisfies the uniform entropy bound
(SA1.3) with A < 1/e, and V < log?n, by the same argument as (SA5.34).
Next,
[f1(y) + Din(61)]1{y < n(61)} — [f1(y) + Din(62)]1{y < n(62)}
— [n(61) = n(02)| D11{y < n(0)}
= Ai{y < n(61)} — L{y < n(62)}] + Din(61)L{y < n(61)} — Din(62)1{y < n(62)}
— Di[n(61) — n(62)]1{y < n(0)}.

It is proven by the same argument as in the proof of Proposition SA8.1 that the class
{(@.9) = ([1y) + Din(p(@)T(Bo(a) + 8))]1{y < n(p(2)" (Bola) + B))}
— [/1() + Din(p()T (Bo(q) +[3—v)]ﬂ{y<77 )" (Bo(q) + B — )}
~ [n(p() (Bo(a) + B)) — n(p(@)" (Boa) + B — )] Di{y < n(6)})
X 1 € Metogn)(0)} 6 € Q.18 = Bo@) oo < 7, [0]loe < 0,6 € A}

satisfies the uniform entropy bound (SA1.3) with A < 1/e, and V < log?n.

The terms (fa(y) + Dan)1{y < ¢} and (f3(y) + D3n)q play no role in this verification because
they cancel out in the class described in Assumption SA2.8.

It is left to apply Lemma SA3.4.

The proof of Proposition SA2.9 is finished.

SA3 Frequently used lemmas

We collect several lemmas that will be used multiple times throughout this supplemental appendix.
Lemmas SA3.1 to SA3.9 are well-known facts, so we provide either brief proofs or references to the
literature.
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Lemma SA3.1 (Second moment bound of the max of sub-Gaussian random variables). Let n > 3
and &1, ..., &, be o%-sub-Gaussian random variables (not necessarily independent). Then

E[max 53] i < Cyo/logn,

1<i<n
where Cyr is a universal constant.

Proof. If p is an even positive integer, E[¢7] < 36Pp(p/2)P/?. Then

9] 1/? p] /P - p Vp < ,1/p 1/p
: < ‘ < - e
E[lrg%ﬁ&} —E[f;l?é%fz} < (Z;E[SZD <n'?.q.pP\/p
Son'/P\/p using p!/P < 2.
It is left to take p = p,, such that Inn < p < 2Inn. O

Lemma SA3.2 (Boundedness of conditional expectation in probability implies unconditional
boundedness in probability). Let X,, be a sequence of integrable random variables, D,, a sequence
of random vectors, Ty, a sequence of positive numbers. If E[|X,,| | Dy,] <p 7y, then | X,,| <p 7.

~

Proof. Take any sequence of positive numbers =, — oo. By Markov’s inequality,

ElXnllDn] 1 _ gy,

P{|Xn| > vnrn | Dn} <
TnTn Tn

In other words, the sequence of random variables P{|X,| > v, | Dy} converges to zero in
probability. By dominated convergence (in probability), the sequence of numbers P{|X,,| > v,r}
converges to zero. Since it is true for any positive sequence 7, — 0o, this means |X,| = Op(r,). O

Lemma SA3.3 (Converging to zero in conditional probability is the same as converging to zero
in probability). Let X,, be a sequence of random variables, D,, a sequence of random vectors. The
following are equivalent:

(i) for any € > 0, we have P{|X,,| > ¢| D, } = op(1);
(i) [Xn| = op(1).

Proof. The implication (i) = (ii) follows from dominated convergence in probability. To prove the
converse, take any €,y > 0. By Markov’s inequality,

P{Xn| >}
v
so by definition P{|X,,| > ¢| D, } = op(1). O

P{P{|Xa| > | Da} > 7} <

Y

Lemma SA3.4 (Permanence properties of the uniform entropy bound). Let F and G be two classes
of measurable functions from S — R on a measurable space (S, S) with strictly positive measurable
envelopes F' and G respectively. Then the uniform entropy numbers of FG = {fg: f € F,g9 € G}
satisfy

s%p log N (FG, |llgz2: €l FGllg,z2)
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e||lF Bire
< suplog N (7. gz 15122 ) +suplog N (6. oo, 1522

for all € > 0. Also, the uniform entropy numbers of F + G ={f +g: f € F,g € G} satisfy

0.2, €| F + G|

S%plogN(}_-i-g,H" Q,Z)

e|lF Aire
< s%plogzv@, oz, 5522 ) + s 105 ¥ (6, oz, £ %2 )

for all € > 0. In both cases, Q ranges over all finitely-discrete probability measures.
Proof. This lemma is well-known. See, for example, [18]. O

Lemma SA3.5 (Maximal inequality for Gaussian vectors). Take n > 2. Let X; ~ N(0,02) for
1 <4 < n (not necessarily independent), with 0'7;2 < ¢2. Then

E[max XZ} < o4/2logn,

1<i<n
E[max ]XZ|] < 20+/logn.
1<i<n

If ¥y and Xy are positive semi-definite n x n matrices and n ~ N(0,1,), then
E[| 2 *n - 2n|l] < 2¢/logn| =1 - S|y,

If further 3 is positive definite, then

E[|21%n — 250 s0] < V108 nAmin (Z1) V2|51 — Za|)s.
Proof. See Lemma SA31 in [7]. O

Lemma SA3.6 (A maximal inequality for i.n.i.d. empirical processes). Let Xi,...,X,, be inde-
pendent but not necessarily identically distributed (i.n.i.d.) random variables taking values in a
measurable space (S,S). Denote the joint distribution of X1, ..., X,, by P and the marginal distri-
bution of X; by P;, and let P =n~! > P

Let F be a class of Borel measurable functions from S to R which is pointwise measurable (i.e.
it contains a countable subclass which is dense under pointwise convergence), and satisfying the
uniform entropy bound (SA1.3) with parameters A and V. Let F' be a strictly positive measurable
envelope function for F (i.e. |f(s)| < |F(s)| for all f € F and s € S). Suppose that ||F|z, < 0o.
Let o > 0 satisfy supcz || fllp, < 0 < | Fllp, and M = maxi<i<n F(X;). ’

For f € F define the empirical process

Gu(f) = %Z(fom _E[f(X0).
=1

Then we have

1M

p2V log(A| Fll5,/0)
\/ﬁ Y

E [sup|Gu(f)I] S o/V log(4]1Fllg /o) +
feFx

where < is up to a universal constant.
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Proof. See Lemmas SA24 and SA25 in [7]. O

Lemma SA3.7 (Maximal inequalities for Gaussian processes). Let Z be a separable mean-zero
Gaussian process indexed by © € X. Recall that Z is separable for example if X is Polish and Z
has continuous trajectories. Define its covariance structure on X x X by X(z, ') := E[Z(x)Z(2')],
and the corresponding semimetric on X by

p(x,2') = B[(Z(x) — Z(2')2)? = (S(w,2) — 25(x, 2') + B2, 2')) /.

Let N(X,p,e) denote the e-covering number of X with respect to the semimetric p. Define o :=

sup,, X(x, )12,
Then there exists a universal constant C > 0 such that for any § > 0,

20
E[sup]Z(a:)q <Co+C VIeg N(X, p,¢e)de,

reX 0
1
E[ sup | Z(x) —Z(x')@ < c/ VIog N(X, p, ) de.
p(z,x')<é 0
Proof. This lemma is well-known. See, for example, [18]. O

Lemma SA3.8 (Closeness in probability implies closeness of conditional quantiles). Let X,, and
Y,, be random variables and D,, be a random vector. Let Fx, (z|D,,) and Fy, (x|D,,) denote the
conditional distribution functions, and F)}i (z|Dy,) and Fy,- '(z|D,,) denote the corresponding con-
ditional quantile functions. If | X,, — Y, | = op(ry,), then there exists a sequence of positive numbers
vn — 0, depending on r,, such that w.p.a. 1

F)?i(p‘Dn) SF;nl(p'i_VﬂDn)'i_rn and Fljnl(p’Dn) SF);i(p'f'Vn‘Dn)'i‘rn
for all p € (v, 1 — vy).
Proof. See Lemma 13 in [2]. O

Lemma SA3.9 (Anti-concentration for suprema of separable Gaussian processes). Let X = (X;)ier
be a mean-zero separable Gaussian process indexed by a semimetric space T such that E[X?] = 1

for allt € T. Then for any € > 0,
supIP{ < 5} <4e (E [sup |Xt|} + 1).
u€R teT

Proof. See Corollary 2.1 in [11]. O

sup | X¢| — u
teT

The following lemma appears to be new to the literature at the level of generality considered. It
guarantees the existence and gives some properties of the main estimand considered in this paper.

Lemma SA3.10 (The existence of pu(-)). Suppose Assumptions SA2.3(i) and SA2.3(iii) hold. We
will suppress the dependence of p(-, ) on q in this lemma because the result can be applied separately
for each q. Assume 1 +— p(y,n) is convex on &, £ is an open connected subset of R, 1 (y, -) is the left
or right derivative of p(y, -) (in particular, it is a subgradient: (n1 —no)¥(y,m0) < p(y,m)—p(y,n0)),
and (y,n) is strictly increasing in n for any fixed y € ). Assume the real inverse link function
n(-): R — & is strictly monotonic and two times continuously differentiable.
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Denoting a; and a, the left and right ends of € respectively (possibly +00), assume that for each
x € X the expectation E[1(y;, ()| x; = x] is negative for (real deterministic) ¢ in a neighborhood
of a;, positive for ( in a neighborhood of a,, and continuous in { (in particular, it crosses zero).
Then for each * € X the number min{¢ : E[¢(y;,() | x; = x] > 0} exists and belongs to £.
Moreover,
po(x) :=n~" (min{¢ : E[t(y;, () | @ = =] > 0})
=1 (min{g‘ CE[Y(yi, Q) | = x| = O})

defines a Borel-measurable function such that for all x € X

(SA3.1)

(@) € arg minEfp(y:, n(C)) | @: = a.
CeR

If Q is not a singleton, applying this result for each g € Q gives a function po(x, q) which is
Borel in « for each fixed q. Measurability in q is not asserted by this lemma.

Proof. The conditions ensure that min{C D El(yi, Q) e = x] > 0} exists and belongs to £ by
continuity.

So the function pg(x) is well-defined. It is Borel because 7!

is continuous and

{z:n(po(®)) > a} = {z : E[Y(yi,a) | 2; = ] <0}

is a Borel set (the equality of the two sets is true because ¢ — ¥(y, {) is strictly increasing).
For any ¢ € R, using (1(¢) — n(uo()))¥(y, n(po(x))) < p(y.n(C)) — p(y, n(uo(x))), we have

0= ((¢) = n(uo(@)) E[(yi.a) | & = ]| ,_, o)
< Elp(y,n(¢)) [z = @] — E[p(y, a) | Ti = ]| 10 ()
so po(x) is indeed the argmin. O

The following lemma establishes basic properties of the “Gram” (or Hessian, depending on the
perspective) matrix generated by the partitioning-based M-estimator.

Lemma SA3.11 (Gram matrix). Suppose Assumptions SA2.1 to SA2.6 hold. Then

ht < inf Amin(Qo.q) < SUP Amax(Qo.q) < A%, (SA3.2)
q
sup||Qqall, S A% (SA3.3)
q
If, in addition, 10gn(,¥h) = o(1), then uniformly over q € Q
A ~ log(1/h)\ "/
sup {10y ~ Quall V 1Q0 ~ Quall} e 1 (2L ) (5434
ht < i%f Amin(Qq) < sup Amax(Qq) <A w.p.a. 1, (SA3.5)
q
supHQ;lHoo <h? w.p.a. l, (SA3.6)
q

L L o log(1/h)\

sup{(1Qg" = Qb v Qg — Qb e nd(FEL) ($48.7)
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For some positive integer L,, < 1/h, the rows and columns of Qq and its inverse can be numbered
by multi-indices (a,a) = (o, . ..,aq,a) and (B,b) = (51, ..., B4,b), where

a,Be{l,.... L.} ac{l,....Thatb€{l,....Tng}, ThaTng <1

in the following way. First, Qq has a multi-banded structure:

[Qal(ay. ) =0 ifla = Bl > C, (SA3.8)

for some constant C' > 0 (not depending on n). Second, with probability approaching one

SngQ;I](a,a),(ﬁ,b)‘ < hdpllaBll (SA3.9)

for some constant o € (0,1) (not depending on n). B )
The same results hold with Qo,q replaced by Xo,q and Qq replaced by Xgq.
Finally, the same results hold with Qg q replaced by E[p(x;)p(x;)T] and Qq replaced by E,[p(z;)p(z:)T].

Proof. The last claim of the lemma, corresponding to the case

\Ill(wiﬂ 7](#0(5131‘; Q)); Q)Tl(l) (MO($i; Q))2 = 17

is Lemma SA-2.1 in [6]. The properties (SA3.8) and (SA3.9) are not explicitly stated but follow
from the proof.

In the general case, by Assumption SA2.4(iv) Uy (x;, n(po(x; ,q)) @)n™ (po(zi, q))? is bounded
and bounded away from zero uniformly over i, n and g, so (SA3.2) and (SA3.5) follow from the
previous case. The additional W1 (z;, n(uo(xi, q)); @)n™ (po(2:))? term does not influence the multi-
banded structure of the matrices, so (SA3.3), (SA3.6), (SA3.8), (SA3.9) remain true by the same
argument as in the previous case. The inequalities

190~ @al. < 185" 1@~ Qual. Q531
19g" = Qogll = [1Q4 (I [1Qq = Qo.all - |Qo4ll
show that (SA3.7) follows from norm bounds (SA3.2), (SA3.3), (SA3.5), (SA3.6) and concentration
(SA3.4).

Now we prove Eq. (SA3.4).
Define the class of functions

G := {z = pe(@)pi(@) V1 (@, n(po(2, q)); @) (no(@, @)*: 1 < kI < K q € Q.

We will now prove that the class G with a large enough constant envelope satisfies the uniform
entropy bound (SA1.3) with A < h~2¢ and V < 1. By Assumption SA2.5, the class

{z = Ui (z,n(po(x, q));q): q € Q}

with a large enough constant envelope satisfies the uniform entropy bound (SA1.3) with A < 1
and V < 1. Since it is also true of the class {n(l)(uo(m,q))2: g e Q} because nt) (,u,o(:z,q))2 is
Lipschitz is q, by Lemma SA3.4 the class

{z = Uy (z,n(po(z, q)); @)™ (no(, q))*: q € Q}

with a large enough constant envelope satisfies the uniform entropy bound (SA1.3) with A <1
and V' < 1. The class {x — pi(x)pi(x): 1 < k,l < K} with a large enough constant envelope just
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contains K2 functions, so it also satisfies the uniform entropy bound (SA1.3) with A < h~2¢ and
V = 1, where we used K =< h~%. By Lemma SA3.4, combining these facts proves the claim about
the complexity of G.

Moreover, class G satisfies the following variance bound:

sup E [g(w:)?] < A7,
geg

which follows from the fact that the class is bounded by a large enough constant and the Lebesgue
measure of the support of py(x)p;(x) shrinks (uniformly over k,1) at the rate h¢.
Applying Lemma SA3.6, we see that

LS ote) - Bigto| o (28110, b1/

geg | i—1 ~ nhd n
log(1/h)\ "/ .
d og(1/h) _
Sh (nhd since =224~ = o(1).
_ 1/2
So we have shown maxk,l‘(Qq - Qo,q)k,l‘ Sp h”%%) . Since each row and column of

Qq — Qo,q has a bounded number of nonzero entries, this implies

_ log(1/h)\ /2
oo = 11Qq — Qualls < hd(og(/)) .

nhd

1Qq — Qouq

To conclude the proof of Eq. (SA3.4), it is left to use the inequality

1Qq ~ Quall < \/1Q4 — Qualli|Qq — Qullsc-

The claim about 3¢ 4 and 3, is proven analogously, using that ag(m) is bounded and bounded
away from zero and Lipschitz in g by Assumption SA2.4(ii).
Lemma SA3.11 is proven. O

The following Lemmas SA3.12 and SA3.14 are needed for the proof of the Bahadur represen-
tation (Theorem SA5.1), Corollaries SA5.16 and SA5.17 and a version of the consistency result
(Lemma SA4.6).

Lemma SA3.12 (Uniform convergence: variance). Suppose Assumptions SA2.1 to SA2.6 hold. If

v/(v—2)
[log(1/h)]
oy o(1), or (SA3.10)

lognlog(1/h)
nhd

= o(1), (SA3.11)

(x;,y;) is o?-sub-Gaussian conditionally on x; and

then

(bg(UfO)” g

sup |p(x)T Qg 'En[p(@:)n' (1o(xi, @) (i, n(1o(xi, q)): @)] | Sp b1 T ;

qeEQxEX

and the same inequality is true with Qq replaced by Qo q-
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Proof. By Assumption SA2.2, sup,cv||p™®) (z)|| < h~!°l; by Lemma SA3.11, 1Q7 oo +11Qp g lloe Sp
h~®. Therefore, it is enough to show
hdlog(1/h
sup [ [p(e 0 (@) (e )i |, 5o ) B, (5A3.12)
qe

Define the function class

G = {(@,9) = pu(@)n™ (no(@, @) (y, n(o(x,q));q) : 1 <1 < K, q € Q}.

We will now control the complexity of G. Introduce some more classes of functions:

Wi = {(z,y) » p(x) : 1 <1< K}

Wy = {(@,y) = 1" (uo(x,q)) : g € Q},

Ws = {(z,y) — ¥ (y,n(no(x, q)); q) - g € Q}.
W with a large enough constant envelope contains K fixed measurable functions, so it satisfies
the uniform entropy bound (SA1.3) with A < h~% and V = 1. W, with a large enough constant
envelope satisfies the uniform entropy bound (SA1.3) with A,V < 1 because uo(x,q) is bounded
uniformly over x,q and Lipschitz in g, n on a fixed bounded interval is Lipschitz. W5 with
envelope v (z, y) satisfies the uniform entropy bound (SA1.3) with A4,V <1 by Assumption SA2.5.
By Lemma SA3.4, G with envelope ¢ (x,y) multiplied by a large enough constant satisfies the

uniform entropy bound (SA1.3) with A <h~% and V <1,
Moreover, class G satisfies the following variance bound:

sup E[g(zi, 1:)?] < h.
geg
Indeed, for a fixed i € {1,...,n}
supE[g(zi, vi)?] < SUPE[pl(wi)2E W(wi,yi)Z ) CCz” <SsupElp(z:)?] < h.
g9€g l l

Finally, under (SA3.10)

n

_ ,11/2 _ /v _ /v
B e i, 0] < B[ e i) < E|S el

1<i<n 1<i<n —
n 1/v n 1/v

= (ZEW(%%)VD S (Z 1) =nl/,
i=1 1=1

and under (SA3.11)
_ 1/2
E{max |¢($i7yi)’2} S Vlogn

1<i<n
by Lemma SA3.1.
Applying Lemma SA3.6, we obtain (SA3.12) since

M _ \/hdlog(l/h) '\/log(l/h) \/hdlog(l/h).o(l) and

nl—2/vpd

n n n
Viognlog(1/h) \/hd log(1/h) \/lognlog(l/h) B \/hd log(1/h) o(1)
n - n nhd N n '

Lemma SA3.12 is proven. O
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Remark SA3.13. Using

n!/"log(1/h) ay . log(1/h)]¥/ (=1
n = 0( ) A nhud/(v—l)

= o(1) (SA3.13)

instead of
n'/Vlog(1/h)  [hdlog(1/h)

n n

-o(1)

in the argument leads to the bound

zlelgHE o [P(a)n ™ (o (i, @) (yi, n(po (i, @)); @) ||, = op(h?)

under just the condition (SA3.13) which is slightly weaker than (SA3.10).
The following lemma gives control on the projection approximation error.

Lemma SA3.14 (Projection of approximation error). Suppose Assumptions SA2.1 to SA2.6 hold.
If

v/(v—2)
log(1/h)
[ nh”d/(]’/ 5 =o(1), or (SA3.14)

— lognlog(1/h
(x4, y;) is o*-sub-Gaussian conditionally on x; and ognoh%(/) =o(1),
n

then

sup [P (@) Qg B [p(x:) {v (yi, (1o (i, @)); @)™ (o (i, @)
qeQ,xeX

— (v, n(p(x:) Bo(a)); @)n™ (p(x:)" Bo(q)) }] |

B o (log(1/M) 2 log(1/h)
< pm—|v| (an(1/2))ym—|v| [ Z2B\2/ ") Do\
Seh th < nhd nhlvl+d

Proof. Denote
A g(@i,yi) = (i, (o (i, @)); @) {0 (no (i, q)) — n<l><p<a:i>T@o( N}
Ao g(@i, i) = {0(yi, n(po(xi, @) @) — ¥ (yi, n(0(x:) Bo(a)): @) }n™ (p(x:)" Bo(q))-

By Assumption SA2.2, sup,c||p™ (x)| < A%l by Lemma SA3.11, Qg oo Sp h=4. There-
fore, it is enough to show

o | p(@a) {6 (im0, @)): @0 (o (@i, @)

~(yism(p(2:) Bo(a)): 1 (p(@) Bo(@) } |||

1/2
<p hATM 4 B e+(@n(1/2))m <log(rlb/h)> + log(rlb/h)‘

sup
qeQ

We will do this by showing the three bounds

d log(1/h)\ /2
sup|[Enlp(@:) A g (@ 4|, Se b2 (M> ’ (SA3.15)
qeQ n
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S“gHEn [E[p(:) Az g (i, yi) | 2] ][] o S ™, (SA3.16)
qc

4oy . [Jlog(1/h)  log(1/h
sup || En [p(x:) (A2,q(2i, 4i) — E[Ag g (i, i) |i])] ||, Sp b2 TN/ g(1/ )+ g(1/h)
qeQ n n
(SA3.17)

To show (SA3.15), consider the class of functions
{(x,y) = pi(@)Arg(w,y) : 1 <1< K,q € Q}

Note that supq@\n(l)(,ug(m,q)) —nW(p(x)"Bo(q))] < h™ by Assumption SA2.6. (SA3.15) follows
by the same concentration argument as in Lemma SA3.12.
To show (SA3.16), note that

E [y, n(o(@i 9)): @) = (i n(p(@) Bo(@); ) | @]
= (@, n(p(x:)" Bo(q)); ) =
= Uy (zi, G @) (O){ (i, q) — p(a:)" Bo(q)},

where ¢ is between n(uo(x;, q)) and n(p(azi)TBQ(q)), C~ is between puo(x;,q) and p(azi)Tﬁg(q). By
Assumption SA2.4(iv) and SA2.6, it follows that a.s.

sgglE[w(y@-,n(uo(mi, 2)); @) — (i, n(p(:) Bo(q)); @) | ]| < h™.

Since 7™M (p(x5)TBo(q)) is bounded, (SA3.16) follows by applying Lemma SA3.6 to the class {x
(@), 1< 1< K},

It is left to show (SA3.17).

Consider the class of functions

= {(2,9) = pi(@) Asgla,y) : 1< I< K. q € Q).

We will now control the complexity of G. Introduce some more classes of functions:

Wi = {(,y) = pi() [y, n(po(, q)); @) — ¥y, n(p(x)" Bo(q)); q)] : q € O},

K
W = U Wiy,
=1

Way = {(z,y) — 1V (p(x)"Bo(q))1{z € suppp} : g € Q},

K
Wy = Wi = {(=,9) = 1V (p(®)"Bo(q)) 1{m € suppp;} : 1 <I < K,q € Q}.
=1

By Assumption SA2.5, for [ fixed W ; with a large enough constant envelope (not depending
on [) satisfies the uniform entropy bound (SA1.3) with A,V < 1 (not depending on [). This
immediately implies that W) with a large enough constant envelope satisfies the uniform entropy
bound (SA1.3) with A <h % and V < 1.

For [ fixed, Wy, is a product of a (bounded) subclass of {n")(p(z)"8) : B € B}, where B; is
a vector space of dimension O(1) (not depending on ), and a fixed function. By Lemma 2.6.15
in [18], {p(x)"B : B € B} is VC with a bounded index. Therefore, since 7") on a bounded interval
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is Lipschitz, W, ; with a large enough constant envelope satisfies the uniform entropy bound (SA1.3)
with A,V < 1. This immediately implies that W, with a large enough constant envelope satisfies
the uniform entropy bound (SA1.3) with A <h™% and V < 1.

By Lemma SA3.4, it follows from the above that G with a large enough constant envelope
satisfies the uniform entropy bound (SA1.3) with A <h~% and V < 1.

Next, we will show that class G satisfies the following variance bound:

sup B, [V]g(as, i) | 2] <A™ a1, (SA3.18)
geg

We will prove (SA3.18) under the assumption that 9 is Lebesgue measure, so (SA2.2) holds; the
argument under (SA2.3) is similar (and leads to an even stronger variance bound), so it is omitted.
For 3 outside the closed segment between n(p(x)"Bo(q)) and n(uo(z, q)),

[0y, n(po(, 4)); @) — ¢y, n(p(2)" Bo(a)); 9)|
((x,y) +1) - [p(x)" Bola) — o(, q)|

(Y (. y) + DA™, (SA3.19)
where in (SA3.19) we used Assumption SA2.6. For y between 7(p(z)"Bo(q)) and 7n(uo(z, q)) in-
clusive,

S
S

1Yy, n(po(x, q)); a) — ¥y, n(p() Bo(q)); @)l S ¥(=,y) - Ip(x) Bolq) — pol(, q)| + 1
< d(m,y)h™ + 1, (SA3.20)

where in (SA3.20) we again used Assumption SA2.6.
In the chain below, to avoid cluttering notation we will use [a, b] to denote the closed segment
between a and b regardless of their ordering (a more standard notation is [a A b, a VV b]). Using that
M (p(x)TBo(q)) is also bounded uniformly over & € X, we have a.s.
E[Azq(xi, yi)* | i)
= E[Azq(@i, 1:)*1{yi ¢ [n(p(x:)" Bo(q)), n(po(:i,q))] } | xi]
+ E[Azq(i, yi)*1{y; € [n(p(z:)" Bo(a)), n(po(xi, q))] } | ]
am 1 2
SEPME[(W(@, y:) + 1D 1{y; ¢ [n(p(:)"Bo(q)), n(po(zi, )] } | =]
+ B2E [ (@i, v:)  1{y: € [n(p(2:)T Bo(@)), n(o(xi, q))] } | @]
+P{yi € [n(p(xi)" Bo(q)), n(po(xi, q))] | =:}
< hQO‘mE[@(%?yi)z +1) ‘ 5'3:} + h2mE[ Y(@i, i) ‘mz}

+P{y: € [n(p(@)"Bo(@)). n(uola: )] | @ |

< h2m L B2 4 p() Bo(q) — po(@i, @) (5A3.21)
< pPem o P pm (SA3.22)
5 h(2a/\l)m

where in (SA3.21) we used that by Assumption SA2.3(iii) the conditional density of y;|x; is bounded
and Assumption SA2.4(ii), in (SA3.22) we used Assumption SA2.6.
Therefore, uniformly over [ and q

En[Vig(zi, vi) | xi]] < En[Elg(i, 4:)* | 2] = By [pi(@:)*E[A2 g (24, 1:)? | 4]
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S h(2a/\1)mEn[pl(wi)2]
< WM R, [p(ai)p () ]|
< pHRaADm b a1, (SA3.23)

where in (SA3.23) we used Lemma SA3.11. We have proven (SA3.18).
Applying Lemma SA3.6 conditionally on {zx;} ;, on an event with probability approaching
one, we get (SA3.17), and the proof of Lemma SA3.14 is finished. O

Remark SA3.15. Inspecting the argument, one can note that instead of (SA3.14) the condition

logn
g~ o)

is enough for Egs. (SA3.16) and (SA3.17).

SA4 Consistency

We first study the convex case, and then move on to the non-convex case.

SA4.1 Convex case

The following lemma gives our most general result for a convex objective function. This is Lemma 1
in the main paper.

