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4 CATTANEO, FARRELL, AND FENG

SA-1. Setup and Assumptions. For a d-tuple q = (q1,...,q4) € Zi, define
(Al =0 o, x9=aPaP 2% ql = qi! - g and pu(x) = AU pu(x) /0" ...z
Unless explicitly stated otherwise, whenever x is a boundary point of some closed
set, the partial derivative is understood as the limit with x ranging within it. Let
0=(0,---,0) and 1 = (1,--- ,1)" be the length-d vectors of zeros and ones respec-
tively. The tensor product or Kronecker product operator is ®, and the entrywise
division operator (Hadamard division) is @. The smallest integer greater than or
equal to u is [u].

We use several norms. For a column vector v = (vy,...,vy) € RM, we let ||v| =
(Ef\il v2)2 V]| = maxi<i<s |vs] and dim(v) = M. For a matrix A € RM*N
A = maxi<j<n i lais, | All = max; 0i(A) and [| Al 0o = maxi<i<ar Y1y lais]
for operator norms induced by Li, L2, and Lo, norms respectively, where o;(A) is
the i-th singular value of A. Apax(A) and Apin(A) denote the maximum and min-
imum eigenvalues of A when M = N. For a real-valued function g(x), [|gl[z,x) =
(Jy lg(@)IP dx)'/P and 191l Lo (x) = esssupyxey [9(x)|, and let C*(X) denote the space
of s-times continuously differentiable functions on X'.

We also use standard empirical process notation: E,[g] = E,[g(x;)] = 1 37 | g(x;),

n

Elg] = E[g(x;)], and Gyug] = Gnlg(xi)] = o= 321, (9(xi) — E[g(x,)]). For sequences
of numbers or random variables, we use a,, < by, to denote lim sup,, |a, /by | is finite,
and a, Sp b, or a, = Op(by,) to denote limsup,_, . limsup,, P[|a,/b,| > €] = 0.
a, = o(b,) implies a,, /b, — 0, and a,, = op(b,,) implies that a, /b, —p 0 where —p
denotes convergence in probability. a, =< b, implies that a,, < b, and b, < a,. ~
denotes convergence in distribution, and for two random variables X and Y, X =4 Y
implies that they have the same probability distribuggl.

We set pu(x) := 9%u(x) and likewise fij(x) := 8%u;(x) for j = 0,1,2,3. Let
X = [x1,...,%Xy]. Finally, let C,C1,Cs,... denote universal constants which may
be different in different uses.

SA-1.1. Setup. As a complete reference, this section repeats the setup, assump-
tions, and notation used in the main paper.

We study the standard nonparametric regression setup, where {(y;,x}),i =1,...n}
is a random sample from the model

(SA-1.1) yi = p(x;) +ei,  Elglx] =0, Efe?|xi] = o*(xi),

for a scalar response y; and a d-vector of continuously distributed covariates x; =
(1,iy--.,2q;) with compact support X. The object of interest is the unknown
regression function u(-) and its derivatives.

We focus on partitioning-based, or locally-supported, series (linear sieve) least
squares regression estimators. Let A = {§; : 1 < [ < K} be a collection of open
and disjoint subsets of X such that the closure of their union is X. Every §; € A is
restricted to be polyhedral. An important special case is tensor-product partitions,
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in which case the support of the regressors is of tensor product form and each
dimension of X" is partitioned marginally into intervals.

Based on a particular partition, the dictionary of K basis functions, each of order
m (e.g., m = 4 for cubic splines) is denoted by

X = p(xl) = p(XZ7 Aam) = (pl(xi; Aam)> o 7pK(Xi; Aam))/'

For a point x € X and q = (q1,...,q4) € Zi, the partial derivative 09u(x) is
estimated by least squares regression

d9p(x) = 09p(x)'B, B € arg min Z(yZ — p(x:)'b)?,
beRXK i=1

Our assumptions will guarantee that the sample matrix E,[p(x;)p(x;)’] is nonsin-
gular with probability approaching one in large samples, and thus we write the
estimator as

d91(x) 0(X)'E, [Mo(x;)y:],  where

(SA-12) 7 =Tao |
Fq.0(x)" := 99p(x)'En[p(x:)p(xi)'] and  IIo(x;) == p(x;).

The order m of the basis is usually fixed in practice, and thus the tuning parameter
for this class of nonparametric estimators is A. As n — 0o, kK — oo, and the volume
of each &; shrinks proportionally to h¢, where h = max{diam(é) : § € A}.

SA-1.2. Assumptions. We list our main assumptions for completeness. Detailed
discussion can be found in the main paper. The first assumption concerns the data
generating process.

AssumMPTION SA-1 (Data Generating Process).

(a) {(yi,x}) : 1 < i < n} are i.i.d. satisfying (SA-1.1), where x; has compact
connected support X C R and an absolutely continuous distribution function.
The density of x;, f(+), and the conditional variance of y; given X;, o2(-), are
bounded away from zero and continuous.

(b) wu(-) is S-times continuously differentiable, for S > [q|, and all 0°u(-), [¢] = S,
are Hélder continuous with exponent o > 0.

ASSUMPTION SA-2 (Quasi-Uniform Partition). The ratio of the sizes of inscribed
and circumscribed balls of each § € A is bounded away from zero uniformly in 6 € A,
and

max{diam(d) : 6 € A} _

min{diam(d) : § € A} ~
where diam(0) denotes the diameter of 0. Further, for h = max{diam(d) : 6 € A},
assume h = o(1).
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The next assumption requires that the basis is locally supported. We employ the
notion of active basis: a function p(-) on X is active on 6 € A if it is not identically
zero on J.

AssuMPTION SA-3 (Local Basis).

(a) For each basis function px, k =1,..., K, the union of elements of A on which
P s active is a connected set, denoted by Hy. For all k = 1,..., K, both the
number of elements of Hi and the number of basis functions which are active
on Hy are bounded by a constant.

(b) For anya= (a1, - ,ar) € RE,

a'/ p(x;A,m)p(x;A,m)'dvaaihd, k=1,...,K.
Hy

(c) Let [q] < m. For an integer s € [[q],m), for all s, [s] <,

RS < inf inf [0°p(x; A,m)|| < sup sup [0p(x; A,m)|| S AT
deA xeclo(d) deA xeclo(d)

where clo(d) is the closure of §, and for [¢] = ¢+ 1,

sup sup [|9°p(x; A, m)|| S AT
0€A xeclo(d)

We remind readers that Assumption SA-2 and SA-3 implicitly relate the number
of approximating series terms, the number of cells in A, and the maximum mesh
size: K < k=< h™.

The next assumption gives an explicit high-level expression of the leading approx-
imation error which is needed for bias correction and integrated mean squared error
(IMSE) expansion. To simplify notation, for each x € X’ define Jx as the element of
A whose closure contains x and hy denotes the diameter of this dx.

ASSUMPTION SA-4 (Approximation Error). Let S > m. For all ¢ satisfying
[¢] << in Assumption SA-3, there exists s* € S m, the linear span of p(x; A, m),
and

Bin,e(x) = — Z 8“u(x)h?_[c]Bu£(x)

u€A,
such that
(SA—13) sup |8<,u(x) _ 8§8*(X) + %m,g(x)’ 5 hm_t,_g_[g]
XEX
and
B, — B, 3
(SA-1.4) sup  sup | Bu,s(x1) <(x2)] <h 1
JEA x1 ,x2€clo(d) HXI - XQH

where By ¢(-) is a known function that is bounded uniformly over n, and A, is a
multi-index set, which depends on the basis, with [u] =m for u € A,,.
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Our last assumption concerns the basis used for bias correction. Specifically, for
some m > m, let p(x) := P(x; A, 1) be a basis of order 7 defined on a partition
A with maximum mesh h. Objects accented with a tilde always pertain to this
secondary basis and partition for bias correction. See the main text for complete
discussion.

ASSUMPTION SA-5 (Bias Correction). The partition A satisfies Assumption SA-
2, with mazimum mesh h, and the basis p(x; A, ), m > m, satisfies Assumptions
SA-8 and SA-4 with S = ¢(m) > m in place of s. Let p := h/ﬁ, which obeys p — po €
(0,00). In addition, for j = 3, either (i) P(x;A,m) spans a space containing the
span of p(x; A, m), and for all w € A, 0¥p(x; A,m) = 0; or (ii) both p(x; A, m)
and p(x; A, ) reproduce polynomials of degree [q].

SA-2. Technical Lemmas. We present a series of technical lemmas that will
be used for pointwise and uniform analysis. To begin with, we introduce additional
notation to simplify our expressions. The following are frequently used outer-product
matrices:

Qm =E[pGi)p(xi)],  Qm=Ea[p(xi)p(x)],
Qn =EpG:)B(xi)],  Qm=Ea[P(x:)D(x)],
Qmn = EP(x:)D(xi)],  Qmm = En[p(x:)D(x:)]-

In the main paper, we define four partitioning-based nonparametric estimators,
numbered as j = 0,1,2, 3, which can be written in exactly the same form:

91;(%) = Ty (%) B [TL; ()i

We summarize the definitions of these quantities here. For j = 0 (classical estimator
without bias correction),

(SA-2.1) Fqo(x) = 09p(x)'Q;} and TIy(x;) := p(x;).
For j = 1 (high-order-basis bias correction),
(SA-2.2) Fq1(¥) = 09p(x)'Q5!, and TI(x;) == p(xi).

For j = 2 (least squares bias correction),

0209 = (3069, a0 Q@5 + Fa (x))
and  TI(x;) == (p(x:)', B(x:)) -

For j = 3 (plug-in bias correction),

Fas(®¥) = (Fa0®)s > {Fua (VB q(x)

ucAn,

— Ve 0En [P (%) Py B0 (X )Yu,1 (%i)'] }) ,
and  II3(x;) := (p(x;), B(x:))

(SA-2.3)

(SA-2.4)
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For j = 0,1,2,3, vq,(x) is defined as 7q;(x) in (SA-2.1), (SA-2.2), (SA-2.3)
and (SA-2.4) but with sample averages replaced by their population counterparts.
Finally, define

3, = E[IT; (x;)IL;(x;) 02 (x;)], 3 = En[IL;(xi)IT;(x;) 0 (x;)]
(SA-25) ;= E,[IL,;(x)IL;(x;) 2], g5 = vi — A;(x0),

Q%) = Yq,j (%) Zj7q,(x), and  Qj(x) = Fq,; (%) Z7q,5 (X)-

The next lemma establishes the rate of convergence and boundedness for Qm
and other relevant matrices, which will be crucial for both pointwise and uniform
analysis. Since the orders of bases used to construct bias corrected estimators are
fixed and mesh size ratio p — pp € (0, 00) by Assumption SA-5, the same conclusions
also apply to Qm, Q: and other related quantities, though we do not make it explicit
in the statement.

LEMMA SA-2.1. Under Assumptions SA-1-SA-3,

hd ,S Amln(Qm) S Amax(Qm) S hd> ||Q7_nl||oo 5 h_d'

Moreover, when %87 = o(1), we have
nh

~ logn
m m || oo < hd

1Qull <2 %, 1QL I Se b~ Q0 oo Sp A7

~ B _ logn B
105 = Qoo Se bS50 = op (),

logn

~ logn
= 0p(h"), | Qu ~ Qull Se hy/ =27 = ox(h),

1Qn" = Qulll e ™y o = op(h™"),  and
= logn
120 — ol Sp h? nid = op(h?).

The next lemma shows that the asymptotic error expansion specified in Assump-
tion SA-4 translates into the bias expansion for the classical point estimator 09(-),
which is (partly) reported in Lemma 3.1 of the main paper. Importantly, the follow-
ing lemma also gives a uniform bound on the conditional bias which is crucial for
least squares bias correction (j = 2) and uniform inference.

LEMMA SA-2.2 (Conditional Bias). Let Assumptions SA-1-SA-4 hold. If l;:iff =
o(1), then,

E [0 ()| X] — 99(x) = Zun.q(X) — T (%) En [Ty () By 0 (x:)] + Op (™0 ),
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and

sup [0 (x)|X] — 99pu(x) | Sp A1,
xeX

Moreover, if the following condition is also satisfied,

_ . — m+d
(SA-2.6) o /H R ), 0) e = o),

then || 4q,0(x) En Mo (x:) B0 (x:)]| 1. () = op(R™19).

Equation (SA-2.6) implies that the leading approximation error is approximately
orthogonal to p(:), in which case the L., approximation error coincides with the
leading smoothing bias of @0(-).

The next lemma shows that 44 ;(x) in (SA-2.1), (SA-2.2), (SA-2.3), and (SA-2.4)
converge to their population counterpart g ;(x) in a proper sense, and all the vq ;(x)
are sufficiently controlled in terms of both Ly- and Lo-operator norms.

LEMMA SA-2.3. Let Assumptions SA-1, SA-2, SA-3, and SA-5 hold. If 12%‘ =
o(1), then,

—d— N —d— logn
Sup [[vq, (%) [lc S b =l sup [1¥a.i (%) = ¥a,i (%) [loc S P i \/;’
xeX xeX n

sup [7q,; (%) S A4 inf [lyq i (x) | 2 279 and
xXEX xeX

~ logn
(%) — A~ ()] <p 0 ldl, [ 251
sup 1¥a,i (%) = 7q.; (%)l <p \

The last lemma in this section proves that the asymptotic variance of classical
and bias-corrected estimators is properly bounded. Importantly, we need not only
an upper bound, but also a lower bound since the variance term appears in the
denominator of ¢-statistics.

LEMMA SA-2.4. Let Assumptions SA-1, SA-2, SA-3, and SA-5 hold. If lgig —
o(1),
sup Q;(x) < p=42ld  gnd  inf 0;(x) > p—d—2la]
xeX xeX
This lemma also implies that bias correction does not change the asymptotic order
of the variance.

SA-3. Integrated Mean Squared Error. We now state an integrated mean
squared error (IMSE) result that specializes Theorem 4.1 in the main paper to the
case of general tensor-product partitions but is less restricted than Theorem 4.2. In
particular, we allow for any q and do not rely on Assumption 6(c). This result gives
the key ingredient for characterizing the limit YA q and %a q in some generality.
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To be specific, throughout this section, we assume the support of the regressors
is of tensor-product form, that each dimension of X" is partitioned marginally into
intervals, and A is the tensor product of these intervals. Let Xy = [z,,T/] be the
support of covariate £ = 1,2,...,d, and partition this into k, disjoint subintervals
defined by {z, = typ < tp1 < -+ < tgu,—1 < ton, = T¢}. If this partition of Ay
is Ay, then a complete partition of X can be formed by tensor products of the
one-dimensional partitions: A = ®¢_; Ay, with & = (k1,k2,...,kq) collecting the
number of subintervals in each dimension of x;, and & = K1kg - - - Kkq. A generic cell
of this partition is the rectangle

(SA—3.1) 6ll~--ld B {X : tg,lz <z < tg,lﬁ_l, 0 < lg < Ky — 1 1 < V4 < d}

Assumption SA-2 can be verified by choosing the knot positions appropriately, often
dividing Xy uniformly or by quantiles.

As before, dx is the subrectangle in A containing x, and we write by for the vector
collecting the interval lengths of Jy (as defined in Assumption 6). tZ denotes the
start point of dx. For ¢ =1,...,d, for a generic cell §;, ;, as in (SA-3.1), we write
bet, = tog,+1 —teg,, e =0,..., 5 — 1, by = maxo<,<x,—1be1, and b = maxi<p<q by
(b < h by Assumption SA-2).

THEOREM SA-3.1 (IMSE for Tensor-Product Partitions). Suppose that the con-
ditions in Theorem 4.1 and Assumptions 6(a)-(b) hold. Then, for any arbitrary
sequence of points {7}, such that T € supp(pk(-)) for each k=1,..., K,

N e o(h=*=2Md) and PBrgq = PBrq+ o(h®™2dl) " with

o (k) w(Tk 3 o
%‘t,q = K,1+2q Z [M H QZ(Tk)] e;cHO lquk VO]((ST}C) ~h d 2[q}7
Pt )
Pra = Z S {%ul’”qu + Viu,oHElHqH(?quz,o - 2V;1,qHalvu2,0}
u1,u2€A,

SJ h2m—2[q]’

where the K-dimensional vector ey, is the k-th unit vector (i.e., e has a 1 in the
k-th position and 0 elsewhere), g(x) = (g1(X),- .., g4(x))" is discussed below,

Hy =2 / 9p(x)09p(x)'dx,
[0,1)

9 p(x) 0" u(x)
g(x)u1tu2—2q w(x)dx,

'@ul,umq = 77”1@2:‘-1/
[0,1)¢

and the K-dimensional vector vy q has k-th typical element

Vw(TR) 0% (i) / pmldl
X

rag(r)sa Jy by o

0y (x) By q(x)dx.
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This theorem takes advantage of the assumed tensor-product structure of the
partition A to express the leading bias and variance as proportional to the number
of subintervals used for each regressor. The accompanying constants are expressed
as sums over the local contributions of the basis function p(-) used, and are easy to
be shown bounded in general (they may still not converge to any well-defined limit
at this level of generality).

Assumption 6(a) used in Theorem SA-3.1 (and in Theorem 4.2) slightly strength-
ens the quasi-uniform condition imposed in Assumption SA-2. It can be verified
by choosing knot positions appropriately. Specifically, let A be a tensor-product
partition (see Equation (SA-3.1)) with (marginal) knots chosen as

tey=G;" <l> , 1=0,1,..., ke, (=1,2,...,d,
Ry

where Gy(-) is a univariate continuously differentiable distribution function and
G, (v) = inf{z € R : Gy() > v}. In this case the function g(-) in Assumption
6(a) is simply the density of Gy(-). Two examples commonly used in practice are:
(i) evenly-spaced partitions, denoted by Agg, where Gy(x) = x and g;(x) = 1, and
(i) quantile-spaced partitions, denoted by Ags, where Gy(z) = Fy(z) with Fy(z)
the empirical distribution function for the ¢-th covariate, £ = 1,2,...,d. For the
case of quantile-spaced partitioning, if ﬁg(x) convergences to Fy(z) = Plz, < z] in
a suitable sense, g¢(z) = dFy(z)/dz, i.e., the marginal density of xy. See [1] and [2]
for a slightly more high-level condition in the context of univariate B-splines.

Assumption 6(b) in Theorem SA-3.1 (and in Theorem 4.2) involves a scaling
2m—2[q]

factor 7+ In Section SA-1 we do not add specific restrictions on the shape

w) fug—2
of cellsb)i(n A and thus the diameter of a cell is used to conveniently express the
order of approximation error (denoted by h), but for tensor-product partitions the
approximation error is usually characterized by the lengths of intervals on each axis
(denoted by by), as illustrated in Section SA-6. Therefore, the scaling factor makes
the above theorem immediately apply to the three leading examples in Section SA-

6 based on tensor-product partitioning schemes (splines, wavelets, and piecewise
polynomials).

Using Theorem SA-3.1, the IMSE-optimal tuning parameter selector for partitioning-
based series estimators becomes

. 1
KIMSE,q = argmin {n%@,q + @R,q} ,

d
KEZLY |

which is still given in implicit form because the leading constants are not known to
converge at this level of generality. It follows that Kiwsg.q = (Kseq,1s - - - » KMSE,q.d)

_ 1
with RIMSE,q,¢ =~ n2m+d, { = 17 27 cee ,d.

SA-4. Rates of Convergence. In this section, we discuss rates of convergence
for the classical estimator and three bias-corrected estimators. Some results, such
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as the Lo and uniform convergence rates for @0 (x), are also reported in Theorem
4.3 of the main paper.

To begin with, we first report pointwise linearization which is an important inter-
mediate step towards pointwise asymptotic normality.

LEMMA SA-4.1 (Pointwise Linearization). Let Assumptions SA-1-SA-5 hold. If

12%3 = o(1), then for each x € X and j =0,1,2,3,

99 (x) — 0p(x) = vqj (%) En[Ij(x;)e] + Ring(X) + Ronqg(x), where

Vlogn
Rinq(x ('701,] ~ Ya.j (X),) E, [IT;(x;)ei] Sp Rt

R2n,q(X) = E[aquj (X)|X] _ aqu(x) SP hmf[q}‘
Furthermore, for j =1,2,3, R%,q(x) <p pmte—lal

We can use Lemma SA-4.1 to establish the limiting distribution of the standard-
ized t-statistics as given in Theorem 5.1 of the main paper. The proof is available
in Section SA-10.9.

REMARK SA-4.1. The term denoted by Ry, (x) captures the conditional bias of
the point estimator. We establish a sharp bound on it by applying Bernstein’s max-
imal inequality to control the largest element of E,, [I1y(x;)%m.0(x;)] and employing
the bound on the uniform norm of Q;ll derived in Lemma SA-2.1. This result im-
proves on previous results in the literature and, in particular, confirms a conjecture
posed by [4, Comment 4.2(ii), p. 352], for partitioning-based series estimation in
general. To be precise, in their setup, fici can be understood as a uniform bound
on the Ly approximation error (orthogonal to the approximating basis). Thus, using
our results, we obtain

~ _ logn logn
p(x)'(Q"' — Q NGu[p(x:)lrck] Sp nid 4/ hgd ek,

which coincides with Equation (4.15) of [4], up to a normalization, thereby improving
on the approximation established in their Equation (4.12). See our proof of Lemmas
SA-2.2 and SA-4.1 for more details. ¢

For uniform convergence, we need to upgrade the above lemma to a uniform
version at the cost of some stronger conditions:

LEMMA SA-4.2 (Uniform Linearization). Let Assumptions SA-1-SA-5 hold. For
each j =0,1,2,3, define Ripq(x) and Rop q(x) as in Lemma SA-4.1. Assume one
of the following holds:
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2 2v
n2+v (]Og n) 4+2v

(i) E[le;|**"] < oo for some v > 0, and i <1; or
.. 1 3
(ii) Elle;? exp(|ei])] < oo, and 12 <1,
Then, supyex |Ring(x)| Sp % = Ring. For j = 0, supyex [Rong(x)| <p

pm—ldl = Ron.q, and for j =1,2,3, supycy |Ronq(x)| Sp pmte=lal —. Ron.q-

Given Lemma SA-4.1 and SA-4.2, we are ready to derive the desired rates of
convergence.

THEOREM SA-4.1 (Convergence Rates). Let Assumption SA-1, SA-2, and SA-
3 hold. Also assume that supyecy |09u(x) — 99s*(x)| < b4l with s* defined in
Assumption SA-4. Then, if 8% = o(1),

nhd

((%\ (x) — 99 (X))Qw(x)dx< _ L p20mfa)
v Ho 2 ~P o drald] .

In addition, under the conditions of Lemma SA-4.2, for each j =0,1,2,3,

— 1 ~ 5
sup )aqﬂj (x) — 8q,u(x)) Se ff(d/QHqDW + Ring + Rong = Ry

xeX

where Rln,q and Rzn,q are defined in Lemma SA-4.2.

Relying on the uniform convergence results, we can further show the consistency
of variance estimates §2;(x) defined in Section SA-2. The results in the following
theorem are partly reported in Theorem 5.2 in the main paper.

THEOREM SA-4.2 (Variance Estimate). Let Assumptions SA-1-SA-5 hold.

2 2v
(i) Assume that E[|g;|*"] < oo for some v > 0, and W =o(1). Then

for each 7 =0,1,2,3,

1

~ 24v 1 4-&-%
IS - | <o hd( ae | 117 (logn) )—OPW), and

nhd

~

1 v
240 (] 2w
sup Qj(x) _ Qj(x)) <p —d—2[d] (Rl(fj T nz (logn) > _ Op(hidiﬁcﬂ)

xeX nhd

where Rg; is the uniform convergence rate giwen in Theorem SA-4.1 with
q=0.
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(ii) Assume that E[|g;]® exp(|e;|)] < oo, and % = o(1). Then for each j =
0,1,2,3,
3/2

N logn)
s <o pd [ pue. . (o877
13 — %[ <p h ( 0, T o

3/2
) s <o p—d=2lal [ gue . (08T)YEN o)
sup ;) — (x)| Se b (Ro,g e op(h™2).

) = op(h?), and

SA-5. Uniform Inference.

SA-5.1. Strong Approximation. Now we move on to uniform inference. The fol-
lowing t-statistic processes are of interest:
. B915(x) — p(x
T(x) = MJ(A) M) ex i—012.3
Q;(x)/n

Let r, be a positive non-vanishing sequence, which will be used to denote the
approximation error rate in the following analysis. As the first step, we employ
Lemma SA-2.3 and Theorem SA-4.2 to show that the sampling and estimation
uncertainty of g ;j(x) and Qj(x) are negligible uniformly over x € X. Specifically,
define

NARY,
ti(x) = MGn[Hj(Xi>EiL xeX, j=0,1,2,3.
Q;(x)

The following lemma, which appears as Lemma 6.1 in the main paper, shows that

T;(-) can be approximated by ¢;(-) uniformly.

LeEMMA SA-5.1 (Hats Off). Let Assumptions SA-1-SA-5 hold. Assume one of
the following holds:

2 242y
(i) E[le;|**"] < oo for some v > 0, and % =o(r;?); or
. log n)* _
(ii) Ellei]® exp(|e])] < oo, and U5 = o(r;2).
Furthermore, for j = 0, assume nh®?®™ = o(r>2); and for j = 1,2,3, assume

nhdt2m+2e — o(r2). Then for each j = 0,1,2,3, supycy |Tj(x) — t;(x)| = op(r; ).