Lemma SA4.1 (Consistency, convex case). Suppose Assumptions SA2.1 to SA2.6 hold, p(y,n(0);q)
is convex with respect to 6 with left or right derivative ¢ (y,n(0); @)n"(0), B = R¥X in (SA1.2), and
m > d/2. Furthermore, assume that one of the following two conditions holds:

[log(1/h)] 71

A o1), or (SAL1)
nhv-1%
(i, ;) is o®-sub-Gaussian conditionally on x; and \/@;C;i(l/h) = o(1). (SA4.2)
n
Then
SUPHB — Bo(a)|| = or(1), (SA4.3)
qeQ
sup sup‘,u x,q) — ,uév) (x, q)‘ = OP(h_|v|), (SA4.4)
xzeX qEQ
v » 1/2 e
sup / (7 (2,) — 1" (@) fx (@) dz) = op (/2 1). (SA4.5)
qeQ X

Proof. First, note that (SA4.4) follows from (SA4.3) since uniformly over € X and g € Q

B(@) P (@) — 1 (=, q)|

< 8(a) ™) (@) - Bo(@)P™ ()] + |Bo(@) PV (@) — 1" (x, q)|

< |1B(a) - Bo(@)| . - [P leﬂﬂoq P () — 1 (x, q)]

< [18(@) — Bo(@)|, - 271+ [Bo(@) TP (@) — 1 (. q)] by Assumption SA2.2
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S HB(Q) - ,BO(Q)HOO -h Pl ol by Assumption SA2.6,

where we used that only a bounded number of elements in p(*)(x) are nonzero. Similarly, (SA4.5)
follows from (SA4.3) since

1@ P (@) ~ 1 (@0, )
< [1B(a) p™ (&) — ﬁo<q>Tp<”><w> a0 + Hﬁo<q>Tp“’><w> = 16" (@ 9|, x)

< |1B@) (@) - Bo(@) P ()| Lox) T ﬁup\ﬁo p(x) — ui (z, q)|
S HB( p(v () — Bolg ) HL2 + pmlvl by Assumption SA2.6

= ((Bta) ~ Bol@) B[ @)p® @)} (Bla) ~ Bo(a)) )+ h 1

< e (B[P @0)p™) (2)7]) || B(@) — Bo(@)| + b1
< W21 |Ba) = Bo(g)| + 1T = op (nV2) < o (11271,

uniformly over g € Q, where by ||g(z)| 1,(x) we denote ([, g(x)*fx () dx) Y2 for simplicity. In the
last equality we used m > d/2 again. We also used that the largest eigenvalue of E [p(”) (x;)p™) (azl)T]
is bounded from above by h% 2%l up to a multiplicative coefficient, which is proven by the same
argument as for v = 0 in Lemma SA3.11 in combination with Assumption SA2.2.

It is left to prove (SA4.3). Fix a sufficiently small v > 0. Denote for i € {1,...,n} and a € SK~!

Sq.i(@) == o' p(x:)y(yi, n(p(x:)" (Bo(a) + ver)); @)™ (p(x:) T (Bo(q) + ).

Since E, [¢(yi, n(p(x:)"B); q)nV(p (z;)"B)p(x;)] is a subgradient of the convex (by Assump-
tion SA2.4(iii)) objective function E,[p(y;, n(p(x;)TB); q)] of B, the strategy is to show that

inf E,[0q,i(c)] > 0 with probability approaching 1, (SA4.6)
q,x

which is enough to prove Lemma SA4.1 by convexity.
To implement this, we will show

}anEE nlEldgi(c) | xi]] 2 igf E,[a"p(x;)p(z;) ] + op(h?) and (SA4.7)

log(1/h) | log(1/h) = o(h?),

nl—1/vpd

(SA4.8)
loa(1/1) | GETlog(1/h) _ o

q?a

sup|En[0qi(a) — E[dgi(a) |=]]| <p {

under (SA4.1) and (SA4.2) respectively (proof below), and conclude
inf E,,[0q.i(c)] >
q,x
> inf B [0 (@) | Xa]] — sup|E 6. () — Elfgs(e0) | X, ]

2 igf En[a'p(z;)p(z;) o] + op(h?),

which gives (SA4.6) by Lemma SA3.11.
We will now prove (SA4.7). By Assumption SA2.4(iv),

Eldqi(@) [ 2] = o p(a:) ¥ (2, 1n(p(x:)" (Bo(q) +ve)); q)
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1D (p(x:) (Bo(q) +7e)

=a p(mz)\lﬁ(w,fqz,q)( (i)' (Bo(q) + ) — po(xi, q))
)(Cq,z)??(l( (z ) (Bo(q) +vev))
Za' p(wz)p(wz) sup [p(x)" Bo(q) — o(, q)| - |a"p(;)|

qGQ,weX

almost surely uniformly over g, where C' is some positive constant not depending on n or i, &g ; is
between 1(p(x;:)" (Bo(q) +yex)) and (o (i, q)), g, between p(z;)" (Bo(q)+vex) and g (4, ). We
used that W(x;, n(uo(xi, q)); ) = 0, 7y is small enough, p(z)" Bo(q) is (for large enough n) uniformly
close to po(x,q) by Assumption SA2 6 and 17( ) is strictly monotonic by Assumption (SA2.4)(iii)
giving the positivity of the product (M (¢q.:)n™ (p(z:)T(Bo(q) + Yar)).

Again using the uniform approximation bound supqegmeﬂp(w)TBg(q) — oz, q)] < ™ by
Assumption SA2.6, we obtain

sup [p(x) Bo(q) — po(z. q)| - En [l p(x;)|] Sp h™ T2 (SA4.9)
qeQ,xeX

since E,,[|a"p(z;)|] < En [(an(:ci))Q]l/z <p h%? by Lyapunov’s inequality and Lemma SA3.11.
Note that since m > d/2, h™t4/2 = o(h%). (SA4.7) is proven.
We will now prove (SA4.8). Define the function class

gl = {(w’uyl) — 5q7i(a): HaH = 17q S Q}
By Assumption SA2.4(iii), SA2.2(iii) and Assumption SA2.6, for v small enough
| (i n((2:)T (Bo(a) + 7e))s @) — (i n(po(xi, @);@)| S 1+ (i, yi).
Recalling the envelope condition in Assumption SA2.4(ii) and that yo(-, g) is bounded by Assump-
tion SA2.3(iv), we see that sup,cg, |9] S 1+ (2, y:), which means that under (SA4.1)

]E[max\ém )\Q‘Xn} <]E[max|5ql( g an/”

1<i<n 1<i<n

< E[;l%,i(a) Xn] " S <;E[(1 + (@i, vi) | Xn])
S <§n: 1>1/V =n'" as.

=1

1/v

and under (SA4.2) by Lemma SA3.1

E[max |0g.i(cx)? ‘ Xn} & < Vlogn a.s.

1<i<n

By similar considerations sup,eg, En [El¢? |xi]] < Enla’p(z;)p(z;) a] < h? w.p.a. 1, where the
last inequality holds by Lemma SA3.11.
By Assumption SA2.5, the class

{(zi,y5) = V(i n(@(®:)"B);@): 1B — Bo(q)]] < 7.9 € Q}

with envelope 1 + t(x;,%;) multiplied by a constant has a uniform entropy bound (SA1.3) with
A <1,V <K = h™?% Moreover, the class

{(zi,yi) = a'p(@:): |al| =1}
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has a constant envelope and is VC with index no more than K + 2 by Lemma 2.6.15 in [18], which
means it satisfies the uniform entropy bound (SA1.3) with A < 1, V < K =< h~9. Similarly, the
same is true of

{(zi,yi) = p(x:)"B: |B— Bo(q)|| <v.q € Q}
and therefore of

{(zi,5:) = 0 (p(®:)"B): |B—Bo(@)|| <v.q € Q}
since M (-) on a bounded interval is Lipschitz. By Lemma SA3.4, we conclude that G, satisfies the
uniform entropy bound (SA1.3) with envelope 1 + ¥ (;,y;) multiplied by a constant, A < 1 and
V<K=h"
Applying the maximal inequality Lemma SA3.6, we obtain (SA4.8). O

SA4.2 Nonconvex case

Our next goal is to prove the consistency result Lemma SA4.3 for the nonconvex case. We will need
the following lemma.

Lemma SA4.2 (Preparation for consistency in the nonconvex case). Suppose Assumptions SA2.1
to SA2.4 hold. Then the infinity norm of 3y(q) is bounded:

sup||Bo(@)[lo < 1- (SA4.10)
qeQ

Moreover, for any R > 0, there is a positive constant C1 = C1(R) depending only on R such
that for any ©x € X

sup HﬁiugR\p(y, n(p(x)'8);q) — ply,n(p(x) Bo(q)); q)| < C1(1 + ¥(x,y)). (SA4.11)

Proof. We prove (SA4.10) first. By Assumption SA2.6 (Bo(q)"p(x) is close to uo(x,q)) and As-
sumption SA2.3(iv) (uo(x, q) is uniformly bounded), |Bo(q)" p(x)| is bounded uniformly over q € Q
and € X. By Assumption SA2.2, we can bound the kth coordinate of By(q)

1/2
Botanl 17 ( [ (oulal"p@)’ az )

< 72 sup | Bo(a)"p(a)]| - (Leb )72 < sup|o(a)"p(a)| S 1
ze paS

where the constants in < do not depend on k.
Now we prove (SA4.11). Note that

p(y,n(p(z)"B):q) — p(y,n(p(z)" Bo(a)); q)
p(x)" (B—Bo(q))
/0 (5, (D@ Bo(q) + £): @) — ¥y, (10l 0)): @)

x M (p(z)" Bo(q) +t) dt
/p(w)T(B—ﬁo(Q))

+ 9y, n(1o(x, 9)); q) M (p(z)"Bolq) +t) dt

0

By Assumption SA2.4(iii), we have a bound

W (y,n(p(x) Bo(a) +t);q) — ¥(y,n(uo(x, q)); a)| < P(w,y) + 1.
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Since both p(x)"Bo(q) and p(x)"B lie in a fixed compact interval (not depending on x or q),
MW (p(x)"By(q) + t) is uniformly bounded in absolute value. This means that for any € X,
g € 9, ||Bll < R, we have for some positive constants Co and Cy depending only on R

o(y, n(p(x)"8); @) — ply; n(p(2) Bo(a)); @)| < Co(1 + ¢(a,y)) - [p(x)" (B — Bo(a))]
< Co(1+9(z,y)) - lp(@)]1 - 18 — Bo(a@)ll
< Co(1+9(z,y)) - llp(®)]1 - (1Bl + 1Bo(a) )
< Ci(1+¥(=,y)),
concluding the proof. O

We are now ready to prove a general consistency result for an estimator under constraints
8]l < R for some large enough constant R. This is Lemma 2 in the paper.

Lemma SA4.3 (Consistency, nonconvex case). Assume the following conditions.
(i) Assumptions SA2.1 to SA2.4 and SA2.6 hold.
(ii)) m > d/2.
(iii) The following rate condition holds:
v—1
[log(l/ﬁ)}d = o(1), or (SA4.12)
nh v—1
Vlognlog(1/h)

nh2d

(iv) B={B € R¥ :||B|lcc < R} in (SA1.2), where R > 0 is a fixed number (not depending on
n) such that sup,eollBo(q)lleo < R/2 (existing by Lemma SA4.2).

(x;,y;) is o?-sub-Gaussian conditionally on x; and

= o(1). (SA4.13)

(v) There is a positive constant ¢ such that we have inf Uy (x,(;q) > ¢, where the infimum is
overx € X, q € Q, ¢ between n(p(x)"B) and n(uo(x,q)), and B € B.
(vi) The class of functions

{(z,y) — p(y.n(p(x)"B);q) — p(y, n(p(x)"Bo(a));q) : 1Bl < R,q € Q}

with envelope C1(1+1(x,y)) (by Lemma SA4.2) satisfies the uniform entropy bound (SA1.3) with
A<landV S K.
Then Egs. (SA4.3) to (SA4.5) hold.

Proof. For (3 satisfying the constraint ||3|ec < R, define
0q,i(B) := plyi,n(p(x:)T B); @) — plys n(p(xi)" Bo(a)); )

p(x:)T (B—Bo(q)) - 1 T
/ i (o) Bola) + £): )1 ()T Bolq) + 1) dt.

0
Note that

(@) (8Bo())
E[0q.:(8) | i) = /0 W, np(@)T Bola) + 1) )™ (ol Bolq) + ) di

(a) p(mi)T (,87,@0 ((I))
@) / Uy (xi,8q,i4:9)
0

x W (Cqit)n™ (p(x:) " Bo(q) + t){p(x:)" Bo(a) — po(ws, q) +t} dt
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(9@@@NW—mmm”4hgwmﬂmm—m@nwmwfw—%mm
9 Cy{p(z:)" (B — Bo(a))}* — Csh™|p(x:)" (B — Bo(a))l.

—~

with some positive constants Cy and C5 (depending on R), where in (a) we used

i, n(p(x:)" Bo(q) +); @) — (s, n(po(xi, q)); q)
q) +1t) —n(po(zi,q))}
z;)' Bo(q) — po(zi, q) +t}

U(xi,n(p(xi) Bolq) +t);q) = ¥
=Wy (xs, gt a){n(p(x:)" Bo(
=Wy (xs, gt Q)U(l)(Cq,i,t){P(

—~

for some &g.;+ between n(p(x;)"Bo(q) +t) and 1(uo(xi, q)), and some (g ;¢ between p(z;)T Bo(q) +
t and po(xi,q) by the mean-value theorem applied twice; in (b) we used Condition (v), As-
sumption SA2.4, in particular that () is strictly monotonic giving the positivity of the prod-
uct M (Cqie)n™ (p(2:) Bo(q) + t); in (¢) we used Assumption SA2.6. By Lyapunov’s inequality,
Eu(lp(2:)! (B — Bo(@)]] < Enl(p(:)7 (8 — Bo(9)))}] /2. We conclude

E, [E[6q:(8) | ]
> C4(8 - Bola)) Enlp(@)p(@:)T)(8 — Bol@)) — Csh™Enl(p(ws) (B — Bo(q)))]?
< Conl| — Bo(a) | — Cohm™ 2|18 — Bo(q)

with probability approaching one for some other positive constants Cs and C7; (depending on R),
where (a) is by Lemma SA3.11.
Fix € > 0 smaller than R/2. In this case

{B:1B8—-Bo(@)l <} C{B:1B—-PBo(@)llec <} C{B: Bl < R}

because

1Blloe < 118 = Bo(@)loo + 1B0(@)llcc < 118 = Bo(@) o + 1/2.

Define the class of functions

G :={(@.y) = 18~ Bo(@)| ™ (o(y- n(p(2)"B): @) — ply, n(p(x) Bo(a); @) :
1Bl < R, 18 = Bo(a)ll > = q € Q}.

It is a product of a subclass of the class
{(z,y) —a:0<a<1/e}

with envelope 1/¢, obviously satisfying the uniform entropy bound (SA1.3) with A <1,V < 1, and
a subclass of the class

{(z.y) = p(y,n(p(x)"B)) — ply,n(p(x) Bo(q))) : 1Bl < R,q € Q}

with envelope C; (141 (x,y)), satisfying the uniform entropy bound (SA1.3) with A <1land V < K
by the conditions of Lemma SA4.3.

By Lemma SA3.4, class G with envelope C /e(14+(x, y)) satisfies the uniform entropy bound (SA1.3)
with A <1land V S K.

29



Next, under (SA4.12)

E[ max (C1/e)*(1 + d(w, y))? | X,/

1<i<n

< E[g&ﬁ(&/é)”(l +1h(x,y))" | X

<B[Y_(C/e) (14 Vi) | Xa]

1/v

with constants in < depending on R but not on n or €, and under (SA4.13) by Lemma SA3.1

1/2
Xn] < Viogn
€

a. S.

~

E [ max (01/8)2(1 + (e, y))2

1<i<n

Moreover,

E, [E[g(w;,y:)* | ]
< |18 = Bo(@)l| > C3E,, [(p(2:)T (B — Bo(@)))“El(1 + (i, v:))? | wi]]

<18 = Bo(@)|7*(B ~ Bo(@))" Enlp(z:)p(x:)")(B — Bo(a))
<t

where (a) is by Lemma SA3.11.
By Lemma SA3.6, we have

log(i/h) + Ti(l)é(ll/{/’;l)d = O(hd)a
log(1/h) | \/logzl,;ig(l/h) = o(h?)

n

geg

sup|E[g(xs, yi) — Elg(s, vi) | 2] ]| Sp {

under (SA4.12) and (SA4.13) respectively (since ¢ is fixed).
Combining, we infer from the previous results that with probability approaching one for all

1Blloc < R, B —Bo(q)|| >¢,q€Q
En[0q:(8)] > Csh?(|8 — Bo(q) > — Crh™ /2|18 — Bo(a) | + |18 — Bo(a)|| - o(h?)

=118 — Bo(a)|| - {Csh?||B — Bo(q)|| — Crh™ /2 4 o(n)}
> 18— Bo(q)|l - {Coeh® — Crh™ 2 + o(h%)}

“ 18 = Bo(@)]| - H{Cee + (1)} > 0,

where in (a) we used m > d/2.
It follows that the constrained minimizer under the constraint ||3|l«c < R has to lie inside the
ball ||3 — Bo(q)|| < ¢ for all g € Q with probability approaching one. Since ¢ was arbitrary smaller

than R/2, it is equivalent to supquH,@(q) —Bo(q)|| = op(1). Equations (SA4.4) and (SA4.5) follow
(as in Lemma SA4.1). O
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SA4.3 Weaker conditions for special cases

Lemmas SA4.4 and SA4.5 consider the special case of unconnected basis functions.

Lemma SA4.4 (Consistency, convex case, unconnected basis functions). Assume the following.
(i) Assumptions SA2.1 to SA2.6 hold.
(i) p(y,n(6);q) is convex with respect to 8, and v (y, n(8); q)n'") () is its left or right derivative,
and B = RX in (SA1.2).
(iii) For all k € {1,..., K} the kth basis function py(-) is only active on one of the cells of A.
(iv) The rate of convergence of h to zero is restricted by

log(1/h)] 71
[Og( /V>] — 0(1)’ or
nhv-1
— V1 log(1
Y (x4, y;) is o>-sub-Gaussian conditionally on x; and o8 7:1]105( /h) = o(1).

Then Egs. (SA4.3) to (SA4.5) hold.

Proof. As in Lemma SA4.1, Egs. (SA4.4) and (SA4.5) follow from Eq. (SA4.3).

Forl € {1,...,k}, the number M; of basis functions in p(-) which are active on the [th cell of A
is bounded by a constant. Denote the vector of such basis functions p; := (p11,...,01,Mm, )T. Define
the matrices Qg g, and QqJ as before with p replaced by p; (for different [, the dimensions of these
square matrices may vary but are bounded from above). By a simple modification of the argument
in Lemma SA3.11, the analogues of (SA3.2) and (SA3.5) continue to hold: uniformly over q € Q
and [

hd S /\min(QO,q,l) < )\max(QO,q,l) ,S hda

hd 5 Amin(Qq,l) < )\max(Qq,l) S hd W.Dp.a. 1.
By the assumption of the lemma, we can write By(q) = (Boq.1,- - ,,807(17,{)-'—, where B 4, is a

subvector of dimension M; corresponding to the elements in p active on the [th cell.
Fix a sufficiently small v > 0. Denote for I € {1,...,x}, i€ {1,...,n} and oy € SM~!

(SA4.14)

Sq.ii(ou) = o] py(@a)y (yi, n(Pr(x:) (Bo.gy + veu)); @)™ (pu(m:) T (Bo,qu + you)).-
Proceeding in the same way as in Lemma SA4.1, we will show

qigf lEn [0q.i,1(7)] > 0 with probability approaching 1, (SA4.15)
S,
which is again enough to prove the lemma by convexity. It will follow that with probability ap-
proaching one the minimizer B\q,l of E, [p(yi, n(pi(x:)" By); q)] with respect to (3; has to lie inside the
ball ||B; — Bo,q.ll < 7, and in particular inside the cube ||8; — Bo q.illcc < 7. But note that B\(q) =
(BL1,....0"
) q.k
Since v was arbitrary (small enough), it is equivalent to supqEQH,@(q) — Bo(q)Hoo = op(1).
Equation (SA4.15) is proven analogously to the corresponding argument in Lemma SA4.1. The
class of functions

)T. So, with probability approaching one, for all g € Q, we have HB(q)—ﬁo(q) HOO <A.

G1 == { (@i, yi) — bqii(ay): oy € SM=l e {1,...,k},q¢€ Q}

now satisfies the uniform entropy bound (SA1.3) with A < & =< h™¢ (since there are x dif-
ferent values of [) and V' < 1 (since the vectors a; are of bounded dimensions). The bound
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SUP; o, En“a-lrpl(mz)ﬂ < h? with probability approaching one can be proven without assuming
m > d/2 by using
sup B, [|a] pi(@:)|] < supllaylccEn [[[p1(zi) 1] S ¢ w.p.a. 1,

Loy Loy
since the dimension of p;(-) is uniformly bounded. O

Lemma SA4.5 (Consistency in the nonconvex case: unconnected basis). Assume that for all k €
{1,..., K} the kth basis function py(-) is only active on one of the cells of A, and define p;(-),
M, Bo,q as in the proof of Lemma SA4.4. Further, assume the conditions of Lemma SA4.3 with
Condition (ii) removed, Condition (iii) replaced by

W — o(1), or (SA4.16)
VIognlog(1/h)

(s, y;) is o?-sub-Gaussian conditionally on x; and Y

=o(1), (SA4.17)
and Condition (vi) replaced by the following: the class

{(z.y) = p(y.n(pi(x) B1) — p(y, n(pr(x) Boga)) : 1Bills < Ryg € Q1E{L,... k}}

satisfies the uniform entropy bound (SA1.3) with A < k =< h™@ and V < 1. Then Eqgs. (SA4.3)
to (SA4.5) hold.

Proof. As in Lemma SA4.1, Eqgs. (SA4.4) and (SA4.5) follow from Eq. (SA4.3).

Define matrices Qq,q,; and QqJ as in the proof of Lemma SA4.4, and recall that the asymptotic
bounds on their eigenvalues are the same as in the general (not restricted to one cell) case, i.e.
(SA4.14) holds.

For any M;-dimensional vector 3; satisfying the constraint ||3j]|c < R, define

8.0 (B1) = p(yi,n(pi(x:)" B1): @) — p(ys, n(Pi(w:)" Bo,q,); q)
/Pl ()" (B1—Bo,q,1)

; (i (1) Bo,gu + 1) @)™ (pi(:) T Bo g + t) dt.

By the same argument as in the proof of Lemma SA4.3, we have

Ey [E[dq,i(80)]xi]

> Cs(B1 — Bo,q) Enlpi(x:)pi(z:) (B — Bogr) — Coh™E, le(mi)T(ﬂl — Bo,g)|]
(a)
> Csh®||B1 — Bo.gill* — Croh™ 181 — Boq.ll

with probability approaching one for some positive constants Cgs, Cg and Cio (depending on R, but
not on g or 1), where in (a) we used Enﬂpl(a}i)—r(,@l — Boa)|] < 1181 = BogillocEn [pi(z)]1] S
181 — Bo.qillch? < |81 — Bo.q.llcoh? With probability approaching one since the dimension of pj(-)
is bounded.

Next, proceeding with the same concentration argument as in Lemma SA4.3, we will obtain
that with probability approaching one for all i € {1,...,k}, ¢ € Q, ||Billo < R, |Bi — Bo,q.ll > ¢,

Enl0q.:1(81)] > Csh(1B1 — Bo.qull* — Croh™ 81 — Bo.qill + 18 — Bo.qull - o(h?)
=181 — Bo,gull - {Csh®1B — Bo(q)]| — Croh™ ™ + o(h%)}
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> (|8, — Bo,qull - {Cseh® — Croh™ 9 + o(hd)}

18, = Bogull - H{Cse + (1)} > 0.

It follows that the constrained minimizer Bq’constr’l of E, [p(yi, n(pi(x:)" By); q)] with respect to
B; under the constraint ||3)]|c < R has to lie inside the ball ||3; — By q.|l < €, and in particular
inside the cube ||B; — Bo,q,llcc < €. But this optimization can be solved separately for all [, i.e.

B(q) = (Bq,constr,l, . ,qunstr?,;)T. So, with probability approaching one, for all ¢ € Q, we have
Hﬁ H < €. Since ¢ was arbitrary smaller than R/2, it is equivalent to suquQHﬁ(q) —
@l —ont 0

The following lemma considers the special case of strongly convex and strongly smooth loss
function.

Lemma SA4.6 (Consistency: strongly convex and strongly smooth loss case). Assume the follow-
ing conditions.

(i) Assumptions SA2.1 to SA2.6 hold.

(ii) The rate of convergence of h to zero is restricted by

[log(1/h)] 7

Y_d

e =o0(1), or

lognlog(1/h)

(i, y;) is o?-sub-Gaussian conditionally on x; and e =o(1).

(iii) The function n — (y,n; q) is continuously differentiable on R (for all y, q), and there exist
fixed (not depending on n, q or ) numbers A\, A such that

0< A< o (0l @) () < A,

and B = R,
Then Egs. (SA4.3) to (SA4.5) hold.

Proof. As in Lemma SA4.1, Eqgs. (SA4.4) and (SA4.5) follow from Eq. (SA4.3).
Denote for 3 € RK

Gn(B) = En[to(yi, n(p(x:)"B); @)n™ (p(x:)T B)p(:))],

which is the gradient of the convex (by Assumption SA2.4(iii)) function E,[p(yi, n(p (x:)"B); q)] of
B. By definition of 3(q) and differentiability, G,, (,B(q)) = 0. By the mean value theorem,

Gn(Bo(@)) = Gu(Bo(2)) — Gn(B(q)) = Enlpip(z:)p(:)"] (Bo(a) — B(a)), (SA4.18)
where
i = 889 (¥ (yi, (0); @)™ (0)) ‘0:@_ for some 6; between p(z;)' Bo(q) and p(z;)' B(q).

By the assumption of the lemma, 0 < A < p; < A. Therefore, for any vector @ € R¥

A a'En[p(zi)p(xi)']a < a B [uip(zi)p(z:)'a
= Ey[pi(p(@:) a)’] < A-a'E,y[p(z:)p(x:) ]a.
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Moreover, the matrix
En[pip(:)p(z:)"]
has the same multi-banded structure as
E,[p(z:)p(z:)"].

That means that by the same argument as that in Lemma SA3.11 we have
B [pip(zi)p(:) ]| Sp b~ (SA4.19)

It is shown in the proofs of Lemma SA3.12 and Lemma SA3.14 (see also Remarks SA3.13
and SA3.15) that
1Gn(Bo(q))]|, = op(h%). (SA4.20)

From (SA4.18)

180(q) = B(@)loo < [En[uip(@p(@i)] ™|, - G (Bo(@))]lo,
which in combination with (SA4.19) and (SA4.20) gives

180(q) = B(@)l o0 = (1)

uniformly over q € Q. O

SA5 Bahadur representation

We will now prove our first main result, the novel Bahadur representation which is Theorem 1 in
the paper. Recall the notation

L@ (z, q) := —p™ (2)" Qg g Enlp(@:)n™ (o (i, @) ¥ (yi, n(po(:, 0)); @))- (SA5.1)

Theorem SA5.1 (Bahadur representation). Suppose Assumptions SA2.1 to SA2.6 hold. Further-
more, assume the fo]lowing condl'tions

(i) SqueQHﬁ H = op(1

(ii) there exists a constant c>0 such that {8 € RX : ||B — Bo(q)||cc < c,q € QY C B;

(iii) £ = o(1);

(iv) either (hillo# = 0o(1), or ¢(x;,y;) is 0?-sub-Gaussian conditionally on x;;

(v) either 6 — p(y,n(6);q) is convex with left or right derivative 1(y,n(8); @)n" () and B =
R, or the additional complexity Assumption SA2.8 holds.

(a) Then
sup ‘ZZ( Nx,q) — u( )(:c q) — L) (x, q)| Sph” 1l g, (SA5.2)
qeQ,xeX
with 4\ /2@ d+1 3\ 1/2
log®n G antoym ((log®n m
rap 1= <nhd> log n + h(ONY/?) — ) A (SA5.3)
(b) If, in addition to the previous conditions, (SA2.3) holds (without any restrictions on y), then
sup [ (@.q) — g (. q) — L (@, q)| Sp b~ *I7en (3A5.4)
qeQ,xeX
with N (L4a)/2 b1\ 1/2
_ [log®n ¢ am ((log“tn m
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Remark SA5.2. As will be clear in the proof, the matrix Q&}I in Egs. (SA5.2) and (SA5.4) can be
replaced by Q;l.

SA5.1 Proof: convex case

We will now prove Theorem SA5.1 under the assumption that 6 — p(y,n(6); q) is convex with left
or right derivative ¥ (y,n(8); ¢)n"(#) and B = RX. We only show the (a) part, since the argument
for (b) is very similar with minor changes in obvious places.