The proof can be found in Section 8.2 of the main paper. Now our task reduces
to construct valid distributional approximation to ¢;(-) for each j = 0,1,2,3, in
a proper sense. Specifically, we want to show that on a sufficiently rich enough
probability space there exists a copy t;(-) of #;() and a Gaussian process Z;(-)
such that supycy [t;(x) — Z;(x)| = op(r,, ). When such a construction is possible,
we can use Z;(-) to approximate the distribution of ¢;(-), as well as fj() in view
of Lemma SA-5.1. To save our notation, we denote this strong approximation by
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CIA}() =4 Zi(-) + op(r; 1) in L®(X) where £>(X) refers to the set of all uniformly
bounded real functions on X equipped with uniform norm.
We will show in the following that there exists an unconditional Gaussian approx-
imating process
1/2
_ Taj (X)/Zj/

Zi(x Ng., xe X, for j=0,1,2,3,
J( ) Qj (X) j J s Ly 4y
where N, is a Kj-dimensional standard Normal vector with K; = dim(II;(-)).
As discussed in the main paper, we may have two strategies to construct strong

approximations. The next theorem employs KMT coupling techniques.

THEOREM SA-5.1 (Strong Approximation: KMT Coupling). Let the conditions
of Lemma SA-5.1 hold, and for j = 2,3, also assume that (logn)?/2

= op(r,;%). In
nhd n
addition, assume one of the following holds:

n2/(2+v) _ 0(1"_2);

(i) sup,cx Eflei|**7|x; = x] < 0o for some v > 0, and "— -

(i1) supe Elleif? exp(lei]) x; = x] < oc.

Then ford =1 and j =0,1,2,3, fj() =4 Zi(-) + op(r;t) in L(X). When d > 1
and p(+) is a Haar basis, the same result still holds for j = 0.

Unfortunately, extending this to general multi-dimensional cases needs some non-
trivial results which are not available in current strong approximation literature, to
the best of our knowledge. Thus, when d > 2, we employ an improved version of
Yurinskii’s inequality due to [3], which allows us to replace the Euclidean norm in
the original version of Yurinskii’s inequality by a sup-norm. Since basis functions
considered in this paper are locally supported, a metric of distance between random
vectors in terms of sup-norm leads to a weaker rate restriction than that previously
used in literature, though still stronger than what we obtained in Theorem SA-
5.1. The result is reported in Theorem 6.2 of the main paper. We restate it in the
following for completeness. The proof can be found in Section 8.4 of the main paper.

THEOREM SA-5.2 (Strong Approximation: Yurinskii’s coupling). Let the condi-
tions of Lemma SA-5.1 hold. In addition, assume that supyey E[lei]?|x; = x] < 00

and 1ogm)" _ o(r;%). Then for j =0,1,2,3, fj() =4 Z;i(-) + op(r; ) in L®(X).

nh3d

SA-5.2. Implementation. {Zj(x) : x € X'} is still an infeasible approximation
of {Tj(x) : x € X}. Our next objective is to construct practicably feasible distri-

butional approximations. To be precise, we construct Gaussian processes {Z,(x) :
x € X'}, with distributions known conditional on the data (y,X), and there exists a
copy Z;(-) of Z;(-) in a sufficiently rich probability space such that (i) Z}(-) =a Z;(-)
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conditional on the data (y,X) and (ii) for some positive non-vanishing sequence 7,
and for all n > 0,

P* [sup | Zj(x) — Zj(x)| = nryt| = op(1),
XEX
where P*[-] = P[-|y, X] denotes the probability operator conditional on the data.
When such a feasible process exists, we write Z;(-) =g+ Z;j(-) + op=(r;; ) in L(X).
From a practical perspective, sampling from Z;(-), conditional on the data, is pos-
sible and provides a valid distributional approximation.

Our first construction is a direct plug-in approach using the conclusion of Theo-
rem SA-5.1 and SA-5.2. All unknown objects are replaced by consistent estimators
already used in the feasible t-statistics:

~ S1/2
5 Y. (X)'Z; .
Z;(x) = (“(A#NK],, xeX, §=0,1,23
(%)
The validity of this method is shown in Theorem 6.3 of the main paper. We restate
it in the following whose proof is available in Section 8.5 of the main paper.

THEOREM SA-5.3 (Plug-in Approximation). Let the conditions in Lemma SA-
5.1 hold. Furthermore, for j = 2,3,

(i) when E[|e;|*T] < oo for some v > 0, assume that WW =o(r,%);

(ii) when E[|e;|® exp(|e;])] < oo, assume that % =o(r;?).

Then for each j =0,1,2,3, 2]() =g Zj(*) + op+(ryt) in L(X).

Our second construction, which is not reported in the main paper, is inspired by
the intermediate approximation in Lemma 8.2 of the main paper. Again, v ;(x) and
Q2;(x) can be simply replaced by their sample analogues, and (;’s can be generated by
sampling from an n-dimensional standard Gaussian vector independent of the data.
The key unknown quantity is the conditional variance function o%(x) = E[e?|x; = x].
If the errors are homoskedastic, one can simply let o2(-) = 1. If not, we need an
estimator & (-) of the conditional variance satisfying a mild condition on uniform
convergence, and then we can construct

~ /
500 = 19 6 o), xe X, j=0,1,2,3
Q;(x)

In practice one may simply construct a nonparametric estimator of o%(-) by using,
for example, regression splines or smoothing splines. See [14, Chapter 22.4] for more
details. We do not elaborate on this issue, but the next theorem shows the validity
of this approach.



SUPPLEMENTAL: PARTITIONING-BASED SERIES ESTIMATORS 17

THEOREM SA-5.4. Let the conditions in Lemma SA-5.1 hold, and &2(-) is an
estimator of 02(+) such that maxj<i<n |6%(x;) — 0%(x;)| = op(r;; (logn)~/?). For
. 1 3/2 _ . ~
j = 2,3, further assume (05% = o(ry?). Then for each j = 0,1,2,3, Z;(-) =g

Zi(:) + op(r; ) in L®(X).

Our third approach to approximating the infeasible Z;(-) employs an easy-to-
implement wild bootstrap procedure. Specifically, for i.i.d. bounded random vari-
ables {w; : 1 < i < n} with E[w;] = 0 and E[w?] = 1 independent of the data, we
construct bootstrapped t-statistics:

o
2 (x) = Wj&@n[nj(xi)wia,j], xeX, j=0,1,23
Q3 (x)

where &; ; is defined in (SA-2.5), and the bootstrap Studentization @;(x) is con-
structed using f];‘ = E, [IT; (x;)I1; (xi)’w%‘? ].

2y
In comparison with previous plug-in approximations, the bootstrap method re-
quires an additional Gaussian approximation step as in either Theorem SA-5.1 or
Theorem SA-5.2 (conditional on the data). These results are stated in the following

two theorems. E*[-] denotes the expectation conditional on the data.

THEOREM SA-5.5 (Wild Bootstrap: KMT). Let the conditions of Lemma SA-5.1
hold. In addition,

(i) whenE[|g;|>T¥] < oo for some v > 0, assume that for j = 2,3, % =
o(r,?);
(ii) when E[|g;]? exp(|e;])] < oo, assume that there ewists some constant C > 0

such that for 1 <i <n,
C’E*Hsiwi|3 exp(|e;jwi|)] < ]E*[|5iwi\2] a.S.,

. (logn)®/? _ —2
and for j = 2,3, Vo o(r;?).
Then for d=1 and j =0,1,2,3, 2 () =4~ Z;(*) +op+(r; 1) in L2(X). When d > 1
and p(-) is a Haar basis, the same result still holds for j = 0.

The additional condition in (ii) of the above theorem is generally difficult to
verify in practice unless some restrictive conditions, e.g. bounded support of ¢;, are
imposed.

THEOREM SA-5.6 (Wild Bootstrap: Yurinskii). Let the conditions in Theorem
SA-5.2 hold. In addition, for j = 2,3,

1 4+3v
(i) when E[|;|?>T"] < oo for some v > 0, assume that W =o(r;%);
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(i3) when E[|g;|3 exp(|ei|)] < oo, assume that (1(15"7)5/2 =o(r;?).

nhd

Then for each j =0,1,2,3, Z5(-) =4 Z;(*) + op+ (r 1) in L%(X).

SA-5.3. Application: Confidence Bands. An immediate application of Theorems
SA-5.1-SA-5.6 is to construct confidence bands for the regression function or its
derivatives. Specifically, for j = 0,1,2,3, and o € (0,1), we seek a quantile g;(c)
such that

P |sup 7,60 < (0)| = 1= a+o(0)
XEX
which then can be used to construct uniform 100(1 — «)-percent confidence bands
for 09 (x) of the form

530 £ (0,00 xe .

The following theorem establishes a valid distributional approximation for the suprema
of the t-statistic processes {QA}(X) : x € X} using [9, Lemma 2.4] to convert our
strong approximation results into convergence of distribution functions in terms of
Kolmogorov distance.

THEOREM SA-5.7 (Confidence Band). Let the conditions of Theorem SA-5.1 or
Theorem SA-5.2 hold with r, = v/logn. If the corresponding conditions of Theorem
SA-5.8 for each 7 =0,1,2,3 hold, then

sup = op(1).

u€eR

P [Sup IT;(x)| < u] —P* [sup 1Z;(x)| < u}
XEX xXeX

If the corresponding conditions in Theorem SA-5.4 hold for each j =0,1,2,3, then

P [sup |’fj(x)\ < u] —Pp* [sup 1z (x)| < u}
xeX xeX

sup = op(1).

u€R

If the corresponding conditions in Theorem SA-5.5 or SA-5.6 hold for each j =
0,1,2,3, then

= op(1).

P |sup 5601 < ] - P [sup 5560 < u]
xeX xeX

sup
ueR

SA-6. Examples. We now illustrate how Assumptions SA-3, SA-4, and SA-5
are verified for popular basis choices, including B-splines, wavelets, and piecewise
polynomials, and show when (SA-2.6) holds. Note well that even in the cases where
(SA-2.6) holds, we will not make use of this property neither herein nor in our soft-
ware implementation [8], since both bias terms of Lemma SA-2.2 may be important
in finite samples.
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The first three subsections illustrate each of these assuming rectangular support,
X = ®?:1Xg C R%, and correspondingly use tensor-product partitions. We note that
these three in fact overlap in the special cases of m = 1 on a tensor-product partition
(see Equation SA-3.1), leading to so-called zero-degree splines, Haar wavelets, and
regressograms (piecewise constant). The final subsection considers a general parti-
tion. Recall that whenever A covers only strict subset of X, all our results hold on
that subset; the first three subsections may also be interpreted in this light.

SA-6.1. B-Splines on Tensor-Product Partitions. A univariate spline is a piece-
wise polynomial satisfying certain smoothness constraints. For some integer my > 1,
let Sa,,m, be the set of splines of order m, with univariate partition Ay, i.e.,

SAymy = {5 € C"™2(X,): s(x) is a polynomial of degree (my—1) on each [tg’le,te’lﬁ_l]}.

If my = 1, it is interpreted as the set of piecewise constant functions that are
discontinuous on Ay. Sa, m, is a vector space and can be spanned by many equivalent
representing bases. B-splines as a local basis are well studied in literature and enjoy
many nice properties [20, 23].

Define an extended knot sequence Ay . such that

tf,—mg—i—l = tf,—mg+2 == tK,O < tf,l << tf,lfug—l < té,l{g == tf,l@g—‘rm[—l)

Then, the m-th order B-spline with knot sequence Ay, is

plg,mg ([BZ) = (tf,lg _tf,lgfmg)[tf,lgfm[a e 7t€,lg]t(t_m€)Tg717 l@ = 17 s 7K€ = K/f—i_mf_lv

where (a)+ = max{a,0} and for a function g(¢,x), [t1,t2, - , 1]+ g(t, ) denotes the
divided difference of g(t,x) with respect to t, given a sequence of knots t; < ty <
< .

When there is no chance of confusion, we shall write p;, (x,) instead of py, m, (¢).
Accordingly, the space of tensor-product polynomial splines of order m = (my, ..., mg)
with partition A is spanned by tensor products of univariate B-splines

Ki,.,K
}l 1 d

Sam = ®g:18Ae7me = span{py, (z1)pi, (¥2) - - - p1,(¥a) 1=1,0lg=1"

We have a total of K = H?Zl K basis functions. The order of univariate basis could
vary across dimensions, but for simplicity we assume that m; = --- = mg = m and
hence write Sa ;, = Sa,m- Also, let py, 1, (x) = pi, (1) - - - pi,(xa) to further simplify
notation.

Arrange this set of basis functions by first increasing l4 from 1 to K4 with other
ly’s fixed at 1 and then increasing Iy sequentially. As a result, we construct a one-
to-one correspondence ¢ mapping from {(l1,...,0l3) : 1 <l < Ky, ¢ =1,...,d} to
{1,..., K}. Then, we can write py(x) = p,-1(x)(x), k = 1,..., K, which is consistent
with our notation in Section SA-1.

The following lemma shows that Assumptions SA-3 and SA-4 hold for B-splines.
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LEMMA SA-6.1 (B-Splines Estimators). Let p(x) be a tensor-product B-Spline
basis of order m, and suppose Assumptions SA-1 and SA-2 hold with m < S. Then:

(a) p(x) satisfies Assumption SA-3.
(b) If, in addition,
- _ — 1+o —
(SA 6.1) oglI;lgaéd |b[’12+1 b[,l4| O(b ), 14 1, ey d,
then Assumption SA-4 holds with ¢ =m — 1 and

O p(x)hy ™ pus L
PBm,s(x) = — Z (u—o)! hm,[c] By ¢ <(X —t) @ bx>

X

uEA,

where Ay, = {u € Z4 : [u] = m, and ug = m for some 1 < ¢ < d} and
B3 (x) is the product of univariate Bernoulli polynomials; that is, BS(x) :=
H?:l By, (x¢) with By,(-) being the ug-th Bernoulli polynomial and By (-) =0
if u contains negative elements. Furthermore, Equation (SA-2.6) holds.

(c) Let p(x) be a tensor-product B-Spline basis of order m > m on the same
partition A, and assume m < S. Then Assumption SA-5 is satisfied.

Equation (SA-6.1) gives a precise definition of the strong quasi-uniform condi-
tion on the partition scheme. Assumption SA-2 requires that the volume of all cells
vanishes at the same rate but allows for any constant proportionality between neigh-
boring cells. Presently, cells are further restricted to be of the same volume asymp-
totically, and further, a specific rate is required that is related to the smoothness
of u(+). Note that, for example, equally spaced knots satisfy this condition trivially.
For other schemes, additional work may be needed. Under (SA-6.1), [2] obtained
an expression of the leading asymptotic error of univariate splines, which was later
used by [27] and [28], among others. Lemma SA-6.1 extends previous results to
the multi-dimensional case, in addition to showing that the high-level conditions in
Assumptions SA-3 and SA-4 hold for B-Splines.

When (SA-6.1) fails, it may be possible to obtain results, but additional cumber-
some notation would be needed and the results may be less useful. However, it is
straightforward to verify that without (SA-6.1), there still exists s* € Sa,, such
that for all [¢] <,

(SA-6.2) sup [0 — 0%s*| < hmlsl,

XEX
where recall that Sa ,, denotes the linear span of p(x; A, m). However, this result
does not allow for bias correction or IMSE expansion.

Finally, A,, contains only the multi-indices corresponding to m-th order partial
derivatives of u(x). This is due to the fact that, as a variant of polynomial ap-
proximation, the total order of tensor-product B-splines is not fixed at m, i.e. some
higher-order components are retained that approximate terms with m-th order cross
partial derivatives. This feature distinguishes tensor-product splines from multivari-
ate splines which do control the total order of bases.
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SA-6.2. Wavelets on Tensor-Product Partitions. Our results apply to compactly
supported wavelets, such as Cohen-Daubechies-Vial wavelets [12]. For more back-
ground details see [19, 17, 11], and references therein.

To describe these estimators, we first introduce the general definition of wavelets
and then show that a large class of orthogonal wavelets satisfy our high-level as-
sumptions. For some integer m > 1, we call ¢ a (univariate) scaling function or
“father wavelet” of degree m — 1 if (i) [ ¢(w¢)dxy = 1, (ii) ¢ and all its deriva-
tives up to order m — 1 decrease rapidly as |zg| — oo, and (iii) {¢(xy —1) : | € Z}
forms a Riesz basis for a closed subspace of La(R). A real-valued function v is
called a (univariate) “mother wavelet” of degree m — 1 if (i) [ )1 (x¢)dx; = 0 for
0 <wv<m—1, (i) ¢ and all its derivatives decrease rapidly as |z¢| — oo, and (iii)
{25/24p(25xy — 1) : 5,1 € Z} forms a Riesz basis of L(R).

We restrict our attention to orthogonal wavelets with compact support. The father
wavelet ¢ and the mother wavelet ¢ are both compactly supported, and for any
integer sp > 0, any function in Ly(R) admits the following (m — 1)-regular wavelet
multiresolutional expansion:

o0

pxe) = Y asubsr(z) + > > bats(ae), 7 € R,  where

l=—00 $§=80 [=—00

as = /Rﬂ(ﬂfé)%z(ﬂ?e)dw, ai(e) = 22622, — ),
ba = /Rﬂ(xz)"(ﬁsl(xe)dxéy Yai(we) = 22729 (2%w, — 1),

and {pso1,l € Z;1pg, s > so,l € Z} is an orthonormal basis of Ly(R). Accordingly,
to construct an orthonormal basis of Lo([0, 1]), one can pick those basis functions
supported in the interior of [0, 1] and add some boundary correction functions. For
details of construction of such a basis see, for example, [12]. With a slight abuse
of notation, in what follows we write {¢s,! € Lsy;%s1,8 > S0, € Lg} for an
orthonormal basis of L2 ([0, 1]) rather than Ls(R) where L, and L are some proper
index sets depending on sy and s respectively. Again, we use tensor product to form
a multidimensional wavelet basis, and then it fits into the context of our analysis.
The compactness of the father wavelet is needed to verify Assumption SA-3. To
see this, consider a standard multiresolutional analysis setting. A large space, say
L5([0,1]), is decomposed into a sequence of nested subspaces {0} C --- C V_; C Vj C
Vi--+ C La(]0,1]). Generally, {¢q,l € Ls} constitutes a basis for V;, and {4, €
L} forms a basis for the orthogonal complement W of V5 in V1. Since the support
of ¢ is compact and {¢g} is generated simply by dilation and translation of ¢, [0, 1]
can be viewed as implicitly partitioned. Specifically, by increasing the resolution level
from s to s + 1, the length of the support of ¢ is halved. Hence, it is equivalent
to placing additional partitioning knots at the midpoint of each subinterval. In
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addition, as the sample size n grows, we allow the resolution level s to increase
(thus written as s, when needed), but each basis function ¢, ; is supported by only
a finite number of subintervals since the generating scaling function is compactly
supported.

The above discussion associates the generating process of wavelets at different
levels with a partitioning scheme. It is easy to see that Assumption SA-2 is automat-
ically satisfied in this case, and given a resolution level s,, the mesh width b = 27,
On the other hand, given a starting level so, {¢s,i,! € Lsy;¥s1, 50 < 8 < sp, 1 € Ls}
does not satisfy Assumption SA-3, since some functions in such a basis have in-
creasing supports as the resolution level s,, — co. Nevertheless, they span the same
space as {¢s,, 1,1 € L, } and hence there exists a linear transformation that connects
the two equivalent bases. Least squares estimators are invariant to such a transfor-
mation. Therefore, we will focus on the following tensor-product (father) wavelet
basis

(SA-6.3) p(x) == @272 ¢, ()

where ¢, is a vector containing all functions in {¢s, ;,l € L,,}. By multiplying
the basis by 27°*/2, we drop the normalizing constants that originally appear in
the construction of orthonormal basis. As the next lemma shows, this large class of
orthogonal wavelet bases satisfy our assumptions.

LEMMA SA-6.2 (Wavelets Estimators). Let ¢ and v be a scaling function and
a wavelet function of degree m — 1 with ¢ + 1 continuous derivatives, p(x) be the
tensor-product orthogonal (father) wavelet basis of degree m —1 generated by ¢, and
suppose Assumption SA-1 holds with m < S.

(a) p(x) satisfies Assumption SA-3.
(b) Assumption SA-4 holds with ¢ = q and

u m—[s] ym—[s]
Pl —— 3 0 M(Xg,!h ka] BY (x/b)
ucA,
where Ap, = {u € Z% : [u] = m, and uy = m for some 1 < ¢ < d} and
By, () = 30,50 0%u,s(x) converges uniformly, with &y (-) being a linear com-
bination of products of univariate father wavelet ¢ and the mother wavelet 1);
its exact form is notationally cumbersome and is given in Equation (SA-10.14).
Furthermore, Equation (SA-2.6) holds.

(c) Let ¢ be a scaling function of degree m—1 with m4+1 continuous derivatives for
some m > m, p(x) be the tensor-product orthogonal wavelet basis generated
by ¢ that has the same resolution level as p(x), and assume m < S. Then
Assumption SA-5 is satisfied.

In addition to verifying that our high-level assumptions hold for wavelets, this
result gives a novel asymptotic error expansion for multidimensional compactly sup-
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ported wavelets. Our derivation employs the ideas in [24] and exploits the tensor-
product structure of the wavelet basis. The end result is similar to tensor-product
splines, in the sense that the total order of the approximating basis is not fixed at
m and thus A,, is the same as that for B-splines.

SA-6.3. Generalized Regressograms on Tensor-Product Partitions. To construct
the generalized regressogram, we first define the piecewise polynomials. What will
distinguish these from splines is that (i) each polynomial is supported on exactly
one cell, and relatedly (ii) no continuity is assumed between cells. First, for some
fixed integer m € Z, let r(xy) = (1, xy,. .. ,x}n_l)’ denote a vector of powers up to
degree m — 1. To extend it to a multidimensional basis, we take the tensor product
of r(zy), denoted by a column vector R(x). The total order of such a basis is not
fixed, and its behavior is more similar to tensor-product B-splines. Following [7, and
references therein], we exclude all terms with degree greater than m — 1 in R(x).
Hence the remaining elements in R(x) are given by x* = z{" --- 2 for a unique
d-tuple a such that [a] < m — 1. Then we “localize” this basis by restricting it to
a particular subrectangle &, ..;,. Specifically, we write py,..1,(x) = 15, , (¥)R(x),
where ]lﬁzlmzd (x) is equal to 1 if x € d;,.;, and 0 otherwise. Finally, we rotate the
basis by centering each basis function at the start point of the corresponding cell
and scale it by interval lengths. We can arrange the basis functions according to
a particular ordering (: first order the subrectangles the same way as that for B-
splines, and then within each subrectangle ¢;, ;, the basis functions in R(x) are
ordered ascendingly in a and £ = 1,...,d. Using the same notation as in Section
SA-1, we still write the basis as p(x) = (p1(x), -+ ,pr(x))’.

The following lemma shows that Assumptions SA-3 and SA-4 hold for generalized
regressograms.

LEMMA SA-6.3 (Generalized Regressograms). Let p(x) be the rotated piecewise

polynomial basis of degree m — 1 based on Legendre polynomials, and suppose that
Assumptions SA-1 and SA-2 hold with m < S. Then,

(a) p(x) satisfies Assumption SA-3.
(b) Assumption SA-4 holds with ¢ =m — 1 and

_ O p(hx T bes L
f%)m,c(x) = - z{\: (u — g). pm By Bu—g ((X - tx) %) bX)a
UCchAm X

where Ay, = {u : [u] = m} and

=1 () R,

(=1

with Py, (-) being the ug-th shifted Legendre polynomial orthogonal on [0, 1], an
BE () = 0 if u contains negative elements. Furthermore, Equation (SA-2. )
holds.
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(c) Let p(x) be a piecewise polynomial basis of degree i — 1 on the same partition
A for some m > m, and assume m < S. Then Assumption SA-5 is satisfied.

The leading asymptotic error obtained in Lemma SA-6.3 differs from the one in [7]
because it is expressed in terms of orthogonal polynomials. Here we employ Legendre
polynomials P,,(z) orthogonal on [—1, 1] with respect to the Lebesgue measure, and
then shift them to P,,(x) = Py, (2z — 1). Thus the shifted Legendre polynomials are
orthogonal on [0, 1]. Further, we allow for more general partitioning schemes.

SA-6.4. Generalized Regressograms on General Partitions. Moving away from
tensor-product partitions will impede verification of Assumption SA-4 in general. A
more typical result, such as Equation (SA-6.2) can be more easily proven in gener-
ality. In practice, however, many data-driven partitioning selection procedures, such
as those induced by regression trees, do not necessarily lead to a tensor-product
partition. There is also a large literature in approximation theory discussing bases
constructed on triangulations or other general partition schemes [e.g., 20]. To demon-
strate the power of our theory, we show presently that for the generalized regresso-
gram we can obtain concrete results on general partitions.

The basis is as described above, but now allowing for cells of general shape. Let
X be convex and ts; be an arbitrary point in each 6 € A. Hence, ts  is simply a
point in the cell containing x. Construct the rotated piecewise polynomial basis as
in Section SA-6.3, but centering the basis at ts and rescaling it by the diameter of
J.

LEMMA SA-6.4. Let p(x) be the rotated piecewise polynomial basis of degree
m —1 on a general partition A, and suppose that Assumptions SA-1 and SA-2 hold
with m < S. Then,

(a) p(x) satisfies Assumption SA-3.
(b) Assumption SA-4 holds with ¢ =m — 1 and

w,(x m—[q] X — u—¢
PBm,s(x) = — Z 0 Z(L )h:)! ( h:5x> L(u>¢),

ucAm,
where Ay, ={u: [u]=m} andu >¢ S up > 61, ,ug > 4.
(c) Let p(x) be a piecewise polynomial of degree . — 1 on the same partition A
for some m > m, and assume m < S. Then Assumption SA-5 is satisfied.