Notation In this proof, we will denote
G lg(xi, vi)] := VnEa [g(@i, yi) — Elg(@i, vi) | xi]].
SA5.1.1 Strategy

By sup,|p (x)| < A=l (Assumption SA2.2), [p)(x)TBo(q) — uév)(:c,q)\ < vl (Assump-
tion SA2.6), and Lemma SA3.14, the inequality

sup |p™ ()" B(q) — 1y (. q)
qeQxeX
+ P (@) Qg B ()0 (10(i, ) (i, n(mo (i, @); )| (S45.6)
Seh” v |7°BR
is implied by
- N log? n, 1/24(a/2A1/4) N (o d+1,, 1/2
SUPHﬂ(Q) = Bolq) - BqHOO Sp s 7 logn 4 h(@NY?) gid . (SA5.7)
q nh nh
where we put
pi == p(x;),
By = —Qq'En[pin™) (P! Bo(@))¥ (vis n(p] Bo(a)): 0)] (SA5.8)
to declutter notation, and noted that for h < 1
log?t1 1/2 log®n 1/2+(/2A1/a)
(anlf2)m [ 108 < g m
h ( vy > < < — > logn + ™. (SA5.9)

Indeed, if @ < 1/2, either (log )1/2 < A™, in which case (for h < 1)

hd

am logd+1 1/2 lg 12 m
h < nhd = nhd S

> h™, in which case

. 1Ogd+1n 1/2 logd+1n (14a)/2 logdn (14a)/2
h nhd = nhd = “nhd log .

logdt! n) 1/2

or (55

If a > 1/2, (SA5.9) follows from ab < a? + b2,
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From (SA5.6), (SA5.2) follows, because sup, ||p™) (z)||; < h~*l and

sng(Q;1 — Qu.o)Enlp(i)n™ (no(s, @) (yi, n(po(xi, 0); )],

< Sgpl\le — Qqyllse sx;pHEn[p(mi)n(”(Mo(xi, )¢ (i, n(po(xi,9)); )] o, (SA.10)
@ /log(1/h)\ %/ helog(1/R)\ /?  log(1/h

where (a) is by Lemma SA3.11 and Eq. (SA3.12). So, we will be showing (SA5.7).
Note that for any vector a

E, [a pit:(yi, n(p! (B(a) — )); @)n™ (p] (B(q) — )] <0, (SA5.11)

because ¢(8(q) — ) En[¢(yi, n(p] (B 3(q )A— a)); q)nV(p] T(B(q ) — @))p;] is a subgradient of the
function f(8 ) = En[p(yi,n ( T8); )] at B(q) — a, and B(q) is the minimizer of this function,

giving o' g(B 3(q) — a) < F(B(@) — f(B(q) — a) < 0. Apply (SA5.11) with a particular vector aq
that will be chosen later, and decompose

0 > En[agpatt(ys, n(p] (B(a) — @q)); a0 (p] (B(a) — ag))]
= En [ pi{v (i n(p] (B(@) — 0g)); @) — v (yi,n(p] Bo(@)): @) 11V (B} (B(q) — ag))]  (SA5.12)
+T1 + En [alpib (yi,n(p] Bo(@); @)n'™ (P! Bo(a))].
where
Ty = En[ogpito(yi, n(p] Bo()): @)1 (b} (B(q) — arg))]

— En[agpit(yi, n(p] Bo(a)); @)n™ (P} Bo(q))]
will be bounded later. Define for simplicity

(SA5.13)

8q.:(B1, B2, @) := anZ{w (yi» (P! (Bo(@) + B1 + B2 — )); @) — ¥(yi, n(p] Bola)); q) }
< 1D (] (Bo(q) + B1 + B2 — o)),
so that R -
(SA5-12) =E, [5q,i(/8q7:3(Q) - 50((1) - qu aq)]'

Now, add and subtract the conditional mean of this term, continuing

0> n"'2G}, [84.(Bq. B(a) — Bolq) — Ba, q)] (SA5.14)
+Ey[E[dq,i(Bq: B(a) — Bo(a) — Bq, oq) | @3] ] (SA5.15)
+ T + En [adpito(yi, n(p] Bo(a)); @)n™ (p] Bo(a))]-
The difference (SA5.14) will be shown to be small by the usual concentration argument. Using

Taylor expansion, we will show that the term in (SA5.15) is close to aZQq(B(q) — Bo(q)) with the
matrix

Qq = Eu[pip] V(i 0(p] Bo(a); @)1 (0] Bo(a))?]. (SA5.16)

that is, we will bound

1y = B [E[30(Bar Bla) ~ Pola) ~ B cg) | w1]] - 050uBl@) ~ o). (5A517)
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To deal with the remaining term a;';(iq (B(q) — Bo(q)), start with replacing the approximation

Pl Bo(q) in the definition of (Qq with the true function uo(z;, q) leaving us with Qg; the error
introduced by this operation

T3 := o) (Qq — Qq)(B(q) — Bo(q)) (SA5.18)

will be bounded. Next, write

! Qq(B(a) — Bo(a)) + Ex [alpi(yi, n(p! Bo(a)); @)n™ (p! Bo(a))]
= g Qq(B(a) — Bola) — Ba)-
We obtained
0> n"'2G, [64,(Bq. B(a) — Bo(q) — B> 0tq)] + 1+ To+ T3+ 0} Qq(B(q) — Bo(q) — Bq). (SA5.19)

At this point, it would be convenient if we could choose ayg so that the last term af Qq (B(q) —
Bo(q) — Bq) is proportional (with a positive coefficient) to H/@(q) — Bo(q) — Bqlloo, because then in
combination with all the other terms being small in absolute value, we can conclude that ||8(q) —
Bo(q) — Bqlls is small in absolute value as well (otherwise it is impossible to obtain a nonnegative
quantity). This is essentially what we will do, with one caveat: for the bounds on the other terms
to work out, it is helpful if aq is very sparse. Following these considerations, we introduce another

vector @g proportional to [Q,!] . sign((,@(q) —Bo(q) — Bq)k,k) (With a positive coefficient), where
(k, k) is the index of the largest component of 3(q) — Bo(q) — Bq (in the blockwise index notation
as in Lemma SA3.11), and [Q;l]k . is the (k, k)th row of Q;l: this way, dZQq(,B(q) —Bo(q) —Bq)

is indeed proportional to H,@(q) — Bo(q) — Bqlloo- Then we choose ag to be a sparse vector that is
close enough to a4 for an appropriate bound on

Ty := (ag — aq)' Qq(B(a) — Bo(a) — By), (SA5.20)
which can be done because of the structure of the rows of Q;l, specifically the exponential decay
in Eq. (SA3.9).

SA5.1.2 Main argument

We will now give some specifics. To show a precise bound in probability in (SA5.2) (as opposed to a
op(+) bound), it will be convenient to multiply rgg by another positive sequence -, that arbitrarily
slowly diverges to infinity:

Tom = TERYn- (SA5.21)
We will also put
1/2
Tin = log'n) B Qe /) (SA5.22)
o nhd " ’
so that in particular
log?n 1/2
and by Lemmas SA3.12 and SA3.14, we have on the event Ay of 1 — o(1) probability
sup||Bglloe < 710- (SA5.24)
qeQ
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Let v, diverge slowly enough so that 1, +t2, = o(1); in particular, sup,cg||Bqllo is smaller than
any positive constant with probability approaching one.

Fix two small enough constants ci,co > 0 (the restrictions on which will be discussed later).
Since ¢; is a constant, with probability approaching one both sup,col|3(q) — Bo(q)|l < c1/2 (by
consistency) and supgeg|lBqlloo < c1/2 (as just discussed); hence, with probability approaching one
supqEQHB(q) —Bo(q) — Bqlloo < c1. This means that the probability of the event ﬂqEQ{B(q) € Oq}
approaches one, where we use the partitioning

U Oqe Oge:={BeRN: 2"y, < B~ Bo(q) — Balloc < 2c2n}

{=—00

with L, defined as the smallest integer such that 2L”t2,n > ¢1. (The sequence L, diverges to
infinity.)
Put R
g = 22" 0 h[Qqg '], sien((B(a) — Bo(a) — Bg)k.k)

where (k,k) is such an index that |(3(q) — Bo(@) — Ba)kxl = 11B(@) — Bo(a) — Ballw (as we
already discussed above) and L is a constant integer chosen later. The vector a4 is not sparse,
but the components decay exponentially with the “distance” to the multi-index (k, k) according to
Eq. (SA3.9). Therefore, we can zero out all components except a logarithmic neighborhood around
(k, k) of this vector and control the error introduced by this operation: specifically, take og € RE
with components vq j; = Uqj,; for ||j — kljsc < c3logn and zero otherwise, where c3 is some

constant. On the event

Ay = {sup E,[1(z; € )] < C’uhd} (SA5.25)
dEA

of 1 — o(1) probability (for some large enough constant Ci; > 0), we have
1Qqll < A,
so on A; N {B(q) € Ogu}
T3l S (2Fe2)h? (20 e ) = o(h12M43 ),

where ¢4 > 0 is a constant (depending on the constant controlling the neighborhood size c3).
Bounding T3, T, T3 is deferred to Lemmas SA5.6 to SA5.8. Specifically, on an event A :=
ApNA1N Az with probability 1—o(1), using Lemma SA5.6 (where A3 is defined) and the restriction
rin = o(t2n), (SA5.26)

we bound
|T1| = O(hdrlm(rl,n + 2£t27n + 2Lt2,n)2Lt27n) = O(hd2L+Zt%’n).

Using Lemma SA5.7, we bound also on {,@(q) € qu} NAwith L <¢<L,:

(SA5.27)

|Ty| < < 22 gLty 2 -
Indeed,

2k¢y o h? (r1in + 2o, + 2Lt2’n)2 < 2bvy , hr? ot 25¢y h12243 n

~
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@ 2Lt2,nhd2%t§7n + o(hd2Lt§7n),

where in (a) we used r? , = o(ta,,) again. Since 2‘t2,, < 2c1, we can therefore ensure
}T + aTQ a ‘ < CithL-i-étQ
2 a~a%| = g 2,n

by taking c; sufficiently small relative to c2. Next, taking co sufficiently small (in particular, making

2 much smaller than c3), we can upper-bound Amax(Qq)|etq||? by (02/16)hd2L+et%7n as well, giving

(SA5.27).
Finally, using Lemma SA5.8, we bound on A

IT| = O™ (2 ey ) (11 + 202,)) & o(hd2L42 ),

where in (a) we used
hm'f‘lm = O(tgm). (SA5.28)

Combining, we have

¢
ITh| + | Ta| + | T3] + | Ty| < Zhd2L+£f3,n-

Since
@ Qq(B(q) — Bo(a) — Bq) = c22Pt2,,h%|B(q) — Bo(@) — Balloo > c228v0 nh%2 ey,

we conclude from (SA5.19) that on {B(q) € Og¢} NA, with L <0< Ly,

_ i > A > _ c
—n"?G, [64.4(Bq, B(q) — Bo(q) — By, atg)] > ca2bey nh?2 ey, — fhdzwr%,n

C2
= ZthLMtg,n.

We will prove that the probability of this event is small enough, by using a concentration argument.

Lemma SA5.3 (Uniform concentration). Define

V.= {a € R¥ : 3 d-dimensional multi-index k,

k=tlec oLy, for ||k — 1o < c3logn and vg; = 0 otherwise},

lvea| < o
Hi = {BeRY :||Bloc <7T1n},

HQ,Z = {/3 € RK : ||ﬁ”oo < 2Zt2,n}7

where ¢ is the constant from Lemma SA3.11. On the event A; defined in Eq. (SA5.25) we have
E{ sup |E”[5q7i(1817162a a) - E[dq,i(ﬁla Ba, a)’xzm ‘ {xz}?zl]
qu,ﬁIE’Hl,ﬁQG’Hg[,aGV

df2oL ¢ L. \an(l/2) L d+1
< Oy <h 2 ‘C27n(7“17n + 2\;%@ +2 tQ,n) log(d+ 1)/ "t 2o lsg n> ’

where the constant C1o does not depend on L or /.

(SA5.29)
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Section SA5.1.3 is devoted to the proof of this fact.
On {B(q) € Og} N A, we have (as long as ¢ is small enough)

ag€V, BqcHi, B(a)—Bola) — Bq € Hay.

Therefore,
P{sup||Bla) — Bo(a) — Ball., = 2"tz | {wibi |
qeQ
:P{ U {8(@) € O} {«’Ei}?l}
qeQ (=L+1
Ly R
= P{ N U {B@) € 0gbna {wi};;l} + op(1)
qcQ (=L+1
L
= P{ U sup [0 (6B By @)] | = T2t L ) 1}%41) + op(1)
f=L+1 qcQ,81€H1,B2€H2 o,EV
L,
= P{ Sup (012G (60481, B, @)] | 2 Fhi2" 4, {xi}?ﬂ}ﬂml) + o8(1)
(=L+1 q€Q,B1€M1,B26Hs ¢,0EV
& c2 -1 .
< Z <*hd2L+ét§7n) E[ sup ]n—1/2((}jZ [6q7i(31,ﬁg,a)]| ‘ {mi};‘zl}ﬂ(Al) + op(1)
(=L+1 4 qc€Q,B1€H1,82€H2 ¢,EV
Ln .
< Z Cl €2 hd2L+€ 2 ) (h /22Lt2 n("“l n+ 2 on + 2L ) A1/2) 1Og(au- 1/2 n+ W(W’L)
vn n
(=L+1
Ln /\(1/2) an(1/2)
Z 9—le1 ( a + (2 ) log(d+1)/2n 4 logdH n)
2n d )
(=L+1 \/T nh
(@) In
< Z 2 +2a/\1/2)z 22z 9L,
(=L+1 z L4+1

where in (a) we used

FN1/2) )
’ni logd+l 2n 5 L ns SA530
vnhd % ( )
log“" "0 _ 1_anaye)
———— STy, , SA5.31
N (545.31)

1 d+1
Bt St (SA5.32)
nh

We conclude that R B
sup||B(q) — Bo(q) — Bq||, Sp t2m-

qeQ
Since v, was arbitrarily slowly diverging, it follows that in fact

sup||B(q) — Bo(a) — Bql| . Sp 7er.
qeQ
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SA5.1.3 Concentration argument (proof of Lemma SA5.3)

We will first argue that B; and B2 can be considered effectively low-dimensional (of polylogn
dimension).

Note that dq;(B1, B2, ) # 0 only if a'p; # 0. For each o € V, let Jo = {j : vj # 0}. By
construction, the cardinality of J, is bounded by (2¢3logn + 1)¢. We have 64.:(81, B2, ) # 0 only
if pj(x;) # 0 for some j € J, which happens only if ; € 7, where

I U{5 € A: §Nsuppp; # @ for some j € Ja}.

The family Z,, includes at most cs5(c3logn)? cells. Moreover, at most cg(c3logn)? basis functions
in p have supports overlapping with Z,. Denote the set of indices of such basis functions by J4.
Based on the above observations, we have dq,i(81, 82, @) = 0q.,i(81 7., B2, 7, @), Where

5q,i(51,ja B2, 7,» a) (SA5.33)
= Z PijV; {iﬁ <yz'777< Z Pi1(Bo,q, + Bry + B2i) — Z pi,ﬂj) ; q>
jeja leja jGJa
— ¢ <yz 7 ( > pz-,zﬂo,q,z> ; q>]
leJa
x ! ( Z pi1(Bo,gr + B+ Boy) — Z pi,j'Uj) H{x; € o}
leja je\j&

Accordingly, for 51 € Res(eslog ")d, 52 e Res(eslog ")d, define the function class

52”00 < 2£t2,n}-

g = {(wzayl) — 6q,i(§17§27a) 1q < Qaa € Vu B]‘Hoo < T1n,

We will now bound sup,cg|En[g(i,3:)] — E[g(2,y:) | @i]|. As usual, the strategy is to check
conditions of Lemma SA3.6.

Lemma SA5.4 (Bonding variance). On A;, class G satisfies the following variance bound:

sup E Vig(zi,ys) | @] S 2°543 % (10 + 2000 5 + 2800,,) N
g€
Proof. We will now proceed under the assumption that 9t is Lebesgue measure, so (SA2.2) holds;
the argument under (SA2.3) is similar (and leads to an even stronger variance bound), so it is
omitted.

By the same argument as in the proof of Lemma SA3.14, using ‘w(y,n(p(:c)Tﬁo(q));q)‘ <
P(x,y) + 1, for y; outside the closed segment between the two points

U(Z pz‘,zﬁo,q,l> , and U(Z Pia(Boga + Bra+ Bag) = > Pi,j%‘),

€Ty = JETw
we have
‘1# (yz’, 77(2 Pia(Bo.qr + Bra+ Bag) — Y pi,j”j) ; Q> — <yi, U (Z pi,lﬁo,q,l) ; Q> ‘
UNE JETw €Ty

S (@i, y0) + 1) (rim + 2%, + 2512,,),
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and for y; in this segment we have

‘d}(yz» 77(2 Pia(Bogi + Bra+ Bag) — pmvj) ; q> <yu (Z Pi150,q,1 ) ) ’

leJy JET 1edy
S @i, y0) + 1) (1 + 2020 + 25120) + 1
uniformly over gq.
By construction, for each a € V, there exists some ko such that |vy| < plt=kalleoly, i

Il — kallo < My, and otherwise v;; = 0. The above facts imply(cf. the proof of Lemma SA3.14)
that for any x; € 6 C Zq,

V[0qi(B1, Ba, ) |i] $ 22513, (11 + 2o + 219 ) PN D g2l kel
LhHeLs
for Ls:={(l,1): supppi; N # T}.
In addition, since d4;(B1, B2, ) # 0 only if x; € Z,, for all g € G,
En[Vig(ai, yi) | 2i]] S 22965 (r1 + 20000 + 2502,0) BN Y BafL(mi € 0)] ) ol hell=
6CIC! (l,l)e[,(;

= 22Lt2 nrin + 2%27” + 2Lt 20‘ A Z o2 It—keallee Z E,[1(x; € 0)]
seLy,

for L, :={0 CZy: supppiNd # T}.

Note that £}, contains a bounded number of elements. Then on A,
sup B [Vlg(ai, i) | @] S 22503 1 (r1 5 + 2%t + 200 ) PN~ Pl el

geg

< 22Lt%,nhd('r1,n + 2£t2,n + 2Lt2,n)(2°‘)/\1 Z 92||l_k°‘”°° since [ is bounded

S22 B (ry g + 20+ 2000 ) PN N T Pt < 928d By, 4 20y 4 2 ) BN,
tezd

concluding the proof of Lemma SA5.4. O

Lemma SA5.5 (Complexity of class G). Class G with envelope 2Lt2,n multiplied by a large enough
constant satisfies the uniform entropy bound (SA1.3) with A <1 and V < log?n.

Proof of Lemma SA5.5. First, indeed sup,, , supgeglg(®, y)| S 2Lt .
Next, the class of functions Wy := {(x;, ;) — a'p(x;): a € V} is a union of O(h~%) classes
Wik = {(xi,y:) — a'p(x;): o € Vi }, where

Vi ={ac RE : |ugy| < olk=tlooly, . for ||k — £]oe < M, and vg; = 0 otherwise .

Since W, i is a subclass of a vector space of functions of dimension O(logd n), by Lemma 2.6.15
in [18] it is VC with index O(log?n). This implies that W) g with envelope O(2Fty,) satisfies the
uniform entropy bound (SA1.3) with A < 1 and V' < log?n. Since there are O(h~%) such classes
and log(1/h) < logn, using the chain

O(log? n) O(log? n) O(log n)4+O(log? n) O(log? n)
O(h™%) = _ Oltogm) (4 < A _(4 (SA5.34)
9 9 9 3
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(recall that A > e), we get that W, also satisfies the uniform entropy bound (SA1.3) with A <1
and V < log?n.
By Assumption SA2.5, the class of functions
W2 = {(xlayl) =
[¢ (i, (0] (Bo(a) + B1 + B2 — @)); @) — ¥ (yi, n(P] Bo(@)); @) 1{w; € Ta}:
B1 € Hi,B2 € Hop,ae €V, q € Q}

with a large enough constant envelope satisfies the uniform entropy bound (SA1.3) with A < 1 and
V < log?n.
The class of functions

Wy = {(,y:) = 1D (p(x:) T (Bo(q) + B + B2 — @) 1{z; € Ta}:
B € Hi, B2 € Hop,x €V, q € Q}

is a subset of the union over § € A of classes (for some fixed positive constants ¢ and r, n large
enough)

Wi = {(i,9i) = 0V (@) B)L{i € Meiogn)(9)}: 18 = Bo(@) e < 7,q € Q}.

Note that 3 can be assumed to lie in a fixed vector space Bs of dimension dim Bs = O(logd n). Again
applying Lemma 2.6.15 in [18] and noting that 7" on a fixed (bounded) interval is Lipschitz, we
have that Ws 5 with a large enough constant envelope satisfies the uniform entropy bound (SA1.3)
with A <1 and V < log?n. Similarly to the argument for W;, this implies that the same is true
for Wjs.

Applying Lemma SA3.4 concludes the proof of Lemma SA5.5.

Proof of Lemma SA5.3. Apply Lemma SA3.6 conditionally on {x;}! ; on A;.

SA5.1.4 Bounding 17, T, T3

Lemma SA5.6 (Bounding 77). There exists an event Ay whose probability converges to one such
that on Aj

sup En e pitp(yi, n(py Bo(a)); @)V (] (Bo(@) + Bi + B2 — @))]
q€Q7ﬁ1€7‘l1752€'H21,a€V

— Eu[a"pitb (i, n(p) Bo(@)); @)™ (0] Bo(a)]] S hr1n(r1m + 25¢2n + 2Ft0n)2 00 .
Proof of Lemma SA5.6. Note that
En [o pito(yi,n(p! Bo(a)); @) (p] (Bo(a) + B1 + B2 — a))]
— E,[a"piv(yi, n(p! Bo(@)); @)™ (p] Bo(q))]

= a"E,[¥(yi, n(p] Bo(a)); @)1 (£q.0)pip! (B1 + B2 — )
S hd?"l,n(ﬁ,n + 2£t2,n + 2Lt2,n)2Lt2,na

where &, ; is between p] (Bo(q) + B1 + B2 — @) and p] By(g). The bound holds on the event
As = {sup||En[t:(yi, n(p] Bo(@)); @)1 (éq)pipt ]|, < h¥rin}

where the supremum is over 81 € H1, B2 € Hay, ¢ €V, g € Q and &g; between p;r(ﬁo(q) + G +
B2 — a) and p] Bo(q). By the same argument as Lemmas SA3.12 and SA3.14, P{A>} — 1. dJ
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Lemma SA5.7 (Bounding 7). On Aj;, we have

Sup |En[E[dq.i(B1, B2, @) |zi]] — ' Qq(B1 + B2) + o' Qqa|
q€Q,B1€M1,B26Ho ¢, €V
,S 2Lt2,nhd(7"1,n + 2€t27n + 2Lt27n)27
and in addition for allq € Q, a« € V

2" Qqar| < hla?.

Proof of Lemma SA5.7. First, on A; the largest eigenvalue of Qq is bounded by A% up to a constant
factor (uniformly in gq):

Amax(Qq) = sup &' Qqa = sup E, [(api)? Ty (2, n(p; Bo(a)); @)V (p! Bo(q))?]

lleel|=1 lleel=1
< HZ‘JEE n[(@p)?| W1 (zi,n(p! Bo(a)); @) |n™ (p] Bo(a))?]
. HSITElEn[(an I
(because }\111 z;, (P! Bo(q ‘n(l) Pl Bo(q))? < 1 by Assumptions SA2.4 and SA2.6)
- Hts;ﬁ& ;En[(ani)Ql{mi =]
& iﬁpuz;(z al ’“) (1o & dn)

(because sup$€5l(a p(x))? < Zk Lo? '» where {ay, k}k , are the components of o corresponding
to the M; basis functions supported on 0;)

< supE, [1{w; € 6}] sup Z(Zal k)
sEA lal=17=%

<supE, [1{z; € 6}] sup [lef® = sup]E [1{x; € 6}].
seA llexl|=1 se

Next, by Taylor expansion,

E[6¢,i(B1, B2, a)|x;]
= o' pi[U(zi, n(p] (Bo(q) + B1 + B2 — )i q) — (i, 1(p] Bo(q)); q)]
W(p] (Bolq) + B1 + [32 —a))
= a"pi[U1(zi,n(p! Bo(a)); ) {0V (P! Bo(a))p! (B1 + B2 — @)+
+(1/2)0® (6q.0) (P] (/61 + B2 — a))?}
+ (1/2)Wa (2, £0.6:0) {n(P] (Bo(q) + B1 + B2 — @) — U(PzTﬂo(Q))}2]
x W (p] (Bo(q) + B1 + B2 — )

for some &g; between p]Bo(q) and p] (Bo(q) + B1 + Bo — @), &g is between n(p] Bo(g)) and
n(p!(Bo(q) + B1 + B2 — «)). This gives

E,[E[6qi(B1, B2, @)|zi]] = &' Qq(B1 + B2) — &' Qqax + I + 11+ 111,
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where for some g]m between p;rﬁg(q) and p}(,@o(q) +61+ 62— a)

I:=E, [ p:i®: (i, n(p] Bo(q)); 90 (P] Bo(@))n? (£4,) (] (Br + B2 — @))?],
1T := %En [ pi Wy (i, n(p] Bo(a)); @)n™ (£q.0)

x 7 (p} (Bo(q) + Br + B2 — @) (P} (B1 + B2 — @))?],
01 := %En [ piWs(ms, £q.i:){n(P] (Bo(q) + B1 + B2 — @) — n(p] Bo(q))}’

x 1 (p! (Bo(q) + B1 + B2 — o))

and
I g 2Lt27nhd(7‘17n + 2€t27n + 2Lt27n)2,
1T < 28¢o h(r1n + 2520 + 2500 1),
1T < 25¢0 (11 + 250, + 28 19,)2
on the event Aj. O

Lemma SA5.8 (Bounding 73). For the matrix Qq defined in Eq. (SA5.16), we have the following
bound on the event Aj;:

sup |a"(Qq — Qq)(B1 + B2)| S h™FH92h ey 1 (r1 1 + 220, (SA5.35)
g€Q,01€M1,B26MHz o, €V

Proof of Lemma SA5.8. By the same logic as in Lemma SA3.11, we have on A;
HQq - Qq”oo N HQq - QqH 5 hmhd
uniformly over g with probability approaching one. This gives (SA5.35), proving Lemma SA5.8. [J
We have now proved the deferred lemmas, and the proof of Theorem SAS5.1 is concluded.

Remark SA5.9 (Rate restrictions). The rates in the proof are determined by four restrictions:
Egs. (SA5.23), (SA5.26), (SA5.30) and (SA5.31). Equation (SA5.32) follows from Egs. (SA5.23)
and (SA5.30). Equation (SA5.28) follows from Eq. (SA5.23) and Eq. (SA5.26).

SA5.2 Proof: general case

We will state another version of the Bahadur Representation theorem, where 6 — p(y,n(0);q) is
not assumed to be convex. Here, we will use the additional complexity Assumption SA2.8.

The argument is almost the same as for Theorem SA5.1, so we will only describe the changes
that need to be made.

The setup is the same as in the convex case except the definition of d4;(B1, B2, ) is replaced
with

dq.i(B1, B2, o)
== p(yi,1(p] (Bo(q) + B1 + B2)): ) — p(yi, n(p] (Bo(q) + B1 + B2 — @)); q)
— [n(] (Bo(@) + B1 + B2)) — n(p] (Bo(a) + B1 + Bz — )] (yi, n(p] Bo(a)); q)

0
— [ Tl (Bo() + 81 + B) + ) — i n(B Bola))s )]

—-pla

45



x 1M (p] (Bo(q) + B1 + Ba) + 1) dt,

and (SA5.33) is changed to fit this definition.
Instead of (SA5.11), we have for any vector

~

E. [p(yi,1(p! B(q)): @) — p(yi,n(p] (B(q) — @)); q)] <0

by the definition of B(q) as long as ||af|« is small enough (so that B(q) — «v satisfies the constraints).
Accordingly, the definition of T} becomes

Ty == E, [(n(p! B(a)) — n(pi(B(a) — ag)))¥(yi, n(p) Bo(a)); @)
— E,, [ahpito(yi, n(p] Bo(a)); @)™ (p] Bo(a))]-

Lemma SA5.10 (Bounding variance). On A; as in Lemma SA5.4, class G satisfies the following
variance bound:

Sug En[Vig(x:, vi) | zi]] S 22Ltg,nhd(rl,n + 2%2771 + 2Lt2,n)(2a)/\l-
g€

Proof of Lemma SA5.10. This is proven by the same argument as in the proof of Theorem SA5.1.
O

Lemma SA5.11 (Complexity of class G). Class G with envelope 2Lty ,, multiplied by a large enough
constant satisfies the uniform entropy bound (SA1.3) with A < (2Fta,,) ™" and V < log?n.

Note that A is not constant in this statement but it will not matter since log((2%t3,) ™) < logn.
Proof of Lemma SA5.11. This is a directly assumed in Assumption SA2.8. O
Lemma SA5.12 (Uniform concentration in G). On the event Ay, (SA5.29) holds.

Proof of Lemma SA5.12. This is proven by the same argument as in the proof of Theorem SA5.1.
O

Lemma SA5.13. For C)q =E, [pl-piT\Ill(mi,n(plTBO(q));q)n(l)(plT,Bo(q))Q}, (SA5.35) holds.