It is a challenging task to construct orthogonal polynomial bases on non-rectangular
domains, which makes Equation (SA-2.6) hard to be satisfied when employing par-
titioning estimators on general partitions. Thus, our more general characterization
(and correction) of the bias is quite useful in this case.

SA-7. Discussion and Extensions.
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SA-7.1. Connecting Splines and Piecewise Polynomials. There is an important
connection between splines and piecewise polynomial bases. Essentially, the former
can be viewed as a piecewise polynomial basis with certain continuity restrictions.
Therefore, the estimators based on the two bases are linked by utilizing the well-
known results about regressions with linear constraints. See [6] for an illustration of
cubic splines as a special case of restricted least squares.

Formally, let us start with the (rotated) piecewise polynomials p(-) discussed in
Section SA-6. For expositional simplicity, we only discuss tensor-product partitions
here. Clearly, p(:) spans a vector space P containing all “piecewise” polynomials
with degree no greater than m — 1 on X:

P = {s() Ds(h) = iakpk(-), ay, € R}.
k=1

Functions in this space are continuous within each subrectangle, but might have
“jumps” along boundaries of cells. Then by imposing certain continuity restrictions
on functions in P, we can construct a subspace & C P

K
S = {5() cs(h) = kzlakpk(-), ar € R, and 0°s(-) € C(X), V[¢] < L}.

where ¢ < m — 2 is a positive integer that controls the smoothness of the basis (and
thus the smoothness of the estimated function). Since the derivatives of polynomials
are linear in coefficients, the continuity constraints are linear.

Now consider the following restricted least squares:

B: = argmin |ly — Pb|? s.t. Rb=0
beRK

where P = (p(x1),...,p(x,)) and R is a ¥, x K restriction matrix. 9, denotes

the number of restrictions depending on the required smoothness ¢. If there are no
redundant constraints, R has full row rank. It is well known that given the restriction
matrix R, the least squares estimator can be written as

B: = [I- (P'P)"'R'(R(P'P)"'R)"'R|(P'P)"'Ply.

Since the unrestricted least squares estimator Bur = (Pf/\ P)~'P’y, the above equation
implies that 3, = [I — (P’P)"'R/(R(P'P)'R/) "'R|Bu =: (I — U)By. Therefore,

(SA-7.1) fir(x) = p(x)'(I = U)Bur = fiur (x) — p(x) U

where [iyr(x) := p(x)’ Bur is the unrestricted estimator. With this relation we can
derive expressions of bias and variance for the restricted estimator. Clearly, the
conditional variance V[ (x)|X] = p(x) (I — U)V[fiw (x)|X](I — U)'p(x). On the
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other hand, as shown in Lemma SA-6.3, there exists s*(x) := p(x)'3* such that
[ = 8" + Bmoll Lo (x) = o(h™). Hence

E [z (x)|X] — p(x)
=p(x)(I—U)P'P)'P[PB* — Bno +o(h™)] — u(x)
= Bno(x) — p(x) (I —U)(P'P)"P'[Bn 0+ o(h™)] — p(x)'UB* + o(h"™)

where B0 = ($Bmo(X1),- ., Bmo(xn))". p(x)'UB* can be viewed as a measure of
to what extent the continuity constraints are satisfied. When s*(x) is continuous up
to order ¢, R3* is exactly 0 and thus this term vanishes.

To repeat the previous analysis for such a restricted estimator, the main challenge
is to analyze the asymptotic properties of the outer product of the restriction matrix.
Once we know its limiting eigenvalue distributions (e.g., bounds on extreme eigenval-
ues), U can be properly bounded, and then the conclusions in previous sections may
be established with similar proofs. Unfortunately, for general multidimensional cases,
it is difficult and tedious to specify a non-redundant set of continuity constraints
and analyze the eigenvalue distributions of RR/, thus damping the usefulness of
such a method, whereas when d = 1, the restriction matrix is quite straightforward
and well bounded.

Formally, let R be a restriction matrix corresponding to ¢ = ¢ + 1 continuity con-
straints at each partitioning knot, implying that s € S has ¢ continuous derivatives.
We write the fth restriction at the kth knot as rys, corresponding to the requirement
that the (¢ — 1)th derivatives of functions in S are continuous. Explicitly, the entire
restriction matrix admits the following structure:

-, A
)
Restrictions at the 1st knot
r/IZ
(SA-7.2) R = :
T
: Restrictions at the xth knot
| Thi

As k increases, the dimension of R also grows. Moreover, ¢ cannot exceed m — 2
since when m continuity constraints are imposed, S degenerates to the space of
global polynomials of degree no greater than m — 1.

The asymptotic behavior of the restricted estimator is closely related to the ex-
treme eigenvalues of RR/. For a general restriction matrix R with fixed dimensions,
if it contains non-redundant constraints only, the minimum eigenvalue of RR/ is
nonzero. When the number of constraints 9, — oo, however, the limit of the mini-
mum eigenvalue does not have to be nonzero, and its limiting behavior depends on
the specific structure of constraints. The next lemma shows that for the particular
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restricted estimators considered here, the eigenvalues of RR’ are indeed bounded
and bounded away from zero uniformly over the number of knots for + < m — 2.

LEMMA SA-7.1 (Restriction Matrix). Let R be the restriction matriz described
as (SA-7.2) with « < m — 2. Then

I < Amin(RR) < Apax(RR/) < 1.

The proof of this lemma employs the specific structure of the restriction matrix.
Generally, the outer product of R takes the following form:

A B 0 --- 0
B A B --- 0
(SA-7.3) RR' = :
0O .- BB A B
|0 - B’ A |
where
ri.r rr R T ri.r rr B
11111 11112 1111z 11121 11122 1112
/ / / / / /
ol pliz -+ Tl Ipl21 ol -+ Tolop
A= : ) , B= : )
/ / / / / /
rlzrll I‘UI‘12 et rl[rlf r1[r21 r13r22 e rl[rQZ

Importantly, the form described in (SA-7.3) is usually referred to as a (tridiagonal)
block Toeplitz matrix, meaning that it is a tridiagonal block matrix containing
blocks repeated down the diagonals. It is well known that its asymptotic eigenvalue
distribution is characterized by the Fourier transform

T(w)=A+ (B+B)cosw, welo02n].

As k — 00, Apin(RR’) converges to the minimum attained by the minimum eigen-
value of F7(w) as a function of w on [0, 27|. Similarly, the limit of Apax(RR') is the
maximum attained by the maximum eigenvalue of Zz(w).

SA-7.2. Comparison of Bias Correction Approaches. We make some comparison
of the three bias correction approaches considered in this paper.

First, the higher-order correction (j = 1) and least squares correction (j = 2) are
closely related. Let P = (p(x1),...,p(x,)) and P = ((x1),...,p(x,))". Clearly,

fia(x) = i1 (x) + p(x)/(P'P)"'P'(I- P(P'P) 'P)y
= fi1(x) + p(x) (P'P) " 'P'Mpy

where Mg :=1— 15(13’ 15)_115’ . Importantly, when p and p generate nested models,
i.e., there exists a transformation matrix Y such that p(-) = Yp(-), it is easy to see
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that MzP = 0. Thus the higher-order and least squares bias correction approaches
are equivalent. When p and p are not nested bases, the two methods will typically
differ in variance and bias.

To compare their variance, we generally have

Vi[fi2(x)|X] = V[ (x)|X] + V[p(x)'(P'P) 'P'Mzy|X]
+ 2Cov[p(x) (P'P) " 'Py, p(x)(P'P)'P'Mpy|X].

When ¢2%(x) = 02, the covariance term is 0, and thus 7iz has variance no less than
that of f11. The same conclusion is true for asymptotic variance as shown in the
proof of Lemma SA-2.4.

Regarding their bias, let By 0(x) = E[fi1(x)|X] — p(x) denote the conditional
bias of f11(x), and By, 0 := (Br,o0(X1)s- -, Bm,0(x,)). Then Elfs(x)|X] — p(x) =
Bo(x) — p(x) (P'P)"1P'DB; 0. Clearly, the second term will asymptotically get
close to the projection of B; o(x) onto the space spanned by p:

Z[Bm0](x) == p(x) (E[p(x)p(x)]) 'E[p(x)B,o0(x)]

where 7} [-] denotes the projection operator. Therefore, when p and p are not nested
bases, we typically have the bias of ji; no greater than that of j7; in terms of || -
| 7,2 (20), Where for a real-valued function g(-) on &, ||gll p,r,x) = (f5 lg(x)[2dF (x))'/2.

According to the discussion above, the higher-order and least squares bias correc-
tion approaches do not dominate each other in general, and whether one is preferred
to the other depends on the data generating process and the relation between the two
approximation spaces (or more precisely, the approximation power of p for functions
in the linear span of p). Then a natural question follows: is there an optimal weight-
ing scheme when p and p are not nested? Again, assume ¢;’s are homoskedastic for
simplicity, and we take a weighted average of fi; and fig: iy pe 1= whz + (1 — w)fy
where w € [0, 1]. Then using a conclusion in the proof of Lemma SA-2.4, the change
in the integrated asymptotic variance (weighted by the design density f(x)) is

w?o? /X P(x) Q' (Qm — Qi Q) Qi) Qr P(X) f(x)dx =: w7

On the other hand, by the property of projection operator, the change in the inte-
grated squared bias (weighted by the design density f(x)) is

(w? — 2w) /X (Lo [Bol(x))? f(x)dx =: (w? — 2w)B.

It is easy to see the optimal weight is w* = %/(% + 7). Clearly, when variance is
very small (e.g., 02 is small), w* is close to 1 and iy is preferred, whereas when bias
is small, w* is close to 0 and one may want to use fi;.

Next, the comparison of plug-in bias correction with the other two is more compli-
cated since i3 generally cannot be viewed as a regression estimator with additional
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covariates, and the covariance between [y and the estimated bias does not vanish.
For piecewise polynomials, however, all three bias correction approaches are simply
equivalent under certain conditions.

To see this, suppose p and p are constructed on the same partitioning scheme
A, but the order of basis increases from m to m + 1. fip and ji; are linked by
(SA-7.1) since fip can be viewed as a restricted regression estimator compared with
1. Specifically, one can construct a polynomial series of order m + 1 (with degree
no greater than m) within each cell 6 € A, and then implement a local regression
restricting the coefficients of the polynomial terms of degree m to be 0. Then the
restriction matrix in this case can be written as R = [0 Iy] where ¥ denotes the
number of polynomial terms of degree m and R is a 9 x K matrix. Plug it in (SA-7.1),
and then use the formula for matrix inverse in block form to obtain (P/P)~!. It is
casy to see that the second term on the RHS of (SA-7.1), p(x) M@y, is exactly
the same as the leading bias derived in [7] (see their proof of Theorem 3) with the
mth derivative estimated by piecewise polynomials of order m + 1. As explained in
the proof of Lemma SA-6.3, the leading approximation error can be alternatively
expressed in terms of Legendre polynomials. Asymptotically, the two expressions are
equivalent since the “locally” orthogonalized polynomials of degree m will converge
to the mth Legendre polynomials given by Lemma SA-6.3.

For splines or wavelets, we do not have the above equivalence in general, since
bases of different orders do not generate nested spaces, and the relative performance
of the three approaches depends on the relation between these approximation spaces.

SA-8. Implementation Details. In this section, we briefly discuss implemen-
tation details about choosing the IMSE-optimal tuning parameters. We restrict our
attention to tensor-product partitions with the same number of knots used in ev-
ery dimension. Thus the tuning parameter reduces to a scalar £ which denotes the
number of subintervals used in every dimension. Also, we let the weighting function
w(x) be the density of x;. We offer two approaches: rule-of-thumb (ROT) and direct
plug-in (DPI).

SA-8.1. Rule-of-Thumb Choice. The rule-of-thumb choice is based on the special
case considered in Theorem 4.2 of the main paper. Specifically, assume q = 0 and
knots are evenly spaced. The implementation steps are summarized as follows.

e Preliminary regression. Implement a preliminary regression to estimate
1(-) by a global polynomial of order (m + 2). Denote this estimate by fipre(-).

e Bias constant: Use this preliminary regression to obtain an estimate of the
mth derivatives of u(-), i.e., 0%u(-) = 0"ipre(:), for each u € A,,. Then an
estimate of the bias constant is

~ 1 G — o
B 12,0 = Ny uz,0 X n Z@”lu(xi)awu(xi).

=1
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e Variance constant. Implement another regression using a global polynomial
of order (m + 2) to estimate E[y?|x; = x]. Combining it with fipre(+), We
can obtain an estimate of the conditional variance function, denoted by 62(-),
since 02(x) = E[y2|x; = x] — (E[y;|x; = x])2. Then an estimate of the variance
constant is

7 LS 6% (xi) for splines and wavelets,
0= - . . . :
(djn”il 1) x L3 62(xi) for piecewise polynomials.

e Rule-of-thumb &ggr. Using the above results, a simple rule-of-thumb choice

of k is )
> 2m—+d
~ 2m Eul,uQEAm %ulzu%o 1
KROT = = n2mtd ||
d%

Rather than assume a uniform design and evenly-spaced partition, one may use a
trimmed-from-below Gaussian reference model to estimate the density of x; and
adjust the variance and bias constants based on Theorem 4.2. Clearly, this choice
of k is derived based on simplifying assumptions, but it still has the correct rate

1 .
(< n?n+d) even in other cases.

SA-8.2. Direct Plug-in Choice. A direct plug-in (DPI) procedure is summarized
in the following.

e Preliminary choice of x: Implement the ROT procedure to obtain Aggr.

e Preliminary regression. Given the user-specified basis (splines, wavelets, or
piecewise polynomials), knot placement scheme (“uniform” or “quantile”) and
rule-of-thumb choice Agor, implement a series regression of order (m + 1) to
obtain derivative estimates for every u € A;,. Denote this preliminary estimate
by 8ulupre(')'

e Bias constant. Construct an estimate @m,q(-) of the leading error %, q(-)
simply by replacing 0%u(-) by @Pre(-). @m,o(-) can be obtained similarly.
Then we use the pre-asymptotic version of the conditional bias to estimate the
bias constant:

~ 1</~ N ~ 2
Fra =+ I (Pmaxs) = Fao (%) EalTlo(x) Bumo(x.)]) -
i=1
e Variance constant. Implement a series regression of order m with k = &ggr,
and then use the pre-asymptotic version of the conditional variance to obtain
an estimate of the variance constant. Specifically,

- IR o~ o <
Tea= D Aqo(xi) SoFgo(xi), o = En[To(x;) o (%) o],

=1
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where £ ’s are regression residuals. Different weighting schemes for residuals
may be used, leading to various heteroskedasticity-consistent variance esti-
mates.

e Direct plug-in ippr. Combining these results, a direct plug-in choice of & is

1
. 2(m—[d]) & 2m+d
&Dm:[(”m [a)) g 93) =l

~

—(d+2
(d+2[q])’£RD(T+ [q])%i,q

SA-9. Simulations. In this section, we present detailed simulation results. We
consider the following regression functions:

Model 1: p(z) = sin (g(Qx - 1)) J(1+2(2z — 1)%(sign(2z — 1) + 1))

Model 2: p(z

I
w0

in <327r(2x — 1)) /(1 +18(2z — 1)*(sign(2z — 1) + 1))

()

Model 3: pu(x) = 2z — 1 + 5¢(202 — 10)

Model 4: pu(x) = sin(bx1) sin(10x2)

Model 5: p(x) = (1 — (4a1 — 2)?)*sin(5x2) /5

Model 6: p(x) = (1 — (4a1 — 2)?)*(229 — 1)(x3 — 0.5)
Model 7: pu(x) = 7(x1)7(22)7(23)

where sign(z) = —1,0,or 1if x < 0, z = 0, or > 0 respectively, ¢(+) is the standard
Normal density function, and 7(z) = (z — 0.5) + 8(z — 0.5)? + 6(x — 0.5)3 — 30(z —
0.5)* — 30(x — 0.5)>.

Given each regression function, we generate (y;,X;)i=1,..n by ¥i = pu(x;) + €
where x; ~ i.i.d. U[0,1]% and &; ~ 4.i.d.N(0, 1). For each model, we generate 5,000
simulated datasets with n = 1,000.

We first present results for (tensor-product) spline regressions in Tables SA-1—
SA-23. For each model, we use linear splines (m = 2) to form the classical point
estimates. For robust inference, we use quadratic splines (m = 3) to implement
bias correction. Both evenly-spaced and quantile-spaced knot placements are con-
sidered, and for simplicity point estimators and bias correction employ the same
knot placements (A = A).

For each model, we present three sets of simulation evidence. First, for three fixed
points, we calculate the (simulated) root mean squared error (RMSE), coverage rate
(CR) and average confidence interval length (AL). The nominal coverage is set to be
95%. Second, to evaluate the performance of our rule-of-thumb (ROT) and direct
plug-in (DPI) knot selection procedures, we show some basic summary statistics
(mean, median, standard deviation, etc.) of the selected number of knots (kgor and
kppr). Third, for uniform confidence bands, we calculate: the proportion of values
covered with probability at least 95% (CP), average coverage errors (ACE), and
average width of confidence band (AW), and uniform coverage rate (UCR). The
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quantile estimation based on the plug-in and bootstrap methods uses 1000 random
draws conditional on the data for each simulated dataset.

Next, we evaluate the performance of (Daubechies) wavelet regressions. Several
distinctive features of wavelets should be noted. First, the tuning parameter of
wavelets (s) is referred to as “resolution level”, which relates to the number of knots
k by k = 2% Thus, as s increases, the number of series terms grows very fast. This
issue is even more severe for tensor-product wavelets. Given our relatively small
sample size, we restrict the wavelet-based simulations to Model 1-5. Second, due
to the lack of smoothness of low-order wavelet basis, the plug-in bias correction
approach (j = 3) is not feasible unless very high-order wavelet basis is used to
estimate the derivatives in the leading bias, which may not be of practical interest.
Thus, we only report results based on higher-order and least-squares bias correction
(as well as classical estimators).

Results for wavelets are reported in Table SA-24-SA-34, where Daubechies (fa-
ther) wavelets of order 2 (m = 2) are used to form classical estimators, and Daubechies
wavelets of order 3 (m = 3) for bias correction. In addition, as explained above, the
IMSE-optimal resolution level is related to the number of knots by susg = logy K1usk-
Similarly, for the estimated resolution levels, Sgor = log, Rror, and Sppr = logy Rppr-

Our simulation results show that the bias correction methods perform generally
well in both pointwise and uniform inference. The following are some practical guid-
ance and caveats. First, as discussed in Section SA-7, no bias correction approach
among the three dominates the others in general. When high-order bias is large,
their differences may be more pronounced. Second, our simulation shows that when
d > 1, our estimators still perform relatively well if a small number of knots are used.
If not, as expected, their performance could be poor since the number of regressors
explodes in such cases. Third, the ROT selection procedure used in the simulation
study employs a global polynomial regression of degree m + 2 to form the estimates
of derivatives in the leading bias, which may be too conservative for highly nonlin-
ear models. In such cases, a higher-order global polynomial regression may offer a
better initial choice of the tuning parameter and improve the performance of DPI
selection.

In the end, we present a figure (see Figure SA-1) as a visual illustration, which
compares confidence bands based on different estimators suggested in our paper. We
use Model 1 to generate a simulated dataset, and both plug-in approximation and
wild bootstrap are used in constructing bands.
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SA-10. Proofs.
SA-10.1. Proof of Lemma SA-2.1.

PRrROOF. We first prove the boundedness of the eigenvalues of Q,,,. We use the fact
that Amax(Qm) = maxaa—1 a'Qpa and Ayin(Qn) = ming,—; a'Q,,a. By definition
Of QWH

K 2
a'Qya = a'Elp(x:)p(x;)'Ja = /X (D" anpe() £ ) dx = 113 1,001

k=1
where s(x) = .8 | appi(x). By Assumption SA-1, HS(X)H%Q(X) < HS(X>H%1L2(X) S
HS(X)H%Q(X). By Assumption SA-3(a), the number of basis functions in p(-) which
are active on a generic cell §;, [ = 1,... R, is bounded by a constant. Denoted them
by (Pi1,--- Dim,) s where M; may vary across [. It follows from Assumption SA-
3(c) that s(x)? = (Z,]y:ll arprr(x))? < 22/21 a? for all x € §;. Taking integral and
summing over all d;, we have ||s(x)||2L2(X) < k%, and the upper bound on Apmax(Qum)
follows. On the other hand, by Assumption SA-3(b), ||S(X)||%2(Hk) > azh?. Then
taking sum over all Hy, [|s(x) H%Q(X) > h¢, and the lower bound on Apin(Q,,,) follows.

To derive the convergence rate of Q,,, let agy = 257 oy(i) be the (k,1)th

element of (Qm—Qm)7 where oy, 1 (7) := pr(xi)p1(xi) —E[pr (xi)pi(x3)]. It follows from
Assumption SA-1 and SA-3 that a;; is the sum of n independent random variables

with zero means, |y (i)| < 1 uniformly over 4,k and [, and thus V([ay(i)] < hd/n.
By Bernstein’s inequality, for every 9 > 0,

92 /2
Pllevwd] > 9) < 2exp <_Clhd/n ¥ 0219/(3n)) '

By Assumption SA-3, (Qm — Q) only has a finite number of nonzeros in any row
or column, and thus for every ¢ > 0,

9?2
(Hi}f,ilx || > ) < 2CK exp < Ci1hd/n + 0219/(371))

Then maxy; |ag| Sp h%\/logn/(nh?), which suffices to show that

1Qim — Qunlloo Sp h%\/logn/(nhd) and  [|Qum — Qull1 Sp h¥y/logn/(nhd).

By the relation between induced operator norms, |Qm — Qml|| <p h%y/logn/(nh?).
Hence when logn/(nh?) = o(1), [|Qm — Qm|| = op(h?). Notice that for any vector
a € RX such that a’a = 1,

1Qm — Qull > 12 (Qm — Qu)a| = |2'Qua — a'Q,nal.
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Since h? < a'Q,ua < h¢, this suffices to show that HQmH <p h?, and with probability
approaching one, )\min(am) > he,

Next, we show ||Q oo <p h~%. In the univariate case, it is easy to see that by
Assumption SA-3, Qm is a banded matrix with a finite bandwidth (independent of
n). In the multidimensional case Q,, will take a “multi-layer” block banded matrix
form. Specifically, let A be the generic (k, [)th block of Qm Ay =0if |k—1| > L for
some integer L > 0, with each nonzero Ay; banded (“two layers”) or taking another
block banded structure (“more than two layers”). To see this, we first arrange the
ordering of basis functions appropriately by “rectangularizing” the partition A. By
Assumption SA-2; A is quasi-uniform and there exists a universal measure of mesh
size h. Construct an initial rectangular partition covering X, which is formed as
tensor products of intervals of length h. A generic cell in this partition is indexed by
a d-tuple (l1,...,lg). Then for each cell in this partition, take its intersection with
X and exclude all cells outside of X'. Thus we construct a “trimmed” tensor-product
partition AT®¢ = {5lrﬁfld}. Clearly, each element § € A is covered by a finite number
of cells in A€, On the other hand, each §7¢¢ € AT is also overlapped with a finite
number of cells in A (if not, cells in A overlapping with §*°¢ cannot be covered by a
ball of radius 2h). Arrange these cells by first increasing l; with other I,’s fixed at the
lowest values and then increasing l,’s sequentially. Then arrange the basis functions
in p(-) according to their supports. Specifically, start with basis functions that are
active on the first cell, and then arrange those functions that are active on the
second and have not been included yet. Continue this procedure until the functions
active on the last cell have been included. According to this particular ordering, the
Gram of this basis has the same banded structure as that of tensor-product local
basis on tensor-product partitions. The nested banded structure involves at most d
layers. The bandwidth at each layer may be different, but is bounded by a universal
constant L by Assumption SA-3.

In the one-dimensional case, it follows from [13, Theorem 2.2] that ||(§;11Hoo Sp
h~1. In the multidimensional case the original proof needs to be slightly modified.
We only prove for the case when Qm is block banded with banded blocks (two layers
of banded structures). The general case follows similarly. R

For universal constants C1 and Cy, with probability approaching one, Apin(Qm) >
Cyhe and )\maX(Qm) < Coh®. Hence for any vector a € R¥ such that a’a = 1, there
are some constants Cs, C4 and C5 such that with probability approaching one,

a'Qna

< = mT
0<(O3< C5hd

<Oy <1.

Hence W := I —Q,,/(Cs5h?) is a block banded matrix with banded blocks satisfying
¥l < 1 with probability approaching one. Therefore, we can write CshiQ;! =
5S¢, Wl The (s,t)th entry of Q!, denoted by as, is an element of Y 70, W!.
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Hence,
o
| ||x(s:t:L)
ol < 0 = T
ot D) 1— ||l

where x(s,t, L) is a number depending on the row index s, column index ¢ and the
upper bound on bandwidths L. We further denote the block row index and column
index of o as rs and 74, and the row index and column index within the block
containing it as ¢s and ¢;. |rs —r¢| and |os — ;| measure how far away o ¢ is from the
diagonals of the entire matrix and the block it belongs to. As in the one-dimensional
case, the first few products of ¥ do not contribute to off-diagonal blocks of the
inverse matrix. As |rs — r¢| increases, x(s,t,L) also gets larger. Meanwhile, since
each block of Q,, is also banded, (s, ¢, L) also increase with |us — t7|. By the same
argument as in [13], |ag¢| < (1 — || @)~ || @||Irs—7el/Cotles=ul/Co where Cp is some
constant depending on L. Thus o exponentially decays when [rg — 7| or |us — t]
becomes large. By convergence of geometric series, ||Q7_n1|| <p 7 1Q oo S A0
follows similarly.
Finally, the above results immediately imply that

195! — Qtlloo < 1Q ool Qm — Qunllocl|Qiitlloe Sp b4 /logn/(nhd),  and
19,1 — Qo < 195 11Qm — Qullll Q| S b4y /log n/ (nhd).

The bound on ||E,[p(x;)p(x:) 02 (x;)] —E[p(x;)p(x;) 0%(x;)]|| follows similarly, since
02(x) < 1 uniformly over x € X. O

SA-10.2. Proof of Lemma SA-2.2.

PRrROOF. We first prove the uniform bound on the conditional bias. By Assumption
SA-4 we can find s* € Sa, such that supyey [09u(x) — 99s*(x)| < h™~19. Since

E[9710(x)[X] — 8%(x) = 89p(x)' Q; En[p(xi) ()] — 8% (x)
= 99 (x)' Qp En[p(x:) (u(xi) — 5*(x4))] + 9%5* (x) — 8%pu(x),

it suffices to show that the first term in the second line is properly bounded uniformly
over x € X. It follows from Lemma SA-2.1 and Assumption SA-3 that

sup 99p(x)'Qy, En[p(¢:) (1(x:) =5 (xi))] | e b1 B [p (i) (p(3xi) =" (%)) | -

xeX

By Assumption SA-3 and SA-4, maxj<p<r [E[pe(x:)(u(x:) — s*(x))]| < hmHe,
Vipe(x:)(u(x) — 5°(x)] S AT, and Subye [pi() (u(x) — 5°(x))| < h™. By
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Bernstein’s inequality, for any ¥ > 0,

p<max
P

—192 /2
<2K ex
=an e (Clhmﬁ/(Bn)+Cgh2m+d/n>

o on ) ) 7 (0)] ~ Elpu ) ) — 7 (0] > )

<

Mw

(6 (i) = 8" (%0))] — Elpi () (1) — °(x0))]| > )

>
Il

1

Therefore,
| max (i) (u(xi) — 8" (%:))] — Elpro(x:) (1 <x»—s*<m>n\swd@ !

which suffices to prove the desired uniform bound since bgy =o(1).

Next, we prove the leading bias expansion. By Assumption SA-4, we can find
s* € Sa,m such that supycy |09u(x) — 095 (%) + B q(x)| S hmﬂ’_[‘ﬂ. Then the
conditional bias can be expanded as follows:

E[@o(X)‘X} — 8qﬂ(x) = 8qp(X)IQ;11]En [p(Xi)M(Xz‘)] _ aqu(x)
= 0p(x)' Q. En[p(x:)a(xi)] — 0™ (X) + By q(x) + O(h™Te71)
= By q(x) + 09p(x)' QB [p(x:) ((xi) — s%(x:))] + O(h™Heldl),

The second term in the last line can be further written as

0p(x) Q. Bnlp(xi) (1(x:) — s (x:))]
= —0p(x)' Q" En [P(xi) B 0(xi)]
+ 0%p(x)' QB [P () (u(xi) — (i) + Zmo(x4) .

By the same argument used to bound [|E,[p(x;)(u(x;) — s*(x;))]|co;

max

[P (i) (1) = *(06) + B0 (3))| | o 0

Then by Assumption SA-3 and Lemma SA-2.1,

109p (%) Qi En [P () (1(x:) — 5" (i) + Bim,0(x:))l| oo (20) Sp R T2,

which suffices to show the desired bias expansion.

Suppose that Equation (SA-2.6) holds. Then by Lemma SA-2.1 and Assumption
SA-3, the second term in the bias expansion is op(h™~9). Thus the leading bias is
further reduced to %, q(x). The proof of Lemma SA-2.2 is complete. O
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SA-10.3. Proof of Lemma SA-2.3.

ProOF. For j =0, 1, the results immediately follow from Assumption SA-3, SA-5
and Lemma SA-2.1. For j = 2,

sup [[7g,2(%) [loo < sUP [[74,0(%)’[loo + SUP [[¥4,0(%) Qi Q' lloo + sUD [[74,1(%) [l
xeX xXEX xXEX xeX
S hm 9 Q| Qoo

By Assumptions SA-5, both p(-) and p(-) are local bases. Then Q7 has a finite
number of nonzero elements in any row or column, and all elements in Q5 are
bounded by Ch? for some universal constant C. Thus ||Qum.mllec < P |Qummlli S
h? and || Qumll S k% Then ||vg2(x)|leo < ™97l Similarly, |Jvq2(x)|| S h~4 .
The lower bound on the Lo-norm follows by Assumption SA-3. Moreover, note that

1¥aq.2(%)" = Yq2(x) [l
<Ha0(0) = ¥90() e + 700 (%) Q. QR — Va0 Qi Q' ll
+ [Fq,1 (%) = Y1 (%) [l

< (Fq0 (%) = ¥4,0(%)) Qun Qi oo + 7,0 (%) (Qunin — Qi) Qi oo
+ 17,0(%) ) Qun(Qr — QM lloo + A~y /log n/ (nh),

where the last line uses the results for j = 0, 1. Using the sparsity of (Qmm — Q)

and the same argument for Lemma SA-2.1, ||Qm'rh — Qumnlloo Sp h?y/logn/(nhd).
Then the desired uniform bound follows from Lemma SA-2.1 and Assumption SA-3.

The Lo-bound follows similarly.
For j = 3, notice that

a3 () oo < a0 () oo + Y ||ua ) hE By ()|

ucAn,

+ > a0t Elp () Buo(x)9"p(x:) Q5 ||

ucA,

o0

By Assumption SA-4 and SA-5, both p(:) and p(-) are locally supported and all
elements in p(x;)hy By,o0(x;)0"P(x)" are bounded by a universal constant. Using
the argument given in Lemma SA-2.1,

|E[p(x:) Ay Bu,o(x;)0"B(x;)]|| S b and

logn
nhd’

I [p(xi) Ay, Bu,o (x:)0"B(xs)" — Elp(x:)hit Bu,o (x:)0*B(x:) ]Il Sp h?

Then the desired results follow from Assumption SA-3 and Lemma SA-2.1. O
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SA-10.4. Proof of Lemma SA-2.4.

ProoF. For j = 0,1, the results directly follow from Assumption SA-1, SA-3 and
Lemma SA-2.1. The proof for j = 2,3 is divided into three steps.

Step 1: We first establish the upper bounds on €2;(x). By Assumption SA-1,
2 = E[e7 T ()L (x:)'] < E[IL; (%)L ()]

To bound ||%;, it suffices to give an upper bound on E[IL;(x;)II;(x;)']. By As-
sumption SA-5 and the same argument used in the proof of Lemma SA-2.1, we have
IE[TL; (x;)TL;(x;)]| < k% By Lemma SA-2.3, supyex [[7q,;(X)| < h~¢719. Thus
supyer (%) S A4,

Step 2: Next, we show the lower bound on 5. Since o%(x) > 1 uniformly over

x € X, we have Q2(x) 2 vq,2(x) E[II2(x;)I2(x;)]vq,2(x). Expanding the expression
on the RHS of this inequality, we have a trivial lower bound:

Ya.2(%) B[ () T2 (x;) | ¥q,2(X)

=99p(x)' Q' 99P(%) + (Yq,0(%X) Qi — 0D (%)) Q! (Y0 (%) Qi — 99P(x)')’
—20%p(x)'Q;,)' Q. Q77 (Vq,0(X) Qi — %P (x)")

=09p(x)'Q;'09p(x) + |09p(%)'Q;,! (A — Q. Q' Qrr ) Qrr 0P (x) |

By properties of projection operator, (Qun, —Qum,m QnTll Q;nm) is positive semidefinite.
By Assumption SA-5 and Lemma SA-2.1, aqf)(x)’QT_hl(‘)qf)(x) > p=4=2ld] and thus
the desired lower bound is obtained.

Step 3: Now let us bound Q3(x) from below. Suppose condition (i) in Assump-
tion SA-5 holds. Then there exists a linear map Y such that II3(-) = Yp(-). By
Lemma SA-2.1 and Assumption SA-1, Q3(x) 2 vq,3(x)' YE[P(x:)D(x:) | X vq,3(x) 2
hiyq3(X) XX vq3(x). Define v(x) = ~q3(x)'Y. Notice that for any function
s(x) € span(p(+)), there exists some ¢ € R¥ such that s(x) = p(x)’c. It follows
that v(x)'E[p(x;)s(x;)] = 09s(x). Then we have

V) EDBG)solll _ [[0%s(x)]l
BB (xi)s(xi)]ll IE[B(xi)s(xi)]ll°

Since the choice of s(x) is arbitrary within the span of p, by Assumption SA-3(c)
we can take a function in p(x) to be s(x) such that [|0%9s(x)|| > Ch~[4| where C
is a constant independent of x and n. Also, ||E[p(x;)s(x;)]|| < k% Hence h~ld=d <
infxcx ||v(x)]|. The desired bound follows.

v =

Step 4: Now suppose that condition (ii) in Assumption SA-5 holds. Again, since
02(x) 2 1 uniformly over x € X, Q3(x) = vq,3(x)'E[IL3(x;)II3(x;) ] ¥q,3(X)-
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Define J#,(x,X1) := vq,3(x)'TI3(x1). It suffices to bound Ey, [#},(x,x1)?], where
Ex, denotes the expectation with respect to the distribution of x;. We write

(91, 92)u :z/ug1(X1)gz(X1)f(X1)dX1

for the inner product of ¢;(-) and g2(-) with respect to the probability measure of
x1 on U C X. Clearly, (g1, g2)x = E[g1(x1)g2(x1)]. By Cauchy-Schwartz inequality,
for g € L2(U),

(A (x,x1), g(x1)); < (Hn(x,x1), A (%, x1))es - (9(x1), 9(%1))-

(x1—x)

q

PG Clearly,
9y, (x1;x) = h~19. By Assumption SA-5, the operator (%, (x,x1),-)x reproduces
the qth derivative of ¢p,(x1;%) at x, i.e. (5 (x,%1), on(x1;%))x = A4

In addition, we rectangularize A as described in the proof of Lemma SA-2.1. Then
for each x € X, we can choose a rectangular region that contains x and consists
of a fixed number of subrectangles in A€, Thus, the size of this region shrinks as
n — o0. Specifically, let

Given an evaluation point x € X', choose a polynomial ¢ (x1;X) :=

Wx ::{k:t&x_LSjjStf,x"i'LyE:la""d}?

where ¢/ x is the closest point in A*®¢ that is no greater than x,, and L is some fixed
number to be determined which only depends on d, m and m. If such a region spans
outside of X, take its intersection with X'. Then, (@, (x1;X), on(x1; X)), < k%, and

<%(X7X1)’%L<X7X1)>X > <'%//1(X7X1)’%L<X7X1)>Wx 2 hid <'%/h(x7x1>v(ph(x1;x)>)2/\/x'

~

It suffices to show [(},(x, x1), pn(X1;X)) 2\ W, | can be made sufficiently small such
that

(0., %1), (%15 %)) s | 2 b1,

By Lemma SA-2.1, the elements of th;f and thfhl exponentially decays when
they get far away from the (block) diagonals. In view of Assumption SA-5, with x
fixed, %5, (x,x1) also exponentially decays as ||x; — x|| increases. Formally, write

H(x,x1) =0%(x) Q' p(x1) + > 9Up(x)h U By g (x)Q; B(x1)
(SA-10.1) u€hm
— 09p(x)/Q;,"E [p(xi)hi Bu.o (x:)0"B(x:)'| Q5 Blx1 ).

We temporarily change the meaning of subscripts of subrectangles in A*®¢: let

O =A%ty <@ <tyq1, 0=1,...,d}

with 5°¢ denoting the subrectangle where x is located, and index other subrectangles
with 65°¢ regarded as the “origin”. First notice that for any given point xo € &,



40 CATTANEO, FARRELL, AND FENG

p(x0) and p(xp) are two vectors containing a fixed number of nonzeros and all
their elements are bounded by some universal constant. Their nonzero elements
are obtained by evaluating those basis functions with local supports covering xg.
Moreover, h_dE[p(Xi)hQ";Bu,o (x;)0%DP(x;)'] also admits a block banded structure in
the sense that only the products of basis functions with overlapping supports are
nonzero, and all elements in this matrix is bounded by some universal constant.
Hence for

r(x) = hldgap( IE[ Z Bu,o(x;:)0"p(x;)’

uEA,

and
ra(x1) = hdf)(xl)’Q%I,

we can find another two vectors r1(x) and r(x;) with strictly positive elements
that are greater than the absolute values of the corresponding elements in rq(x) and
ra(x1), i.e., ¥1(x) and ro(x7) are element-wise bounds on r; (x) and ra(x; ). Moreover,
the elements of r;(x) and Ta(x;) are decaying exponentially with some rates 91,92 €
(0,1) when they get far away from the positions of those basis functions in p(-) and
f)( ) whose supports are around x and x; respectively. Notice that for some constant

€ (0,1), {372,932, is also a geometric sequence. Therefore, the inner product
between ri(x) and rg(xl), i.e., the third term in (SA-10.1), exponentially decays as
|x1 — x|| increases. Similarly, the inner product between d9p(x) and Q,,'p(x1) and
that between », ., 8“f)(x)h?7[q]Bu7q(x) and Q-'P(x;) have the same property.
Given these results, we have for some ¥ € (0, 1),

d
||h[q}+d%(x, ')|‘Loo(5zl.<.ld) < Y= el

Meanwhile, lon (s %) Loo(sree , ) S ([hf+ 1)~ ([la] +1)%. Let L= (1, -+, la) and
1=(1,---,1). Denote |I| = (|l1],---,]|la]). The above results imply

(A (%, %1), on(x13 X))gree | | S Rlal(1] 4 1)aglHl,

Then the desired result follows from the fact that Zﬁ?”:o(m +1)49[U exists. There-
fore, we can choose L large enough which is independent of x and n such that
(0 (%, %1), (%15 X)), | = h~19. Then the proof is complete. O

SA-10.5. Proof of Theorem 4.1. In this section, we provide the proof of Theorem
4.1 in the main paper.
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Proor. Regarding the integrated conditional variance,

/XV[@O(XHX]w(X) dx = %trace [20 /X*yq’o(x)'yqp(x)’w(x) dx} + 0p<ﬁ)

< l)\max (Q;IIE[p(xi)p(xi)'o—2(xi)]Q;}) trace [/X@qp(x)ﬁqp(x)'w(x)dx} + Op(ﬁ)
1

n
1

< 1 a a —_—

S 3 trace [/Xa p(x)99p(x) w(x )dx} ~ hdt2ld’

where the first line holds by Lemma SA-2.1, the second by Trace Inequality, and the
last by the continuity of w(-) and Lemma SA-2.1. Since 0(-) and w(-) are bounded
away from zero, the other side of the bound follows similarly.

Regarding the integrated squared bias, we have

[ (601X - 99(0) " wix)ax
X
2
_/ (93 a(X) = q0(x )/E[P(Xi)«%’m,o(xi)]) w(x)dx + op(h*™ 24
/% m.q (X )dx+/ <7q70(X)IE[p(Xi)%m’O(Xi)])Qw(x)dx
7 / Brna(X)Yq,0 (%) E[P(X:) B 0 ()] w(x)dx + op(h>™ 24
X

(SA-].OQ) = Bl + B2 _ 2B3 + 0P(h2m72[q]),

Let hs be the diameter of 6 and t} be an arbitrary point in . Then

Bim Y[ [0mu00m 0t B ) B a0 wix)ix

ul,u2€An,

= Z Z/ 2m 2q]au1 (t*)8u2 (td) ul,q( )Bug,q( ):|w(tg)dX—|—0(h2m_2[(ﬂ)

w1, u2€EN,, €A

= > Z{hm Aalgu p(t5)0%2 p(t5)w(t)) / Buhq(X)BuQ,q(X)dx}+o(h2m_2[‘1])
u1,u2€Am SEA
gth 2[q]

where the third line holds by the continuity of %! u(-), 9%2u(-), and w(-), and the
last by Assumption SA-2 and SA-4.

By = trace [Q;llE[p(Xi)g@mp(XZ‘)]E[p(XZ) 'm0 (Xi)] / 09p(x)0p(x) w(x)dx

< h4=2ldl trace [E[p(xi)%mo(xi)]E[p(xi) ,@mp(xi)]] < p2m—2[d]
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where the first inequality holds by Trace Inequality, Lemma SA-2.1, and Assumption
SA-3, and the second by Assumption SA-3 and SA-4. Finally,

g h2mf2[q]

B3l < | | #raopowix| Q| [[Epea o0

‘ oo

where the last inequality follows from Assumption SA-3 and Lemma SA-2.1. O
SA-10.6. Proof of Theorem SA-3.1.

ProoOF. We divide the proof into two steps.
Step 1: For the integrated variance, first define operators (-) and #4(-) as
follows:

() = /X P)P(X)B(x)dx, and Mq(6) = /X H9p(x)0%p (x) d(x)dx.
Then,

/ V(@10 ()Xo (x)

X

:% trace [Q#E[p(xi)p(xi)’a(xi)z]Q;Ll /X 0%p(x)0%p (x) w(x) dx] + 0P(ﬁ)

:% trace [M(f)_lﬂ(02f)ﬂ(f)_l‘”q(w)} + Op(m)'

Moreover, define another operator 9(-): D(¢) := diag{op(11), d(m2), -+ , #(7K)}. Re-
call that 7 is an arbitrary point in supp(py), for £ =1,..., K. Then we can write

(SA-10.3) M(9) = #(1)D(0) - E(9)
where &(¢) can be viewed as errors defined by Eq. (SA-10.3). Similarly, write
M o(9) = Mo(1)D(¢) — Eq(P)-
Then it directly follows that

M) M) =L -%(NHTD() D f) - L(f,0°f)], and
M(f) M o(w) =1 =% (f)] D) M) M(1)D(w) — Lq(f 0)]

where
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The number of nonzeros in any row or any column of &(¢) (and &4(¢)) is bounded
by some constant. In fact, as explained in the proof of Lemma SA-2.1, it takes a
(multi-layer) banded structure. If supp(px) N supp(p;) # &, then by Assumption
SA-3 and the continuity of f, the (k,1)th element of . (f) can be approximated as
follows:

/ pr()p1 () £ (x)dx = (73) / pr()p1 (x)dx + o(h?)
X X

(SA-10.4)
—f(n) / pr ()P (x)dx + o(h).

Moreover, since X is compact, f is uniformly continuous, and then [|&( f)H =

o(h), |8 (Plac = o(h?), and |(£)| = o(h). Since |2(f) 1 1 and |4 (1)1] <

~

h=¢, we conclude ||% (f)|| = o(1). For K large enough, we can make ||% (f)| < 1,
and thus
L2 =1+%()+ %)+ =1+ #(f)

where #(f) =312, % (f)!. Now we can write
trace | (f) " M (o )M ()" M o(w)]
—trace |(1+#(1)) (2(1)7'2(0*F) - 2(.02) (1+#()))
< (2(0) "M (1) M (()D(w) — Lo(f,w))]
— trace :(9( (02 f) + El) (9( HAO) ol (1D (w) + Eg)}
—trace [D(f) " D> 1) D(f) "M (1) M (1) D (w)+
E\9(f) "M (1) M o(1)D(w) + D(f) ' D(5*f)E2 + B\ By

where

Ei=-2(f.0*f) + ¥ (£)2())"'D(°f) =W ())ZL(f,0°f),
Lo(f0) +#(HD(f) M) Mo(1)D(w) W (f)L(f, w).

By assumptions in the theorem, vol(dx) = Hz 1bxe = Hz LRy tge(x) T + o(h).
Hence

trace [9()"'D(0* D) M ()" M o(1)D(w )]

[ retrace [90) 2021907 (1) "t (f[ J2(11s) " 11+
=1 /=1 /=1 (=1
d

1+2q = Uz(Tk)w(Tk) ’ -1,.-2q 1+2q
K Z[iﬂgg(m)}ek/z(n K29 o (1)eg vol(67,) | + o(k129)

= )



44 CATTANEO, FARRELL, AND FENG

By Assumptions SA-2, SA-3 and Lemma SA-2.1, the summation in parenthesis is
bounded from above and below. It remains to show all other terms are of smaller
order. It directly follows from the same argument as that in the proof of [1, Theorem
6.1] that the trace of the remaining terms is o(k!24),

Step 2: For the integrated squared bias, consider the three leading terms By, Bo
and Bj defined in Equation (SA-10.2). For By, by assumption in the theorem

d
o Z 8“,u(x) < H ﬁg—ue-&-wgdx)fufrqg) b;quqh;?—[Cﬂ Bm’q(x)_i_o(hmf[q})'
/=1

uGAm

Recall that k = (k1,. .., kq). Define g(x) := (g1(x), ..., g4(x)). Using the above fact
and the same notation as in the proof of Theorem 4.1, we have

h2m—2[(ﬂ Bu (X)B (X)
= U1 u2 X 1,9 u2,q 2m—2[q]
By Z / [8 8 ( >H,7“+u2qu(x)”1+u22qbgl+u22(1] w(X)dX + o(h )

u,u2EA,
= > m—wm—?q)(Z[8“1g<t§38“29<t§>w<t§>]
u1,u2€Am SEA g(ty)urtuz—2q
him*Q[Q]
[W/[;Bul,q(x)BuQ,q(x)de +O(h2m*2[q])

U1 u2
= Z [{_(u1+u2_QQ)nu17u2’q 9 M(X)(Z Z(i(gw(x) dx_{_o(th—Q[Cﬂ)
x  gx)wtua—d
w1, u2,E A,

where the last line holds by the integrability of %! uu(x)0%2u(x)w(x)/g(x)%1+42—24
over X.
For Bs, first notice that

HE[p@i)t@m,O(xi)Hg}mnu /X (DGO 800 by B B0 ()1 (x) )] | = o™ ),

implying that the errors given rise to by approximating by are of smaller order. The
integral in this approximation is a vector with typical elements given by

[ (00 u(x)800 b B ) () )
=0 p(r)B () F ) [ DR Bro(x)ax -+ o(h).

Recall that v, q defined in the theorem has the kth element equal to

8u ‘Tk Vv w Tk /aq (u— q)hm [q]B ( )dX.

K;Clg Tk u q
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Given these results and Lemmas SA-2.1, it follows that
By = trace [Q, Ep(x:) 70 () [E[p(x) B (x)]Q,! [ 093P (x) wx)dx
Y

— Z (w1 tu2—2q) 1000 (Q;zl@(f/\/a)Vug,OV;l,og(f/\/a) X

u1,u2,€EA A,

Q..M g (w) ) + o(n2"20)
= > e (v () I+ WD) A (1) M ()

u1,u2,EAm

X M) D) A+ W) D(F/\0) Va0 ) + o(h2 )
— Z g~ (u1tuz—2q) (V;l,og(l/\/a)ﬂ(l)_1Ii_2q./ﬂq(1)@(w)

u1,u2,€Am
X (1) D(1/Vi0)Vas0 ) + o),

It should be noted that (SA-10.4) implies that the approximation given by (SA-10.3)
is still valid if (1) is pre-multiplied by 2(¢) instead of being post-multiplied if
¢(+) is continuous. Therefore, we can repeat the argument in Step 1 and further
write the term in parenthesis in the last line as:

Vi 0D (L) M (1) KM (1) ()M (1) D1/ i) 0
Vi 02 (1)) (D(1) Vi) () KM (1)
(#()2(1/v)) " D1/ Vi) vas0 +01)
=Viu,.0Ho HoHg 'Vu, 0 + o(1)

where |v§“’0H61HqH61vu2,0| < 1 by Assumption SA-2, SA-3 and Lemma SA-2.1.
Finally, for Bs, notice that

H /X Bin,q(x)0p(x) w(x)dx+

O ux)w(x) AR V9P (x) Byg(x) e
> [ (e )], o).

g (x)u by d

Thus repeating the argument for By, we have
B3 = (/ ,@mq(x)@qp(x)'w(x)dx) Q,'E[p(x;)PBm.0(x:)]
x
= ) wmrwayl (V) HG D(f) T D(f /N w)Vay0 + o(h* M)

Uy, u2 EA"L

= Z Kf(ulJruzfQQ)V/ Halvu%0 +O(h2m72[q])

u1,q
uy,u2€N,
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where |v;,, qH61Vu270‘ < 1 by Assumption SA-2, SA-3 and Lemma SA-2.1. Then
the proof is complete. ]

SA-10.7. Proof of Theorem 4.2.

ProOF. Continue the calculation in the proof of Theorem SA-3.1. For the inte-
grated variance, when q = 0 and p generates .J complete covers, 4 (1)1l 4(1) =
I and hence

x) dx+o( H Kg).

For the integrated squared bias, since the approximate orthogonality condition holds,
both By and B3 are of smaller order, and the leading term in the integrated squared
bias reduces to B; only. d

HE&

trace [9()"'D(* NP () D(w)] = Hnng/

X

SA-10.8. Proof of Lemma SA-4.1.