Proof of Lemma SA5.13. This is proven by the same argument as in the proof of Theorem SA5.1.
O

Lemma SA5.14. On Ay, we have

sup |E [E[0g,i(B1, B2, o) |xi]] — a"Qq(B1 + B2) + aTQqa‘
qceQ,61 eHl,ﬁQGHgyg,aEV
< 28ty h(ry g + 200 + 2510.0)2,

and in addition for allq € Q, ¢ € V

TA d
2" Qqal < ha
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Proof of Lemma SA5.14. First, on A; the largest eigenvalue of Qq is bounded by h¢ up to a
constant factor (uniformly in q), which is proven in Lemma SA5.7.
Next, by the Taylor expansion,

E[dq,i(B1, B2, )|z

0
- / [0 (., (pT (Bola) + B + Ba) + £): @) — V(s n(pT Bo(a)): q)]

T
-p,

x 1 (p] (Bo(q) + B1 + B2) +t) dt

= / 0 (W1 (i, n(p] Bo(a)); @) {n™ (] Bo(a))(P] (B1 + B2) +1)

T
—-p,

+ 51 Eqi) B (81 +82) + 1))

- %‘Pz(ﬂvz’, €q.i4:0) (D] (Bo(q) + B1 + B2) +t) — n(p] Bo(q))}?]
x 1M (p] (Bo(q) + B1 + Ba) +t) dt

for some &g between plBo(q) and p!(Bo(q) + B1 + Ba2) + t, éq,iyt between 7(p] Bo(q)) and
n(p! (Bo(q) + B1 + B2) + t). This gives

]En [E[éq,i</617/627 a)‘m’b]] = aTQq(ﬁl + /62) - aTQqa + I + IT + III?
where for some &g ;; between p) Bo(q) and p] (Bo(q) + B1 + B2) + t again

0
1:=E, [/ Uy (z,1(p) Bo(@)); @)™ (P] Bo(a))n'® (£q.4) (P] (B1 + Ba) +1)* dt |,

pla
1 0 T @)
I := ZE”U Uy (i, n(p; Bo(q)); @)n' (€q,it)
pla

x W (p! (Bo(q) + B1 + B2) + 1) (p] (B1 + Ba) + t)2] dt,

0
I := %En [/ Wo (i, €0 @) {n(P! (Bo(q) + B1 + Ba) +1) — n(p! Bo(a))}?

T
-p,

x 1M (p! (Bo(q) + B1 + Ba) + 1) dt]

and
I< 2Lt27nhd(r1,n + 2£t27n + 2Lt2,n)2;
Im< 2Lt27nhd(r17n + 2£t2,n + 2Lt2,n)2,
11 < 2500 h(r1 4+ 20eo + 2500,5)2
on the event A;. H

Lemma SA5.15. There exists an event As whose probability converges to one such that on As

sup |E. [ (yi, n(p] Bo(a)); q)
q€Q,B1EH1,B26H2 o,0EV

x (n(p{ (Bo(q) + B1 + B2)) — n(p; (Bo(q) + B1 + B2 — a)))]
-E, [anﬂ;Z}(yia n(PIﬂO(Q)), Q)U(l) (p-zrﬂ(](q))” 5 hdrl,n(rl,n + 2£t2,n + 2Lt2,n)2Lt2,n-
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Proof of Lemma SA5.15. By the Taylor expansion,

|En[¢:(yi, n(P] Bo()); @) (n(p] (Bo(q) + B1 + B2)) — n(p{ (Bo(a) + B + B2 — a)))]

— E, [ pi(yi, n(p) Bo(@)); @)™ (p) Bo(q))]]

S_, hdrl,n(rl,n + 2€t2,n + 2Lt2,n)2Lt2,n7

= [En [p] atb(yi, (] Bo(q)): @) {n® (¢q.)p] (B1 + B2 — ) + (1/2)n*) (§q.0)p] o} |

where £g; is between p;r(ﬁo (@) + 81+ B2 — ) and p;'—,@o(q), é,m between p;r (Bo(q) + B1 + B2) and

P! (Bo(q) + B1 + B2 — a). The bound holds on the event Ay := A) N A}, where

Ay = { sup B[t i, 0P} Bo(@)); @) (€q.)pipT |, < hPrin b,

B1E€H1,B26H 2 ¢,EV,qEQ

and Aj is defined the same way as A, with &g ; replaced by §~q7i.
By the same argument as Lemma SA3.12, P{As} — 1.
SA5.3 Rates of convergence

Corollary SA5.16 (Uniform rate of convergence).
(a) If the conditions of Theorem SA5.1(a) hold, then

~ _ log?n\ /2
Sup ‘“(v)(mv q) - M(()v)(fﬂy Q)| Sph [v] [( & i > logn + hm}
qeEQ,xEX nh

(b) If the conditions of Theorem SA5.1(a) hold and
[log n](d+1)/(aA1/2)+d _ O(nhd), h(aAl/z)m logd/Q n— 0(1)’

then

1 1/2
sup i) (x,q) — (2, )| Sp b7 [( Og?) + hm]'
qeQ,xeX nh
(c) If the conditions of Theorem SA5.1(b) hold and
log n](@FV/e+d — O(nhd), Ko™ log?n = O(1),
then (SA5.38) is also true.

Proof. By Theorem SA5.1, Lemma SA3.12 and triangle inequality,

sup [p™ () Blg) — 1 (x, q)]
qeQ,xeX

1/2 d 1/24a/2n1/a d+1
<p h7 1"l Klog(l/h)) + <log n) logn + h<0‘“/2)m(log "

nhd nhd nhd

(SA5.36)

(SA5.37)

(SA5.38)

1/2
) wn]

Using log(1/h) < logn and simplifying the right-hand size, we obtain (SA5.36). Additional restric-

tions (SA5.37) allow us to get a slightly stronger result (SA5.38).

Corollary SA5.17 (Mean square rate of convergence).
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(a) If the conditions of Theorem SA5.1(a) hold and

[log n](@+2/(@NY2)F+d — o (ppdy  plant/2m oo d+1)/2 ) — (1), (SA5.39)
then
sup / P ()" B(q) (, @) fx(z dw)l/ Sph” '”'[ +hm} (SA5.40)
qeQ Vnhd

(b) If the conditions of Theorem SA5.1(b) hold and
log n](@t2/etd — o(nhpd),  hO™1ogldt /2y = o(1),
then (SA5.40) is also true.
Proof. To prove (SA5.40), note that

SUP/ 1P (2)TB(q) — p(x)"Bo(a)|* fx (=
q X
- N (a) N
= sup (B(q) — Bo(a)) "Ep™ (@)p™ (z)"](B(a) — Bo(q)) < h~2"||B(a) — Bo(a)|?,

where inequality (a) is true because the largest eigenvalue of E[p(*)(z;)p(*)(2;)7] is bounded from
above by h92?l up to a multiplicative coefficient, which is proven by the same argument as for
v = 0 in Lemma SA3.11 in combination with Assumption SA2.2.

It is left to prove

18(a) — Bo(a@)|| <p hdi/ﬁ (SA5.41)

By the triangle inequality,
18(a) - Bo(@)|| < ||B(a) — Bo(@) + Qp 4Eu[p(x »>n<1><uo<wi,q>>w<yi,n<uo<wi7q>>sq)]H (SA5.42)
+]|QoaEnlp(xi)n™ (o (i, @))% (yi n(po(@i, @)); @) |-

To bound the second term in (SA5.42) on the right-hand side, consider the expectation

E[||En [p(2:)n™ (1o (i, ) (i 0o (i, 0)): @) ||]
- ZE[H(”(uo(wi, @))% (i (ko (i, 0)); @) p(:) ]
(a) i
HQZE D (puo(i. ) llp()|?] < %Z
=1

where in (a) we used uniform boundedness of ag (x) by Assumption SA2.4(ii), uniform boundedness
of po(x, q) and ||p(x)||. By Markov’s inequality and Lemma SA3.11, this immediately implies

Qa4 (@0 (o )l )i | S 195411 7= S

Concerning the first term in (SA5.42), it is proven in Theorem SA5.1 (see Eq. (SA5.10)) that
18(q) — Bo(q) + Qg 4En[p(a:i)n™ (no(zi, @) (yi, n(po (i, q)): @)] ||, <p 7en
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for rgg defined in (SA5.3), so that

18(q) — Bo(a) + Qo LEn[p(a:)n™ (1o(s, @) (yi, n(o(xi, @); @) |

TBR () 1
Se \/ETBRS a2 O(hd\/ﬁ)’

where in equality (a) we used rgr = 0(1 /V nhd) under the assumptions. This concludes the proof
of (SA5.41). O

SA6 Strong approximation

Section SA6.1 collects results that may be of independent theoretical interest. Specifically, we use the
conditional Strassen’s theorem Theorem SAG6.1 to prove conditional Yurinskii coupling in d-norm,
Theorem SA6.2. We then use it to prove Lemma SA6.3, a version of Gaussian approximation for a K-
dimensional empirical process. Section SA6.2 proves the main result of this section, Theorem SA6.4,
which is essentially a corollary of Lemma SA6.3 after some additional technical work done in
Lemmas SA6.6 to SAG.8.

SA6.1 Yurinskii coupling

The three theorems, and their proofs, in this subsection are self-contained, and hence all variables,
functions, and stochastic processes, should be treated as defined within each of the theorems and
their proofs, and independently of all other statements elsewhere in the supplemental appendix.
The following theorem is due to [15]. We use the statement from [10] making it explicit that
the supremum over Borel sets may not be a random variable (a direct proof may also be found in
that work). Let (5, d) be a Polish space (where d is its metric), and B(.S) its Borel sigma-algebra.

Theorem SA6.1 (Conditional Strassen’s theorem). Let X be a random variable defined on some
probability space (2, F,P) and with values in some Polish (S,d). Let J be a contably generated
sub-sigma algebra of F and assume that this probability space is rich enough: there exists a random
variable U that is independent of the sigma-algebra JV o(X). Let B(S)xQ > (A,w) — G(A|T)(w)
be a regular conditional distribution on B(S), i.e., for each A € B(S), G(A|J) is J-measurable,
and for eachw € Q, G(-|J)(w) is a probability measure on B(S). Suppose that for some nonnegative
numbers « and 3

E* [sup{lP’{X c AT} - G(A%T)}] < B,
AEeB

where E* denotes outer expectation. Then on this probability space there exists an S-valued random
element Y such that G(-|J) is its regular conditional distribution given J and P{d(X,Y) > a} < §.

The following theorem is a conditional version of Lemma 39 in [2]; its proof carefully leverages
Theorem SAG6.1. See also [8] for a related, but different, conditional Yurinskii’s coupling result.

Theorem SA6.2 (Conditional Yurinskii coupling, d-norm). Let a random vector C with values
in R™, sequence of random vectors {&;}_ , with values in R* and sequence of random vectors
{gi}}_, with values in R* be defined on the same probability space and be such that the all the
2n vectors {&;}_, U {g;}, are independent conditionally on C, are mean zero conditionally on
C and for each i € {1,...,n} the distribution of g; conditionally on C is N'(0,V[¢;| C]). Assume
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that this probability space is rich enough: there exists a random variable U that is independent of
{& 1 U{gi} . Denote

S::£1+---+£n; Tt=g1+---+gn,

and let

8=y E[l&lPl&lla] + D Elllgill*llgilla]
i=1 i=1

be finite. Then for each 6 > 0, on this probability space there exists a random vector T" such that
Prio(c)(+) is its regular conditional distribution given o(C), and

. ﬁ 9
/
P{IIS —T"la > 33} ngg<2p{\lz\ld>t}+$t ,

where Z ~ N (0, I,).
Proof. By the conditional Strassen’s theorem, it is enough to show

E*[ sup (P{S€Alos(C)}— IF’T|G(C)(A35))] < mln <2P{||Z||d >t} + ﬁt2>
AeB(RF)

or, equivalently, for any ¢ > 0

E*[ sup (P{S € A|C} —P{T € A% | C})} < 2P{||bZl4 > t} + ﬁtz (SA6.1)

AeB(RF)

Fix t > 0 and A € B(RF). Let f: R¥ — R be the same as in the proof of Lemma 39 in [2],
namely, it is such that for all x,y € R*,

2
F(a+y) ~ @)~ gV (@) (/2T s ] < LU

(1-el{x e A} < f(x) <e+(1-e)l{xc A%},

with o := ¢/t and € := P{|| Z||4 > t}.
Then note that

P{S € A|C} =E[1{S € A} — f(S)|C] +E[f(S) — f(T)| C] + E[f(T) | C]
< E[1{S € A}|C] +E[f(S) — f(T)|C] + ¢ + (1 — E[1{T € A*} | C]
<2+ E[I{T € A*}|C] +E[f(S) - f(T)|C]. (SA6.2)

Now we bound E[f(S) — f(T)|CI:

n

E[f(S) — f(T)|C] = _E[f(Xi +Y;) — f(X; + Wi) | C]

=1
! Y)Y,
<ZE[ YTV + ¥ ey + L ¢
1 Wi|*|W;
- ZE[ )+ WV + W w, - VWil c]
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n

(@) Y21 Yilla + Wil | Willa
- ZE[ 026

|C] a.s
i=1

for X; =& +...+ & 1+Ggi1+ ...+ gn Y =&, W, := g, in (a) we used the conditional
independence of the family {&;}7, U{g;};"_;, that they are conditionally mean zero and the equality
of the corresponding conditional second moments.
We conclude that almost surely
c] |

sup (P{S € A|C}—P{T € A¥|C}) <2e+ ) E
A€eB(RF) i=1

{II&IIQH&Hd +1lgil*llgilla

02§

By the definition of outer expectation, this implies

IE*[ sup (P{SEA\C}—P{T€A35|C})]§2€+£

AcB(RF) 02§’
which is (SA6.1). O

The following lemma generalizes Lemma 36 in [2], and also builds on the argument for Lemma
SA27 in [7].

Lemma SA6.3 (Yurinskii coupling: K-dimensional process). Let {x;,y;}_; be a random sample,
where x; has compact support X C R, y; € Y C R is a scalar. Also let Q C R%2 be a fixed compact
set.

Let Ap: @ x X x Y — R be a Borel measurable function satisfying supgeolAn(q, i, yi)| <
Ap(xi,y;), where A, (x;,y;) is a Borel measurable envelope, E[A,(q,x;,y;) | x;] = 0 for all ¢ € Q,
supgex E[|A(zi, i)Y |2i = ] < pn < 0o for some v > 3 with p, > 1 and log pu, < logn, which
satisfies the Lipschitz condition

sup E[|An(q, @i, yi) — An(q, i, y:))* |2 = ] < |lg— 4

reX
for all q,G € Q. Also, the (regular) conditional variance E[A,,(q,x;,y;)? | z; = ] is continuous in
x € X. Moreover, assume that the class of functions {(x,y) — A,(q,x,y): q € Q} is VC-subgraph
with an index bounded from above by a constant not depending on n.

Let b(-) be a Borel measurable function X — RX (where K = K,, is some sequence of positive
integers tending to infinity and satisfying log K < logn) such that sup,cy|b(x)|| < (x and the
probability of the event A := {sup (=1 Ex [(@™®(x;))?] < Car} approaches one, where Cg, is some
positive constant. Assume (r satisfies 1/(x < 1, |log (x| < logn.

Let vy, yur = ryur — 0 be a sequence of positive numbers satisfying

UN =k 1/v
Gl "\ 57 Cichin
( \/ﬁ logn + m logn = O(TYUR)- (SAGS)

Assume also that the probability space is rich enough, and denote

Gn(q) = \/ﬁEn [An((b L,y yl)b(wl)]

Then, on the same probability space, there exists a K-dimensional, conditionally on X,, mean-zero
Gaussian, process Z(q) on Q with a.s. continuous trajectories, satisfying

E[Gn(q@)Gn(@)" | Xs] =E[Z(9)Z,(@)" | Xn], q.G€
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up|| G () ~ Zn(a) oo = op(rvun).

Moreover, if A,(q,x;,y;) is 0?-sub-Gaussian, then (SA6.3) can be replaced with
3 @
<\C/Kﬁ> vlogn + \C/Ifr% log®?n = o(ryu).

Proof. Let Q° := {qu,..., q)0s|} be an internal §,-covering of Q with respect to the 2-norm || - ||

of cardinality |Q3| < 1/ (5nQ, where §,, is chosen later. Denote 70 : Q — Q a sequence of projections
associated with this covering: it maps each point in Q to the center of the ball containing this point
(if such a ball is not unique, choose one by an arbitrary rule).

Strategy The plan of attack is to

1. show that G,,(q) does not deviate too much in sup-norm from its projected version, i.e. bound
the tails of supycgl|Gn(q) — Gy 0 70(q) || 00>

2. apply Yurinskii coupling to the finite-dimensional vector (G, o ﬂg(q))q cos and obtain a

conditionally on X, Gaussian vector Zfl with the right structure that is close enough, i.e.
with a bound on the tails of |G}, o ™0 — Z2| s,

3. extend this conditionally Gaussian vector to a K-dimensional conditionally Gaussian process
Zn,

4. and finally show that Z,(q) does not deviate too much from its projected version, i.e. bound
the tails of supyegl|Zn(q) — Zy 0 70(q) || 0o-

If we complete these steps, it will prove the theorem by the triangle inequality.

Discretization of G,, Consider the class of functions
G, = {X x V3 (2,9) = An(g, 2, p)bi(x): 1 <1< K,q € Q)

with envelope (x A, (X). Since {A,(q,z,y)} is a VC class with O(1) index and envelope A, (x,y),
G!, satisfies the uniform entropy bound (SA1.3) with A < K and V < 1.
Next, consider the class of functions

G = {Xx Y3 (z,y) ~ (An(g,z,y) — An(@ z,y))bi(x): 1 <1< K,q,4 € Qg —q| < dn}

with envelope (x,y) + 2(xA,(x,y). Using Lemma SA3.4, we get that this class satisfies the
uniform entropy bound (SA1.3) with A < K and V' < 1.

Now we apply Lemma SA3.6 conditionally on X,, on A with [[F|[p 5 < ZCK,LL}/V since

1A (, )2, = ZIE w(@i, yi)? @] < = ZM2/V_M2/V,

[Mp2 < 2Ck (p1m)Y" since

Xn:| 2/v

E[( max fln(mi,yi))z ‘ Xn} < E[( max An(mi,yi)>y

1<i<n 1<i<n
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< E{Z Aulain)? | X, " < Gy,
i=1
and o < /3, since on A
fZE n(@ i, y1) — An(q i, y1)) bi(@:)? | X
fzbl ) "E[(An(@, @i, 5:) — An(d, i, 11)) " | Xo]

Slla— dl!; Zbl($i)2 S llg—al.-
1=1

This gives that on A

E[ sup [Gu(@) = Gu(@)loo | X
lla—qlI<én

1/v 1/v 1/v
< \/(5n log Q;I/{(Sﬁ + <K('u\/nil) log KC\I/(; .
n n n

By Markov’s inequality and since P{.A} — 1, for any sequence t,, > 0

llg—qll<én

P{ sup  [|Gn(q) — Gn(q) |l > tn}
(SA6.4)

1 5, log KCKMrlz/V . Ci (pnm) /" log KCKMUV
tn Von thy/n Vo,

where the constant in < does not depend on n.

+ o(1),

Coupling Define a K|QJ|-dimensional vector &; := (An(q, wi,yi)bl(wi)/\/ﬁ)KKK qc0s SO that

we have G, o sz = >, &. We make some preparations before applying Theorem SAG6.2.
Firstly, we bound E &2l | X

D E(I& il | ]

MZHMZ P16 1E] 3 An(armin)? maxln(a. i)
gqeQ?,

< 3/2|Q6‘2Hb T || [b(i)[| E [ (mzayz ‘wz]

"]

Qé 3/1/ n Q(S M3/u
< [Fupn OIEN] P0G < .

Secondly, for i € {1,...,n} let g; ~ N(0,%;) be independent vectors, where X, = V[&; | z;].
Since there is an independent random variable Uy distributed uniformly on [0, 1], we can construct
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the family {g;} on the same probability space. Then by Jensen’s inequality for any A > 0 we have

K|}
E[llgil2 | 2] < ilogE[ewgiuzo ;] < %log S B[00 |2,
t=1

—%log<1 — 23(%(#%”) +log K —|—log\Q‘fL[ 2 2/v

< . < KZ" (log K +1log |Q2)),

where we used the moment-generating function of x?: E[exp{ax?}] = (1 —2a)~ /2 for a < 1/2, the

bound V[ | x;] < C%(,u%/y/n, and put \ := (4('[2(/;3/”/71)71. Also,

12 K|Q)| 2 12 K|
E[|gil*] 2] :EK > g?t) w} < > Elgj |z
t=1 t=1

K|Qj|

= > VBElG| 2] SE(lgi |2 = E[l&i]*| 2
t=1

which gives

n

SE[lgil* 2] < SB[l ] < p2 QB [[b()]?] $ a1

i=1 i=1
Therefore, by the Cauchy-Schwarz inequality,

n

S Elgilllgilloo | 2] < ST E[llgil* | @] B[ lgil% | 2]
=1

=1
3 3/
< S|4 fog (K104

Now, since there exists a random variable U independent of {&;}1*; U {gi}~, applying Theo-
rem SA6.2 with

B = ZE[||&”2||§¢||00] + ZE[||91'”2||91'”00]
i1 i1

C?(M?z/” 5
< SR 102) og (K] Q4)
< Gunl” £

~ pl/2gde 8 ode

gives that for any t,, > 0, on the same probability space there exists a vector Zg ~N (O,V[Gn o
7 | X)), generally different for different ¢, such that

P{IGnomd — 23|, > 3t} < min{P{IN oo > 5} + 552),

where N is a K|Q? |-dimensional standard Gaussian vector. By the union bound,

P{||[ Nl > s} < 2K|Q)[e/2,
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so by taking s := C'y/log(K|QJ|) for a positive constant C' not depending on n (chosen later), we
have

B{IG o — 28] > 3.} £ (K100 4 2

K 1-C?/2 ﬂ ) K

C*log(K|Qy))

sie
—C? 3/v
_ (KN /2 C;”;un o2
~ \gde t3\f NG sle’

where the constant in < does not depend on n.

Embedding a conditionally Gaussian vector into a conditionally Gaussian process For
a fixed vector in X € X", by standard existence results for Gaussian processes, there exists a
mean-zero K-dimensional Gaussian process whose covariance structure is the same as that of G, (q)
given X,, = X. It follows from Kolmogorov’s continuity criterion that this process can be defined
on C(Q,RX). The laws of such processes define a family of Gaussian probability measures on the
Borel o-algebra B(C(Q,RX)) of the space C(Q,RX), denoted {Px}xecxn». In order to construct
one process that is conditionally on X!, a mean zero Gaussian process with the same conditional

covariance structure as that of G,,(q), where X/, 4 X,,, we need to show that this family of measures
is a probability kernel as a function X" x B(C(Q, R¥)) — [0, 1]. This follows by a standard argument:
we can take a 7-system of sets, generating B(C(Q,RX)), of the form B = {f € C(Q,RX) : f(q1) €
Bi,...,f(qm) € Bn}, where m € {1,2,...}, g¢; € Q, and each B; is a parallelepiped in R¥ with
edges parallel to the coordinate axes, and notice that for such sets X — Px(B) is a Borel function
(since a mean-zero Gaussian vector is a linear transformation of a standard Gaussian vector). The
sets A € B(C(Q,RX)) such that X + Px(A) is a Borel function form a A-system. It is left to apply
the monotone class theorem.

We have shown that there exists a law on X" xC(Q, R™) which is the joint law of (X/,, {Z},(q)}qc0),
where {Z],(q) }qco is a conditionally on X/, mean zero Gaussian process with the same conditional
covariance structure as that of G} (q) (where G/ (q) is the same function of X,, as G,(q) except
X, is replaced by X’ )). Projecting this C(Q, R¥)-process onto Q2 , we obtain a vector Z2' such that

(X1, Z9) £ (X, Z0).

Since C(Q, R¥) is Polish and there exists a uniformly distributed random variable Us independent
of {(zi, i)}, U{Z%}, we can apply Theorem 8.17 (transfer) in [14], and obtain that there exists
(on the same probability space) a random element {Z,(q)}qco € C(Q,R¥) such that

(Xnu me {Zn(Q)}qu) = (X;w Zzlv {Z;L(Q)}qeg) .
In particular, {Z,(q)}qco is the conditionally Gaussian process whose projection on QJ is the

vector ZJ a.s.

Discretization of Z,, Consider the stochastic process X,, defined for t = (I, q,q) € T with

T:={(l,q.9:1€{1,2,....K},q,G€ Q,[lg—q| <}

as Xt 1= Zn1(q) — Zpn,1(q). It is a separable (because each Z, ;(-) has a.s. continuous trajectories)
mean-zero Gaussian conditionally on X,, process with the index set T' considered a metric space:

dist((,q,q), (', d,d")) = lla =& + la— ¢l + 1{I # '}
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We will apply Lemma SA3.7 to this process. Note that on the event A

U(Xn)2 = supE[Xit ‘ Xn] = sup mlaxE[(Zn,l(q) — Zn7l((j))2 ‘

X
teT lla—qll<én

= sup  maxE[(Gn(g) — Gut(@)? | X
la—dll<én !

- sup maX*Zbl wz ]E[(An(q7wlayl) _An(qa 5131‘7,%‘))2 ‘wz]
llg—ql|<én

~

llg—qlI<on

<, sup En[(a b(ml))2] < Oy
[|erll=1

< sup max—Zbl z:)%q — q|| < 6n rnaxE by (224)?]

<Cqr

Next, we define and bound the semimetric p(t,t'):

p(t,t)? = B[(Xns — Xpp)? | Xon]
=E[((2., (q) 0d(@) = (Zna(d) = Zup(@)))" | Xa]
5 E[(Zn,l(q) - n 14 q )2 ‘ Xn] + E[(Zn,l(q) - Zn,l/(q,))Q | Xn] .

The first term on the right is bounded the following way: if [ # I,
E[(Zn z(Q) = Zu(d))" | Xn] = E[(Gua(a) — Cur(d)” | Xa]

— Z E[(An(q, zi, yi)bi(z:) — An(q', x;, yi)bl’(wi))2 | ;]
Zbl ml qamwyl) _An(q,7mi7yi))2 |wz]

+ Z(bz(xi)z + by (x:)?)E[An(q i, ) | ]
=1
S llg = @B [bi(2:)?] + p2/ (B [br(a:)?] + B[y (20)°]) S llg — @'l + "

Similarly, if I = I, B[(Zn1(@) = Zoy (@) | Xa] < lla - |-
The term IE[(Zml(q) — Zn ((j’))2 ’ Xn] is bounded the same way, and we conclude

pt, ) Sl (lla—a'll + 1§ — 'l + 1{1 #1'}) = p2/7dist((1,q,4), (', 4. d)).-
In other words, we have proven that for some positive constant C13 we have on A
p(t,t)? < Crsper/Vdist((L, ¢, 4), (', 4, @)).

This means that an (6 / ,u,l/ V\/Clg)Q—covering of T with respect to dist(-) induces an e-covering
of T" with respect to p, and hence

N(T, p,e) < N(T, dist(), <AfJ”i/@>2> (SA6.5)
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Therefore,
log N(T', p,€) < log(K /" [e).

Applying Lemma SA3.7 gives that on the event A
20(Xn)

E[sup|Xn,ty ‘ Xn} < o(Xn) VIog N(T, p, ) de

teT

; (a) ’ul/u 1/2
,Sa(Xn)—|—J(Xn)\/log(K,un/”/g(Xn)) < <5nlog<K ; >> ,

n

where in (a) we used our bound o(X,) < V/J, above and that z + zlogl is increasing for
sufficiently small . Rewriting and applying Markov’s inequality, we obtain that on .4

1/v

P{ sup [1Z0(@) - Zu(@loo > b
la—q||<dn

1 K
X, b < 46, log —HT
t 5

where the constant in < does not depend on n. Since P{A} — 1, this implies
1/v

1 Ky
P{ sup ||zn<q>—zn<q>||oo>tn}s 5 log KH L o1). (SAG.6)
”q_QHS(Sn tn 6”

Choosing ¢, and conclusion Combining the bounds obtained above, for any given positive
sequence t, and any constant C' > 0 of our choice

qe quqhil‘gén

{SHPIIG (@) = Zn(q)ll > tn} SlP’{ sup [[Gn(q) = Gn(@)loo > tn/3}

]P’{HGn om) — Z| . > tn/3} +IP’{ sup || Zn(q@) — Zn(@) |00 > tn/3}

lla—qll<én

1 5. log KCKui/V+CK(unn)l/” 1OgKCKu1/”
Von thy/n Von

~
1-C?/2 3/v
+<K> /_i_zC?{#n 103/2£
do 3 dg %% do
on t3\/nop On
K 1/v
o log gL +o(1),

where the constant in < does not depend on n.
Take, for example, C' = 2 (so that 1 — C?/2 is negative). Now we approximately (assuming that
each log(-) on the right is O(logn) and ignoring constant coefficients) optimize this over d,. This

gives
3 3/ TTadg
Op := < KHn logn> °.

tavn

Let ¢, — 0 be a positive sequence satisfying

3/ =t v
Gy "\ T onn Cicpn!
vn -
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Clearly, whenever (SA6.3) holds, such a sequence exists. Putting t,, := ,,ryur, we get

B 001G (a) ~ Zu(@)l > furine | = ol1)

Fix € > 0. For n large enough, ¢,, < . Then for these n we have

P{supan(q) C Zu(@)e > } < P{supuanm) Zu @)l > 6} —o(1).

qeQ qeQ

Lemma SA6.3 is proven.