ProoF. For j = 0,1, the results directly follow from Assumption SA-5, Lemma
SA-2.2, and [4, Lemma 4.1]. For j = 2, 3, conditional on X, Ri, q(x) has mean zero,
and its variance can be bounded as follows:

VIRinq(x)[X] 5 - ~ [ (%) = a1 ()] B (x0T (x:)] a3 (%) = Ya,5(%)]

1
S - l7ag (%) = Ya,j ()[BT (x) TL ()]
1 logn logn
< —2[q]-2d 08" 1 d _ g
~P o h nhd h n2h2d+2[a)’

where the third line holds by Lemma SA-2.3 and the fact that E[TT;(x;)TL;(x;)’] < h?
shown in the proof of Lemma SA-2.4. Then by Chebyshev’s inequality we conclude
that Rinq(x) Sp nhlz?f[n]

For the conditional bias Ry, (x), we analyze the least squares bias correction and

plug-in bias correction separately. For j = 2, by construction,

B[ (x)|X] — 9 (x)
= (9 () X] = 091() ) = 99p(x)' Q' Enlp () B o(x.)]
= Op(h™+2719) — 9%p(x)/ Q' En[p(x:) B ()]

where By, 0(x;) = E[fi1(x;)|X] — p(x;) is the conditional bias of 711 (x;) and the last
line follows from Lemma SA-2.2.

Since [Ealp(x:)B.0(%:)] oo < Subser B0 (X)] [Eallp(x:)[]locs using the same
proof strategy as that for Lemma SA-2.2, we have |E,[|p(x:)|]|lc <p h%. Also, by
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Lemma SA-2.2, supycy |Bm,0(x)| Sp A™T¢. Then by Lemma SA-2.3, the conditional
bias of 09u,(x) is Op(h™te—ld),
Next, for j = 3, using Lemma SA-2.2, we have
E[99u;(x)[X] — 64 (X)
—E[091(x) + > T ()R By q(x)

UEA,

+ 09p(x)' Q. B[P (1) Bin,0 ()
= 3 W UBL g (ORI (x) — 0 u(x)|X]

uEA,

+0%p(x)'Q,, ' En {p(Xi) (E[@m,o(xi)\X] — @m,o(xi)ﬂ + Op(hme-ld)
=99p(x)'Q,,'En [P(Xz') (E[@m,o(me] — %m,o(xi)ﬂ + Op(R™Fe-laly,

X} — 0u(x)

where @m,o(x) = =D uch,, @l(x)hTBu,o(x), and the last line follows from As-
sumption SA-4, SA-5 and Lemma SA-2.2. Also by Lemma SA-2.2 and the fact that
By0(+) is bounded, supycy |E[Zm.0(X)|X] — Bim.o(x)| Sp A" 12. The desired result
immediately follows by the same argument as for j = 2. O

SA-10.9. Proof of Theorem 5.1.

PROOF. For j = 0, the result directly follows from [4, Theorem 4.2] combined
with our Lemma SA-4.1. For j = 1,2,3, by Lemma SA-2.4 and Lemma SA-4.1, it
suffices to show that vq ;(x) Gp[IL;(x;)e;]/ /(%) weakly converges to the standard
Normal distribution. First, by construction

V[%@nmj(xi)gi]} ~ 1.

Next, we write a,; := %()(xl) For all ¥ > 0,
j X

]

izn;}z [aiif]lﬂamei/\/ﬁ > 19}] <E [E [a?“ez

< Ela2] - sup E [e21{J=i] > 0v/n/|anl}x; = x]
xeX
h—2lal-2dpd 9y/n
< 2 —
S i )S(lel?(E[ ]l{|€2] > ’ o] } X; x]
(SA-10.5) < sup E (21 e > 03/ |anil}x; = x|,

xeX
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where the third line follows from Lemma SA-2.3 and Lemma SA-2.4. Since |an;| <
h=%2 and logn/(nh%) = o(1), it follows that \/n/|an;| — oo as n — co. By the
moment condition in the theorem, the upper bound in Eq. (SA-10.5) goes to 0 as
n — 0o, which completes the proof. O

SA-10.10. Proof of Lemma SA-4.2.

PRrOOF. Consider the conditions in (i) hold. The proof is divided into two steps.

Step 1: We first bound supxex |Rin,q(x)| for j = 0,1,2,3. To simplify notation,
we write IT;(x;) = (mi(x;),. K;(x;)) where K; = dim(IT;(-)). We truncate
the errors by an increasing sequence of constants {¥,, : n > 1} such that ¥, =<
Vnhi/logn. Let Hy = m(x;)(eil{|ei] < 9} — Elei1{|e;] < Vn}|xi]) and Ty, =
me(xi)(eil{|ei| > On} — Ele;1{|e;| > Un}|xi]). Regarding the truncated term, it
follows from the truncation strategy, Assumption SA-3, and SA-5 that |H;;| < 9y,
and E[H2) < he. By Bernstein’s inequality, for every ¢ > 0,

P E,[H; 4, /1 d
(1;%]_1 () > 1 flog ) (nh >t)

& n?h?h~%log nt?/n
S22 %Py~ d d d
1 Cinh? 4+ Co¥pnhdy/logn/(nhd)t

2
-10. < _
(SA-10.6) <Cexp {logn<1 Or & ot v/log n ) t> } ,

which is arbitrarily small for ¢ large enough by the truncation strategy. By Lemma
SA-2.3,

S | (3 (%) = Yo (<) VBl (x0) <18 (] < ) — Blest{lei] < D))

< iup a5 (%) = Yati () lloo 1B [T (xi) (51 {[ei] < 9} — Elesl{[ei] < In}xi])]lloo

<ph” \/logn/ nhd hd\/log n/(nhd) = h 9 logn/(nh?).

Regarding the tails, let J£j;(x) := (7q,; (%)’ — 7q,;(x ))H (x;). By Lemma SA-
2.3 and Assumption SA-3, we have supycy |-#i(x)| <p h~%" 9 /logn/(nhd). Let

A, (M) denote the event on which supyey |#5i(x)| < Mh~471dl\/logn/(nhd) for
some M > 0, and 1 4,(ps) be an indicator function of A,(M). Then by Markov’s
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inequality, for any ¢ > 0,
P( D [Enltls, oy (et {feil > 90} ~ Blect{leil > D} )| >
xXE

Mh==14l\/log n/(nh®)E[|e;[1{|e;] > 9,}]

th=ld logn/(nh?)

tlogn )
nhd+ld

(SA-10.7)
. My E[l5P")
~ t/hilogn OV
which is arbitrarily small for ¢t/M large enough by the additional moment condition

specified in the lemma and the rate restriction. Since P(A,,(M)¢) = o(1) as M — oo,
simply let t = M? and M — oo, then the desired conclusion immediately follows.

Step 2: Next, we bound supyey |R2n,q(X)|. For j = 0,1, the result directly follows
from Lemma SA-2.2. For j = 2, notice that the proof of Lemma SA-4.1 essentially
establishes a bound on the uniform norm of 99p(x)'Q;,'E,[p(x:)Bm.0(x:)]. The
bound on (E[@(X)IX] — 0%u(x)) follows from Lemma SA-2.2. Then the desired
bound on Ry, (%) is obtained.

For j = 3, notice that by Assumption SA-4 we can write Ra, (x) explicitly as

Fao () { Ealp () (1(x:) — ()] = B [Pxi) Y i Buo (xi)E[ 91 (x:)|X | |

’U,EAm

+ 095" (x >—aq (%) = Bin,q()
+ Bma(x)+ > VB q(x)0"B(x) Qg En B (xi) ()]

ucAn,

The second line is uniformly bounded by Assumption SA-4: sup,cy |09s*(x) —
OUYu(X) — B q(x)| S hmFe7ldl The third line can be written as

Z hx unq )8"15()()/(3%1153”[ﬁ(xi),u(xi)]
u€EAn,
= > w8y () (0"B(0) Qr Enlp(xi)n(xi)] — 9" pa(x) ).
ucA,
By Assumption SA-4, supycy |Bu,q(x)| < 1. Moreover, as we have shown in the
proof of Lemma SA-2.2, supyc |0%P(X)' Q- EnB(x)p(x:)] — 0%u(x)| Sp A
which suffices to show that the third line is Op(h™ =),
In addition, using the proof strategy for Lemma SA-2.2, we have

sup ”AYq,O(X)'En [P (i) (p(xi) — 8™ (xi) + %’m,o(xz‘))]‘ <p hmrelaland
xXE

sup ]%,o(x)’En [p(Xi)hQ:Bu,o(xi) (E[@l(xi)p{] - 8“u(xi))} ‘ <p pmto-lal,
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Finally, if the conditions in (ii) hold, then it suffices to adjust the proof for
Rip q(x). We still use the same proof strategy, but let ¢, = log n. For the truncated
term, it can be seen from Bernstein’s inequality (Equation SA-10.6) that the upper
bound can be made arbitrarily small for ¢ large enough when (logn)?/(nh?) < 1.
On the other hand, when applying Markov’s inequality to control the tail (Equation
(SA-10.7)), we employ the exponential moment condition:

tlogn
P (sup [BaltLa, ) (et (] > )~ Bl e > 0, )] > o)
M M Efle|? i
¢ VA e s < MV ElePes)
tv/hlogn tv/hilogn V7 exp(dn)

M
< E|le; 3exp €
om vl explei)

which is arbitrarily small for ¢/M large enough. Thus the same bound on Ry, q is
established. Then the proof is complete. O

SA-10.11. Proof of Theorem SA-4.1.

PRrROOF. Regarding the Lo convergence, by Lemma SA-2.2,
_— 2
| (8000~ 09%(x)) ) wixjax
x

= (En[ﬂo(xz‘)€i]/) (/X’A)/q,o(X)'qu,o(x)’w(x)dx) (En[Ho(xi)gi]) + Op(h2m=laD)y,

Notice that in the proof of Lemma SA-2.2, the uniform bound on the conditional bias
does not require explicit expression of leading approximation error. Then by Lemma
SA-2.1, we have fX Yq,0(X)Vq,0(x) w(x)dx < h—d=2ldl | Also, E[|E,[TIo(x;)e]]1?] <
E[IIy(x;)'TI(x;)/n] < 1/n. The desired Lo-convergence rate follows.

Regarding the uniform convergence, consider the case when the conditions of
Lemma SA-4.2 hold. We use the same truncation strategy. Specifically, separate ¢;
into

Ei]l{|€i| < ’l9n} — E[611{|5i| < 7911}|Xz] and Eiﬂ{|5i| > ﬁn} - E[Ei]l{|62'| > ﬁn}|xz],
where ¥, < \/nhd/logn. By Lemmas SA-2.3, supyc |[¥q;(X)'TL;i(x;)| Sp A=l

Then repeating the argument given in the proof of Lemma SA-4.2 for the truncated
and tails respectively, we have

sup Ve (%) En [T (x:)ei]| Sp 144 /logn/(nhd).
xE

Moreover, Ry,q = o(h~%2714l /logn/n) since logn/(nh?) = o(1). In view of these

bounds and Lemma SA-4.2, the desired rate of uniform convergence follows.
Finally, the same results can be proved under the conditions in (i) of Lemma

SA-4.2 if we let ¥, = logn and assume (logn)3/(nh?) < 1. O
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SA-10.12. Proof of Theorem SA-4.2.
PRrOOF. First consider the conditions in part (i) hold. Notice that for j = 0, 1,2, 3,
(SA-10.8) 8~ B = E,[(; — )L () )| + (B 21L, ()T ()] - 3.

We then divide our proof into four steps.

Step 1: For ||E,[II;(x;)IL;(x;)']||, by Assumption SA-3, SA-5, and the same argu-
ment used in the proof of Lemma SA-2.1, ||E[IT;(x;)'TL;(x;)]|| < k%, and

B [T () T (x4)'] — [T (%) I (x:)']| S Ay /logn/ (nhd).

By the triangle inequality and the fact that 12%‘ = o(1), ||E,[TL;(x;)IT;(x;)] Sp h%.

Step 2: Next, we bound the second term in Equation (SA-10.8). To simplify our
notations, let Lj;(x;) := W;1/2Hj(xi) be the normalized basis, where W; = Q,,
for j =0, W; = Qp, for j =1, and W; = diag{Q, Qn} for j = 2, 3. Introduce a

.. 1+1/v,,1/(24v)
sequence of positive numbers: M2 = W

. Then, we write
H;(x;) = e7L;(x;)L; (%) 1{| 7L (%)L (x,)'[| < M7},
and
T;(x;) = & Lj(xi) L () 1 ||e7 Ly (i) Ly ()| > M}
Clearly,
En[Lj(xi)Lj(xi) e7] — E[Lj(xi)Lj(x;)'€7]

= (En[H;(x:)] — E[H;(x:)]) + (Ea[T; (x:)] — E[T;(x:)]).

For the truncated terms, by definition, ||H;(x;)|| < M2. By the triangle inequality
and Jensen’s inequality, ||H;(x;) — E[H;(x;)]|| < 2M2. Also, by Assumption SA-1,

E[(H;(x;) — E[H;(xi)])*] < E[e}{|L; (xi) 1Ly (x:) Ly (%) T{ ||y (x:) L (x:)' || < M7}
< MJE[7L; (%)L (xi) 1{]|eF Ly (xi) Ly ()| < M}
< ME[L;(x;)L;(x,)’],

where the inequalities are understood in the sense of semi-definite matrices. Thus

(L (o) B[ (o))l S M2. Let 9, = |/ (log n)757 / (n757 ). By an inequality
of [25] for independent matrices, for all ¢ > 0,

P(|[EalH (x0)) — EH ()] | > 9ut)
242
< exp <1°g " M2/ f ?\ifﬁ/snt/(?m))

2
< exp { logn(l ; M? lognﬂﬁztn/_zl(l + 79nt/3))}
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where M?2logn 9, ?n~! =< (log n)ﬂ%/(nﬁhd/”) = o(1) and 9, = o(1). Hence

Regarding the tails, it directly follows from Lemma SA-2.1 that ||T;(x;)| <
h*deg]l{zs? > M?2h%}. Then by the triangle inequality, Jensen’s inequality, and the
assumption that (2 + v)th moment of ¢; is bounded,

dl

E,[H;(xi)] — E[H;(xi)]

( <p Oy = o(1).

En[T;(x:)] - E[T;(x:)]|| S 20~ Ele21{Jei] 2 MaVAI)

< 2h PR | {les| 2 MaVhd)]

< b,

By Markov’s inequality, ||E,[T;(x;) — E[T;(x;)]]|| Sp Un. Since ||W]1/2” < h%/? and
IW 2| < h=%2, we conclude that |[E,[TL; (x,)IL;(x;)'e?] — ;|| Sp hé0, = op(h).

Step 3: The first term in Equation (SA-10.8) satisfies

IEA[(EF 5 — €F)TT; () TL; () ]|
B (o) — iy (i) T (36 T () 1| + 20 [(po(3i) — Fj (30) )i T (30 ) T (32|
< max [p(x;) — 7 (%) ||| En [T () T (3x2) ]+

moax |u(xi) — i (xi)| (I [T (3¢ )T (3¢3) ]| + ([ [T () T (3x,) €] )

where the last line follows from the fact that 2|a| < 1+ a?. By Theorem SA-4.1 and
the results proved in Step 1 and 2, we have maxi<;<n |1(x;) — 5 (x;)| = RS = op(1),
[ [T ()T (x:)'] | Sp b and. [ En [TL; () TL; (x;)'<7]|| Sp he. Hence

(SA-10.9) 125 — Sl Sp hI(RE + ) = op(hY).

Step 4: Using all above results, we have

Q;(x) = (%) = [[7q,) (%) Zj3q,7 (%) — Va5 (%) Bj7q (%)

< Fad (%) = Y5 (%)) EiFa G + [7ay (%) (E5 = £)Fa, ()|
+ {17 (%) 5 (Faq,j (%) — i (x))]I-

By Lemma SA-2.3 and Equation (SA-10.9), we have

sup {€(0x) — ()| Se b= MRS + V) = op (=7,
xE
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Finally, when the conditions in part (ii) hold, we only need to adjust the proof

in Step 2. Apply the same proof strategy with M, = VCh?logn and ¥, =

%. For the truncated term, since M?2logn/(92n) < 1, by Bernstein’s inequal-

ity, |En[H;(x;)] — E[H;(x;)]|| Sp ¥n = op(1). On the other hand, when applying
Markov’s inequality to bound the tail, we employ the stronger moment condition:
E[HEn[Tj(Xz‘)] —E[T;(xi)]ll| S 20 "Ele}1{|ei| > M,,/VCh~1}]
—3d/2
< h
M, exp(M,,/vVCh~%)

Then the proof is complete. O

Elleil* exp(leil)] < 0n = o(1).

SA-10.13. Proof of Theorem SA-5.1.

PROOF. By Lemma SA-5.1, the remainders in the linearization of ’fj() is op(r, 1)
in £>°(X), and hence we only need to show that Z;(-) approximates t;(-).

Suppose that the conditions in (i) hold. As a first step, we define .7 (x,x;) :=
Va5 (%)L (x;)

Q;(x)
One can verify conditions in Lemma 8.2 of the main paper (see Section 8.3) by using
the properties of local bases considered in this paper, but here we directly follow
the strategy given in the proof of Lemma 8.2, which will unify the proofs for d = 1
and Haar basis with d > 1.

We need to construct a rearranged sequence {x;,}7, of {x;}" . If d =1, we
order them from the smallest to the largest: z1, < --- < z,, (which are simply
order statistics as in the proof of Lemma 8.2 of the main paper). For Haar basis
with d > 1 and j = 0, we first classify {x;}}_; into k& groups so that the points
in the same group belong to the same cell (recall that % is the number of cells
in A). Number the cells in an arbitrary way. Under the new ordering, the points
in the first group is followed by the second, then the third, and so on. Ordering
within each group is arbitrary. {o;}; and {&;}"; are rearranged as {o;,}I" ; and
{€in}}, accordingly. Again, the ordering strategies described above only depend
on the values of {x;}? ;, and thus conditional on X, the new sequence {e;,}I ; is
still independent. As explained in the proof of Lemma 8.2, we can find a sequence of

for each j =0,1,2,3, and will construct conditional coupling for ¢;(-).

1
i.i.d standard normal random variables {(; ,}7; such that max;<;<;, [Si .| Sp n2
where S;,, = Zézl(si,n — 0inGin). We will write {;}7, for the sequence of (;,’s
rearranged based on the original ordering of {x;} ;. Using summation by parts,

sup ‘ Z%(X, Xi,n)(gi,n - Ui,nCi,n)

XeX oy

n—

1
= sup %(Xa Xn,n)Sn,n - Z Si,n (%(Xa Xi+1,n) - %(X’ Xi,n))

xeX i—
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7 ),
< sup max | (x,%;)||Snn| + sup Ya () ZSW i (Xigim) — H]’(Xi,n))‘
xeXx 1sisn xEX

< sup max | (x,%;)||Snn| + sup

H ’)’q,J
xEX 1<i<n xEX

n—1
| smnn - me)|
i=1 oo
By Assumption SA-3, Lemma SA-2.3, and SA-2.4, sup,cy maxi<i<p | (X,X;)| <
h~%2 and

(SA-10.10) sup H 7(“ < B2,

xeX

Also, if we write the Ith element of II;(-) as m;;(-), then

n—1
max <7rj,l<xi+1,n) — Wj,z(Xi,n)> Sin
1<I<K;
< max Z ‘Wﬂ(xi“,n) — mj1(Xin)| max |Se,| Sp n2+v

1<I<K; 1</<n
where the last inequality follows from [22, Corollary 5], the ordering of {x;,}"{,
Assumption SA-3 and the fact that when d > 1, each 7;,(-) is a Haar basis function.
This shows that there exists independent standard Normal random variables {¢;}7_;
such that

Gn[# (x,%;)ei] =a 2j(x) +op(r;!)  where 2;(x) := G, [ (x,%;)0:(;).

Next, we convert the conditional coupling to an unconditional one. Notice that

$2 21/2) Ny

J

2i(x) = 701,1( )’ $12N 'YqJ( x)’ /2N

Ya,j (%)’
B o7 RN o ey 5 f;j(x)( ’

where 2 := Ep[IT;(x;)IL;(x;) 0% (x;)], Nk, is a Kj-dimensional standard Normal
vector (independent of X) and “=4x” denotes that two processes have the same
conditional distribution given X. For the second term, we already have Equation
(SA-10.10), and by the Gaussian maximal inequality (see [10, Lemma 13]),

B (57 - =) | ] 5 viewn 5 - 2]

By the same argument given for Theorem SA-4.2, Hflj — EjH <p h?y\/logn/(nh?).
Then it follows from [5, Theorem X.1.1] that

21/2_21/2 < hd/2 logn 1/4
j i~ )

nhd
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For j = 0,1, a sharper bound is available: by Theorem X.3.8 of [5] and Lemma

SA-2.1,
o1/2 1/2 1 _
sz/ - / | < W”Ej — 35| <p K%y /log n/(nhd).
min j

Thus using all these results, we have

s 2 (51 ] e g 31 53] = o,

xeX \/ J

where the last equality holds by the additional rate restriction given in the theorem
(for j = 0,1, no additional restriction is needed). By Markov inequality, this suffices
to show that for any ¢ > 0,

P (sup zj(x) — Zj(x)‘ >0 ‘X) = op(r; ).
reX
Since the conditional probability is bounded, by dominated convergence theorem,
the desired result immediately follows.
When the conditions in (ii) hold, the proof remains the same except that we
employ [21, Theorem 1] to construct strong approximation to the partial sum process

of {ein}tl . O
SA-10.14. Proof of Theorem SA-5.4.

PROOF. Suppose that the conditions in (i) of Lemma SA-5.1 hold. The other case
follows similarly. Let zj(x) := G, [ ¢ (x,x;)0;¢;]. First notice that for j = 0,1,2, 3,

~ Ya,i (%)’ . Ya,j (%)’
sup \%(X)-%(X)ﬁj;g WGTI[HJ'(XZ')QU(XZ’)] Qq(x)1/2Gn[ﬂj(xi)@a(xi)]

—: sup [ Dy (x)].
xeX

Conditional on the data, { D, (x),x € X'} is a Gaussian process with zero means. Let
E* denote the expectation with respect to the distribution of {¢;}7 . For notational
simplicity, define a norm | - o2 by [al2, = n~! Y7, a? for a € R". Then by
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Cauchy-Schwarz inequality,

E*[Dy(x)%] = i; [g:(;(;% 7 (%i)6 (i) g;‘(’;(;iknj(xz)a(x@)
L [ a0 = Yai(x) ;
_ nZ;{ a Qj(x)lg IL (x;)6 (x;)

: ‘ QJ(X)1/2 o n,2
a0 @502 = 2602 ) )|
s 1)/2H~(XZ)(6(XZ) o)

By Lemmas SA-2.3 and SA-2.4, Theorem SA-4.2, and maxi <;<, |6%(x;)—0?(x;)| =
op(1/(rnvlogn)),

2 v
logn n2tv (logn)2+v
g+( (logn)

sup [ Dn (x)°] < o

P
xeX ~ nhd

where a,, = h®™ for j = 0 and a,, = h?"+2¢ for j = 1,2, 3. Moreover, using the fact
that for x,x € X,

(E*[(Dn(x) = Dn())*)"?

Sy )

'Yq,J x)' :\Yq,gv( ) )Hj(Xi)O'(Xi)
(1 D12

‘Yq,J x)’ . Ya,i (X ) ,

H ST eI LS

we will show later in the proof that supse A SUDx xecio(s) (B [(Dn (%) — Dn(%))%))/% <p

h~1||x — x||. Since supgea vol(6) < A%, and the number of cells in A is & < h™¢, we
apply Dudley’s inequality (see the proof of [4, Lemma 4.2] for more details of this

+ an> + (max |6(x;) — o(x;)])?

1<i<n

n,2

Y
n,2

inequality) to obtain E* [supXE X |Dn(x)]} = op(r,;!), which suffices to show for any

t >0, P*(supgex | Dn| > tr;;!) = op(1) by Markov inequality. Then, to show z;(-) is
approximated by Z;(-), we only need to repeat the argument given in the proof of
Theorem SA-5.1.
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In the end, we establish the desired Lipschitz bound on the basis and variance.
For any x,%x € §, by Assumption SA-3, there are only a finite number of basis
functions in p and p which are active on §, and hence it follows from Lemma SA-2.1
that there exists some universal constant C > 0 such that ||vq,;(x) — 7q,;(X)| <
C1h~ 9= p=4||x — %||. Similarly, by Lemma SA-2.3 and Theorem SA-4.2, ||[¥q.;(x) —
’Yqy( x| <e h*[q]*lh*dHX %I, 1€2;(x) = (%) S =424~ [x — x|, and [Q;(x) -

Q;(x)| <p h~92ld=1||x — %||. Then the proof is complete. O

SA-10.15. Proof of Theorem SA-5.5.

PRrROOF. Let E* be the expectation conditional on the data. Note that & ; =
Yi — Bj(x:) = p(x;) — 1;(x;) + €. Then

200 = 4L I )2 ] + 027 )
g;(y()JQG [TL, (x;)ew;]+

fm(}”mj(xi)(ﬂ(xﬂ — 11 (xi))wi] + op(r, ')

!/

(SA-lOll) WG [Hj(xi)eiwi] + 0]}»(7“;1) in £00<X),

where the first and second equalities follow from a similar argument for Theorem
SA-5.4, and the last line uses the rate of uniform convergence given in Theorem
SA-4.1. Note that we employ different rate restrictions given in the theorem: for
j=1,2,3, hmte/logn < /nh¥/?tmte = o(r- ), Whereas for j = 0, h™\/logn <
V/nhd?tm — o(r—1) Moreover, either \1;’% < ”2“\(}%)”” = o(r;1), or 182 <
Gji% = o(r;!). Simply notice that M,, <p 1 means P(|M,| > 9,) = o(1) for any
¥, — 00. By Markov inequality, it immediately follows that P*(|M,,| > ¥,) = op(1).
Thus the above derivation still holds in P-probability if we replace P by P*.