SA6.2 Main Result

We begin by presenting our main strong approximation result, which is a special case of more
technical and lengthy Lemma SA6.3. To simplify exposition, the following notation will be helpful

from this point onwards:

- Bd/2 Qq p(v) (x)

Kv(wa Q) = — )
Qv(zx, q)
. Q,'p" (x)
K'U (ma q) hd/quiv
V0 (z, q)
1 (v
Ev (:B7 q) hd/2 Q07qp( )(:1:)

where Q,(x, q) is some feasible estimator of variance.

Theorem SA6.4 (Strong approximation).

(SA6.7)

(SA6.8)

(SA6.9)
(SA6.10)

(SA6.11)

(a) Suppose Assumptions SA2.1 to SA2.6 hold with v > 3. Furthermore, assume the following

conditions hold:

sup sup| i (z, q) — i) (
geQxcX

2,q)| Sp b roc;

logn
hd ~ TBR»

sup sup]ﬁ(”)(w, q) — ,u(()v) (z,q) — L) (x,q)| <p h1Ylpge with
qgeQxeX n

sup sup ‘(AZ,,(:B, q) — Qu(z, q)| <p h20l =y with rye = o(1);
geQxeX

E[(¢(ys, n(po (i, 0)); @)™ (no(4, @) — ¥ (yi, n(po(@i, @) 0 (o, ) | i)

S llg—ql for all q,q € Q.

Let rgy is any positive sequence of numbers converging to zero' such that

1\ ¥iag 1
(W) logn + Y=Y logn = o(rsa).

'n particular, the left-hand side of (SA6.16) is automatically assumed to be o(1).
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(SA6.12)

(SA6.13)

(SA6.14)

(SA6.15)

(SAG.16)



Denote
G(q) == h™ 2B, [¢(yi, n(po (i, @)); @)™ (uo(:, q))p(:)].

Then (provided the probability space is rich enough) there exists a K-dimensional, conditionally
on X,, mean-zero Gaussian, process Z(q) on Q with a.s. continuous trajectories, satisfying

E[G(q)G(d) | Xn] =E[Z(a)Z(Q)" | Xal; (SAG6.17)

St;pHG(Q) — Z(q)|loc = op(rsa); (SAG6.18)

sgg sgg‘fv(az, q)TG(q) — Ly(x, q)TZ(q)} = op(Tsn), (SA6.19)
sup| Ty (2, q) — £o(x,9)" Z(q)| Sp Vnhd(rocrvc + rsn) + o(rsa). (SA6.20)

q?m

(b) If, in addition to the previous conditions, ¥(x;,y;) is o2-sub-Gaussian conditionally on x;,

and rgljb — 0 is a positive sequence of numbers satisfying

1 6+idg log3/ Zn sub
logn + = o(rgy"),

nh3d NYX
then B . B .
sup sup‘ﬁv(m, q) G(q) — y(x,q) Z(q)‘ = op(riP). (SA6.21)
xeX qeQ

Proof. Note that (SA6.18) implies (SA6.19) because supq,leZ,(m,q)H1 <p 1 by Lemma SA6.7
below. To prove (SA6.18), apply Lemma SA6.3 with G(-) as in the statement,

An(q.y) = Anlg, z,y) =Py, n(po(z, @) @)n (uo(z. q)),
b() = 1),

(k SKY2Sh2,

pn S 1.

~

Finally, (SA6.20) follows from combining (SA6.19) with Lemma SAG6.8. O

Remark SA6.5. This theorem contains Theorem 2 in the main paper; the notation there is simplified
for better readability. Specifically, T'(x, ¢) in the main paper corresponds to Ty(x,q) here and the
approximating process Z(z, q) corresponds to £, (x, q)TZ (q) here. The reason for differing notation
is that we require more precision here: given the form of Lemma SA6.3, it is more natural to use
K-dimensional processes such as Z(q), also making for simpler presentation of precise results in
Section SAT later.

The rest of this subsection will be devoted to proving the lemmas used in the proof of The-
orem SAG6.4. First, we prove bounds on the asymptotic variance and its approximation. Similar
bounds were proven in [4, 6].

Lemma SA6.6 (Asymptotic variance). Suppose Assumptions Assumptions SA2.1 to SA2.6 hold,
and % = 0(1). Then

il < inf inf Qy(x,q) < sup sup Qy(x,q) S p—d=2l (SA6.22)
qgeQ zeX qcQ zcx
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log(1/h
sup sup‘Q x,q) — Qv(az,q)‘ <p =20l &(é), (SA6.23)
qeEQ X nh
h=421 <pinf inf Q(z, @) < sup sup Qy(z, q) <p b~ 4727, (SA6.24)
qeQ xeX qeQ xzeX
Proof. For the lower bound in (SA6.22), we have
Qo (2, Q) > Amin(Zo.0) - 1Q L@ (2)[12 > Mnin(Zo.0) - 2)1p) () ||?
o(@.0) 2 An(B0) 13 @ 2 huin(Soa) - [Qual @I

> Amin(Zo.q) - h 724 p=20l > pd . =20 g2l = pmd=2pvl

by Assumptions SA2.2, SA2.4 (Ug (x) and nM) (1o (z, q))2 are uniformly over « bounded away from
zero) and Lemma SA3.11.
For the upper bound in (SA6.22), we have

Qv(.’L‘,CI) S )\max(z(),q) : HQ(I}IP(’U)(%)HQ S /\max(EO,q) . [)\max(Qa’}I)}QHP(U)(m)HZ
% )\maX(ZO,q) . h_2d X h—2|v\ (g hd . h—Qd X h—Q\'u\ — h_d_2|v|,

where (a) is by Assumption SA2.2 and Lemma SA3.11, (b) is by Assumption SA2.4 (0Z(x) and

n (1o (e, q))2 are uniformly over  bounded) and Lemma SA3.11.
We will now prove (SA6.23). We start by noticing

SHP|P x)' Qg q(2 — X0,q)Qp 4P s ()]

q?
Qo4 - 12 ()]

<p supHE — 0.4l -
(<]1)P> p=2d . p2vl sup||2 — o4l <]P, B—2d=2|v|pd log 1/h — pd—20| log 1/h

where in (a) we used suquQa,tl]H <p h~? by Lemma SA3.11 and sup,||p® (x)|| < h~*! by Assump-
tion SA2.2, in (b) we used sup, [|Zq — Zo g/ <p h%y/ % which is proven by the same argument

<]P’ hd log(l/h)

as suquQq - Qogq in Lemma SA3.11. Similarly,

sup|p™ (z)"(Q;" — Qug)EqQq P ()|
q7
< Squi?HQ;l — Quall 1M - =gl - 1p™ () |2

_q [log(1/h) . _ log(1/h)
< d, [P\ p—d  pd | p—2|v] _ p—d-2v| [ PO\ 1Y)
e h nh ot R = he nhd

Finally,

_ =1\ (v _d—2lo| [log(1/h
cuplp ) @)1 84(Q -~ Qg o) 5 o2ty [0

Combining the bounds above gives supq@‘(_)v(:c, q) — Q(x, q)‘ <p h—d-20l %.
(SA6.24) is an immediate consequence of (SA6.22) and (SA6.23), since % = o(1). O
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Lemma SA6.7 (Closeness of linear terms). Suppose Assumptions SA2.1 to SA2.6, (SA6.14) hold,

and % = 0(1). Then

~ -1/2 = -1/2
sup|Qu(z,q) " — Qu(a, q) 7| Sp B2y,
q7m

_ B _ log(1/h
sup| (@) 2 () V2| o e OB
q,r

SUPHﬁv(% Q)Hl SJ 1,

q,r

_ log(1/h
sup(|€y(x, q) — £y(x,q)[[1 Sp Lé)’
oy nh

sup||ly(z,q)|1 S1 w.p.a. I
q?w

If, in addition, Assumption SA2.7 holds, then

sup|€y(z, @) — Lo (2, q)|l1 Sp rq + rvc,
q7m

SUPHév(ﬂU,qﬂh <1 w.p.a.l.

q?m

Proof. Equation (SA6.26) follows from the following chain of inequalities:

~ 71/2 — _
sup|Qy (2, q) " — Qu(a,q) "7
q)m

(SA6.26)

(SA6.27)

(SA6.28)

(SA6.29)

(SA6.30)

(SA6.31)

(SA6.32)

< sup[Q (2, 0)0(x, )] " [z, @) + Do, 0) %] sup|Qy (2, q) — Dy (@, )|

q,r q,r
S PP TRONICYRP A ®) ot
SP (h ) sup‘Qv(.:c, q) - Q’U(w7 q)‘ SP h Tve,
q7m

where in (a) we used that Q,(x, q) is close to Oy (e, ¢) by (SA6.14) and the lower bound on Q,(x, q)

from Lemma SA6.6, and in (b) we used (SA6.14).
To prove (SA6.27), recall that

_ log(1
sup|Qp (2, @) — Qu(@, q)| Sp h=472! M and
q,x nh
inf Q,(x, q) 2p pd2Ml
q?w

by Lemma SA6.6. Therefore,

sup|Qo(@, @)~ — Qy(x, q) 72|
q,a:

< sup[Qu (2, @) (x, @)] 2 [Qu(@, @) + Qu(@, @)/ sup|Qu (@, q) — (=, )|

q,r q,r
) log(1/h
Se (W22 up| 2y (. ) — Qo (@, )| Sp 12/l i=2il /108U
qx nh
— pd/2+ ] log(1/h)
nhd
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Equation (SA6.28) follows from
R21Qg P @)l < h21Qg - I (@)l Se b2

and Lemma SA6.6.
We will now prove (SA6.29). We have that

sup | Qg 'l Sp A7
q

by Lemma SA3.11, and

sup|p™ (), < n "
€T

by Assumption SA2.2. Combining this with (SA6.27) gives

h2Qg'p™ ()  hPQg'p™ () log(1/h)
V(. q) V(g |||~V nh

It is left to bound
hd/2
sup

e ea) Q7' —Q

(a) _
< 1 supl Q1 - Q3 P @)l

a,tlz)p(v) (z) H 1

nhd nhd ’

O ptstot a0y f1o8(1/8)

where in (a) we used infg z Qp(x, q) > h~42l by Lemma SA6.6, in (b) we used 1Q,' — Q&éul <p
log(1/h)/(nh?) by Lemma SA3.11 and ||p™ (x)|; < h~I*l by Assumption SA2.2.
Equation (SA6.30) follows from (SA6.29), (SA6.28) and log(1/h)/(nh%) = o(1).
We will now prove (SA6.31). By the triangle inequality,

Q;'P” (@) Q;'p"(x)

sup||— — (SA6.33)
a9,z Qv(zc,q)l/2 Qv(w,q)l/Q 1
Q,' - Q. Y)p™(z) L ) —12 _
< sup ( 7~ )1/2 + sup|| Qg p™ (@) (Q (2, 0) " = Qulz, @) V)|, (SA6.34)
T Qv(wa(I) 1 T

To bound the first term in (SA6.34), recall that Qy(z,q) >p A4 2%l by Lemma SA6.6 and
(SA6.14). Then

O-1_ O0-1p® ~ A
Qg —Qq W@ arzeivl gup| (@57 - Q3" )p(@)|

sup —

q,r Qv(w’ q) 1 q,xr

S hPH sup Qg = Qg - 1P (@) |1
q,r

ShY2Qt — Qgllloe Sp AY? - g = Ky,
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where in the last inequality we used HQq — Qqlloo Sp hirg by assumption, and

1" = Qg 'l < 195 e - 11Qq = Qalloe - 1Qg Moo Sp A (h%rg)h ™ = h™rg

also by assumption and Lemma SA3.11.
It is left to bound the second term in (SA6.34):

sup | Qg ) (Q(@,q) = Qu(x,0) ),

- v 3 -1/2 = _
< sup||Q; ! [l1 sup|p® (@) [|1 sup| Qw(z,q) " — Qu(x,q) 7|
q T q,r
(a) ~ ~1/2  _ _
SP hid : hilv' ' Sup‘Q’U(wv q) / - Q’v(w7 q) 1/2|

q,r
(b)
S]P’ h—d—"v|hd/2+|’v|rvc — h_d/QTVC,
where (a) is by Lemma SA3.11 and Assumption SA2.2, (b) is by (SA6.26). Equation (SA6.31) is
proven.
Equation (SA6.32) follows from (SA6.31), (SA6.30) and rq + ryc = o(1). O

Lemma SA6.8 (Hats off ). Suppose Assumptions SA2.1 to SA2.6, (SA6.12), (SA6.13) and (SA6.14)

hold, v > 3, and 12%;; = o(1). Define (and fix for all further arguments) ryg as an arbitrary positive
sequence satisfying

nh?(rycrve + 78r) = 0(7mo)- (SA6.35)

Then

SUE Sug|Tv(ﬂ3a Q) - t’v(xa Q)’ SV nhd(TUCTvc + TBR) = O(THO)- (SA6-36)
Trex g

Proof. First, note that by Lemma SA6.6, (SA6.12) and (SA6.14)

() ()

sup| P (x,q) ¥ (x,q) — " (x, q)‘
® \V/Qu(, q)/n \/ Qo(x,q)/n

@) 1
< x/ﬁi;}p\ﬂ =)~ (@ )| sup Vol @)@ @) (@0 + y/2(@.0))

. sup‘ﬁv(w, q) — Qv(wa Q)‘
q,r

<p /- B Plpye - (RET2IVN3/2 L 2lvl=dy
= \/ﬁhdm?“uc?“vc-

By (SA6.13), Assumption SA2.2 and Lemma SA3.11, Eq. (SA3.12) in Lemma SA3.12,

sup| i (@, q) — u$” (2, @) + p) (@) Qg Enlp(ai)n™ (uo(@s, @))¢ (yis n(po(zi, @)); @)

q,m
< supli® (@, q) — " (x, q) — L) (z, q)|
q,r
+ Squf\lp(”)(m)thQ;l — Quall [ Enlp(:)n™ (1o (s, @) (yi, n(po(xi, @); @)]|| .
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Y e 10%(1£h) \/hd log(1/h)

nh n

log(1/h) @
_ h'”TBRJrh”C% < 1y, (SA6.37)

where in (a) we used % < 12%5 < rgr. Combining this with h=2?I=¢ <p inf, , |Qy (2, q)| (by
Lemma SA6.6)

P8 i @), 0| S V() 0 = Vi, (526.38)
q,@ Qu(2,q)/n

It is left to apply the triangle inequality. O

SA7 Uniform inference

SA7.1 Plug-in approximation
Recall that the conditional covariance structure of Z(-) is

B[2(0)Z(@) | X.] = 'S0

with
| Zaa = ElSaalon o ) )plodple 1) €C@X QREN, gy
0d(@) = E[Y(yi, n(ko(@i, 0); @) ¥ (yis n(ko(@i, 0)); @) | i = ).
Theorem SA7.1 (Plug-in approximation). Suppose that all of the following is true:
(i) All the conditions of Theorem SA6.4(a) and Assumption SA2.7 hold.
(ii) The function x — Sq g(x) defined in (SA7.1) is continuous for all q,q, and
sup Sq,q: (%) — Sq,q. ()] <1 (SA7.2)
937‘1;‘1175112 qu -

(iii) There is an estimator §q,g (x) which is a known (not depending on Pp, ) measurable func-
tion of (D,,q, q, ), satisfying the bound

sup ‘§q7g(w) — Sqq(@)| Sprs withrs = o(1). (SA7.3)
4,4

__ Then, on the same probability space, there is a mean-zero Gaussian conditionally on D, process
Z*(q) in C(Q,RX), whose distribution is known (does not depend on Pp, ), such that

[SugHZ* ) = 2°(@), | Dn] Sp (ru + 6)/ 12+ logn, (SAT.4)
qc<

where Z*(q) is a process in C(Q, RX) satisfying
(Xn, Z2()) £ (X, Z°()); - 2°() L .

Further,

P (@)Qg! - 7 ( P (x)' Q"

\/ »(T,q) V(z,q)
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qeEQ xeX

Z*( 5]}17 TpI, (SA75)




where rpr := [(TUC + Ts)l/(2dg+2) +7rq+ Tvc] V1ogn. (SA7.6)

Equivalently (see Lemma SA3.3), fixing an arbitrary positive sequence Rpr such that rp; = o( Rp1),
T
(z) Qq 7

we have
Dn} = O]}D(l).
\/Tq

Remark SA7.2. One-dimensional processes Z*(x, q) and Z (z,q) in the main paper are defined as
follows:

P (=)' Q" 7

V)

P{hd/ 2 sup sup
qeQ xTeX

(q) - )‘ > Rpr

Z*(x,q) = Cy(z, Tz~ hdﬂﬂZ*
(z,q) (z,q) Z7(q) = RN

hd/zp (m>TQ 1.
\/ﬁv(m, q)

(q),

Z(,q) = byl(x,q) Z*(q) = Z*(q).

The rest of Section SA7.1 is devoted to proving Theorem SA7.1.

SA7.1.1 Strategy

First, Z*(-) exists by Theorem 8.17 (transfer) in [14] with (&,7,¢) = (X, Z(:),yn), £ = €.

The rest of the proof will be broken up in two steps.

First, we will prove the existence of Z *(q). A natural approach is to approximate the covariance
structure f]q,q using plug-in, giving an estimated covariance structure f)qﬁ, discretize Q by a
suitable d,-covering Q% and argue that since the discrete versions X% and 00 of iq,q and ﬁqu
are close, the Gaussian vector Z(q|gs.) € RE12 is close to a “feasible” Gaussian vector with
covariance 3%, Then we can embed this vector into a conditionally Gaussian process Z *(q). One
technical caveat is that a simple plug-in method can lead to S not being positive-semidefinite,
or to ﬁqu not having a suitable Lipschitz property in ¢ and q (necessary for controlling the
discretization error between a continuous process and a discrete vector). For this reason, we just
project flq,d on the space of such structures that the wanted properties hold (program (SA7.9)).

The second step is proving (SA7.4) (given 2*(q) and Z*(q) that are close) by bounding
SUPgeo Z* (q) using the maximal inequality in Lemma SA3.7, and applying Lemma SAG6.7.

SA7.1.2 Existence of the feasible process

As the first step, we will prove that under Conditions (i) to (iii), the process Z *(q) as described in
Theorem SA7.1 exists.

Estimating the covariance structure By Lemma SA3.11, for a large enough constant C14 the
probability of the event

A= {AmaX(En[p(mi)p(wi)TD < Cl4hd} (SAT.7)

converges to one. Note that Sq g() is bounded uniformly in x, g, ¢ because it is continuous in these
arguments and Q x Q x X is compact. Combining with Eq. (SA7.2), we see that there is a large
enough C15 such that on A

sup||Eqql < Ci5h?
q,9

66



and _ _
b -X
Sup ’ q,q1 q7Q2’ S Cl5hd.
q4,917492 HQI — QQH
We first approximate Z_]q,q by

S = En[Sq.q(@in® (fi(zs, 0))n" (i, §)p(z:)p(@:) ] (SAT.8)

The latter is known (a function of D,, not depending on Pp_ ), but may not be positive semidefinite
or Lipschitz in the arguments. In order to recover these properties, we solve the following program:

minimize sup|Mgq,g — flq,qH (SA7.9)

a.4
over My g € C(Q x Q,RE*I)

sup|[Mg gl| < Ci5h",
.9
Mqvq = quq = M-lll—,li = Mg,q? q? q~ e Q?

M . . " . :
(quvqm)k,mzl e RMEXME s symmetric positive semidefinite for any (qk)]]yzl,

||Mq,q1 - Mq,qu < Cl5hdHQI - Q2Ha q.91,q2 € Q.

Lemma SA7.3 (Solution to the program). There exists an exact minimizer f); g of (SAT.9) which
is a (known) measurable function of D,, with values in C(Q x Q, RE>*K),
Proof. The space C(Q x Q, RE*K) with the sup-norm

sup|[ Mg g]|
9,4

is Polish, and the feasible set is non-empty and compact by the multi-dimensional Arzela—Ascoli
theorem. The function

(A" x ¥,0(Q x Q,RF*K)) 5 (D,,, Mg 4) — sup|Mg g — S, €R
q.,q

is a Carathéodory function, that is, measurable in D,, and continuous in Mg 4. By the Measurable
Maximum Theorem 18.19 in [1] (here minimum), the result follows. O

Now we prove that f]; 18 sufficiently close to E_]q,q.

Lemma SA7.4 (Consistency of f):;q). The function f);rd defined in Lemma SA7.3 satisfies
SHPHE;@ — g4l e h(roc +rs).
a.4

Proof. From Eqgs. (SA6.12) and (SA7.3) and Lemma SA3.11 we have

sup||Zq.q — Bq.qll S h(ruc +7s). (SA7.10)
.

But ¥, g lies in the feasibility set of (SA7.9) on A, which implies that
sup||Xg ; — Sqql < sup|[Bqq — Sqql| on A
2.9 2.9

Since P(A) = 1 — o(1), we have

S;EHE;Q - i\]q,tiH Sp hd(TUC +73),

and by the triangle inequality the result follows. O
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Discretization and controlling the deviations of the infeasible process Having estimated
the covariance structure, we proceed with the same steps as in Lemma SA6.3. First, we discretize
Q. Let Q% :={qq,..., qjosn|} be an internal Sp-covering? of Q with respect to the 2-norm || - || of

cardinality |Q%| < 1/ 522 where 6, is chosen later. As already proven in Lemma SA6.3, there is a
bound on the deviations of Z*(-):

* * (= * * ([~ K

E[ swp [12°(a) = Z° (@l | Xa] =E[ sup [2°(a) = Z"(@)]os | Du] S \/6ulog T on 4,
llg—all<sn llg—qlI<dn n

where in the equality we used that Z*(-) is independent of y,, conditionally on X,,.

Closeness of the discrete vectors Consider now the conditionally Gaussian vector Z*(q|gs.) €
RE1Q°" and denote

<0n * — Q6n Sn on
S0 = WV Z* (gl opn) | Xn] = (Bqpan)pondy, € REIQT XK

k,m=

so that B
Z"(qlgsm) = h=I2(5°)1%¢, where Pe,x, = N(O’IRKIQ‘;WI)’

and &, is independent of y,, given X,,. (Since P¢,x, does not depend on X,,, this vector is in fact

independent of D,,.) Discretizing i; g in the same way, we can put

Son . (St |Qon | K|Q%n |x K|Q%n|
)2 T (EQk:Qm)k,m=1 eR '

Since the functions flq’q and f);’ g are close, the two matrices are close as well, which we will make
precise in the following lemma.

Lemma SA7.5 (The matrices £ and S are close). We have
|20 — 8% <p [Q% [h(ruc + 75).-
Proof. We can bound the Frobenius norm using the the bound on each element of the matrix:

[ — 8 < 8% ~ 5| < |0 supl| 75~ )
q

)

It is left to combine with Lemma SA7.4. O

Applying Lemma SA3.5, we then have

WOAE]]| ()2 — (8)2, |, | D] < 2072 flog(K| Q5 || 5P — 50112

<p Q% Y2 (rge + 7“5)1/2\/ log(K[Qn]).

2This means Qi C Q and balls with radius J,, centered at these points cover Q.

(SA7.11)
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Embedding the conditionally Gaussian vector (ﬁ‘s")l/ 2¢,, into a conditionally Gaussian
process By the same argument as in Lemma SA6.3, there exists a law on (X x J)" x C(Q,RF)

which is the joint law of D/, 4 D,, and a conditionally on D], mean-zero Gaussian process 2,’;’ (q)
with the conditional covariance structure

7%l N / A+
EIZ;()Z;(@)" |D)] = h IS,
(where s q+d is the same function of the data as 2+ g With Dy, replaced by D!)). Continuity follows
by the Kolmogorov-Chentsov theorem:

E[||Z;/(q) - Z(@)|" | D,] < Cullq - |*e*, (SA7.12)

for a,b > 0 chosen as follows. The vector Z*'(q) — Z'(§) is conditionally on D/, Gaussian with
covariance

W (E - 23+ B
Hence, we have for any m > 0
E[|Z} (@) - Z2(@)|™" | D]
< hU|E - 2% + 22 TElx 1)
< (2C15)"E[l|€x 1P lg — al™,

where €5 ~ N (0,1x). So we can take, for example, m = dg + 1, a = 2m, b =1 in (SAT7.12).
Projecting this C(Q, R®)-process onto Q% we obtain a vector Z (q|gon) € RE19™| guch that

(D!, Z (qlgsn)) £ (D, h™2(S00)H2¢,).

Since C(Q,R¥) is Polish, by Theorem 8.17 (transfer) in [14] on our probability space there exists
a random element Z*(q) € C(Q,RX) such that

7% 7% d - 3 7%
(D1, Z;/ (dlgon ), Z3/ (@) = (D, b= 2(E0)1 26, 27 (q)).
In particular, almost surely h_d/z(g‘sn)l/zén is the projection of Z* on Q.
Controlling the deviations of Z *(g) Consider the stochastic process X,, with index set

T:={(l,q,q9):1€{1,2,....,K},q,q € Q,|lg— q| < n}

whose value at t = (I,q,q) is X1 = Zf(q) - Zf(d) It is a separable (because each Zl*() has
continuous trajectories) mean-zero Gaussian conditionally on D,, process with the index set T
considered a metric space: dist((1,q,q), (!, q’,q)) = lg — || + |a — ¢'|| + 1{l # U'}.

The quantity o(X,)? is defined and bounded as follows:

S S\ 2
O’(Xn)2 = supE[Xzyt |D,] = sup maxE[(Zl (q) — Z (q)) ‘Dn] < O,
teT la—qll<sn

because /Z\l* (q) — /Z\l* (@) is conditionally on D,, mean-zero normal variable with variance
—d(($+ S+ +
h ((Eq,q)zz o 2(Eq, ) (E )u)
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<h (St~ Gl al S~ Gl
< WSy~ Sl S~ Skl
< 2C15/|g — 4ql|-

Next, we define and bound the semimetric p(¢,t'):
p(t,t)? = E[(Xn: — nt') | Dy
=E[((Z (@) - Z(@) - (Zid) - Z}(d)))" | D]
SE[(Zi(a) - Zi(a))’ |D.] ~E[(Z1 (@) - Z(@) | D.].

The first term on the right is bounded the following way: if [ # ',

E[(Z (@) - Zi(d))" | Dn]
SE[(Zz(q)—Zz(q)) |D,] +E[Z;(q)* | D,] +E[Zi(q')* | D,
Sllea—4+1,
and if [ =1’, R
E[(Z(q) - Zi(d))" | Dn] S la— 4|l

The term E[(Z;‘(d) - 2;? ((j’))2 | D,,] is bounded the same way, and we conclude that
p(t,) < Cio(llg = qll + 1l = 'll + 1{I £ 1}) = Crodist((, a,0), (', 4, @)

for some positive constant C'1g. This means that, for any € > 0, an C’f6152—covering of T with respect
to dist(-) induces an e-covering of T' with respect to p, and hence

N(T,p,e) < N(T,dist(-), Ci5'e?).

But the right-hand side is clearly O(Ke~2) because T is a subset of {1,..., K} x Q x Q, so for
€ (0,1)

K
log N(T, p,e) < log —.
e

Applying Lemma SA3.7 gives

~ 20(Xn)
E[sup|Xn7t\ ’Dn} :IE[ sup ||Z7(q) — Z2"(d OO‘D } < o(X) VIog N(T, p, e) de
teT lg—all<én
QU(Xn QU(Xn
S o(Xn) Vieg(K/e)de S o / (\/10gK +V/log(e1)) de
20(Xn)
S o(Xn)V/Ilog K + / log(e™ 1) de
Vo g(a( B

Xa)y/log +1+1:;<§(X)) S0 S o)V loa Ko (%) 5\ fonlon 3

where in the last inequality we used the bound o(X,) < v/d, from above and that z +— zlog(1/x)
is increasing for sufficiently small x.
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Choosing §,, and conclusion Combining the bounds obtained above, we can write

[supHZ* Z* ’D]
qeQ
<E[ sw [|2(@)~ 2'(@)]. | D] + U E[|(E%) ! 26, — (57) /% | D]
—HE[ sup Hf*() Z*(g ‘D}
lla—gll<én

Sp (\F#L e jl_ 7;2)1/2> log 5Kn
Choose the approximately optimal
On 1= (ruc + Ts)l/(dgﬂ)»
giving

[SHPHZ* 2*(‘1)“00 ’ D”] <p (ruc +75)"/ 12 \/log n.
qeQ

SA7.1.3 Proof of (SAT7.5)

Having proven the existence of Z* (+), we will now prove that under Conditions (i) to (iii), Eq. (SA7.5)
holds. We build on the proof of Theorem 6.3 in [6].