Then we only need to construct strong approximation to the leading term in
Equation (SA-10.11). Repeat the argument for Theorem SA-5.1 conditional on the
data. Regarding the conditional coupling step, we still rearrange terms according to
the values of {x;}" ; as described in the proof of Theorem SA-5.1. Now if (2 + v)th
moment of ¢; is bounded, then conditional on the data, {e; nwin} is independent
and E,[E*[|e;w;|*1¥]] <p 1. Thus, strong approximation to the partial sum process
{Eézl ginwin : 1 <1 < n} can be obtained by using [22, Corollary 5]. When the
conditions in (ii) of the theorem hold, [21, Theorem 1] can be employed to construct
the strong approximation to this partial sum process. Thus, conditional on the data,
there exists a Kj-dimensional standard Normal vector N K; such that

20 =a w (En [T, ()T (x:) 7)) 2 Nig, -+ 0p ().
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By Theorem SA-4.2 and the argument given in the proof of Theorem SA-5.1, we
can further show that the conditional Gaussian process on the RHS is further ap-
proximated by Z;(-). Then the proof is complete. O

SA-10.16. Proof of Theorem SA-5.6.

PROOF. The proof is exactly the same as that for Theorem SA-5.5 except that we
apply the improved Yurinskii’s inequality as in Theorem SA-5.2 conditional on the
data. The conditions needed for coupling can be easily verified since w is assumed
to be independent of the data and bounded. O

SA-10.17. Proof of Theorem SA-5.7.

PRrROOF. The proof is similar to that given in Section 8.6 of the main paper, and
thus omitted here.
O

SA-10.18. Proof of Lemma SA-6.1.

PROOF. (a): Assumption SA-3(a) directly follows from the construction of tensor-
product B-splines. Assumption SA-3(b) follows from [23, Theorem 12.5]. To show
Assumption SA-3(c), note that for a univariate B-spline basis py(x¢) = (p1(x¢), - -,
Pk, (x¢))’, there exists a universal constant C' > 0 such that for any ¢y < m, 1 <, <
Ky, and 6 € A, [|d*py, (xe) /day || 1 (clo(s)) S P ™. Since there are only a fixed number
of nonzero elements in p, we have for [¢] < m, supseca SuPxeco(s) 10°P(X) [ hlsl,
To derive the other side of the bound, notice that the proof of [28, Lemma 5.4
shows that for the univariate B-spline basis p(zy), for any ¢ < m — 1, xy € Ay,
|dPe(xe)/daxyf|| 2 h~t. Since for any xy, there are only m nonzero elements in
Pe(z¢), this suffices to show that for any z, € &}, there exists some py, (z¢) such that
|d*py, (x¢)/dxy'| Z h=°t. Then the lower bound directly follows from the construction
of tensor-product B-splines.

(b): The proof of orthogonality between the constructed leading error and B-
splines can be found in [2]. Regarding the bias expansion, we first consider ¢ = 0.
Noticing that

B ( )__iW%B (M)—i—O(hm—H}) f cs
m,0\X) = al‘?l m)! m b@’le or X I1...1g

where By, () is the mth Bernoulli polynomial, we only need to focus on the first
term on the RHS, denoted by %,,(x). By construction, %,,(x) is continuous on
the interior of each subrectangle ¢;, ;,, and the discontinuity only takes place at
boundaries of subrectangles. Let Jy denote the magnitude of a (generic) jump of
B (x). By Assumption SA-1, Jy is also a jump of i := p + %,,. We first bound it
as [2] did in their proof. We introduce the following notation:
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i. 7:= (71, -+ ,74) is a point on the boundary of a generic rectangle &;, ,;

. 77 = (ry,---,7;) and 71 = (rF, -+ ,7‘;) are two points close to 7T but
belong to two different subrectangles 4, , := {x: toy, < we < tle+1} and
5;;”[(1 = {x: tZle <z < tZlZH};

iii. t~ and ti are the starting points of 5l_1...ld and 51':“%;

iv. (b1,—,-+,bg—)and (b14, - ,bg+) are the corresponding mesh widths of §;
and 5;.“;

v. 2:={l: 7, — 77 and 7,/ — 7 differ in signs}.

In words, the index set = indicates the directions in which we cross boundaries
when we move from 7, to T;_. To further simplify notation, we write f(77) :=
lim f(x) and p(7) := lim fi(x). Then we have

X—T,XE0, x%ﬂ-,xeél+ .
1--lg 1---lg

Jo = (") = ()| = | Bn(T7) = Bn(7))|
m L m L
= S/t | T, - Ty
LeE
m L m L m L
= S Bl (e = T e+ T o )
LeE

(]

(Bun(0)]/m!) [OR™ ) + CH™ oy — by, |

~
m
(1]

IN

(Bn(0)|/mb)[O(h™+2) + Ch™O(h1+9)],

o~
m
[1]

where the fourth line follows from Assumption SA-1, and the last from the stronger
quasi-uniformity condition specified in the Lemma. This suffices to show that Jy is
O(h™*9).

Then we mimic the proof strategy used in [23, Theorem 12.7]. By [23, Theorem
12.6], we can construct a bounded linear operator .Z[-] mapping £1(X’) onto Sa m
with Z[s] = s for all s € Sa . Specifically, .Z[-] is defined as

K Kg
Lp)(x) = Z e Z(wh...ldﬂ)pll.“ld (x)

h=1 ;=1

where {@Z’h---ld}l[fl:’i“.’..Kl‘Zzl is the dual basis defined in [23, Equation (12.24)]. By
multi-dimensional Taylor expansion, there exists a polynomial ¢, ;, such that ||z—
Soll---ldHLoo((sllmld) < h™*e and the degree of ¢y, ;, is no greater than m — 1. Since

% reproduces polynomials, we have

17 = L1 ety 1) < 8=ttty 1) + 1200 = 02y
S CH/] - @ll...ldHLm((sllmld) S hm+g.
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Taking account of the jumps of i along boundaries, the approximation error of .#[fi]
is still O(h™1¢). Evaluating the Lo, norm on all subrectangles, we conclude that
there exists some s* € Sa ,, such that ||z + By, — §* | poo () S h™Fe.

For other ¢, we only need to show that the desired result holds for s* = .Z[j]. By
construction of &,

(SA-10.12)
m+rK1 m+rq
(LD < D - D Tna,ill0 1, () < CRTE Bl Loy, )
=1 lg=1

where the last line follows from [23, Theorem 12.5]. Then we have

10°1 + 8° By, — (LA L5y, 1) < 0%+ B — 011ty Lo, )
+ ||a€(g[ﬂ - 9011.4.111])”1100(511.4.101)
< O™ el + oh N a — o gyl

< pmto—[s]

O1q...1)

where the second inequality follows from Taylor expansion and Equation (SA-10.12).
Moreover, by an argument similar to that for Jg, the jump of 9°%,, is O(hmﬂ’_[‘]).

(c): By construction of p, p = 1. By the same argument as in part (a) and (b), p
satisfies Assumption SA-3 and SA-4. Finally, by definition of tensor-product splines,
both p and p reproduce polynomials of degree no greater than m—1. Then the proof
is complete. O

SA-10.19. Proof of Lemma SA-6.2.

PROOF. (a): Assumption SA-3(a) holds by the fact that the father wavelet is
compactly supported and {¢4} is generated by translation and dilation. Assumption
SA-1(b) follows from the fact that {¢} is an orthonormal basis with respect to the
Lebesgue measure. For Assumption SA-3(c), notice that

FO@a 1) e d9(2) e

d.fUZ[ dzse z=25xp—I, dzst Z:251‘z—lz'

Since the wavelet basis reproduces polynomials of degree no greater than m — 1 and
¢ is assumed to have ¢ 4+ 1 continuous derivatives, the desired bounds follow.

(b): We employ the strategy used in [24], but extend their proof to the multidi-
mensional case. First, we denote by V:f the closure of the level-s subspace spanned
by {ps(z¢)}, and let W’ be the orthogonal complement of V¥ in VSZH. Then we write
Vs = ®§:1Vf for the space spanned by the tensor-product level-s father wavelets,
and Ws denotes the orthogonal complement of V, in Vs11. We use the fact that
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W, = @?ZII Wi, where @ denotes “direct sum”, and each W; ; takes the following
form: Ws; = ®%_, Z¢. Each Z¢ is either V! or WY, but {Z£}9_, cannot be identical
to {Vf}?:l. There are in total (2¢—1) such subspaces. Accordingly, a typical element
of a basis vector for W, can be written as

d
Vs1a(x H (s, (z0) + (1 — ap)s, (x0)]
=1

where 1 = (I1,...,l3) and oy = 0 or 1, but a = (al,...,ad)jé (1,...,1). Then it
directly follows from the properties of wavelet basis that for ¥4, s > m,
(SA-10.13)

(x°, Y510 (X)) = /Xxgi/_)sla(x)dx =0, for ¢ such that [¢] < m, and ¢ # m V..

Denote by Zs[:] the orthogonal projection operator onto Ws. Then the approxi-
mation error of the tensor-product wavelet space Vg, can be written as

Z f Z ZZ 5( Q/)sla >7;Z)sla( )

= Z ZZ< Z 8g )c +§n(5(ax)a stla(k)>"zsla(x)
s=spn a 1 [s]l<m

where ¥, (X%,x) < ||x — x||™"¢, and the inner product in the above equations are
taken with respect to X in terms of the Lebesgue measure. The index sets where o
and 1 live are described in Section SA-6 and the proof, and omitted in the above
derivation for simplicity. By Assumption SA-1 and Assumption SA-3,

sup ’ Z ZZ< ), Ysla(X )>&sla(x)’

xeX

= sup ‘ Z (25 S”)m+gzz< 25(m+9)’ '&sla(k)>'&sla(x)‘ < pmte,

Recall that b = 27,
Regarding the leading terms

> APITEE B a3t

$=8p « [s]I<m

it is clear that the coefficients of the wavelet basis can be viewed as a linear com-
bination of the inner products of monomials and the mother wavelets themselves,
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and thus by Equation (SA-10.13), the leading error is of order " and can be char-
acterized as

Bro(x) = — 3 L0 () Bl o(x/b).

’U.GAm '

By,  is referred to as “monowavelet” in [24]. Here we extend it to the multidimen-
sional case. Specifically, define a mapping

o: Ay —{1,...,d}
u—{

such that ¢(u)th element of u is nonzero. We denote 1_p := (I1,...,lp—1,lp41,.--,1q)
and L4 = {1_4 lp € Loy j' = {1, ,d} \ {e}}. Then define

wu,s(x) = Z Z me(stcp(u) - lcp(u)) H ¢(2sx€ - lﬂ)

l Ls —p(u) =1,...
ew)Shs 1 eL5? £ p(u)

where ¢, 1= fol 2™ (x) dz. Then By o(-) can be expressed as

(SA-10.14) Bio(x) =Y 27 @ s(x) = > &us(x).
s=0 s=0

Moreover, since the series in Equation (SA-10.14) converges uniformly and for
8 > 8n, Wy, 5(x) is orthogonal to the tensor-product wavelet basis p with respect
to the Lebesgue measure, by Dominated Convergence Theorem, the approximate
orthogonality condition holds.

For other ¢, let

m—[s]
Pnsl) == 3 0B /)

uGAm

where By, ((x) = 9°By, o(x). Since for ¢ such that [¢] < ¢, 9°¢ and 9% are contin-
uously differentiable, Y o2 ) 270w, 4(x) converges uniformly, and hence we can
interchange the differentiation and infinite summation. Therefore, B,‘{’LS(-) is well
defined and continuously differentiable. Then the lipschitz condition on Bq"i,g() in
Assumption SA-4 holds.

Let s* be the orthogonal projection of x onto Vs, . To complete the proof of part
(b), it suffices to show [|0°u — 0°8™ + Bcllro(x) S bte=ls] Given a resolution
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level s,,,
Z Z Z wsla > gf‘ZJsloc (X)
= Z ZZ< Z 8UM(X)X:L‘X) + 1971(5(7 X)’ J}sla(f()>ac'(zsla(x)
S=8p 1 [u]<m .
et 3 290 0 E L
=b Z ms sn)zz Sm< Z a —i—ﬁn(X,X),

Qfsd/Qwsla (5()> o (27311/21;81& (x)) '

By changing variables, the vanishing moments of the wavelet function, and the
fact that geometric series converges, the last line uniformly converges to the ¢th
derivative of the approximation error of Vs, , % <(-) is the leading error and the
remainder is O(b™tels]),

(c): By construction of p, p = 1. By the same argument as that for part (a)
and (b), p satisfies Assumption SA-3 and SA-4. Finally, both p and p reproduce
polynomials of degree no greater than m — 1. Thus Assumption SA-5 holds. The
proof is complete. O

SA-10.20. Proof of Lemma SA-6.3.

PROOF. (a): By construction, each basis function pg(x) is supported by only one
subrectangle, and there are only a fixed number of pi(x)’s which are not identically
zero on each subrectangle. Thus Assumption SA-3(a) is satisfied. In addition, given
a generic subrectangle ¢;,. ;,, store all basis functions supported on d;, ;, in a vec-
tor Piy...14- By [7, Lemma A?)], Qllmld = E[pll...ld(Xi>pl1...ld(xi)/] = Idim(R(-))') where
Liim(r(.)) 18 an identity matrix of size dim(Ry(-)). In fact, f5zl...zd P, (X)py. 1, (x) dx
is a finite-dimensional matrix with the minimum eigenvalue bounded from below by
Ch® for some C > 0. Hence for any a € RImM®E(),

a’/ Piy..1,(X)Pyy.1,(x) dxa > Chla'a
1104
which suffices to show Assumption SA-3(b).
To show Assumption SA-3(c), simply notice that given any x € X, there are only
a fixed number of nonzero elements in 99p(x), and for any k =1,..., K,
al

sup sup |0%pp(x)| < A7 max ———.
d€A x€eclo(6) [a]=m—1 (a - C)!

Moreover, for any x € X, there exists some p; in p such that for [¢] < m — 1,
|0°pr(x)| Z h 1L,
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(b): The result directly follows from the proofs of Lemma A.2 and Theorem 3 in
[7]. The only difference is that we use shifted Legendre polynomials to re-express the
approximating function s*(x) = p(x)’3* and the leading error. Clearly, 8* is just a
linear combination of coefficients of power series basis defined in their paper. The
orthogonality between the approximation basis and the leading error holds by the
property of Legendre polynomials and the fact that every basis function is locally
supported on only one cell.

(c): By construction of p, p = 1. By the same argument as that for part (a) and
(b), p satisfies Assumption SA-3 and SA-4. Finally, when the degree of piecewise
polynomials is increased, p spans a larger space containing the span of p, and both
bases reproduce polynomials of degree no greater than m — 1. Thus Assumption
SA-5 holds. O

SA-10.21. Proof of Lemma SA-6.4.

PROOF. Assumption SA-3(a), SA-3(c) and SA-4 directly follow from the construc-
tion of this basis and Taylor expansion restricted to a particular cell. For Assumption
SA-3(b), given a generic cell §, by Assumption SA-2, we can find an inscribed ball
of diameter ¢; that is proportional to hx. Thus we can further find an inscribed
rectangle with lengths equal to /o that is also proportional to hx. Thus, by chang-
ing variables and the same argument as that for the basis defined on rectangular
cells, we have Assumption SA-3(b) holds. The properties of p follow similarly as in
Lemma SA-6.3. O

SA-10.22. Proof of Lemma SA-7.1.

PrOOF. For the upper bound on the maximum eigenvalue, simply notice that all
elements in R is bounded by some constant C', and the number of nonzeros in any
row or column of R is bounded by some constant L. Then for any a € R” such
that ||a|| = 1, dRR'a < L2C?||a]? < 1.

For the other side of the bound, since RR’ is a symmetric block Toeplitz matrix,
Szegd’s theorem and its extensions state that the asymptotic behavior of Toeplitz or
block Toeplitz matrices is characterized by the corresponding Fourier transformation
of their entries. See [16] for more details. Specifically, RR’ is transformed into the
following matrix

riiri1 + 2rf;ro cosw <o riyrig 4 (rfyror + 1) ro1) cosw
Ti(w) = : : ,
ri;r11 + (vfra1 +rijrog) cosw  --- r;riz + 2r) rao; cosw
Using the representation of RR’ given in the discussion after the lemma, we can
concisely write I (w) = A + (B + B’) cosw. By [15, Equation (7)], we have

Amin(RR') — H[l()HQl | Amin(Z:(w)) as Kk — oo.
we 0,27
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The minimum of the minimum eigenvalue function of J;(w) is attainable since
each entry of J7(w) is a linear function of cosw, and thus each coefficient of the cor-
responding characteristic polynomial is a continuous function of cosw. By Theorem
3.9.1 of [26], there exist ¢ continuous functions of cosw such that they are the roots
of the characteristic polynomial, and thus the minimum eigenvalue is a continuous
function of cosw. In addition, since RR’ is positive semidefinite, this function is
nonnegative over [—1,1].

By construction, RR’ is a real symmetric positive semidefinite matrix, and thus
its eigenvalues are real and nonnegative. Moreover, given any fixed x, RR/ is positive
definite since the restrictions specified in R are non-redundant. Therefore, it suffices
to show that the limit of the minimum eigenvalue sequence is bounded away from
zero. The original problem is transformed into showing that the minimum eigenvalue
of a finite-dimensional matrix J;(w) is strictly positive for any w € [0, 27].

The next critical fact we employ is that the smallest eigenvalue as a function of
a real symmetric matrix is concave [see 18, Property 2.1]. In our case, each entry is
a linear function of cosw, and thus Amin(F7(w)) is concave with respect to cosw.
Therefore, the minimum of the smallest eigenvalue function could be attained only
at two endpoints, i.e., when cosw =1 or cosw = —1.

We start with the case in which (m — 1) continuity constraints are imposed at
each knot, i.e., z = m — 1. Since each knot is treated the same way, the restriction
matrix R can be fully characterized by ¢ row vectors. A typical restriction that the
cth derivative (0 < ¢ < 7— 1) is continuous at a knot can be represented by the
following vector

m

(A, B (), =B (-1),..., =P (-1) )

~~

left interval right interval

where we omit all zero entries and ]51(0 (z), 0 <1< m-—1, denotes the sth derivative
of the normalized Legendre polynomial of degree [. Generally, Legendre polynomial
P,(x) can be written as

l 2
rw =33 (;) -0,
=0

and they have the following properties: for any 1,1’ € Z

1 2

P(z)Py(x)de = ——0p
1l($)l(l‘)»’v 2l+1zz

P)=1 P(-2)=(-)'A@, [

where 0y is the Kronecker delta. Therefore, Pj(z) = 7”31[;1Pl(:17)

Using these formulas,

1%(”(1):2%!() (”g) ) | Ch i o M U )

S S g!
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Therefore, ]5l(<) (1) = %2_% ! (é) (Ztg). In addition, since Legendre polynomials are
symmetric or antisymmetric, we have PI(C)(—I) = (_1)1—5—(]3[(@)(1). Thus we obtain
an explicit expression for R.

Next, RR’ can be fully characterized by two matrices A and B as in (SA-7.3). In
what follows we use A[g, /] to denote the (g, £)th element of A. The same notation
is used for B and J;(w). If we arrange restrictions by increasing ¢ (here we allow
row and column indices to start from 0), then we have

= Eer (1)

u=g

and for ¢ > ¢

Aled 0 ¢+ /¢ 1is odd
VTS (T O i even

S
B can be expressed explicitly as well:

v

Blo = S 2 [o(Y () g

BK@={ZZ#”V““%ff“%macm@xﬁﬁ ~
B c<t

Therefore, (s, £)th element of I (w) is

0 ¢+ ¢ is odd
Als, 0] +2B[s,{]cosw £+ is even

%(w) [§7 E] = {

When ¢+ is even, the corresponding entry of & (w) is nonzero. In addition, the
summands in Alg, ¢] and 2B[s, {] are the same in terms of absolute values and only
differ in signs. Consider the case when cosw = 1 and ¢ > £. There are several cases:

(i) 7is even, ¢ is even

(T-2)/2

Te(w)s, 0] = HZ;Q <2(2u S+ 1>27§7Z+1<!e! <2u:- 1) <2u +<1 + <> (2u2— 1) <2u +£1 + £>;
(ii) 7is even, ¢ is odd
Ti(w)ls, ] = 2/2: (2(20) + 1) 275 1q (2“) (2“ ) (2“) (2“ ”);
u=(c+1)/2 N N ¢ ¢

(iii) 7 is odd, ¢ is even
-1)/2

T, €] = u:Z;m <2(2u L)+ 1)2*‘“‘%!6! (2u:r 1) (2u +§1 + §> <2u£+ 1) <2u +€1 +€);
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(iv) zis odd, < is odd
(T-1)/2 e 2uN /2u 4 S\ 2uN 2u + £
Tl 0= (2(2U)+1)2 T dﬂ( )( )<£>( ¢ )

u=(c+1)/2 N N

When 7 is odd, & ;(w) can be written as a Gram matrix J;(w) = GG’ where

B 0 B 0 Pua()
o PPa o PY (1) 0

G=| 0 o PP 0 P?. (1)

0 0 0 0o PP

Clearly, it is a row echelon matrix and has full row rank. Thus, the minimum eigen-
value of J;(w) is strictly positive.
When 7 is even, I ;(w) can be written as GG’ where

(Pi(1) 0 P3(1) Prna(1) 0
o PMa o 0 PY (1)
a=| 0 o PP PP (1) 0
0 0 0 o P
The case of cosw = —1 can be proved the same way. This suffices to show that the

minimum eigenvalue of J;(w) as a function of cosw is strictly positive at the two
endpoints, 1 and -1, thus completing the proof for t = m — 1.