Lemma SA7.6 (Bounding the supremum of the Gaussian process). In the setting of Theorem SA7.1,
we have supgco|lZ(q)lloo Sp v1og K.

Proof. Consider the stochastic process X,, defined for ¢t = (I,q) € T with
T:={(lq):1e{L,2,....K},q € Q}

as Xyt := Zy1(q). It is a separable mean-zero Gaussian process with the index set 7' considered a
metric space: dist((1,q), (I',q)) = |lg — ¢'| + 1{l # I'}. Note that

o(Xp)? = ig%)E[th ’ X, = sgg mlaxIE[Zil(q) | X,
q

=h" supmlafoE (i n(po(xi, @)); @)% | &)™ (no (i, @) pilai)

qeQ
Sh B, [pi(x:)?) <k sup E,[a'p(xi)p(z)'a] S1 w.p.a. l.
aceSK-1
Next, we will bound
p(t.t)? = E[(Xng — Xow)? | Xn] = E[(Zni(@) = Znw(d))* | Xa].

1410,

E[(an(Q)_an’ ' Q{X]

*Zh dE[( b(yi, n(po(®i, @) @)™ (1o (4, q))p(a:)
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—(yi, n(po(zi q')); @)™ (o(i. q'))pr( )2 n]

= hidEn [E[(A (q yia$i) _A ( 7y17wz) }X ]pl wz)Q]
+h_dEn[E[A (q,yumz ’X ](pl(ml) +pl’(xz) )]
S h7 g — q'|Bn[pi(m:)?] + b~ En [pu(2i)* + pr(w:)?]
Slle—d+1 w.p.al,
where we denoted A, (q,vi, ) := ¥ (i, n(po(xs,q)); @)n™ (uo(xs, q)) to simplify notation. Simi-

larly, if I =1,
E[(Zni(a@) = Zoy(d)? | Xu] Slla— | w.p.a. 1.
We conclude

p(t,t)? < dist((1,q), (I, q))-

2_covering of T with respect to dist(-) induces an e-covering of T with respect

This means that an ¢

to p, and hence
N(T, p,e) < N(T,dist(-),£?). (SA7.13)

On the other hand, since Q does not depend on n, clearly for (sufficiently small) £ > 0, N(T, dist(-), &) <
K(C1/é), where C; and Cy are both constants. Combining this with (SA7.13) we get
log N(T', p,e) < log(K/e).

Now we apply Lemma SA3.7:
20(Xp)

E[sup|Xn,t| ‘Xn} < o(X,) VIog N(T, p, ) de

teT

,SJ(Xn)—l—U(Xn)\/logK/a n) <1 yV/1log K w.p.a. 1,

where in <; we used our bound o(X,,) < 1 above. Rewriting, we obtain

E[supHZ(q)Hoo’Xn] S V0og K w.p.a. 1. (SA7.14)
qeQ
By Markov’s inequality this gives supgegl|Z(q)[loo Sp vIog K. O

By the triangle inequality, Eq. (SA7.5) will follow from the two bounds

@) (2 TO-1 _ ) (T -1
h%/2 sup wZ*(q) — wz*(q) <p (ruc +7r5)"/ %422 flogn,  (SA7.15)
% Q’U(w7 q) Q’U(a:7 q)

h%? sup Z*(q)| <p (rq + rvc)/logn. (SA7.16)

S By AT () P |
a.z Qu(z, q) Vi (z, q)

To prove (SA7.15), combine supq’leZ,(az, q)||, Sp 1 by Lemma SA6.7 with (SA7.4).

To prove (SA7.16), combine Lemma SA7.6 with supq@Hlﬁv(m,q) - E,(ac,q)”1 Sp rq + vc by
Lemma SAG6.7.
This completes the proof of Theorem SAT7.1.
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SA7.2 Confidence bands

As a corollary of Theorem SA7.1, we can obtain the following result, whose proof is based on [2].

Theorem SA7.7 (Confidence bands). Suppose all conditions of Theorem SA7.1 are true, and
(Rp1 4 7sa + 7o) vIog n = o(1). Then P{sup, , |Ty(x,q)| < k*(1—a)} =1 —a+o(1), where k*(n)

is the conditional n-quantile of sup, ,, ‘év(w, q)TZ*(q)| given the data. Equivalently, P{u(()v)(w, q) €
CBl—a(wv q, ’U)} =l-a+ 0(1) with

CB1-al,q.v) == (i)(2,q) — k(1 = a)y/ Ly (@, q)/m. i) (@, q) + k(1 — )/ Qo (@, @) /n ).
(SAT7.17)

To prove this result we first introduce some auxiliary lemmas. To simplify the exposition, let

V = sup|Ty(x, q)|, (SA7.18)
q,Tr
.
V* = sup hd/zwz*( )‘ (SA7.19)
e V(. q)
(v) TH-1
V :=sup hd/QMZ(q) , (SA7.20)
q,x QU(CC, Q)
" (v) T
7* .= sup hd/Qp(:B)qu*(q)‘. (SA7.21)
9@ Qy(z,q)

Let k*(n) denote the conditional 7-quantile of V* given X,,.

Lemma SA7.8 (Closeness rates). Random variables V, 17, V*, v* satisfy the following:
(a) |V = V| =op(rsa + THo);
(b) |V* = V*| = op(Rpr), where Rpr is defined in Theorem SA7.1;
(€) V" L yn.

Proof. By Theorem SA6.4, we have
> T
v - sl (.0 2(a)]| = os(rss + o),
q.

which is Assertion (a).
By Theorem SA7.1, we have

v st (e.0) 2" (@) | = os(e),

q,r

which is Assertion (b). )
Assertion (c) follows from the definition of the process Z*(-) and the fact that £,(x,q) only
depends on the data via X,,. O

Lemma SA7.9 (First sequence). There exists a sequence of positive numbers v, 1 — 0 such that
w.p.a. 1

F(l—a)<EkE'(l-—a+wv,1)+Rer and k*(1—oa)>k"(1 —a—uvy1)— Rer.
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Proof. This follows from |V*—V*| = op(Rpr) by Lemma SA7.8, directly applying Lemma SA3.8. [

Lemma SA7.10 (Second sequence). There exists a constant Cy, > 0 such that with 1 — o(1)
probability

SUEP“V* —u| < Rpr 4+ rsu + o | Dn} < Cy. (Rer + rsa + rao)v/1og(1/h) =: vp2,
ue

Moreover, for the sequence v, 2 — 0 just defined, the following holds w. p. a. 1:

l~€*(1 —a—Vp1) — l%*(l — O — Up1 — Vn2) > Re1 + 7sa + "o, (SA7.22)
];‘*(1 — o+ Uni + l/n,g) — ]23*(1 — o+ Vn,l) > RPI + rsa + THo- (SA723)

Proof. By Lemma SA3.9, using that £,(x, ) Z *(q) is a separable mean-zero Gaussian condition-
ally on X, process on Q x X with IE[(Z q))2 ‘ Xn] = 1, we have with 1 —o(1) probability

supIP){}V — ul < Rpr + Tsa + Tug | Dn}
u€R

= sup]P’{‘f/* — u‘ < Rp1 + Tsa + THo ‘ Xn}
u€eR

< 4(Rp1 + rsa + THo) <]E [sup‘lz,(w’ q)TZ*(q)‘ ’ Xn} + 1)
q,r

4(Rp1 + Tsa + Tr0) (S(IL}SHE'U(:By q)HlE[&;pHZ*(q)HOO ‘ Xn} + 1>

%) (Rpr + rsa + TH0)<E[SI;I)HZ*(q)HOO ‘ Xn} + 1)

(b)
< (Rpr + 7sa + ma0)/1og(1/h),

where in (a) we used ||€y(z,q)||, $1 w.p.a. 1 by Lemma SA6.7; (b) is by Lemma SA7.6.

We will now prove (SA7.22). Note that sup,cg IP’{]V —u| < Rpr+7sa+rmo ‘ Dn} <vpaw.p.a.l
implies that w.p.a. 1

sup]P’{u <V* < u+ Rpr + 7rsa + o ) Dn} < Up2,
u€eR

that is,

sup{P{V* < u+ Rpr + s + 710 | D} = P{V* <u|Dy}} < vna.
uck

Since this is true for any u, we can in particular replace u with a random variable /;;*(1 —Q—Up1—
Up,2). Using IP’{V* <E(l—a—vn1—Vn2) | Dn} >1—a—vp1 — Vp2, this gives w.p.a. 1

P{v* < ];*(1 —Q@—Vp1— Vn,Q) + RPI + 7sa + THo ‘ Dn} - (1 —Q—Vp1 — Vn,Q) < Un2

or
P{V* <k*(l-a- Un1 — Un2) + Rp1 + 7sa + 7o } Dn} <l-a-v,.

By monotonicity of a (conditional) distribution function, this means that w.p.a. 1
(1 —a— Un1 — Un2) + Rp1 + 7sp + rao < (1 —a-— Un,1)-

This proves the inequality (SA7.22). The inequality (SA7.23) is proven similarly. O
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Concluding the proof of Theorem SA7.7. Note that

(a) )
P{V > k*(1 —a)} < IP{V > E (1= o —vny) — RPI}

—~
o
=

S P{f/ > ];I*<1 - — le) — (Rp:[ +7'sA + THU)} +0(1)

<a+vp1+vp2+o(l) =a+o(l),

where (a) is by Lemma SA7.9, (b) is by Assertion (a) in Lemma SAT7.8, (c) is by Lemma SAT7.10,
(d) is by the law of iterated expectations, (e) is by the definition of a conditional quantile and using
that V' has the same conditional distribution as V*.

Similarly,

(a) -
P{V>k*(1—a)} >P{V >k*(1 —a+vn1)+ Rer} +o0(1)
b o~
> P{V >E(1—a+wvy1)+ (Rer +7sa + THU)} + o(1)

(© - .
> IF’{V >E(l—a+vp1 + Vng)} +0(1)

@ E[P{f/ > l;:*(l —a+ Up1+ Un2) ‘ Xn}] +o(1)

© o Uni —Vn2+0(1) = a+o(1),

where (a) is by Lemma SA7.9, (b) is by Assertion (a) in Lemma SA7.8, (c) is by Lemma SA7.10, (d)
is by the law of iterated expectations. In (e) we used that the distribution function of V' conditional
on X, is continuous w. p.a. 1, because by the same anti-concentration argument as in the proof of

Lemma SA7.10 there is a positive constant C' such that on an event A,, satisfying P{A,} — 1 we
have for any € > 0

supIP’{W' —u| <e| Xy} < Cey/log(1/h).
u€R

In particular, on A, all jumps of the distribution function of V conditional on X, are bounded by

Cey/log(1/h), which implies that the distribution function is continuous on 4, since ¢ is arbitrary.
Theorem SA7.7 is proven. O

The following theorem uses a Gaussian anti-concentration result from [11] to convert op(-)
bounds obtained above to the bound on the Kolmogorov-Smirnov distance (sup-norm distance of
distribution functions), similarly to [6].

SA7.3 Kolmogorov-Smirnov distance bound

Theorem SA7.11 (Kolmogorov-Smirnov Distance). Suppose all conditions of Theorem SA7.1 are
true, and (Rpr + rsa + mao)v/1ogn = o(1). Then

hd/Qp(v)(m)TQ(;l

Qu(x, q)

sup
u€R

Z(q)|<u

qeQ xeX qeQ xeX

P{sup sup |Ty(x, q)| < u} - P{sup sup

Dn}‘ = Op(l).
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Proof. We will rely on the following lemma which is proven in Section SA7.3.1 by the same dis-
cretization argument as in Theorem SA7.1.

Lemma SA7.12. On the same probability space, there exists a mean-zero unconditionally Gaus-
sian process Z(-) in C(Q,RX) such that

Z(-) 1L X,, (SAT7.24)
E[(ts(2,9)" Z(q))"] = 1, (SAT.25)
N logn\ /(4de+)
]E[supHZ(q) - Z(q)”OO ‘ Xn} Sp < i ) v logn. (SA7.26)
qEQ nh/
Also, there exists a process Z*(-) in C(Q,RX), such that
Z*(") 1L Dy, (SA7.27)
(X0, Z(), Z(-)) £ (X0, Z2*(-), Z*°()), (SA7.28)
and in particular
_ ) 1/(4do+4)
E[supHZ*(q) - Z*(q)HOo ’ Xn] Sp ( ogg) Vlogn. (SA7.29)
CIGQ nh
Since Z*(-) £ Z(-),
P{sup|e, (x,q)" Z(q)| < u} = P{sup|t,(x,q)" Z"(q)] < u}.
q,r q,x
This means that, by the triangle inequality, it is sufficient to prove the following bounds:
sup P{sup\T,,(m, )| < u} - P{sup\ev(m, 9)' Z(q)| < u}) = o(1), (SA7.30)
ueR! g 9.z
sup P{sup‘év(m, q)Tz*(q)‘ <u ‘ Dn} - ]P’{sup|£v(a:, q)TZ*(q)} < u}) = op(1). (SAT7.31)
u€R q,r q,r

We will now prove (SA7.30). Note that for any random variables £ and 7 and any s > 0,

su%l["{f <u}—P{n < u}‘ < SUEP{W —ul < s} +P{|€ —n| > s}, (SA7.32)
ue ue

which follows from the two bounds

P{{<u} <P{{<wand [{—n| <s}+P{{—n|> s}
<P{n<u+s}+P{£—n|>s}
<P{n<u}+P{u<n<u+s}t+P{—n|>s}

P{&>u} <P{{>wand £ —n| < s} +P{§—n| > s}
<P{n>u—st+P{[g—n|>s}
<P{n>u}l+P{lu—s<n<u}+P{£—n|> s}

Strategy To obtain (SA7.30), we will apply (SA7.32) with § = sup,.|Tuv(z,q)|l, 1 =
SUDy | o (2, q)TZ(q)| and s = rgy + rgo, use that the term P{|¢ —n| > s} is o(1) because |T(x, q)|

and !Ev(az, q)TZ (q)‘ are close, and apply Gaussian anti-concentration Lemma SA3.9 to show that
sup,er P{|n — u| < s} is also o(1). The argument for (SA7.31) will be similar.
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Proof of (SA7.30) By sup, ,|[€u(z,q)|l1 S 1 (from Lemma SA6.7) and (SA7.26), a simple appli-
cation of Lemma SA3.2 gives

(v) TNO-1 (v) TO-1
d/2 p (m) QO,q _ p (m) Q(Lq 7 —
h squg;s) —Qv(:c,q) Z(q) —QU(IB,Q) Z(q)| = op(rsa)- (SA7.33)

By (SA6.29) in Lemma SAG.7, we have supg ,[€y(, q) — £y(z,q)|l1 Sp %, which by

Lemma SAT.6 gives sup, ,|€y(, q)TZ(q) —ly(,q) Z(q)| <p % = 0(rsp). Combining it with
Theorem SA6.4, Lemma SA6.8 and (SA7.33),

P{‘Sup‘Tv(m,q)‘ - sup‘ﬂv(:c,q)TZ(q)“ > rep + THD} = o(1).
q?m q7m

Then we can apply (SA7.32) with £ = sup, ,|Tw(x,q)|, n = supq,w‘ﬁv(w,q)TZ(q)‘ and s =
rsa + THo, and get

sup|[P{sup|T, (2, q)| < u} — P{sup|tu(z, )" Z(q)| < ul
UER q,r q,xr

< SUPP{‘SUP Ev(iB,Q)TZ(Q)) - U‘ <7rsa+ THO} +o(1).
ax

ueR

For (SA7.30), it is left to show that

SUPP{‘SUP‘%(‘B, Q)TZ(Q)‘ - U‘ < rsa+ THD} =o(1).
’LLE]R q,r

We will show a stronger version

sup P{ ‘Sup}ﬂv(m, 0)"Z(q)| - u‘ < Rer + s + 10} = o(1). (SA7.34)

UER q,r

We apply Lemma SA3.9:

supP{’sup‘ﬁv(w,q)TZ(QN - U‘ < Rp1r + 1751 + THO}

u€R q,r
< 4(Rp1 + rsa + TH0) (E [Sup‘ﬁv(xa Q)TZ(Q)H + 1)
q,r
< A(Rer + 70 + 730) (E [supl| o, @) 1| Z(9) | +1)
q,r

—

a

S (Rpr + 7sa + 7o) (E [St;pHZ(q)Hoo} - 1)

a2

b

< (Rpr + 7sa + o) /log(1/h), (SA7.35)
where in (a) we used ||€y(x, q)|l1 <1, see (SA6.28); (b) is by

—~
=

E|sw|Z(0)]| =E[sw|Z(0)]. | %]

< E[SI;PHZ((I) —Z(q)||, ) X, +E[51;PHZ((I)HOO ’ X,
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9D on(rsa) + 0p (\/Iog(1/h)) L 0p (v/log(1/h))
using (SA7.26) and Lemma SA7.6 for (c), rsa S 1 S \/log(1/h) for (d), and noting that
E|su|Z(@)]|..] Se Vies(1/h)
is equivalent to
E|sup||Z(@)]|..] 5 Vios(1/h).

Since (Rpr +7sa +7a0)/10g(1/h) = o(1), the right-hand side in (SA7.35) is o(1), proving (SA7.34),
which was sufficient for (SA7.30).

Proof of (SA7.31) By sup, ,|[€uv(z,q)|l1 S 1 (from Lemma SA6.7) and (SA7.29), a simple appli-
cation of Lemma SA3.2 gives

T T
hd/2 ( ) QU,‘IZ *(q) — ( ) Qoqu *(q )‘ = op(rsa)- (SAT7.36)
(z,q) (z,q)
By Theorem SAT7.1, we have supqw‘év(w,q)Té*( ) — £y(x,q) Z*(q)| = op(Rp1). By (SA6.29)

in Lemma SA6.7, we have sup, ,|[€u(z,q) — £y (x, q)[l1 Sp 1/ %, which by Lemma SA7.6 gives

SUPg.o Co(®, @) Z7() — Lo(x,@)' 27 ()| S 2L = o(rsa). By the triangle inequality,

~ T A~
SuP|£v(an Q) Z*(Q) - ﬁv(:p, Q)TZ*(Q)| = OP(RPI + TSA)-
q?w

Combining with (SA7.36) and applying the triangle inequality again, we obtain
0 T 54 7%
P{[supll(@.q)' Z*(a)] — sup|tu(, @) Z"(a)]| > Fiox +7sa } = o(1),
q7m q7m
implying by Markov’s inequality that for any € > 0,

]P’{]P’{‘sup‘év(a:, q)TZ*(q)‘ — sup|y(z, q)TZ*(q)M > Rp1 + Tsa ’ Dn} > 5} = o(1),
q,r q,r
that is,

P{[supléu (@,q)' Z*(a)] — sup|tu(, )" Z"(a)]| > Fox +rsa | Du} = 02 (1).
q,r q,r

Then we can apply (SA7.32) with P{-| D,,} instead of P{-}, £ = Supq,m}év(w,q)-rz*(q)
Squ,:v}E'v(w? Q)TZ*(Q)‘ and s = Rpy + rgp, and get

» =

ilelg P{slllg)wv(m, q)Tz*(‘IH <u ’ Dn} — P{stll}f‘iv(w, q)TZ*(q)\ < uH

< supP{ |sup|€u (@, 0)" 2" ()| — u| < Rox + 754} + 02(1)
u€R q,r
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= sup]P’{‘sup Ly(x, Q)TZ((I)’ - u‘ < Rpr + TSA} + op(1),
q,r

u€eR

where we used that Z* (q) is independent of the data allowing us to remove the conditioning on
D,,, and again that Z(-) and Z*(-) have the same laws.
It is left to use that

supIF’{‘SUP‘ev(CQQ)TZ(Q)‘ — U‘ < Rp1 + TSA}

UGR q,r
< SUPP{‘SUP{EU(% Q)TZ(Q)’ - U) < Rpr +7sa + THO} = o(1),
UER q,r

where (a) is by (SA7.34).

Theorem SA7.11 is proven. O
SA7.3.1 Proof of Lemma SA7.12: construction of Z(-) and Z*(-)
Recall that the conditional covariance structure of Z(-) is

E[Z(q)Z(Q)T ’ Xn] = h_diq,(j
with 3, 4 defined in (SA7.1). The matrix 344 is approximated by the non-random matrix ¥4 g
defined by
Sq.q = E[Sqq(@)n' (no(zi, @))n'™ (no(@i, @))p(ai)p(x:)"].

By the same argument as in Lemma SA3.11, we have

1 1 1/2
<p h%‘%) = hirs,. (SA7.37)

sup|Zq.g — Zqq
9,9

Discretization and controlling the deviations of Z(-) Then we proceed with the same
discretization as in Theorem SA7.1. Let Q% := {qi,... ,q|gsn|} be an internal d,-covering of Q

with respect to the 2-norm || - || of cardinality |Q%| < 1/ 522 where 4, is chosen later. As already
proven in Lemma SAG6.3, there is a bound on the deviations of Z(-):

- K
E[ sup [12(a) = Z(@)loo | Xa] S y/dnlog T on A,
la—gll<on n

where A is the event from (SA7.7).

Closeness of the discrete vectors Consider now the conditionally Gaussian vector Z(q|gs.) €
RE12°" and denote

I — Qén on on
500 = hAV([Z(qlgon) | Xn] = (Squqn oy € REIQ"XEIQT

so that B

Z(q|gs.) = hY2(Z0)12¢,,  where Pg,x, = N (0, Ipx0om))-
(Since P¢,x,, does not depend on X, the vector &, is independent of Xp.) Discretizing 3q 4 in
the same way, we can put

n o |Q0n | K|Q%n |x K|Qdn
27 = (Zgpgm) oy € R Q< K|Q™ ]

Since the functions X4 5 and 34 4 are close, the two matrices are close as well, which we will make
precise in the following lemma.
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Lemma SA7.13 (The matrices £ and %% are close). We have
|20 — =0 <p |Q° |hrs.
Proof. We can bound the Frobenius norm using the the bound on each element of the matrix:

[0 = 2] < 27 =5 | < 19 sup| S g — Saall

)

It is left to combine with Eq. (SA7.37). O

Applying Lemma SA3.5, we then have

hIPE]||(20)2¢, — (20)2€, || | Xn] < 20742 /log(K|Q%)|| 2% — 07|/

<p | Q0 [V 2r51/2) [log (K |Q%0)).

Embedding the conditionally Gaussian vector into a conditionally Gaussian process
By the same argument as in Lemma SAG6.3, there exists a law on X" x C(Q,R¥) which is the joint

(SA7.38)

law of X/, 4 X,, and a conditionally on X/ mean-zero Gaussian process Z;L (q) with the conditional
covariance structure B B

E(Z,(4)Z,(@)" | X;] =h "Bqq.
Continuity follows by the Kolmogorov-Chentsov theorem:

E[||Z)(a) - Z(@)]" | X}] < Cullg = g] %™, (SAT.39)

for a,b > 0 chosen as follows. The vector Z,’l(q) — Z;L((}) is conditionally on X!, Gaussian with
covariance
—d
h (zq,q - 22%6 + 2@@)'

Hence, we have for any m > 0
E[|Z.(@) — Z,(@)]" | X]
<h | Bgq — 28g.4 + Z4q
< Crllg —q|I™,

"Elll€x ]

where £x ~ N (0,Ix), and we used that Xq 4 is Lipschitz in ¢ a.s. (with the constant allowed to
depend on n). So we can take, for example, m = dg + 1, a = 2m, b =1 in (SA7.39).
Projecting this C(Q, R¥)-process onto Q°*, we obtain a vector Z,(q|gs.) € RE1Q°"| guch that

(X!, Z! (qlgsn)) L (Xp, h™ 2 (20)1/2¢,).

Since C(Q,R¥) is Polish, by Theorem 8.17 (transfer) in [14] on our probability space there exists
a random element Z(q) € C(Q,R¥) such that

(X, Z8 (qlosm ), Z4(q)) L (X, h~2(20)12¢,, Z(q)),

In particular, almost surely h~%2(3%)1/2¢, is the projection of Z() on Q% . Note that PZ(q)|X

does not depend on X,,, which means Z (q) is independent of X,,. In addition, note that (SA7.25)
holds.
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Controlling the deviations of Z (q) It is proven by the same argument as in Lemma SA6.3
and Theorem SA7.1 that

> S0 = = K
E[ sup 1Z(q) ~ Z(@)] |Xa] =B sup 1Z(a) = Z(@)llsc] S /0108 5
lla—gll<én llg—al|<én n

Choosing §,, and conclusion Combining the bounds obtained above, we can write

[zggHZ - Z(q)|, | %]

< E[” Sl}Hp<6 1Z(q) - Z(9)]|., ’ Xn} + h_d/zE[H(E‘S")mEn B (Eén)l/QﬁnHoo X,
q—q||>0n

+ E[ms;'pq 12(a) - Z(@)|, | %]

rel/2 K
<p (\/ + 5/2>1/10g5n.

Choose the approximately optimal

On = (ry)!/ (1),

giving

[supHZ ~Z(q OO‘X ] <p (rg)/?4e*2), /logn.
qeQ

Constructing Zj() By Theorem 8.17 (transfer) in [14], on our probability space there is a
random element Z*(-) with values in C(Q,R¥) such that

(Xn, Z(-), Z() £ (Xn. Z°(), Z°()), (SA7.40)

and Z*(-) is conditionally on (X,,, Z*(-)) independent of y,,. Since also Z *(-) conditionally on X,
independent of y,,, we have by Theorem 8.12 (chain rule) in [14] that (Z*(-), Z*(-)) is conditionally
on X, independent of y,; in particular, Z*(-) is conditionally on X,, independent of y,. But
by (SA7.40), Z*(-) is independent of X,,. Again by the chain rule, Z*(-) is independent of (X,,, y,) =
D,.

SA8 Examples

This section discusses in detail the four motivating examples introduced in the paper.

SA8.1 Quantile regression

The next result verifies that the quantile regression case under the same conditions on fy|x as
Condition S.2 in [2] is a special case of our setting.

Proposition SA8.1 (Verification of Assumption SA2.4 for quantile regression). Suppose Assump-
tions SA2.1 to SA2.3 hold with Q = [g9,1 — g¢| for some gy € (0,1/2), the loss is given by
p(y,m;q) = (¢ — H{y < n})(y —n), and E[|y1]] < oo. Assume further that n(-): R — & is strictly
monotonic and twice continuously differentiable with £ an open connected subset of R contain-
ing the conditional q-quantile of y|x1 = «x, given by 77(#0(513,(1)) for all (z,q); y = Fy|x(y|z) is
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twice continuously differentiable with first derivative fy|x(y|x) (in particular, 9 is the Lebesgue
measure); fy‘X(T] (Mo(iﬂ, q)) |m) is bounded away from zero uniformly over ¢ € Q, x € X, and the
derivative of y — fy|x(y|x) is continuous and bounded in absolute value from above uniformly
over y € Vp,x € X. Then Assumptions SA2.4, SA2.5 and SA2.8 and Eq. (SA6.15) are also true.

Remark. Taking n (,ug (x, q)) to be the conditional g-quantile does not violate (SA1.1) by Lemma SA3.10.

Remark. In the setting of Proposition SAS8.1, it is not necessary to assume that ug(x, ¢) is Lipschitz
in parameter (as we do in Assumption SA2.3(iv)). Since

9 o, 0) = .
gV = fyix (po(z, q)|x)’

the Lipschitz property follows from fyx(uo(®,q)|z) being bounded from below uniformly over
reX,qge Q.

Proof. We will verify the assumptions one by one.

Verifying Assumption SA2.4(i) It is easy to see that the a.e. derivative n — ¥(y,n;q) =
1{y —n < 0} — q of n— p(y,n; q) is Lebesgue integrable and satisfies

b
/ Y(y,m;q) dn = p(y, b;q) — p(y,a;q)

for any [a,b] C &.

Verifying Assumption SA2.4(ii) Since n(uo(-, q)) is the conditional ¢-quantile, we have
E[y(yi,n(po(®i, 9)); 9) | il = E[H{y: < nlpo(@i, ¢))} —¢l@] =¢—q=0

and
o(x) = E[(yi, n(po(wi, 0));0)° | @ = ]
= E[(1{y: <nluo(xi,q))} — 0)* |z = 2] = ¢ = 20 + ¢* = q(1 — q)
is constant in @ (in particular continuous in «) and bounded away from zero since both ¢ and
1 — g are bounded away from zero. Since ¢(1 — ¢) is smooth, O'g(ili) is Lipshitz in gq. The family

{Y(yi, n(po(xi,q)); q): ¢ € Q} has a positive measurable envelope 1 which has uniformly bounded
conditional moments of any order.

Verifying Assumption SA2.4(iii) Clearly, p(y,n;q) is convex in 7 and the a. e. derivative in 7
is Y (y,n;q) = 1{y —n < 0} —q is piecewise constant with only one jump (therefore piecewise Holder
with a = 1). The link function 7(-) is strictly monotonic and twice continuously differentiable by
assumption.