To complete the proof of the lemma, it remains to extend this result to the case
in which fewer constraints are imposed. Compared with the case when (m — 1)
constraints are imposed, some rows in the bigger restriction matrix are removed, and
accordingly, RR/ is a principle submatrix of the original one. By Cauchy Interlacing
Theorem, the smallest eigenvalue of the principle submatrix must be no less than
the smallest eigenvalue of the original matrix. Combining this fact with the results
proved for = m — 1, we have the minimum eigenvalue of RR/ uniformly bounded
away from 0 when fewer restrictions are imposed, and then the proof is complete. [
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TABLE SA-1
Pointwise Results, Model 1, Spline, Evenly-spaced, n = 1000, 5000 Replications
z=0.2 z=0.5 z=0.8
K RMSE CR AL RMSE CR AL RMSE CR AL
7=0
1.0 0.084 56.4 0.185 0.057 84.9 0.249 0.069 69.3 0.185
2.0 0.055 79.0 0.190 0.045 823 0.175 0.002 94.5 0.190
Kmse 3.0 0.006 94.9 0.251 0.046 91.6 0.328 0.036 90.9 0.251
4.0 0.028 93.8 0.376 0.004 94.7 0.222 0.022 94.0 0.376
5.0 0.003 94.9 0.320 0.018 944 0.399 0.002 94.8 0.320
hror 4.1 0.023 94.5 0.359 0.002 949 0.254 0.019 95.0 0.359
fpopr 4.7 0.010 949 0.337 0.008 93.8 0.311 0.007 94.7 0.337
j=1
1.0 0.032 90.8 0.205 0.030 90.3 0.186 0.056 80.8 0.205
2.0 0.026 93.3 0.269 0.013 94.1 0.251 0.033 924 0.269
kmse 3.0 0.002 95.3 0.305 0.003 94.8 0.226 0.001 94.8 0.304
4.0 0.003 95.2 0.279 0.008 94.7 0.309 0.010 944 0.278
5.0 0.001 94.7 0.296 0.008 94.8 0.268 0.009 94.7 0.296
fror 4.1 0.002 95.2 0.283 0.008 94.8 0.297 0.009 94.5 0.283
koer 4.7 0.001 95.2 0.297 0.007 949 0.294 0.009 94.6 0.296
ji=2
1.0 0.029 914 0.205 0.018 934 0.194 0.054 82.1 0.205
2.0 0.032 924 0.270 0.013 94.2 0.251 0.038 91.3 0.270
kmse 3.0 0.002 95.1 0.315 0.004 94.7 0.268 0.002 94.8 0.315
4.0 0.004 94.5 0.314 0.009 94.8 0.311 0.001 949 0.314
5.0 0.000 94.4 0.311 0.001 94.5 0.340 0.006 94.8 0.311
fror 4.1 0.003 94.7 0.313 0.008 94.8 0.312 0.000 94.7 0.313
kopr 4.7 0.002 94.6 0.318 0.004 94.8 0.330 0.002 95.1 0.318
j=3
1.0 0.045 85.1 0.198 0.018 339 0.268 0.037 88.7 0.197
2.0 0.005 949 0.223 0.012 94.1 0.198 0.042 879 0.223
kmse 3.0 0.005 95.0 0.248 0.016 90.0 0.320 0.036 90.7 0.248
4.0 0.003 94.8 0.351 0.008 94.4 0.250 0.021 93.6 0.351
5.0 0.002 95.0 0.319 0.003 94.0 0.390 0.003 94.8 0.320
fror 4.1 0.004 94.7 0.339 0.007 94.2 0.275 0.019 94.1 0.339
foer 4.7 0.002 94.9 0.329 0.005 94.2 0.322 0.003 94.8 0.329
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TABLE SA-2
Pointwise Results, Model 2, Spline, Evenly-spaced, n = 1000, 5000 Replications
z=0.2 z=0.5 z=0.8
K RMSE CR AL RMSE CR AL RMSE CR AL
7=0
5.0 0.065 86.9 0.321 0.082 87.1 0.402 0.001 949 0.320
6.0 0.043 90.6 0.278 0.095 69.9 0.263 0.004 94.8 0.277
Kmse 7.0 0.008 94.8 0.290 0.077 89.6 0.462 0.006 94.8 0.290
8.0 0.018 93.8 0.375 0.046 90.4 0.297 0.002 94.8 0.375
9.0 0.026 93.9 0.513 0.060 91.9 0.515 0.004 94.8 0.514
fror 6.1 0.040 90.4 0.279 0.083 71.8 0.277 0.003 95.0 0.278
hppr 7.8 0.014 93.6 0.361 0.008 93.2 0.360 0.003 94.3 0.361
j=1
5.0 0.065 85.7 0.297 0.098 69.9 0.268 0.048 89.9 0.297
6.0 0.001 94.0 0.360 0.020 94.1 0.363 0.027 93.7 0.360
kmse 7.0 0.009 94.2 0.396 0.032 929 0.307 0.005 94.5 0.396
8.0 0.011 94.2 0.382 0.019 94.2 0411 0.001 94.8 0.382
9.0 0.002 94.4 0.351 0.007 94.6 0.343 0.000 94.9 0.351
Aror 6.1 0.000 94.2 0.362 0.016 94.0 0.359 0.025 93.3 0.362
fkpopr 7.8 0.011 94.3 0.384 0.006 92.6 0.376 0.000 95.0 0.384
ji=2
5.0 0.045 91.2 0.311 0.014 94.3 0.340 0.027 93.5 0.311
6.0 0.005 94.3 0.362 0.024 93.9 0.367 0.031 93.5 0.362
kmse 7.0 0.014 94.3 0.403 0.001 94.4 0.398 0.013 94.5 0.403
8.0 0.001 94.5 0.413 0.022 944 0.416 0.015 94.3 0414
9.0 0.001 94.3 0.434 0.002 94.3 0.446 0.002 94.7 0.435
fror 6.1 0.005 94.4 0.365 0.022 93.9 0.369 0.027 93.1 0.365
App1 7.8 0.004 94.7 0.412 0.015 94.3 0.413 0.012 944 0412
71=3
5.0 0.074 84.8 0.321 0.044 679 0.393 0.002 94.7 0.320
6.0 0.019 93.9 0.302 0.041 91.3 0.298 0.013 94.7 0.302
Kmse 7.0 0.001 944 0.325 0.035 86.0 0.452 0.007 94.8 0.325
8.0 0.018 93.9 0.374 0.009 94.5 0.337 0.002 94.8 0.374
9.0 0.024 929 0.492 0.023 90.5 0.504 0.003 949 0.493
fror 6.1 0.017 93.6 0.304 0.035 90.9 0.309 0.013 94.7 0.304
Ao 7.8 0.016 93.7 0.368 0.003 93.0 0.382 0.003 94.6 0.369
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TABLE SA-3
Pointwise Results, Model 3, Spline, Evenly-spaced, n = 1000, 5000 Replications
z =02 z=0.5 z=0.8
K RMSE CR AL RMSE CR AL RMSE CR AL
i=0
10.0 0.002 94.5 0.423 0.487 0.04 0.343 0.002 94.4 0.423
11.0 0.003 94.5 0.357 0.233 63.40 0.566 0.003 94.5 0.357
kmse  12.0 0.004 94.1 0.368 0.349 3.88 0.366 0.003 949 0.368
13.0 0.005 94.6 0.466 0.229 68.30 0.611 0.004 94.6 0.467
14.0 0.003 94.1 0.625 0.251 28.10 0.389 0.001  94.5 0.627
Rrot 3.7 0.209 319 0.342 1.010 0.00 0.294 0.207 32.0 0.342
Rpp1 7.6 0.011 92.8 0.375 0.467 19.70 0.371 0.011 93.1 0.376
i=1
10.0 0.000 94.3 0.398 0.035 93.40 0.454 0.000 94.8 0.399
11.0 0.029 93.5 0.466 0.281 17.90 0.383 0.028 94.1 0.467
Kmse  12.0 0.005 94.0 0.490 0.010 93.90 0.493 0.004 94.7 0.491
13.0 0.002 93.9 0.459 0.176  60.80 0.410 0.001 94.5 0.460
14.0 0.004 94.2 0.423 0.025 93.70 0.530 0.004 94.8 0.423
Rrot 3.7 0.101 71.5 0.290 0.823 0.00 0.310 0.100 73.4 0.290
Rpp1 7.6 0.032 91.8 0.371 0.304 31.90 0.382 0.032 90.8 0.371
j=2
10.0 0.001  94.1 0.433 0.037 93.40 0.460 0.000 94.8 0.434
11.0 0.036 93.4 0.474 0.046 92.50 0.490 0.035 93.6 0.475
kmse  12.0 0.009 94.1 0.500 0.019 93.90 0.500 0.008 94.7 0.501
13.0 0.012 94.0 0.503 0.030 93.70 0.528 0.014 944 0.505
14.0 0.002 94.2 0.540 0.037 93.40 0.538 0.004 94.1 0.541
RRot 3.7 0.104 64.7 0.320 0.733 0.00 0.326 0.102 65.2 0.320
Rpp1 7.6 0.007 90.5 0.405 0.204 53.90 0.412 0.006 90.5 0.405
7=3
10.0 0.002 94.3 0.420 0.280 19.30 0.386 0.002 94.3 0.421
11.0 0.007 94.3 0.393 0.066 91.30 0.551 0.007 94.2 0.393
Kmse 12.0 0.006 94.2 0.409 0.171  63.40 0.413 0.005 94.7 0.410
13.0 0.005 94.7 0.465 0.069 91.10 0.595 0.004 94.7 0.467
14.0 0.005 94.4 0.608 0.103 83.30 0.440 0.001 94.6 0.610
RroT 3.7 0.249 20.0 0.327 0.902 0.00 0.312 0.250 19.5 0.326
Rpp1 7.6 0.024 93.1 0.379 0.366 28.40 0.392 0.024 93.6 0.380




SUPPLEMENTAL: PARTITIONING-BASED SERIES ESTIMATORS

71

TABLE SA-4
Pointwise Results, Model 4, Spline, Evenly-spaced, n = 1000, 5000 Replications
x = (0.5,0.5) x = (0.1,0.5) x = (0.1,0.1)
K RMSE CR AL RMSE CR AL RMSE CR AL
7=0
2.0 0.515 0.0 0.267 0.405 1.68 0.384 0.087 89.4 0.574
3.0 0.320 69.4 0.877 0.133 87.80 0.694 0.116 85.3 0.556
kmse 4.0 0.182 574 0.402 0.141 78.30 0.470 0.074 90.3 0.550
5.0 0.187 90.0 1.300 0.107 91.40 0.882 0.034 934 0.596
6.0 0.070 91.5 0.564 0.045 93.60 0.648 0.003 93.6 0.740
Rror 2.9 0.266 65.1 0.839 0.100 81.80 0.675 0.115 85.7 0.558
kopr 4.0 0.182 574 0.402 0.141 78.30 0.470 0.074 90.3 0.550
j =
2.0 0.026 93.8 0.510 0.000 95.10 0.516 0.006 94.5 0.526
3.0 0.164 66.4 0417 0.119 85.70 0.516 0.077 92.3 0.636
kmse 4.0 0.042 932 0.774 0.035 94.20 0.820 0.039 93.5 0.869
5.0 0.024 939 0.585 0.012 94.30 0.828 0.013 93.5 1.170
6.0 0.013 93.8 1.070 0.023 93.40 1.240 0.006 93.0 1.440
Rror 2.9 0.155 67.9 0.423 0.111 87.10 0.516 0.072 92.2 0.628
kopr 4.0 0.042 932 0.774 0.035 94.20 0.820 0.039 93.5 0.869
j =
2.0 0.027 93.7 0.510 0.001 95.20 0.520 0.000 944 0.538
3.0 0.029 93.8 0.658 0.035 94.60 0.597 0.072 92.3 0.641
kmse 4.0 0.052 93.2 0.780 0.041 94.30 0.826 0.040 93.6 0.873
5.0 0.017 94.0 1.060 0.004 94.10 0.955 0.014 93.6 1.180
6.0 0.014 944 1.090 0.025 93.90 1.260 0.007 93.4 1.480
kror 2.9 0.030 93.7 0.648 0.032 94.80 0.592 0.068 92.2 0.634
kot 4.0 0.051 93.2 0.780 0.041 94.30 0.826 0.040 93.6 0.873
j =
2.0 0.254 27.8 0.390 0.190 59.60 0.434 0.028 94.3 0.549
3.0 0.146 86.5 0.834 0.0564 92.10 0.693 0.063 93.2 0.625
kmse 4.0 0.044 93.1 0.564 0.028 95.00 0.685 0.039 93.8 0.815
5.0 0.057 93.9 1.260 0.043 94.10 0.962 0.023 93.6 0.998
6.0 0.006 94.1 0.790 0.007 94.20 0.901 0.020 93.4 1.030
Rror 2.9 0.120 829 0.806 0.039 88.10 0.677 0.061 93.1 0.620
kot 4.0 0.044 93.1 0.564 0.028 95.00 0.685 0.039 93.8 0.815
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TABLE SA-5
Pointwise Results, Model 5, Spline, Evenly-spaced, n = 1000, 5000 Replications
x = (0.5,0.5) x = (0.1,0.5) x = (0.1,0.1)
K RMSE CR AL RMSE CR AL RMSE CR AL
7=0
2.0 0.129 478 0.251 0.035 93.1 0.386 0.068 91.3 0.561
3.0 0.086 92.2 0.870 0.178 82.7 0.701 0.083 89.5 0.555
kmse 4.0 0.021 94.0 0.399 0.082 89.4 0.471 0.074 90.4 0.551
5.0 0.022 94.2 1.300 0.087 92.3 0.882 0.055 92.5 0.596
6.0 0.014 93.9 0.563 0.025 944 0.648 0.034 93.6 0.740
Afror 3.0 0.086 92.0 0.868 0.177 827 0.700 0.083 89.5 0.555
Appr 3.9 0.015 94.0 0.434 0.088 88.9 0.488 0.074 90.4 0.551
j=1
2.0 0.028 93.7 0.509 0.062 92.2 0.517 0.066 91.9 0.526
3.0 0.016 94.1 0414 0.015 95.3 0.512 0.026 94.5 0.634
kmse 4.0 0.001 939 0.773 0.000 95.0 0.820 0.010 93.7 0.868
5.0 0.006 94.4 0.585 0.013 94.3 0.828 0.003 93.6 1.170
6.0 0.000 93.9 1.070 0.019 934 1.240 0.004 93.0 1.440
Aror 3.0 0.016 94.1 0.415 0.015 95.3 0.513 0.026 94.5 0.635
fopr 3.9 0.001 94.0 0.746 0.001 95.0 0.798 0.010 93.7 0.851
j=2
2.0 0.031 93.7 0.510 0.060 92.7 0.520 0.060 92.4 0.537
3.0 0.015 94.0 0.657 0.016 94.7 0.596 0.025 944 0.639
kmse 4.0 0.001 94.0 0.780 0.000 95.2 0.826 0.009 939 0.872
5.0 0.004 94.0 1.060 0.014 93.9 0.955 0.004 93.6 1.180
6.0 0.000 94.5 1.090 0.020 94.0 1.260 0.005 93.4 1.480
fror 3.0 0.015 94.0 0.657 0.016 94.7 0.597 0.025 94.4 0.639
Apopr 3.9 0.000 93.9 0.771 0.002 95.2 0.809 0.010 93.9 0.855
j=3
2.0 0.064 88.8 0.373 0.011 95.1 0.422 0.045 93.3 0.541
3.0 0.056 93.6 0.831 0.053 93.6 0.693 0.030 94.4 0.623
kmse 4.0 0.002 94.1 0.562 0.011 95.3 0.683 0.024 94.1 0.815
5.0 0.002 94.2 1.260 0.012 94.1 0.962 0.019 93.6 0.998
6.0 0.003 93.9 0.790 0.001 94.1 0.901 0.018 93.3 1.030
hror 3.0 0.056 93.6 0.830 0.053 93.6 0.693 0.030 94.3 0.623
Ao 3.9 0.001 94.2 0.581 0.014 954 0.684 0.024 94.0 0.801
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Pointwise Results, Model 6, Spline, Evenly-spaced, n = 1000, 5000 Replications
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x = (0.5,0.5,0.5)

x = (0.1,0.1,0.5)

x = (0.1,0.1,0.1)

K RMSE CR AL RMSE CR AL RMSE CR AL
j=0
1.0 0.002 94.9 1.000 0.003 934 1.030 0.152 88.0 1.16
2.0 0.001 94.7 0.363 0.005 91.8 0.816 0.231 79.8 1.33
kmse 3.0 0.004 93.8 2.410 0.014 89.4 1.500 0.274 73.7 1.28
kror 2.1 0.003 94.8 0.570 0.006 91.5 0.887 0.236 79.3 1.33
Foer 3.0 0.003 93.8 2.400 0.014 89.5 1.500 0.274 73.7 1.28
j=1
1.0 0.001 94.7 0.433 0.005 914 0.807 0.195 789 1.19
2.0 0.000 95.5 1.090 0.010 91.7 1.110 0.130 84.1 1.25
kmse 3.0 0.002 96.3 0.842 0.014 91.7 1.300 0.081 85.5 2.09
Rror 2.1 0.000 95.3 1.070 0.010 919 1.130 0.121 84.1 1.33
Foer 3.0 0.002 96.3 0.845 0.014 91.7 1.300 0.081 85.5 2.09
j=2
1.0 0.000 95.0 0.563 0.006 92.1 0.856 0.118 854 1.27
2.0 0.001 954 1.090 0.010 92.0 1.130 0.124 864 1.35
kmse 3.0 0.008 94.8 1.850 0.014 91.7 1.440 0.083 874 222
Rror 2.1 0.000 95.2 1.170 0.009 92.2 1.170 0.116 86.4 1.43
kot 3.0 0.008 94.8 1.850 0.015 91.7 1.440 0.084 874 222
] =
1.0 0.001 95.7 1.020 0.008 92.7 1.210 0.132 870 1.18
2.0 0.001 95.3 0.860 0.004 93.3 0.952 0.077 89.3 1.31
kmse 3.0 0.006 94.7 2.380 0.014 93.5 1.860 0.033 915 2.28
Rror 2.1 0.000 954 1.010 0.005 93.3 1.050 0.076 89.6 1.38
Foer 3.0 0.006 94.7 2.380 0.014 93.5 1.900 0.033 915 231




74

Pointwise Results, Model 7, Spline, Evenly-spaced, n = 1000, 5000 Replications

CATTANEO, FARRELL, AND FENG

TABLE SA-7

x = (0.5,0.5,0.5)

x = (0.1,0.1,0.5)

x = (0.1,0.1,0.1)

K RMSE CR AL RMSE CR AL RMSE CR AL
i=0
1.0 0.002 95.0 0.999 0.004 93.6 0.992 0.003 92.8 0.99
kmse 2.0 0.004 94.6 0.362 0.004 92.4 0.789 0.003 89.5 1.15
3.0 0.003 93.8 2.410 0.014 89.1 1.490 0.007 85.8 1.21
Rror 2.1 0.003 94.6 0.512 0.004 92.3 0.839 0.003 89.1 1.15
Rppr 3.0 0.002 93.8 2.400 0.014 89.1 1.490 0.002 85.8 1.23
j =
1.0 0.004 94.6 0.432 0.005 91.8 0.783 0.001 88.8 1.06
kmse 2.0 0.000 95.4 1.090 0.010 91.5 1.100 0.006 86.5 1.24
3.0 0.002 96.3 0.842 0.014 91.7 1.300 0.038 85.7  2.08
RroT 2.1 0.000 954 1.070 0.010 91.5 1.120 0.001 86.2 1.31
Rppr 3.0 0.002 96.3 0.844 0.015 91.7 1.300 0.018 &85.8 2.28
j=2
1.0 0.004 95.1 0.562 0.005 92.7 0.838 0.001 90.8 1.12
Kmse 2.0 0.001 954 1.090 0.010 92.1 1.130 0.004 89.0 1.34
3.0 0.008 94.8 1.850 0.014 91.7 1.440 0.039 87.6  2.22
Rrot 2.1 0.001 954 1.150 0.010 92.0 1.160 0.003 88.9 1.41
Ropr 3.0 0.008 94.8 1.850 0.015 91.6 1.440 0.018 87.6 2.44
7=3
1.0 0.006 95.6 1.020 0.007 93.1 1.160 0.001  92.0 1.07
kmse 2.0 0.003 95.2 0.859 0.004 93.5 0.946 0.000 90.7  1.27
3.0 0.0056 94.6 2.380 0.014 93.5 1.860 0.023 91.7 2.27
Rrot 2.1 0.005 95.3 0.970 0.004 93.5 1.020 0.004 90.6 1.33
Rpp1 3.0 0.005 94.6 2.370 0.012 93.5 2.030 0.224 91.7 21.30
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TABLE SA-8
Pointwise Results, Model 1, Spline, Quantile-spaced, n = 1000, 5000 Replications
z=0.2 z=0.5 z=0.8
K RMSE CR AL RMSE CR AL RMSE CR AL
7=0
1.0 0.084 56.5 0.185 0.046 87.6 0.240 0.068 69.6 0.185
2.0 0.0564 79.0 0.190 0.045 819 0.176 0.003 94.2 0.190
Kmse 3.0 0.006 94.8 0.252 0.036 92.1 0.308 0.036 90.8 0.253
4.0 0.021 94.3 0.352 0.003 94.5 0.225 0.018 94.0 0.352
5.0 0.003 94.6 0.322 0.013 94.5 0.364 0.001 94.9 0.321
Rror 4.1 0.018 94.5 0.341 0.001 94.6 0.250 0.016 95.0 0.340
fpopr 4.7 0.008 949 0.328 0.006 94.0 0.299 0.006 94.6 0.327
j=1
1.0 0.032 90.7 0.205 0.030 89.5 0.187 0.056 80.7 0.205
2.0 0.025 93.3 0.269 0.012 94.2 0.251 0.033 92.3 0.269
kmse 3.0 0.002 954 0.303 0.004 94.6 0.228 0.001 94.8 0.303
4.0 0.003 95.1 0.281 0.008 94.6 0.307 0.010 94.4 0.280
5.0 0.001 94.7 0.298 0.008 94.7 0.274 0.008 94.7 0.298
fror 4.1 0.002 95.1 0.285 0.008 94.6 0.297 0.009 94.5 0.285
fopr 4.7 0.001 95.1 0.298 0.007 94.7 0.295 0.009 94.6 0.299
j=2
1.0 0.029 91.2 0.205 0.019 93.1 0.194 0.054 82.0 0.206
2.0 0.031 924 0.270 0.013 94.2 0.251 0.038 91.2 0.270
kmse 3.0 0.002 95.0 0.314 0.004 94.5 0.264 0.001 94.8 0.313
4.0 0.003 94.6 0.310 0.009 94.6 0.310 0.000 95.0 0.310
5.0 0.000 94.3 0.314 0.002 94.5 0.329 0.005 94.8 0.314
fror 4.1 0.002 94.7 0.311 0.008 94.7 0.309 0.001 95.0 0.311
kopr 4.7 0.001 94.4 0.318 0.004 94.6 0.324 0.002 95.2 0.318
j=3
1.0 0.046 85.0 0.198 0.022 35.5 0.253 0.037 88.5 0.197
2.0 0.005 94.9 0.223 0.012 93.9 0.199 0.043 87.6 0.223
kmse 3.0 0.005 94.9 0.249 0.012 89.9 0.299 0.037 90.7 0.249
4.0 0.000 94.8 0.340 0.008 94.7 0.251 0.005 93.7 0.341
5.0 0.002 94.8 0.324 0.003 93.8 0.355 0.004 949 0.324
fror 4.1 0.002 94.5 0.332 0.007 944 0.269 0.006 94.3 0.331
foer 4.7 0.001 94.8 0.327 0.005 94.1 0.307 0.001 94.7 0.326
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TABLE SA-9
Pointwise Results, Model 2, Spline, Quantile-spaced, n = 1000, 5000 Replications
z=0.2 z=0.5 z=0.8
K RMSE CR AL RMSE CR AL RMSE CR AL
7=0
5.0 0.058 87.7 0.323 0.039 88.5 0.367 0.003 94.3 0.321
6.0 0.041 90.7 0.282 0.087 72.0 0.271 0.003 94.8 0.281
Kmse 7.0 0.009 94.2 0.296 0.036 91.1 0.409 0.006 94.6 0.297
8.0 0.015 94.2 0.377 0.037 90.7 0.313 0.001 94.6 0.380
9.0 0.014 94.0 0.456 0.026 92.5 0.443 0.001 94.7 0.456
fror 6.1 0.039 90.5 0.284 0.080 73.2 0.281 0.002 95.1 0.282
hppr 7.8 0.010 94.0 0.365 0.017 91.6 0.350 0.002 94.4 0.367
j=1
5.0 0.060 86.6 0.298 0.091 712 0.274 0.046 90.3 0.299
6.0 0.001 94.1 0.357 0.014 93.4 0.358 0.026 93.8 0.358
kmse 7.0 0.008 94.1 0.391 0.026 92.6 0.319 0.004 94.7 0.391
8.0 0.009 94.3 0.380 0.014 93.6 0.401 0.001 94.8 0.379
9.0 0.002 94.3 0.364 0.002 94.2 0.362 0.000 94.7 0.364
Aror 6.1 0.001 94.2 0.359 0.012 93.3 0.355 0.023 934 0.360
fpopr 7.8 0.009 944 0.381 0.006 93.0 0.377 0.000 94.9 0.381
j=2
5.0 0.040 91.2 0.314 0.020 93.0 0.329 0.027 93.2 0.314
6.0 0.004 94.0 0.361 0.022 93.9 0.365 0.028 93.5 0.362
kmse 7.0 0.012 94.2 0.400 0.002 944 0.382 0.012 94.3 0.400
8.0 0.000 94.4 0413 0.020 94.3 0.412 0.013 942 0414
9.0 0.001 94.2 0.422 0.004 93.9 0.427 0.001 94.7 0.423
fror 6.1 0.004 94.3 0.364 0.020 94.0 0.366 0.025 93.0 0.365
App1 7.8 0.002 94.7 0.411 0.014 94.4 0.406 0.010 94.4 0411
71=3
5.0 0.077 83.1 0.326 0.010 71.0 0.358 0.001 94.7 0.324
6.0 0.019 93.7 0.305 0.040 90.1 0.300 0.012 94.5 0.305
Kmse 7.0 0.002 94.4 0.327 0.012 87.7 0.400 0.008 94.7 0.327
8.0 0.016 93.9 0.379 0.008 93.7 0.344 0.001 94.4 0.381
9.0 0.004 93.6 0.445 0.010 914 0.437 0.002 95.0 0.446
fror 6.1 0.018 93.5 0.307 0.038 89.6 0.308 0.012 94.5 0.307
Ao 7.8 0.013 94.0 0.373 0.004 924 0.367 0.003 94.6 0.374
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TABLE SA-10
Pointwise Results, Model 3, Spline, Quantile-spaced, n = 1000, 5000 Replications
z=0.2 z=0.5 z=0.8
K RMSE CR AL RMSE CR AL RMSE CR AL
7=0
10.0 0.002 94.1 0.426 0.396 10.8 0.367 0.001 94.6 0424
11.0 0.002 94.4 0.376 0.028 70.6 0477 0.002 94.5 0.375
kmse  12.0 0.003 94.5 0.389 0.250 32.2 0.403 0.003 94.5 0.391
13.0 0.004 94.5 0.466 0.017 747 0.502 0.003 94.5 0.470
14.0 0.003 93.9 0.526 0.154 56.7 0.440 0.001 94.8 0.527
Rrot 3.7 0.186 38.8 0.326 1.020 0.0 0.290 0.186 38.7 0.327
Rpp1 7.7 0.010 92.6 0.364 0.487 23.1 0.363 0.011 92.9 0.364
J =
10.0 0.001 94.1 0.400 0.096 80.2 0.441 0.001 944 0.402
11.0 0.022 93.7 0.455 0.218 43.2 0.408 0.022 94.5 0.457
Kmse  12.0 0.007 94.1 0.476 0.049 873 0472 0.006 94.6 0.476
13.0 0.004 93.9 0.459 0.120 75.7 0.443 0.003 94.3 0.459
14.0 0.003 94.4 0.450 0.027 90.7 0.501 0.002 94.4 0.452
Rrot 3.7 0.102 68.6 0.292 0.826 0.0 0.311 0.100 69.7 0.291
Rpp1 7.7 0.032 91.7 0.374 0.322 26.1 0.383 0.032 90.6 0.374
J =
10.0 0.007 94.0 0.439 0.053 90.5 0.455 0.007 94.6 0.440
11.0 0.029 93.6 0471 0.065 89.7 0.469 0.028 94.1 0472
kmse  12.0 0.009 94.1 0.495 0.004 93.5 0494 0.007 944 0.496
13.0 0.007 94.3 0.507 0.030 93.1 0.506 0.009 94.5 0.508
14.0 0.000 94.0 0.520 0.010 93.3 0.530 0.003 94.5 0.521
Rrot 3.7 0.111 62.8 0.317 0.740 0.0 0.324 0.109 63.4 0.317
Rpp1 7.7 0.016 89.3 0.403 0.220 50.5 0.406 0.016 89.3 0.404
J =
10.0 0.005 94.4 0.429 0.259 29.3 0.395 0.004 944 0.428
11.0 0.005 94.3 0.404 0.083 79.5 0471 0.005 94.3 0.404
kmse  12.0 0.005 94.6 0.420 0.150 68.2 0.430 0.005 94.6 0.421
13.0 0.004 94.3 0.474 0.051 87.2 0.499 0.002 94.5 0478
14.0 0.004 94.3 0.522 0.085 85.5 0.465 0.001 95.1 0.523
Rrot 3.7 0.156 36.5 0.318 0.923 0.0 0.306 0.152 37.4 0.319
Rpp1 7.7 0.021 93.1 0.371 0.399 225 0.379 0.020 93.7 0.372
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TABLE SA-11
Pointwise Results, Model 4, Spline, Quantile-spaced, n = 1000, 5000 Replications
x = (0.5,0.5) x = (0.1,0.5) x = (0.1,0.1)
K RMSE CR AL RMSE CR AL RMSE CR AL
7=0
2.0 0.511 0.0 0.269 0.402 2.16 0.385 0.087 89.2 0.573
3.0 0.214 79.5 0.774 0.081 91.00 0.652 0.115 85.4 0.556
kmse 4.0 0.174 61.3 0414 0.136  79.40 0.477 0.073 90.2 0.552
5.0 0.113 91.8 1.080 0.062 93.30 0.807 0.034 93.5 0.602
6.0 0.062 92.0 0.600 0.039 93.70 0.673 0.003 93.9 0.755
Rror 2.9 0.168 74.4 0.742 0.051 85.00 0.635 0.114 85.8 0.558
kopr 4.0 0.174 61.3 0414 0.135 79.40 0.478 0.073 90.2 0.552
J =
2.0 0.030 93.5 0.509 0.002 95.00 0.516 0.005 94.2 0.527
3.0 0.158 68.5 0.426 0.115 86.20 0.522 0.077 92.0 0.637
kmse 4.0 0.038 93.6 0.764 0.031 94.30 0.814 0.039 93.7 0.870
5.0 0.020 93.7 0.611 0.008 94.40 0.844 0.013 93.5 1.170
6.0 0.011 93.6 1.040 0.020 93.90 1.220 0.006 93.1 1.430
Rror 2.9 0.150 69.8 0.431 0.107 87.50 0.521 0.072 919 0.630
kopr 4.0 0.038 93.6 0.764 0.031 94.30 0.814 0.039 93.7 0.870
J =
2.0 0.030 93.6 0.509 0.003 95.20 0.519 0.000 94.5 0.538
3.0 0.041 93.2 0.611 0.040 94.30 0.589 0.073 92.2 0.642
kmse 4.0 0.048 934 0.773 0.040 94.30 0.822 0.040 93.8 0.874
5.0 0.013 94.0 0.938 0.001 94.30 0.943 0.013 93.7 1.180
6.0 0.013 94.3 1.070 0.023 94.10 1.240 0.006 93.1 1.460
Rror 2.9 0.041 93.2 0.604 0.037 94.50 0.585 0.068 92.1 0.636
kot 4.0 0.048 934 0.773 0.039 94.30 0.822 0.040 93.8 0.874
J =
2.0 0.257 26.6 0.388 0.191 58.70 0.435 0.029 94.5 0.550
3.0 0.070 90.0 0.741 0.022 93.00 0.646 0.064 929 0.625
kmse 4.0 0.045 93.0 0.560 0.028 95.10 0.680 0.040 94.0 0.812
5.0 0.026 93.9 1.050 0.024 94.20 0.869 0.024 93.5 0.985
6.0 0.005 93.9 0.783 0.008 94.50 0.891 0.020 93.4 1.020
Rror 2.9 0.049 85.8 0.719 0.009 88.90 0.633 0.062 92.8 0.621
kot 4.0 0.045 93.0 0.561 0.028 95.10 0.681 0.040 94.0 0.812