Verifying Assumption SA2.4(iv) The conditional expectation
7
W(o.na) =E[{y <n) ~alzi=al = [ frixlolz)dy g
—00

is twice continuously differentiable in 7 (the integral on the right is a Riemann integral, possibly
improper) and its second derivative f3’/| +(n]z) is continuous and bounded in absolute value. By
the mean value theorem, this means that fy|x(n(po(x, ))|x) being bounded away from zero im-
plies fy|x(n(¢)|x) is bounded away from zero for ¢ sufficiently close to po(x,q). The bound on
|¥1(x,n(¢); q)| from above in such a neighborhood (and in fact everywhere) is automatic since
fyix (y|z) is bounded from above (uniformly over y € Ve, © € X).
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Verifying Assumption SA2.5 This verification proceeds similarly to Lemmas 25-28 in [2].
The class of functions

Wi = {(z,y) = 1{y < n(p(x)TB)}: B € RX}

is VC-subgraph with index O(K) by Lemmas 2.6.15 and 2.6.18 in [18] (since n(-) is monotone).
The class of functions

Go = {(z,y) = L{y < n(uo(x,9))}: ¢ € Q}

is VC-subgraph with index 2 since n(uo(x,q)) is increasing in ¢ for any @ € X, giving that the
class of sets {(x,v) : y < n(po(x,q))} with ¢ € Q is linearly ordered by inclusion. The VC property
of W) with envelope 1 implies that it satisfies the uniform entropy bound (SA1.3) with A < 1
and V' < K. The VC property of Go with envelope 1 implies that it satisfies the uniform entropy
bound (SA1.3) with A <1 and V < 1. By Lemma SA3.4, for any fixed r > 0 the class

G = {(z,y) = L{y < n(p(x)"B)} — L{y < n(uo(z,9))} : |B—Bo(@)]|c <70 € Q}

with envelope 2 satisfies the uniform entropy bound (SA1.3) with A <1 and V' < K because it is
a subclass of Wi — Go.
For a fixed vector space B of dimension dim B,

Ws = {(z,y) = Hy < n(p(z)'B)} : B € B}

is VC with index O(dim B) by Lemmas 2.6.15 and 2.6.18 in [18] (since 7(+) is monotone). Therefore,
for any fixed ¢ > 0, § € A, the class

Was == {(z,y) = 1{y < n(p(x)"B)}1{x € Njc10gn(0)} : B € R}

is VC-subgraph with index O(log? n) by Lemma 2.6.18 in [18] because it is contained in the product
of Wg, ; for some vector space By s of dimension dim By g < logdn and a fixed function I{x €

~

Nciogn)(6)}. This means Wy s with envelope 1 satisfies the uniform entropy bound (SA1.3) with
A <1andV <log?n. Then the union of O(h~%) such classes

Wy = {(2,y) = L{y < n(p(x)"B)}1{z € Moiogn)(0)} : B € RN, 5 € A}

with envelope 1 satisfies the uniform entropy bound (SA1.3) with A < 1and V < log?n, see (SA5.34).
By Lemma SA3.4, the same is true of

Gs = {(z,y) —
[1{y < n(p(x)"B)} — 1{y < n(p(x) Bo(q))}] 1{z € Neiogn(6)} :
BeRN 5eN qe Q}

with envelope 2 because it is a subclass of Wy — Wh.
The class of functions

Ga={z — fyix(n(po(z,q))|x) : g € Q}

has a bounded envelope by the assumptions of the lemma. Moreover, G4 has the following property:
for any q1, g2 € Q we have for some &z 4, 4, between n(uo(x, q1)) and n(uo(z, g2))

| fyix (n(po(, q1))|2) — fyix (n(po(, g2))|2)|
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= |y 1x Eare)] - In(po(2, q1)) — n(po(®, ¢2))|

< n(po(x, 1)) = n(po(x, ¢2))| since fy,|y is uniformly bounded
N |M0(€B7 q1) — po(x, qz)| since 7(-) is Lipschitz
<o — a2 since po(x,q) is Lipschitz in q.

with constants in < not depending on x, g1, g2 or n (this is also proven in Lemma 20 in [2]). Since Q
is a fixed one-dimensional segment, this implies that G4 satisfies the uniform entropy bound (SA1.3)
with A,V < 1.

For a fixed [, the class of functions

{(z,y) = pi(x)1{y < n(p(2)"B)} : B € R"}

is VC-subgraph with index O(1) because it is contained in the product of Wg, , for some vector
space Bs; of dimension dim Bs; < 1, and a fixed function p;(x). Then this class with envelope O(1)
satisfies the uniform entropy bound (SA1.3) with A,V < 1. Since, as we have shown above, the
same is true of Go, by Lemma SA3.4, it is also true of

Gs = {(wvy) =
pu() [1{y < n(po(x,q)} — Ly < n(p(x) Bo(a))}] : ¢ € Q}.

Verifying Assumption SA2.8 The functions in the class have the form

p(y,n(P() (Bo(q) + B)): ) L(x € Niiogn(8))
— p(y,n(p(x)"(Bo(q) + B —v)); Q) L(x € Nc1ogn)(9))

— [n(p(z)"(Bo(a) + B)) — n(p(x)" (Bolg) + B —v))|¥(y, n(p(x) Bo(q)); q)
X ]1(113 € -/\/-[clogn](é))

=T+ T2+ T35+ Ty,
where

Ty :=y[1{y < n(p()" (Bo(q) + B —v))} — 1{y < n(p(=)" (Bo(q) + B)) }]
x H{z € Niciogn)(9)},
Ty :==n(p(z)" (Bo(q) + B))1{y < n(p(x)" (Bo(q) + B)) }1{z € Njc1og,(0)},
T3 := —n(p(=)" (Bo(g) + B — v)) 1{y < n(p(x)"(Bo(q) + B —v)) } 1{z € Noiogn)(9)},

Ty == —1{y < n(p(x)"Bo(q)) } [n(p(x)" (Bo(q) + B)) — n(p(x)" (Bolq) + B — v))]
X ﬂ{m € -N’[clogn}((s)}'

[y

Note that for 7] to be nonzero, y has to lie in a fixed interval (not depending on n), say [—R, R].
The class of functions

{(z.y) = y1{ly| < R}1{y < n(p(x)"B)} : B € B},

where B is any linear subspace of R¥, is VC-subgraph with index O(dim B) by Lemmas 2.6.15
and 2.6.18 in [18] (since 7(-) is monotone and y +— y1{|y| < R} is one fixed function). The class
{(z,y) = T1, 1B — Bo(q)|lcc <7 ||V]|co < enyq € Q} with § fixed is a subclass of the difference of

two such classes, so by Lemma SA3.4 this class with a large enough constant envelope satisfies the
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uniform entropy bound (SA1.3) with A < 1 and V < log?n. Therefore, the union of O(h~%) such
classes

{(®,y) = T1, 1B = Bo(@)[|oc <7, [[V]lcc < €nyd € A, g € Q}
with a large enough constant envelope satisfies the uniform entropy bound (SA1.3) with A < 1 and
V < log?n, see (SA5.34).
Similarly, the classes

{(z,y) = T2, 1B — Bo(@)|loo <7y [[v]loc < €00 € A q € QF,
{(z,y) = T3, 1B — Bo(q)lo <7, [|V]l0c <en,d €A, qe Q},
{(z,y) = T4, |B = Bo(@) oo <7, ||V]|oc < en,d € A,qge Q}

with large enough constant envelopes also satisfy the uniform entropy bound (SA1.3) with A <1
and V < log?n. We used that £, — 0 giving that v is bounded in oo-norm (like 8). Applying
Lemma SA3.4 one more time, we have that there exist some constants Ci7 > e, Cig > 1 and

C1g > 0 such that
C Cis logdn
eChg) < <€”> (SA8.1)

for all 0 < € < 1, where the supremum is taken over all finite discrete probability measures Q and
G is the class defined in Assumption SA2.8. Note that the integral representation of G makes it
clear that this class not only has a large enough constant envelope, but is also bounded by Cogey,,
where Cyg is a large enough constant.

For large enough n we can replace € with Copee,, /Chg in (SA8.1), giving

sup N (G,
Q

d
017C19 > Ciglog®n

N(G. g2 Caocen) <
s&p (G, [Il.2, Caogen) < (C'2055n

for all 0 < & < 1. For large enough n, C17C19/(Ca0er) > e. The verification is complete.

Verifying (SA6.15) In this case, ¥(y,n;9) = 1{y < n} — ¢ and n(uo(xi,q)) is the g-quantile of
y; conditional on ;. Without loss of generality, we will assume that 7(-) is strictly increasing and
g < ¢ (the other cases are symmetric).

E [ (yi, n(po (24, 0)); )0 (o1, @) — 9 (s (o4, @)); 0 (o (20, )| | 2]
= E[¢(yi, n(o(i, 9)); q) Z\wi] D (uo (x4, q))?
+E ¢ (i, n(po(@i,§)); @) | @] n™ (o (i, §)?
— 2B [ (ys, n(po (i, )),Q) (Wi, (o (@i, 0)); @) | 2] n™ (po (s, ))n'™ (uo (21, G))
= (¢— MW (no(i,9))* + (G — @™ (no(i,G))°
—2(q—qQ)n()(uo(ﬂﬁz 0))n™ (o (i, G))

= a1 (uo(x:,9)) — 1 (no(@s, @))|* + (@ — )0 (no (s, 3))?
— |an™ (o (a1, >> ™ (o(i, @))|”

< q|nW (po(xi, 0)) — 1 (o (@i, @)[* + (G — @)™ (o (i, 3)>?

(&)

Sadi-qP+i-a<qi—q,
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where in (a) we used that 7()(-) on a fixed compact is Lipschitz and uo(x,q) is Lipschitz in ¢
uniformly over x, as well as boundedness of pg(x, q) uniformly over ¢ and x.
This concludes the proof of Proposition SAS8.1. O

Proposition SA8.2 (Verification of the conditions of Lemma SA4.3). Suppose all conditions of
Proposition SA8.1 hold. In addition, suppose there is a positive constant Co1 such that we have
inf fy|x (ylz) > Ca1, where the infimum is over x € X, ¢ € Q, [|B|lc < R for R described in
Lemma SA4.3, y between n(p(x)"B) and n(uo(x,q)). Then conditions in Conditions (v) and (vi)
of Lemma SA4.3 also hold.

Proof. We only need to verify Lemma SA4.3(vi) since Lemma SA4.3(v) is directly assumed in this
lemma (V1 (z,7;q) = fy|x(n|x) in this case).
In this verification, we will use 61 := p(z)"3, 2 := p(x)"Bo(q) to simplify notations. Rewrite

p(y,n(01);9) — p(y,n(02); q)
= y[1{y < n(62)} — L{y < n(01)}] + q[n(61) — n(62)]
+n(01){y <n(61)} —n(02)1{y < n(62)}.

By the same argument as in the proof of Proposition SA8.1, the class

{(z,y) = y[l{y <n(02)} — Ly <n(01)}] : [|Bllc < R,q € Q}

with a large enough constant envelope satisfies the uniform entropy bound (SA1.3) with A < 1 and
V <K.

The class {(x,y) — q : ¢ € Q} is of course VC with a constant index (as a subclass of the
class of constant functions), and the class {(z,y) — n(p(x)'8) : B € RX} is VC with index O(K)
because the space of functions p(x)3 is a linear space with O(K') dimension, and 7(-) is monotone.
Applying Lemma SA3.4, we see that the class {(x,y) — ¢q[n(01) —n(02)] : |Bllcc < R,q € Q} with
a large enough constant envelope satisfies the uniform entropy bound (SA1.3) with A < 1 and
V <K.

The class {(z,y) — 1{y < n(p(z)"B)} : B € RX} is VC with index O(K) because the space
of functions p(x)" 3 is a linear space with O(K) dimension, and 7(-) is monotone. Again applying
Lemma SA3.4, we see that the class {(z,y) — 1n(01)1{y < n(01)} : ||Bllcc < R} with a large enough
constant envelope satisfies the uniform entropy bound (SA1.3) with A <1 and V' < K. The same
is true of its subclass {(z,y) — n(02)1{y < n(h2)} : ¢ € O}.

It is left to apply Lemma SA3.4 again, concluding that the class described in Lemma SA4.3(vi)
with a large enough constant envelope satisfies the uniform entropy bound (SA1.3) with A < 1 and
vV <K. O

SAS8.2 Distribution regression

Proposition SA8.3 (Verification of assumptions for distribution regression). Let Q = [—A, A] for
some A > 0. Suppose Assumption SA2.3 holds with the loss function p(y,n;q) = (1{y < ¢} —n)?,
the link function n(-): R — (0,1) is strictly monotonic and twice continuously differentiable,
q — Fyx(q|x) is continuously differentiable with derivative fy|x(q|x) (in particular, MM is Lebesgue
measure), T — Fy|x(q|x) is a continuous function, and Fy|x(q|z) = n(po(x,q)) lies in a compact
subset of (0,1) for all ¢ € Q,x € X (this subset does not depend on q or x). Then Assump-
tions SA2.4, SA2.5 and SA2.8, Eq. (SA6.15), and Conditions (v) and (vi) of Lemma SA4.3 are also
true.
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Remark. Taking n(uo(2, q)) to be the conditional distribution function does not violate Eq. (SA1.1)
by the following standard argument. For any Borel function p(-): X — R one has

E[(L{n < q} - n(u(21)))”]
=E[(1{y1 < q} — Fy|x(qlz1) + Fy|x(q|®1) — 77(#(1171)))2]
=E[(1{y1 < q} - FY|X(Q’:171))2]
+ QE[(MZJI <q}— FY\X(C]|$1)) (FY|X(Q|$1) - U(M(wl)))]
+E[(Fypx (gler) — n(u(@1))’]-

Since the cross term is zero (proven by conditioning on @), this means

E[(1{y < g} - n(u(1))’]

=E[(1{y1 < q} - FY|X(Q’5171))2] +E[(Fyx(qle1) — n(ﬂ(wl)))2]

>E[(1{y1 < q}— FY|X(Q|931))2]~
Pointwise in ¢ € Q, equality holds if and only if n(u(x1)) = Fy|x(glz1) almost surely.
Remark SA8.4. In this case,

E[Z(9)Z(@)" | Xn] = h™"En[Sg.q(m)n'™ (no(ai, ¢))n™ (o (@, §)p(a:)p(a:)]
with
Sqq(x) = AFy x (¢ A dlwi) (1 — Fyix (g V gla:)).

This covariance structure is not known, but it can be estimated by

B [Syq()n™ (s, )™ (s, 4))p(a:)p(@:)T].- (SAS.2)

with

~

Sqa(®) = An(fi(zi, g A Q) (1 = n(f(zi,q v 7))

Proof. We will verify the assumptions one by one.

Verifying Assumption SA2.4(i) It is easy to see that the a.e. derivative n — ¥(y,n;q) =
2(n — 1{y < q}) of n— p(y,n; q) is Lebesgue integrable and satisfies

b
/ Y(y,m;q) dn = p(y, b;9) — p(y,a;q)
for any [a,b] C (0,1).

Verifying Assumption SA2.4(ii) The first-order optimality condition

E[2(n(po(i, q)) — L{ys < q}) | ®i] = 2(Fy x(qlx:) — E[1{y; < ¢} |xi]) =0

indeed holds. The conditional variance

og(x) = 4E[(n(no (i, @) — Hyi < ¢})* | @ = ] = 4Py x(alz)(1 — Fyx(glz))

is continuous and bounded away from zero by the assumptions (Fy|x(g|z) cannot achieve 0 or 1).
The family {2(Fy|x(¢lz) — 1{y < q}) : ¢ € Q} is bounded in absolute value by P(x,y) = 2.
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Verifying Assumption SA2.4(iii) The loss function p(y,n; ¢) is infinitely smooth with respect
to n. Its first derivative is 1 (y,n;q) = 2(n — 1{y < ¢}). Since the derivative of n(-) is bounded on
a compact interval, the function ¥ (y,n(0);q) is Lipschitz in § on a compact interval.

Verifying Assumption SA2.4(iv) The conditional expectation

U(z,n;q) = E2(n — H{y: < q}) |z = x] = 2n — 2Fy x (q|x)

is linear, and in particular infinitely smooth, in 7. Its first partial derivative

0
Uy (x,n;q) = 677‘1’(90,77; q) =2

is a nonzero constant, so it is bounded and bounded away from zero everywhere. The second partial

derivative is zero, and so it is also bounded.

Verifying Assumption SA2.5 The class of functions

Gi1 = {(z,y) = Fy|x(qlz) : ¢ € Q}

with a constant envelope satisfies the uniform entropy bound (SA1.3) with A < 1 and V <1
because it is VC-subgraph with index 1 since the subgraphs are linearly ordered by inclusion (by
monotonicity in q).
The class
Gio := {(z,y) = p(x)'B: B € R"}
is VC with index not exceeding K + 2 by Lemma 2.6.15 in [18]. Since in a fixed bounded interval
n(-) is Lipschitz, the class

Gis = {(2,y) = n(p(x)"B) : |8 — Bo(@)l| < r}

with a large enough constant envelope satisfies the uniform entropy bound (SA1.3) with A < 1 and
V < K. By Lemma SA3.4, the class

Gi = {(z,9) = 2(n(p(x)" B) = Fyix(ql2)) : |18 = Bo(@)llo <74 € Q},

with a large enough constant envelope satisfies the uniform entropy bound (SA1.3) with A < 1 and
V<K.

The class of sets {(x,y) : y < ¢} with ¢ € Q is linearly ordered by inclusion, so it is VC with a
constant index and so is the class of functions

G = {(z,y) = My <q}: g€ Q},
giving by Lemma SA3.4 that
Gy = {(m,y) = 2(Fy|x(qlz) — I{y < q}) : g € Q},
which is a subclass of 2(G11 — Ga1), satisfies the uniform entropy bound (SA1.3) with A < 1 and

V<1
For a fixed vector space B of dimension dim B,

Ws = {(z,y) = p(2)'8: B € B}
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is VC-subgraph with index O(dim B) by Lemmas 2.6.15 and 2.6.18 in [18]. Therefore, again using
that n(-) is Lipschitz in a compact interval, by Lemma SA3.4 we have that for any fixed ¢ > 0,
0 € A, the class

W3,6 = {(m7y) = n(P(fU)T,@)ﬂ{CU € Mclogn}((s)} : Hﬁ - ﬁO(Q)HOO <rgqcec Q}

with a large enough constant envelope satisfies the uniform entropy bound (SA1.3) with A < 1 and
V < log?n. Then the union of O(h~%) such classes

W = {(2,) = n(p(x)"B)H{z € Nieogn(9)} : 18— Bo(@)llws <7 q € Q.6 € A}

satisfies the uniform entropy bound (SA1.3) with A <1 and V < log?n (see (SA5.34)). The same
is true of

Gs = {(m,y) = 2(n(p(x)"B) — n(p(x)" Bo(2)) 1{x € Neiogm(9)} :
18— Bo(q)]|oc <7q€ Q,0 € A}

because it is a subclass of 2W5 — 2Ws.
The class
g4 = {l‘ d 2}

consists of just one bounded function, so clearly it satisfies the uniform entropy bound (SA1.3)
with envelope 2, A <1, V < 1.
Finally, for any fixed [ € {1,..., K} the class

Gs1 == {(z,y) = pi(x)n(p(x) Bo(q)) : g € Q}

satisfies the uniform entropy bound (SA1.3) with a large enough constant envelope, A < 1 and
V' <1 because 7(+) is Lipschitz and Gs; is contained in a fixed function multiplied by n(Wg) for a
linear space B of a constant dimension, and by Lemma SA3.4

Gs == {(z,y) — 2pi(x)(Fy|x (qlz) — n(p(x)" Bo(q))) : ¢ € Q}

with a constant envelope satisfies the uniform entropy bound (SA1.3) with A <1 and V < 1.

Verifying Assumption SA2.8 Assumption SA2.8 holds because the class of functions

{(z,y) = [n(p)"(Bo(q) + B)) — n(p(z)" (Bo(q) + B —v))]

x [n(p(x)" (Bo(q) + B)) + n(p(x)" (Bo(q) + B — v)) — 2n(p(x)" Bo(q))]
X IL(:B € Mclogn](é)) :

18 = Bo(@)lloc <7, [[v]lcc < €m0 € A g€ Q)

is contained in the product of two classes

Vl = {(way) = [U(p(x)T,3> - U(P(w)T<5 - 'U))]]l(x € Mclogn](é)) :
1Blloc < 7, [0l < €n,0 € A,q € QF,

and
Vo= {(z,y) = [n(px)" (Bo(q) + B)) + n(p(x) (Bo(q) + B —v)) — 2n(p(z)" Bo(q))]
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L(x € Metogn)(0)) : 1B = Bo(@)lloc <7, [[0]loc < en.d € A, q € Q}

for some fixed 7 > 0. Class V; with envelope &,, multiplied by a large enough constant (since 7 is
Lipschitz) satisfies the uniform entropy bound (SA1.3) with A < 1/, and V <log?n (this can be
shown by further breaking down V; into classes {n(p(z)"3)} and {n(p(x)" (8 —v))} with constant
envelopes, using Lemma SA3.4 and then replacing ¢ in the uniform entropy bound by ¢ -¢,). Class
V, with a large enough constant envelope satisfies the uniform entropy bound (SA1.3) with A <1
and V < log?n because it is true for each of the three additive terms it can be broken down into.
We omit the details since they are the same as in the verification of Assumption SA2.5.

Verifying Condition (v) in Lemma SA4.3 This condition holds trivially because ¥1(-,-;¢q) is
a positive constant.

Verifying Condition (vi) in Lemma SA4.3 The class of functions described in this condition
is

{(z.y) = (n(p(x)"Bo(q)) — n(p(x)"B)) - (21{y < ¢} — n(p(x)"B) — n(p(=)" Bo(q))) :
1Bl < R.q € Q}.

The assertion follows by Lemma SA3.4 since

{(z,y) > Hy<q}:qe 9}

is a VC-subgraph class with a constant index and

{(z.y) = n(p()'B) : 18]l < R}

with a large enough constant envelope satisfies the uniform entropy bound (SA1.3) with A < 1 and
V' < K because n(-) is Lipschitz.

Verifying (SA6.15) Without loss of generality, assume ¢ < ¢ (the other case is symmetric).

[I@D(yu (ko(xi,9)); '™ (o (@i, @) — (i, n(po(@i, @)); DY (mo(4, @) | )
B[4 (yi, n(po (i, 0)); @) | i) n™ (o (i, )
+ B[4 (yi, n(po(, @) @) | i]m (1)(M0($z‘,§))2
— 2B [¢p(yi, n(po (i, q)); )¢ (yu (ko(xi,)); @) | zi]n™ (o(s, 4))n™ (1o (4, §))
= 4[Fy|x (qlz:) — Fyx(q|e;) 21 (o (1, Q))
+ 4[Fy x(ql@:) — Fy x(dle:)?]n 1)(M0($z7Q))2
— 8[Fyx(qle:) — FY\X(Q’wl)FﬂX(q,wz)] (o, 0))n™ (po (i, §))
= 4Fy x(al@) [0 (o (@i, 4)) — ' NI
+4[Fy x (@la:) — Fyix (glai)]n" ( (
— 4| Fy|x (qlxi)n W (uo (i, q)) — Fyx(q
< 4Fy|x(qlz:)|n™ (po(s, q)) — 0t
+ 4[Fy x (gle:) — FY\X(CJ|$i)]77(1)

7))
>>
)W (o (@4, )|



—

a

S@-9?+(@-a9<di—a

=

where in (a) we used that n(")(-) and 5(-) on a fixed compact are Lipschitz and pio(z, ¢) is Lipschitz
in ¢ uniformly over  (therefore, n(uo(x, q)) = Fy|x(q|x) is also Lipschitz in ¢ uniformly over ),
as well as boundedness of (2, ¢) uniformly over ¢ and .

Proposition SA8.3 is proven. O

SA8.3 L, regression

Proposition SA8.5 (Verification of Assumption SA2.4 for L, regression). Suppose Assump-
tions SA2.1 to SA2.3 hold with Q a singleton, loss function p(y,n) = |y — 0P, p € (1,2], po(:)
as defined in (SA3.1), 9 the Lebesgue measure. Assume the real inverse link function n(-): R — &
is strictly monotonic and twice continuously differentiable with £ an open connected subset of R.
Denoting by a; and a, the left and the right ends of £ respectively (possibly +00), assume that
e ¥y, a fy|X(y]:L') dy < 0 if a; is finite, and [ ¢(y, a.) fy|x (y|®) dy > 0 if a, is finite. Also assume
that E[|y;|*®~V] < oo for some v > 2, and that x fyix(ylz) is continuous for any y € Y. In
addition, assume that n = JzIn(¢) —y|P~Lsign(n(¢) — y) fy|x (ylx) dy is twice continuously differen-
tiable with derivatives {7 [o11(C) — y|P~ " sign(n(¢) — y) fy|x (ylz) dy = fgln(¢) —ylP~ sign(n(¢) —
y) 4 fyix (ylw) dy for j € {1,2}. Moreover, the function [,|n(¢)—y["~" sign(n(¢)—y) 4 fy|x (vla) dy
is bounded and bounded away from zero uniformly over x € X, ( € B(x) with B(x) defined
in (SA2.1), and the function [|n(¢) — y|P~ ! sign(n(¢) — y)g—;fnx(mm) dy is bounded in absolute
value uniformly over x € X, ( € B(x). Then Assumptions SA2.4, SA2.5 and SA2.8, Eq. (SA6.15)
and Condition (vi) of Lemma SA4.3 are also true.

Proof. Since Q is a singleton, we will omit the index ¢ in notations.

Verifying the assumptions of Lemma SA3.10 The fact that

¢ /R Oy, ) fyx (vlz) dy

is continuous is proven below in the verification of Assumption SA2.4(iii). To ensure that it crosses
zero if a; or a, is not finite, we show

/R Oy, ©) frix (vle) dy — —o0 as ¢ — —o0, (SA8.3)
/Rwy, O) fypx () dy — +00 as ¢ — +oo. (SA8.4)

To prove (SAS.3), recall that ¥(y, () = ply — ¢|P~ ! sign(¢ — y) and therefore

400 ¢
/ O, ) frix (wle) dy = —p / (v — O fyix(ylz) dy + p / (¢~ )P Py (ylz) dy
R ¢

-0t [ (14 ?’C)p_ln{y > CHvix (vl dy

-~

1

p / (€ — 9P "1y < (Y fyix (yle) dy — —os,
R

—0
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where we used dominated convergence because for —¢ > 1 we have 1 +y/(—¢) < 1+ |y| in the first
integral and ¢ — y < —y = |y| in the second integral. Equation (SAS8.4) is proven similarly.

Verifying Assumption SA2.4(i) The function p(y,n) is continuously differentiable with respect
ton € R, and its first derivative is the continuous function v (y,n) = ply—n|P~! sign(n—y), therefore
p(y,n) for any fixed y is absolutely continuous with respect to  on bounded intervals.

Verifying Assumption SA2.4(ii) The first-order optimality condition is true because pg(-) is
defined this way in (SA3.1).
The function

02(:13): E[ Yiy po(x ‘:I:Z—SB =p /|y po(x 72fY|X(y’$)dZ/

is continuous because @ — |y—po(x)|**~2 fy|x (y|) is continuous and dominated by (|y[*~2+C)C"
for large enough constants C' and C’. As a continuous function on a compact set, o(x) is bounded
away from zero because it is non-zero since y; has a conditional density.

The family of functions {p|y —n(uo(x))|P~! sign(n(uo(x)) —y)} only contains one element. Note
that  — |y — n(uo(w))\”(p_l)fy|x(y\:l:) is continuous and dominated by (|y[*®*~ + C)C’ for large
enough constants C' and C’. Therefore, the function

o [ = (@) fyx (o) dy
is also continuous. As a continuous function on a compact set, it is bounded.

Verifying Assumption SA2.4(iii) The function x — |z|*sign(z) for a € (0, 1] is a-Hélder for
x € R (with constant 2). Therefore, putting a := p — 1, for any pair of reals ¢; and (2 in a fixed
bounded interval we have

sup sup sup|y(y, n(¢1 + A(C2 — C1))) — ¥(y,n(¢2))|

x Xel0,1] V¥

(a)
< 2pIn(C 4+ M = G1) = 0GP S 1¢ = G

where in (a) we used that the link function 7(-) in a fixed bounded interval is Lipschitz.

Verifying Assumption SA2.4(iv) The conditions of Assumption SA2.4(iv) are directly as-
sumed in the statement of Proposition SA8.5.

Verifying Assumption SA2.5 Since Gy, G4, G5 are just singletons (and the existence of corre-
sponding envelopes holds trivially), it is enough to consider G; and Gs.
Assume that 8 and 3 are such that |8 — Bollec < r and ||8 — Bo|les < . Note that

[y, n(p(@)T8)) — ¥y n(uo()))] — [y, n(p(@)TB)) — ¥y, n(uo(x)))]|
< 2p|n(p(2)"B) — n(p(@) B)* <118 - BIE .

The result for G; follows.
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Similarly,

[ (y, n(p(x)T8)) — ¥y, n(p() Bo))] — [ (v, n(p(x)"B)) — ¥ (y, n(p(z)T Bo))]|
< 2p|n(p(x)"B) — n(p()"B)[" <118 - BIE .

For a fixed cell § € A the class of functions of the form

[y, n(p()"B);iq) — ¥y, () Bo); )| 1{x € Nciogn (5)}

(SA8.5)

can be parametrized by B lying in a fixed vector space B; of dimension O(log?n). The result now
follows from the bound (SA8.5) (by using (SA5.34) similarly to the proof of Proposition SAS8.6).

Verifying the addition to Assumption SA2.8 Fix § € A. Let 8 and 3 be such that B —
Bolloo < 7 and [|B — Bolloo < 7; let v and v be such that ||v||ec < €, and [|V]|e < €y To declutter

notation, put

g9(t) = [¢(y, n(p(x)" (Bo + B) + 1)) — ¥(y, n(p(x) Bo))]
< 1 (p(z)T(Bo + B) +1),

g(t) = [U(y. np@)"(Bo + B) + 1) — by, n(p(x)" Bo))]
< M (p(x)"(Bo + B) + t).
Note that
" o 0 i —p(@)'T
/P(UC)TU gde= /p(w)TT;g(t) = /p(w)Tq; (g(t) N g(t)) e /p(w)Tv g(t)dt.

Since #(y,-) is (p — 1)-Holder continuous in the second argument and functions 7(-), 7V (-) in a
fixed bounded interval are Lipschitz, we get that uniformly over ¢ and @ in these integrals

l9(t) = a0 < 18- BI%" + 118 - Bl
and | g(t)‘ is bounded. This gives
0 0 ~ pfl ~ ~
[ atna [ aoat] <e(6 - B+ 18-l + o).
—p(x)Tv —p(z)Tv

It means that taking an e-net (for ¢ smaller than 1) in the space of 8 and an e,e-net in the space
of v induces an Case,e-net in the space of functions

0
{@ne [ o0 1o € Moo} 18 = Bo(@)ll < 1 ol < 20}
—p(x)Tv

in terms of the sup-norm, where Cos is some constant. Possibly increasing Cy2, we can conclude that
this class with envelope Cyg satisfies the uniform entropy bound (SA1.3) with A < 1land V < log?n
(where we used that 8 and v can be assumed to lie in a vector space of dimension O(log?n)). By
(SA5.34), the same can be said about the union of O(h~%) such classes (corresponding to different
9). The verification is concluded.

Verifying (SA6.15) This is obvious because Q is a singleton.
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Verifying Lemma SA4.3(vi) It follows from the proof of Lemma SA4.2 that

[o(y,n(p(@)"B)) = ply, n(p()"B))| < (1+ d(z,y))|p()" (8 - B)]
S (149 )8 - Bl

The required uniform entropy bound follows immediately from this.
Proposition SA8.5 is proven. O
SA8.4 Logistic regression

Proposition SA8.6 (Verification of Assumption SA2.4 and others for logistic regression). Sup-
pose Assumptions SA2.1 to SA2.3 hold with Q a singleton, Y = {0,1}, n(6) = 1/(1 + ™),
M is the counting measure on {0,1}, and p(y,n) = —ylog(n) — (1 — y)log(l — n). Assume also
m(x) := P{y1 = 1| a1 = x} is continuous and 7(x) lies in the interval (0,1) for any x € X. Then
Assumptions SA2.4, SA2.5 and SA2.8, (SA6.15), Conditions (v) and (vi) of Lemma SA4.3 are true.

We will prove Proposition SA8.6 now. Since Q is a singleton, we will omit the index ¢ in
notations.

Verifying Assumption SA2.4(i) The function p(y,n) is infinitely smooth with respect to n €
(0,1), and its first derivative is ¢¥(y,n) = (1 —y)/(1 —n) — y/n, therefore p(y,n) for any fixed y is
absolutely continuous with respect to n on bounded intervals.

Verifying Assumption SA2.4(ii) We have E[¢)(y;, n(uo(x;))) | ;] = 0 since
n(po(x:)) = Elyi [ 2] = P{yi = 1| @i} = m(i).
Next,

E[(yz — W(wi))Q ’ r; = ac]

2 _ 3 €T 2 €Xr;, =@ =
o2(a) = B[y (yi.n(po(:)))? | : = 2] MOIPNENE
_ m(@)(l—n(x) _ 1
m(@?(1 —n(2))? ~ (@)1 —n(x))

is continuous and bounded away from zero (is not less than 4).
Since x; lies in a compact set, ¥(y, n(po(x;))) is bounded, so it has moments of any order.

Verifying Assumption SA2.4(iii) The function p(y,n) is infinitely smooth with respect to
€ (0,1), and its first derivative is ¥(y,n) = (1 —y)/(1 —n) — y/n. Using the famous expression
for the derivative of the logistic function n(M () = n(6)(1 — n(h)), we get

599,0(% n(6)) = (y,n(0))n™)(6) = (1 — y)n(8) — y(1 —n(6)) = n(6) — v,
2
o apun(0)) =V (8) = n(6)(1 ~n(6)).

Since the logistic link maps to (0, 1), the second derivative is positive (and does not depend on y).
Therefore, p(y,n(#)) is convex with respect to 6 for any y.
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Uniformly over (; and (2 in a fixed bounded interval, we have

Sl;p\d)(y,n(ﬁ)) =y, n(¢))| < [n(G) = n(¢2)] (2 G =Gl

where in (a) we used that the derivative of 7(-) does not exceed 1. So in this case the Holder
parameter o = 1.
The logistic function 7(+) is strictly monotonic and infinitely smooth on R.

Verifying Assumption SA2.4(iv) In this case

ooy = 1 Elyilzi=2] _n—n(z)
lam) = nl—n)  nll-n)’

This function is infinitely smooth in 1 for n € (0,1). Its first derivative

2 —2nm(x (T
Vyi(e,n) = ;7\1/(‘3377) =1 5277(1(_)”';2 ( )

Therefore,
i (101 (€)? = n(€)* = 2()m () + 7). (SAS8.6)

If |¢ — po(x)| < 7, then |n(¢) — n(uo(x))| = |n(¢) — 7(x)| < r (since the derivative of 7(-) does not
exceed 1). Since 0 < mingey 7(x)(1 —7(x)) < maxgex m(x)(1 —m(x)) < 1, for small enough r the
right-hand side of (SA8.6) for such ( is also bounded away from zero and one.

Finally, ( , , )

d 2(n> — 3m(x)n® + 3w(x)n — m(x)
\IIQ(:B’TZ) - 877‘1’1(93777) - 7]3(1 — 77)3 :

Again since 0 < mingex m(x)(1 — 7(x)) < maxgex m(x)(1 — w(x)) < 1, for such ¢ that |( —
to(x)| < r and r small enough, the product n(¢)(1 —n(¢)) is bounded away from zero. So for such
¢, |Wa(x,n(¢))] is uniformly bounded.

Lemma SAS8.7 (Class G1). The class

n(p(x)'B) —y m(x) —y
G = {2 xR (2.0) o - 18— ol < r
1D (p)B)  w(z)(1-n(z))
with a large enough constant envelope satisfies the uniform entropy bound (SA1.3) with A < 1 and
V<K.

Proof of Lemma SAS8.7. The class

g1 = {(w,y) — p(a:)T,B : B e RK}

is VC with index not exceeding K + 2 by Lemma 2.6.15 in [18]. Since in a fixed bounded interval
n(-) is Lipschitz and (x,y) — y is one fixed function, the class

Gz = {(z.y) = n(p@)"'B) —y: B - Bollw < 7}

with a large enough constant envelope (recall that ) is a bounded set) satisfies the uniform entropy
bound (SA1.3) with A <1 and V < K. Since 1/7()(-) in a fixed bounded interval is Lipschitz, the
same is true of

Gis = {(z,y) = 1V (p@)B) " : 1B~ Bollee <7},
where we used again that under these constraints n(*) (p(z)T3) is bounded away from zero. This

implies by Lemma SA3.4 that it is true of Gio - G13 — ¥(y,n(x)) (since ¥ (y,n(x)) is one fixed
function), which is what we need. O
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Lemma SAS8.8 (Class G3). The class

Gs = {XxRB(m,y)H

ne@)'B8) —y @) Bo) —y], ‘
[ 1O (p@8) 10 (p@) o) }” € Metognl(0)}:

18— Bo(q)]|lec <7,6 € A}

with a large enough constant envelope satisfies the uniform entropy bound (SA1.3) with A < 1 and
V <log?n.

Proof of Lemma SA8.8. For a fixed vector space B of dimension dim B,

n(p(x)'8) —y
1 (p(z)TB)
with a large enough constant envelope (recall that ) is a bounded set) satisfies the uniform entropy

bound with A < 1 and V' < dim B by the same argument as in the proof of Lemma SAS8.7. Therefore,
for any fixed ¢ > 0, § € A, the class

W = {(w,ym B € B8 - Bolg) gr}

n(p(x)'8) —y K
Wis =< (z,y) = ——~———=——1{x e N, N} :BeR™ B - <
1= { @) = B B 1 € Moo 00} B € RE, 18— Bofa) | < 7
with a large enough constant envelope also satisfies the uniform entropy bound with A < 1 and
V< log? n because it is contained in the product of Wa, s for some vector space B s of dimension
dimBss < log?n and a fixed function 1{x € Nclogn](9)}. Subtracting a fixed bounded function
does not change this fact, so the same is true of

G35 = {(:c,y) =

ne@)'B) —y  ne@) B) -y, '
T ey | Ve 8)

BERY, 18- Bo(@)llw <7}

Since there are O(h~¢) such classes and log(1/h) < logn, using the chain (SA5.34) we obtain that
Gs satisfies the uniform entropy bound (SA1.3) with with A <1 and V < log?n. O

Verifying Assumption SA2.5 Classes Go, G4, G5 are just singletons (and the existence of
corresponding envelopes holds trivially). Classes G; and Gs are tackled in Lemma SAS8.7 and
Lemma SAR.8.

Verifying Assumption SA2.8 This is verified (in a more general setting) in Section SA2.1.2.

Verifying (SA6.15) This is obvious since Q is a singleton.
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Verifying the condition in Lemma SA4.3(v) Recall that in this case

2 _onm(x m(x
S ng@(_)ﬁ; ()

The numerator is always positive since 0 < 7(x) < 1, and the denominator is also positive since
n € (0,1). Since ¥y (x,n) is continuous in both arguments and the image of a compact set under
a continuous mapping is compact, we see that for any fixed compact subset of (0,1), ¥ (x,n) is
bounded away from zero uniformly over & € X and 7 lying in this compact subset.

Verifying the condition in Lemma SA4.3(vi) In this verification, we will use 6; := p(x)" 3,
0, := p(:I:)TB and 0 := p(x)" By to simplify notations. Note that for @ lying in a fixed compact,
both functions logn(#) and log(1 — n(#)) are Lipschitz in 6, so if ||B]|cc < R and ||B||cc < R, we
have 3 3 B

[p(y,n(61)) — p(y,n(02)) — p(y,n(61)) + p(y,n(62))| < 161 — 01| < (B — B,

where the constants in < are allowed to depend on R but not on 3, 5, x or y (we used that y and
1 — y are bounded by 1). The result follows.
This concludes the proof of Proposition SA8.6.

SA8.5 Examples of basis functions

Fix 0 < s < m. Take any segment [a, b] and partition it into .J sub-segments by taking J — 1 knots

a <71 <...77-1 < b. Consider a non-increasing tuple of real numbers (tk)zzzr(m_s)(‘]_l) defined
as follows:

t1:...:tm:a,

tm1 = ... =tlom—s = 71,

bt (m—s)(J—=2)+1 = - - = bt (m—s)(J—1) = TJ—1,
bt (m—s)(J-1)41 = -+ = Loy (m—s)(J—1) = b,

and put for 1 € {1,2,...,m+ (m—s)(J - 1)}

(@) = (1) (trrm — @)t - s (x — )L, @ € [a,b),
Prmt(m—s)(J—1)(b) = E%}per(mfs)(Jfl)(m)a

where [t;,...,t+m]g(t, z) denotes the divided difference [16, Definition 2.49] of ¢ — g(t,x) over

points ¢, ..., t14m, and at := oV 0. We will call the basis {p;(+) lni—il-(m—s)(J—l) the (normalized)

B-spline basis of order m with knots 71 < ... < 75_1, each of multiplicity m — s. The functions

{pl () m+(m—s)(J—1)

=1 form a basis in the function space

{f() € C*Ya,b] : f(-) is a polynomial of degree m — 1 on each [rj, 7j41], j € {0,...,J —1}},

where we put 79 = a, 77 = b for simplicity ([16, Corollary 4.10])3; moreover, each p;(-) is strictly
positive on (¢, t;4m), zero on the complement of [t;, t;1,,], and does not exceed 1 ([16, Theorem
4.9]).

3The symbol C~'[a, b] here corresponds to the family of all functions [a,b] — R (with no smoothness restrictions).
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This definition can be extended to dimension d by considering X = ®g:1[ag, by] and the corre-
sponding tensor products

Piy,tg(@®) = piy (1) - - pry(2a)
for all tuples I = (Iy,...,lq) such that I, € {1,2,...,m+(m—s)(J;—1)}. The d partitions of [ag, by]
induce a tensor-product partition A of X' (with k = Jy ... Jy cells), and the basis p(x) (arranged
in a lexicographic order of 1) is called the tensor-product B-spline basis of order m associated with
the tensor-product partition A ([16, Definition 12.3]).
We refer to [16] for details.

Proposition SA8.9 (Verifying Assumptions SA2.2 and SA2.6). Suppose Assumptions SA2.1 and SA2.3
hold with the tensor-product partition A as described above. Let p(x) be a tensor-product B-spline
basis of order m associated with A. Then p(x) satisfies Assumptions SA2.2 and SA2.6.

Proof. Tt follows from the more general argument for Lemma SA-6.1 in [6]. O

Taking s = m — 1 recovers standard tensor-product B-splines with simple (multiplicity 1)
partition knots, whereas s = 0 corresponds to piecewise polynomials, where, in particular, each basis
function is only supported on one cell (making Lemmas SA4.4 and SA4.5 applicable). Additional
examples are provided in [6, Section SA-6].

SA9 Other parameters of interest

This section formalizes the discussion in Section 9 of the paper. The following theorem is now a
simple corollary of the previous results presented in this supplemental appendix.

Theorem SA9.1 (Other parameters of interest).
(a) Suppose all the conditions of Theorem SA6.4(a) hold with v = 0 and ryc = o(1). Then

(@@ a) —n(w@a) oy g T
10 (o, )|V (. 9)/n gn{n(uo(x, q)) Ho(x,q) Z(q)
= op(rsa) + Op (\/W(rgc =+ T’BR))

sup sup
geQxeX

with Z(q) defined in Theorem SA6.4.

(b) Fix any k € {1,...,d}. Suppose all the conditions of Theorem SA6.4(a) hold with v = ey,
where e, = (0,...,0,1,0,...,0)T € R? with 1 at the kth place. Then
0 (e, @)) i (@, q) — 1V (uo(@, @) 1™ (@, q)

1M (po(, q)) |/ Qey (2, q)

—sign{n® (uo(z, q)) e, (z,9)" Z(q)

sup
q?w

= op(rsa) + Op (v nhd (rgc + 7rgr + hrUC)>.

(c) If (x;,y;) is o?-sub-Gaussian conditionally on x;, then in Assertions (a) and (b) rsy can

be replaced with rgyP.
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Proof. (a) We have uniformly over g and x

n((x, q)) = n(po(z, q))

@

' (o, @) (i, @) — po(, @) + = (i, q) — po(. q))?

—
S
v

= 0 (no(@, @) (i, @) — po(x. @) + O (ric)

9 1D (1o (w, @))to (@, @)1/ Q0 (, q) /1 + Op (12 + 7o8)
© 1D a0 @, )/ Qo (@, 9)/n to(w. 9) + Op (Vah(r5 + ran)) -

Here, (a) is by Taylor expansion, with some { = {45 between fi(x,q) and po(x,q). In (b), we
used 7yc = o(1) (giving that ) (£) does not exceed a fixed constant not depending on q or
x) and (SA6.12). (c) is by (SA6.37) and since nM(ug(x,q)) is uniformly bounded. (d) is by
R4 <pinf, 4 [Qp (2, q)| (by Lemma SA6.6) and since |n(!)(uo(x, )| is bounded away from
zero by Assumption SA2.4(iv).

Rewriting, we obtain

—~

sup n(i(z, q)) —n(uo( ,q))
az | (po(w, q))/Qo(x, q)/n

It is left to combine this with (SA6.19) and use the triangle inequality.
(b) We have uniformly over g and x

—to(x,q)| <p Vnhd (7’1210 + TBR).

1V (i, @))a (z, q) — 1™ (uo(2, @) us™ (2, q)
a)

0 )(M(e”(w q) — ™ (z,q))
+ (1 (i, q) — 7 (o, q>>> () (2, q)

(ﬁ(ek)( q) - 1™ (2, 9)) + 1P () (i(x, @) — po(x, @) i (. q)
)

(z,q))
© ™ (o (zz, q))te, (x, Q)m
q

+ 1) (i, q) — po(x, @) i (2, q) + Op(h™'ren)
D 0D (@, q)te, (@, q)1/ Qe (2, q) /1

+0(Q) (A, q) — po(, q)) (A (2, q) — u (. q))

+ 1) (i, q) — po(x, @) p§™ (2. q) + Op(h™'rga)

DD (@, @) te, (=, @)\/Qe, (@, q)/n+ Op (K™ (rGc + 78r) + 7uc)
20 p1o(@, @)y Qe (@, 0/t (. 9) + Op (VA (0™ (1 + 750) + 7vc) ).

Here, (a) is just rewriting. In (b) we used the mean-value theorem, with some ¢ = (4.4 between
fi(x,q) and po(zx,q). In (c) we used (SA6.37) with v = e, and that n™(uo(x, ¢)) is bounded
uniformly over q,z. (d) is just rewriting. In (e) we used rgc = o(1) (giving that n®(¢) does
not exceed a fixed constant not depending on q or x), (SA6.12) with v = 0 and v = e, and
uniform boundedness of first partial derivatives of (-, q). (f) is by h=2?I=% <p inf, 4 |Qy(x, q)|
(by Lemma SA6.6) and since ‘n(l)(,ug (z, q))’ is bounded away from zero by Assumption SA2.4(iv).
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Rewriting, we obtain

W (fi(z, @) (x, q) — W (po(x, @)™ (z, q)

sup = - 7':e (:Bv Q)
q9.r 77(1) (:u(] ($, Q)) Qek (wa q) *
<p Vnhd(rge + ras + hryc).
It is left to combine this with (SA6.19) and use the triangle inequality.
(c) The argument is the same as for Parts (i) and (ii) with 7y replaced by 754> O

SA10 Simulation Evidence

We conducted a small simulation experiment to demonstrate the finite sample properties of the
partitioning-based M-estimation methodology. We studied pointwise and uniform (over ¢ € Q,
x € X) estimation and inference for the conditional distribution function (Example 2 in the paper,
and discussed in Section SA8.2 above).

We considered four data generating processes. Model 1 through 3 were chosen to satisfy y; =
m(z;) + ¢;, where x; ~ Uniform(X) with X = [0,1]¢, ¢; ~ Normal(0, 1), =; 1 ¢;, m(z) is defined in
Table 4. For Model 4, we took the treatment effect model from [12] (with a slight change so that
the support of ; is also [0, 1]):

1% U2
vi = Ti | lyi<i—a, 7 Zﬁj + ]—V,'>1—xi‘/i:| +(1-T3) |:1Ui§a:,-; +1y,>a,Ui |,
(]

7

where T; = 1,7 and z;, UL, U;, V; ~ Uniform[0, 1] are independent. The estimand is puo(z, q),

where

<x;)?

n(po(x,q)) = Flqle) = P{y; < q|zi = =}
with ¢ € @ = [-0.2,0.2] for Models 1 through 3 and Q = [0.2,0.8] for Model 4; the link function

et

7(+) is the complementary log-log link: n(t) =1 —e™°.

Table 4: Definition of the m(x) function.

d=1 d=2
Model 1 sin(27z)/2 (sin(27mzy) + sin(27mxz2))/4
Model 2 sin(5z) sin(10z)/2 sin(5z1 ) sin(10z2) /2

Model 3 (1 — (42 —2)?)?/4 (1 — (421 — 2)?)? sin(5z2) /4

We use the tensor-product B-spline basis p(x) on [0, 1] as defined in Section SA8.5 with equally
spaced knots. (Recall that the number of knots on each segment is J — 1, and thus £ = J 4) The
estimator fi(x, q) = p(x)" B(q) is constructed by solving the optimization problem

Blg) € argminy  p(yi, n(p(x:) b); q)
beRK T3

for each g of interest separately (with p(-) defined as in Proposition SA8.3), using the L-BFGS-B
algorithm initialized at 0. The matrices Qg and 3, were estimated using, respectively,

Qq = 2B [p(@)p(@:) 0" (fi(zi, )]
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and
%, = 4B [p(z:)p(x:)" Fyx (qlz)(1 = Fy x (ql))n™ (i, )7,

with ﬁyp{(q\m) = n(u(x,q)). Thus, the variance estimator is ﬁ(az, q) = p(m)TQ;IEqQ,;lp(w).

The simulation experiment considered two sample sizes (n = 5000 and n = 50000), two di-
mensions (d =1 and d = 2), and 1000 replications. The pointwise estimation and inference results
are presented in Tables 5 and 7 (n = 5000) and Tables 9 and 11 (n = 50000). For each model,
we consider two choices of J and three evaluation points for (¢, ). The root mean squared error
(RMSE) for point estimators, the coverage rates and the average widths of pointwise 95% nominal
confidence intervals (CIs) are reported. The uniform estimation and inference results are presented
in Tables 6 and 8 (n = 5000) and Tables 10 and 12 (n = 50000). We consider two choices of J,
and use a discrete grid of 8 equally spaced points in place of the continuous segment Q and 10 (for
d=1)or5x5=25 (for d =2) points in place of X. The uniform 95% nominal confidence bands
(CBs) are constructed using the plug-in approach as in Section SA7.1, and the covariance structure
of the discrete analogue of Z (q) is obtained as in Remark SA8.4. The maximum estimation error,
the uniform coverage rates and the average widths of confidence bands are reported.

Table 5: Pointwise simulation results for points {(q(k),m(k))}zzl, averaged across 1000 replications
with n = 5000, d = 1, where (q(l), q?, q(3)) = (—0.2,0,0.2) for Model 1 through 3, (q(l), q?, q(3)) =
(0.45,0.6,0.75) for Model 4; (z(M), 2 z®3) = (0.3,0.1,0.2).

RMSE Coverage CI width

Model J Point1l Point2 Point3 | Point 1 Point 2 Point 3 | Point 1 Point 2 Point 3
1 4 0.088 0.074 0.074 0.952 0.953 0.944 0.336 0.289 0.287

6 0.110 0.077 0.088 0.946 0.951 0.944 0.420 0.303 0.339

5 4 0.069 0.071 0.070 0.953 0.947 0.946 0.270 0.277 0.274

6 0.088 0.076 0.085 0.950 0.942 0.948 0.343 0.291 0.321

3 4 0.073 0.099 0.068 0.953 0.943 0.945 0.279 0.370 0.258

6 0.084 0.110 0.072 0.952 0.956 0.954 0.337 0.435 0.292

A 4 0.065 0.058 0.060 0.952 0.961 0.942 0.252 0.237 0.225

6 0.078 0.063 0.068 0.963 0.953 0.952 0.308 0.246 0.263
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Table 6: Uniform simulation results, averaged across 1000 replications with n = 5000, d = 1.

Model J  sup, ,|i(x, q) — po(x,q)| Uniform coverage Av. CB width

. 4 0.151 0.950 0.399
6 0.181 0.948 0.475
5 4 0.146 0.939 0.381
6 0.170 0.940 0.453
3 4 0.187 0.922 0.441
6 0.223 0.952 0.550
A 4 0.173 0.953 0.415
6 0.201 0.947 0.494

Table 7: Pointwise simulation results for points {(q*), m(k))}izl, averaged across 1000 replications
with n = 5000, d = 2, where (¢, ¢® ¢®) = (-0.2,0,0.2), ) = (0.3,0.1), z? = (0.1,0.4) and
xz®) = (0.2,0.2).

RMSE Coverage CI width
Model J Point 1 Point 2 Point 3 | Point 1 Point 2 Point 3 | Point 1 Point 2 Point 3

e

0.272 0.194 0.243 0.957 0.956 0.954 1.052 0.768 0.949
6 0455 0.256 0.366 0.944 0.957 0.935 1.417 1.027 1.328

4 0.273 0.182 0.237 0.957 0.934 0.941 1.059 0.662 0.904
6  0.425 0.231 0.318 0.950 0.939 0.955 1.422 0.855 1.248

4 0.244 0.260 0.219 0.926 0.936 0.950 0.896 0.944 0.839
6 0.314 0.784 0.290 0.940 0.932 0.950 1.154 1.558 1.129
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Table 8: Uniform simulation results, averaged across 1000 replications with n = 5000, d = 2.

Model J  sup, ,|i(x, q) — po(x,q)| Uniform coverage Av. CB width

. 4 0.487 0.940 1.163
6 0.730 0.950 1.593
5 4 0.491 0.935 1.173
6 0.732 0.944 1.608
3 4 0.478 0.950 1.172
6 0.806 0.921 1.656

Table 9: Pointwise simulation results for points {(q (k) (k)) 3: , averaged across 1000 replica-
tions with n = 50000, d = 1, where (¢, ¢®,¢® )) = (—0.2,0,0.2) for Model 1 through 3,
(¢, q®,¢3) = (0.45,0.6,0.75) for Model 4; ( 1) 23 20)) = (0.3,0.1,0.2).

RMSE Coverage CI width

Model J Point1l Point2 Point 3 | Point 1 Point 2 Point 3 | Point 1 Point 2 Point 3
L 4 0.027 0.024 0.023 0.947 0.950 0.956 0.106 0.091 0.091

6 0.034 0.025 0.027 0.949 0.950 0.957 0.132 0.096 0.107

5 4 0.026 0.023 0.022 0.906 0.940 0.943 0.085 0.088 0.086

6 0.028 0.023 0.026 0.942 0.963 0.947 0.108 0.092 0.101

3 4 0.023 0.035 0.021 0.946 0.904 0.960 0.088 0.117 0.081

6 0.028 0.035 0.024 0.946 0.942 0.959 0.107 0.136 0.092

A 4 0.020 0.019 0.019 0.955 0.947 0.943 0.080 0.075 0.071

6 0.024 0.019 0.022 0.954 0.951 0.950 0.097 0.078 0.083
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Table 10: Uniform simulation results, averaged across 1000 replications with n = 50000, d = 1.

Model J  sup,.|p(z,q) — pro(z,q)| Uniform coverage Av. CB width

) 4 0.047 0.943 0.126
6 0.057 0.953 0.150
5 4 0.054 0.697 0.120
6 0.053 0.944 0.143
3 4 0.066 0.871 0.139
6 0.070 0.941 0.173
4 4 0.055 0.938 0.131
6 0.063 0.943 0.156

Table 11: Pointwise simulation results for points {(¢*), z(*)) 3_,, averaged across 1000 replications

with n = 50000, d = 2, where (¢, ¢®,¢®) = (-0.2,0,0.2), ) = (0.3,0.1), ® = (0.1,0.4) and
x®) = (0.2,0.2).

RMSE Coverage CI width
Model J Point 1 Point 2 Point 3 | Point 1 Point 2 Point 3 | Point 1 Point 2 Point 3

e

0.085 0.064 0.075 0.947 0.940 0.952 0.326 0.239 0.295
6 0.108 0.084 0.102 0.952 0.941 0.951 0.423 0.313 0.407

4 0.083 0.053 0.074 0.952 0.945 0.943 0.328 0.206 0.281
6 0.107 0.067 0.095 0.951 0.949 0.959 0.424 0.263 0.385

4  0.072 0.076 0.068 0.953 0.941 0.944 0.278 0.291 0.262
6 0.090 0.107 0.088 0.952 0.948 0.952 0.352 0.419 0.350
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Table 12: Uniform simulation results, averaged across 1000 replications with n = 50000, d = 2.

Model J  sup, ,|i(x,q) — po(x,q)| Uniform coverage Av. CB width

. 4 0.146 0.953 0.363
6 0.193 0.960 0.484
5 4 0.146 0.958 0.366
6 0.198 0.944 0.489
5 4 0.145 0.930 0.365
6 0.198 0.950 0.494
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