SUPPLEMENTAL: PARTITIONING-BASED SERIES ESTIMATORS

79

TABLE SA-12
Pointwise Results, Model 5, Spline, Quantile-spaced, n = 1000, 5000 Replications
x = (0.5,0.5) x = (0.1,0.5) x = (0.1,0.1)
K RMSE CR AL RMSE CR AL RMSE CR AL
7=0
2.0 0.128 484 0.253 0.036 93.0 0.387 0.068 91.2 0.561
3.0 0.063 92.8 0.768 0.162 83.0 0.658 0.083 89.4 0.555
kmse 4.0 0.020 94.1 0411 0.082 89.1 0.479 0.074 90.6 0.553
5.0 0.010 94.1 1.080 0.078 92.7 0.808 0.055 92.2 0.603
6.0 0.012 94.0 0.599 0.025 94.2 0.673 0.034 93.6 0.755
Afror 3.0 0.063 92.7 0.766 0.161 83.0 0.658 0.083 89.4 0.555
Appr 3.9 0.016 94.3 0.437 0.087 88.7 0.491 0.074 90.6 0.553
j=1
2.0 0.027 93.7 0.507 0.061 92.3 0.516 0.066 91.8 0.527
3.0 0.015 94.3 0.423 0.015 954 0.518 0.026 94.4 0.636
kmse 4.0 0.000 93.7 0.764 0.000 95.1 0.814 0.010 93.8 0.869
5.0 0.005 94.2 0.611 0.014 94.3 0.844 0.004 93.6 1.170
6.0 0.001 93.7 1.040 0.018 93.8 1.220 0.004 93.1 1.430
Aror 3.0 0.015 94.3 0.424 0.015 954 0.519 0.026 944 0.636
fopr 3.9 0.000 93.7 0.739 0.002 95.2 0.793 0.011 93.9 0.852
j=2
2.0 0.030 93.7 0.508 0.059 92.8 0.520 0.060 92.3 0.538
3.0 0.015 94.1 0.610 0.016 95.0 0.589 0.025 94.5 0.640
kmse 4.0 0.000 94.0 0.772 0.000 954 0.821 0.010 939 0.873
5.0 0.004 94.2 0.938 0.014 94.2 0.943 0.004 93.6 1.180
6.0 0.001 94.2 1.070 0.019 94.2 1.240 0.004 93.1 1.460
fror 3.0 0.015 94.1 0.610 0.016 95.0 0.589 0.025 94.5 0.641
Apopr 3.9 0.000 94.0 0.761 0.002 95.3 0.805 0.011 93.9 0.856
j=3
2.0 0.065 88.9 0.371 0.011 95.0 0.423 0.045 93.4 0.541
3.0 0.038 93.6 0.738 0.044 94.1 0.646 0.031 94.2 0.623
kmse 4.0 0.002 94.3 0.558 0.011 95.2 0.679 0.025 94.2 0.811
5.0 0.003 94.4 1.050 0.010 944 0.869 0.019 93.7 0.985
6.0 0.004 94.3 0.782 0.001 94.5 0.891 0.017 934 1.020
hror 3.0 0.038 93.5 0.737 0.044 94.1 0.646 0.031 94.2 0.623
Ao 3.9 0.001 94.3 0.571 0.014 95.2 0.676 0.025 94.2 0.797
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TABLE SA-13

x = (0.5,0.5,0.5)

x = (0.1,0.1,0.5)

x = (0.1,0.1,0.1)

K RMSE CR AL RMSE CR AL RMSE CR AL
j=0
1.0 0.001 95.0 0.899 0.004 934 0.995 0.153 88.1 1.16
2.0 0.001 94.5 0.367 0.005 91.8 0.818 0.230 79.6 1.33
kmse 3.0 0.001  93.9 1.990 0.014 89.4 1.410 0.270 739 1.27
kror 2.1 0.002 94.6 0.534 0.006 914 0.878 0.235 79.1 1.32
Foer 3.0 0.001  93.9 1.990 0.014 89.4 1.410 0.270 739 1.27
j=1
1.0 0.001 94.5 0.438 0.005 914 0.809 0.195 79.2 1.19
2.0 0.000 954 1.080 0.010 91.6 1.110 0.129 84.2 1.25
kmse 3.0 0.001 96.3 0.869 0.016 91.9 1.310 0.075 85.5 2.03
Rror 2.1 0.000 954 1.060 0.010 92.0 1.130 0.120 84.2 1.33
Foer 3.0 0.001 96.3 0.871 0.016 919 1.310 0.076 85.5 2.04
j=2
1.0 0.000 95.1 0.542 0.006 92.2 0.855 0.118 853 1.27
2.0 0.000 95.5 1.090 0.010 92.1 1.130 0.122 86.6 1.35
kmse 3.0 0.005 94.5 1.600 0.016 91.9 1.440 0.077 875 2.16
Rror 2.1 0.000 95.2 1.140 0.009 92.2 1.170 0.115 86.6 1.43
kot 3.0 0.005 94.5 1.600 0.016 91.8 1.440 0.078 875 2.17
] =
1.0 0.001 954 0.948 0.000 92.6 1.140 0.133 87.1 1.18
2.0 0.001 95.2 0.849 0.004 93.2 0.954 0.076 89.4 1.31
kmse 3.0 0.000 94.5 1.980 0.015 92.7 1.730 0.043 91.7 210
Rror 2.1 0.003 95.2 0.966 0.006 93.2 1.040 0.075 89.7 1.38
Foer 3.0 0.000 94.5 2.000 0.018 92.8 2.160 0.043 91.7 213
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TABLE SA-14
Pointwise Results, Model 7, Spline, Quantile-spaced, n = 1000, 5000 Replications
x = (0.5,0.5,0.5) x = (0.1,0.1,0.5) x = (0.1,0.1,0.1)
K RMSE CR AL RMSE CR AL RMSE CR AL
7=0
1.0 0.001 95.1 0.895 0.004 93.6 0.956 0.003 929 0.989
Kmse 2.0 0.004 94.5 0.367 0.004 92.3 0.790 0.003 89.6 1.150
3.0 0.001 93.7 1.990 0.014 89.4 1.400 0.005 85.6 1.210
fror 2.1 0.003 94.6 0.486 0.004 92.1 0.833 0.003 89.2 1.150
fpopr 3.0 0.001 93.7 1.990 0.014 89.4 1.400 0.003 85.7 1.220
j =
1.0 0.003 94.6 0437 0.005 91.9 0.785 0.001 88.9 1.060
Kmse 2.0 0.000 95.4 1.080 0.010 914 1.100 0.006 86.9 1.240
3.0 0.001 96.3 0.869 0.016 91.8 1.310 0.033 85.8 2.030
fror 2.1 0.000 95.4 1.070 0.010 91.5 1.120 0.000 86.6 1.300
Rpp1 3.0 0.001 96.3 0.870 0.016 91.7 1.310 0.012 85.8 2.080
j=2
1.0 0.003 95.1 0.541 0.005 92.7 0.837 0.001 91.0 1.120
Kmse 2.0 0.001 95.5 1.090 0.010 91.9 1.130 0.003 88.9 1.340
3.0 0.005 94.4 1.600 0.016 91.9 1.440 0.034 87.7 2.160
Rrot 2.1 0.001 95.3 1.120 0.010 92.0 1.160 0.002 88.7 1.400
Rpp1 3.0 0.005 94.5 1.600 0.016 91.9 1.440 0.012 87.7 2.220
7=3
1.0 0.004 954 0.943 0.002 93.3 1.090 0.001 92.1 1.070
Kmse 2.0 0.003 95.2 0.848 0.003 93.4 0.948 0.000 90.6 1.270
3.0 0.000 94.4 1.980 0.015 92.8 1.730 0.012 919 2.090
Rrot 2.1 0.003 95.2 0.931 0.005 93.4 1.000 0.002 90.6 1.320
Rpp1 3.0 0.000 94.4 1.980 0.014 92.8 1.750 0.014 919 2.790
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TABLE SA-15
Tuning parameters, Spline, Evenly-spaced, n = 1000, 5000 Replications

Min. 1st qu. Median Mean 3rd qu. Max. Std. dev.

Model 1, KIMSE = 3.4

Rror 3 4 4 4.07 4 5 0.45

App1 3 4 5 4.67 5 7 0.72
Model 2, kg = 7.2

Rror 5 6 6 6.07 6 7 0.26

App1 6 7 8 7.79 8 10 0.57
Model 3, ke = 11.9

Rrot 3 3 4 3.68 4 4 0.47

Rpp1 5 7 8 7.65 8 9 1.09
Model 4, KIMSE = 4.4

Rrot 2 3 3 2.94 3 3 0.24

Rpp1 4 4 4 4.00 4 5 0.02
Model 5, ks = 4.2

Rror 2 3 3 3.00 3 4 0.06

Rpp1 3 4 4 3.93 4 4 0.26
Model 6, Kmse = 3.3

RRoT 2 2 2 2.10 2 3 0.31

App1 3 3 3 3.00 3 4 0.04
Model 7, KIMSE = 2.3

Rror 2 2 2 2.07 2 3 0.26

App1 2 3 3 3.00 3 4 0.05
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TABLE SA-16
Tuning parameters, Spline, Quantile-spaced, n = 1000, 5000 Replications

Min. 1st qu. Median Mean 3rd qu. Max. Std. dev.

Model 1, KIMSE = 3.4

Rror 3 4 4 4.07 4 5 0.45

App1 3 4 5 4.69 5 7 0.72
Model 2, kg = 7.2

Rror 5 6 6 6.07 6 7 0.26

App1 6 7 8 7.84 8 10 0.58
Model 3, ke = 11.9

Rrot 3 3 4 3.68 4 4 0.47

Rpp1 5 7 8 7.66 8 9 1.05
Model 4, KIMSE = 4.4

Rrot 2 3 3 2.94 3 3 0.24

Rpp1 4 4 4 4.00 4 5 0.03
Model 5, ks = 4.2

Rror 2 3 3 3.00 3 4 0.06

Rpp1 3 4 4 3.93 4 4 0.26
Model 6, Kmse = 3.3

RRoT 2 2 2 2.10 2 3 0.31

App1 3 3 3 3.00 3 4 0.04
Model 7, KIMSE = 2.3

Rror 2 2 2 2.07 2 3 0.26

Fopt 2 3 3 3.00 3 4 0.04
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TABLE SA-17

Uniform Results, Model 1, Spline, n = 1000, 5000 Replications.

Evenly-spaced

Quantile-spaced

CP ACE AW UCR CP ACE AW UCR
Plug-in, j =0
K1usE 0.92 0.017 0.384 79.9 0.92 0.017 0.383  80.0
Fror 1.00 0.008 0.433 90.1 1.00 0.008 0.433  89.9
Rppr 1.00 0.006 0.460 91.6 1.00 0.006 0.460 91.6
Plug-in, j =1
KIMSE 1.00 0.005 0.426  93.8 1.00 0.005 0.426 93.5
RroT 1.00 0.005 0.473 93.5 1.00 0.005 0.473 93.4
Rpp1 1.00 0.004 0497 932 1.00 0.004 0.498 93.2
Plug-in, j =2
K1usE 1.00 0.005 0443 94.1 1.00 0.005 0.443 94.0
Rrot 1.00 0.004 0.497 934 1.00 0.004 0.497 935
Rpp1 1.00 0.004 0.526 93.6 1.00 0.004 0.527 93.6
Plug-in, j =3
KIMSE 1.00 0.008 0.413 89.0 1.00 0.008 0.413 88.8
Rror 1.00 0.005 0.463  93.0 1.00 0.005 0.463  92.7
Rppt 1.00 0.004 0490 93.2 1.00 0.004 0.490 93.3
Bootstrap, j =0
K1usE 0.92 0.017 0.382 79.7 0.92 0.017 0.382 79.6
Rrot 1.00 0.008 0.431 89.7 1.00 0.008 0.430 89.6
Rpp1 1.00 0.006 0457 91.1 1.00 0.006 0.456  91.0
Bootstrap, j =1
KIMSE 1.00 0.005 0.424  93.7 1.00 0.005 0.423 93.5
RroT 1.00 0.005 0.469 929 1.00 0.005 0.469 929
Rppt 1.00 0.004 0493 92.6 1.00 0.004 0.493 925
Bootstrap, j =2
KIMSE 1.00 0.005 0.440 94.0 1.00 0.005 0.440 93.8
RroT 1.00 0.0056 0.494 93.3 1.00 0.005 0.493 93.3
Rpp1 1.00 0.004 0.522 93.0 1.00 0.004 0.522 93.2
Bootstrap, j =3
K1MsE 1.00 0.008 0.411 88.5 1.00 0.008 0.411 88.5
RroT 1.00 0.005 0.460  92.5 1.00 0.005 0.460 92.3
Rppr 1.00 0.004 0486 929 1.00 0.004 0487 928
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TABLE SA-18

Uniform Results, Model 2, Spline, n = 1000, 5000 Replications.

Evenly-spaced

Quantile-spaced

CP ACE AW UCR CP ACE AW UCR
Plug-in, j =0
K1usE 0.95 0.013 0.556  68.8 0.95 0.014 0.554  68.7
Fror 0.92 0.016 0.520 64.9 0.89 0.020 0.518  60.0
Rppr 0.97 0.007 0.585 81.8 0.98 0.008 0.585 81.0
Plug-in, j =1
KIMSE 1.00 0.004 0.588 91.9 1.00 0.004 0.588  90.8
RroT 1.00 0.008 0.553  82.1 0.98 0.008 0.553 81.5
Rpp1 1.00 0.004 0.616 90.4 1.00 0.004 0.617 90.4
Plug-in, j =2
K1usE 1.00 0.003 0.632 92.4 1.00 0.003 0.631 92.2
Rrot 1.00 0.005 0.592 89.4 1.00 0.005 0.591 89.6
Rpp1 1.00 0.003 0.664 92.3 1.00 0.003 0.665 92.3
Plug-in, j =3
KIMSE 1.00 0.006 0.588  84.6 1.00 0.006 0.586  84.6
Rror 0.99 0.007 0.551 79.9 1.00 0.008 0.550 78.9
Rppt 1.00 0.004 0.617  89.9 1.00 0.004 0.618 89.0
Bootstrap, j =0
K1usE 0.95 0.014 0.551 67.5 0.95 0.015 0.549 67.2
Rrot 0.91 0.017 0.515 63.4 0.88 0.021 0.514  58.6
Rpp1 0.97 0.008 0.579  80.6 0.98 0.008 0.578 79.6
Bootstrap, j =1
KIMSE 1.00 0.004 0.581 91.2 1.00 0.005 0.581 89.9
FRror 0.99 0.009 0.548  80.7 0.98 0.009 0.547  80.5
Rppr 1.00 0.005 0.608  89.5 1.00 0.004 0.610 89.3
Bootstrap, j =2
KIMSE 1.00 0.004 0.624 91.6 1.00 0.004 0.623 914
RroT 1.00 0.005 0.585 88.6 1.00 0.005 0.585 88.7
Rpp1 1.00 0.003 0.655 91.6 1.00 0.003 0.656  91.3
Bootstrap, j =3
KIMSE 1.00 0.007 0.581 83.4 1.00 0.007 0.580  83.6
Fror 0.99 0.008 0.546 79.1 1.00 0.009 0.544 77.9
Rppr 1.00 0.004 0.609  88.8 1.00 0.004 0.610 88.2
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TABLE SA-19

Uniform Results, Model 8, Spline, n = 1000, 5000 Replications.

Evenly-spaced

Quantile-spaced

CP ACE AW UCR CP ACE AW UCR
Plug-in, j =0
K1usE 0.88 0.033 0.731 9.3 0.87 0.027 0.726  26.2
Fror 0.24 0.445 0.437 0.0 0.22 0.439 0.436 0.0
Rppr 0.61 0.157 0.588  24.3 0.59 0.155 0.585 11.5
Plug-in, j =1
KIMSE 1.00 0.003 0.755 91.0 1.00 0.006 0.754  81.4
RroT 0.18 0.365 0.472 0.0 0.15 0.365 0.472 0.0
Fppr 0.63 0.075 0.614  36.3 0.58 0.089 0.615 19.4
Plug-in, j =2
KIMSE 1.00 0.002 0.822 91.6 1.00 0.003 0.820 90.3
Rrot 0.12 0.360 0.495 0.0 0.12 0.363 0.495 0.0
Rpp1 0.84 0.033 0.660  46.8 0.79 0.037 0.660  43.7
Plug-in, j =3
KIMSE 0.92 0.011 0.766 61.3 0.94 0.010 0.761 65.5
Rror 0.24 0.401 0.469 0.0 0.16 0.397 0.468 0.0
Fppr 0.63 0.140 0.619 18.5 0.63 0.133 0.619 11.4
Bootstrap, j =0
K1usE 0.88 0.035 0.719 7.7 0.85 0.029 0.713 24.2
Rrot 0.24 0.446 0.435 0.0 0.22 0.440 0.434 0.0
Rpp1 0.61 0.159 0.582 23.8 0.57 0.157 0.579 11.2
Bootstrap, j =1
KIMSE 1.00 0.003 0.741 89.8 1.00 0.006 0.741 79.3
FRror 0.18 0.368 0.469 0.0 0.15 0.367 0.469 0.0
Rppr 0.62 0.077 0.607  35.5 0.56 0.092 0.608 18.6
Bootstrap, j =2
KIMSE 1.00 0.003 0.806 90.2 1.00 0.003 0.804  88.9
RroT 0.12 0.363 0.492 0.0 0.12 0.365 0.492 0.0
Rppr 0.82 0.035 0.651 45.4 0.77 0.039 0.651 42.4
Bootstrap, j =3
K1usE 0.91 0.013 0.751 57.0 0.90 0.011 0.747 624
Fror 0.24 0.403 0.466 0.0 0.14 0.399 0.465 0.0
Rppr 0.62 0.142 0.612 17.9 0.61 0.136 0.611 10.6
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TABLE SA-20

Uniform Results, Model 4, Spline, n = 1000, 5000 Replications.

Evenly-spaced

Quantile-spaced

CP ACE AW UCR CP ACE AW UCR
Plug-in, j =0
K1IMsE 1.00 0.007 1.085 58.3 0.98 0.008 1.096  52.3
Fror 0.52 0.055 0.890 5.0 0.53 0.059 0.895 7.6
Rppr 1.00 0.007 1.085 58.3 0.98 0.008 1.096 524
Plug-in, j =1
KIMSE 1.00 0.002 1.257 86.5 1.00 0.002 1.253 87.0
RroT 0.96 0.011 1.028 44.1 0.95 0.012 1.028 444
Rppt 1.00 0.002 1.257  86.5 1.00 0.002 1.253  87.0
Plug-in, j =2
KIMSE 1.00 0.002 1.356  87.9 1.00 0.002 1.357 88.0
Rrot 1.00 0.004 1.092 76.3 1.00 0.004 1.094 75.2
Rpp1 1.00 0.002 1.356  87.9 1.00 0.002 1.357 88.1
Plug-in, j =3
KIMSE 1.00 0.003 1.131 80.4 1.00 0.003 1.157 78.8
Rror 0.82 0.023 0.972 58.7 0.79 0.025 0977  51.0
Rppt 1.00 0.003 1.131 80.5 1.00 0.003 1.157 78.8
Bootstrap, j =0
K1usE 0.98 0.009 1.041 48.8 0.95 0.011 1.052 43.1
Rrot 0.50 0.059 0.866 3.4 0.50 0.064 0.870 5.9
Rpp1 0.98 0.009 1.041 48.8 0.95 0.011 1.053  43.2
Bootstrap, j =1
KIMSE 1.00 0.003 1.213 82.1 1.00 0.003 1.209 82.6
FRror 0.95 0.014 1.004 38.1 0.94 0.014 1.003  38.8
Rppt 1.00 0.003 1.213 82.1 1.00 0.003 1.210 82.5
Bootstrap, j =2
KIMSE 1.00 0.002 1.305 83.0 1.00 0.002 1.305 83.9
RroT 1.00 0.005 1.061 71.1 1.00 0.005 1.063  69.5
Rpp1 1.00 0.002 1.305 83.0 1.00 0.002 1.305 83.8
Bootstrap, j =3
K1MsE 1.00 0.004 1.092 4.7 1.00 0.004 1.117 723
Fror 0.79 0.025 0.948  53.7 0.79 0.028 0.953 46.1
Rppr 1.00 0.004 1.092 74.8 1.00 0.004 1.117 723
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TABLE SA-21
Uniform Results, Model 5, Spline, n = 1000, 5000 Replications.

Evenly-spaced

Quantile-spaced

CP ACE AW UCR CP ACE AW UCR
Plug-in, j =0
K1IMSE 1 0.003 1.081 80.9 1 0.003 1.092 80.6
Rror 1 0.006 0.896 69.5 1 0.006 0.900 66.9
FRpp1 1 0.003 1.068 79.8 1 0.003 1.078 79.0
Plug-in, j =1
KIMSE 1 0.001 1.256 90.1 1 0.001 1.251 90.2
Rrot 1 0.001 1.033 914 1 0.001 1.033 91.3
Rpp1 1 0.001 1.240 90.2 1 0.001 1.235 90.4
Plug-in, j =2
K1vsE 0.001  1.355 90.5 1 0.001 1.356 90.2
Rror 0.001 1.101 91.1 1 0.001 1.103 90.9
Rpp1 0.001 1.336  90.5 1 0.001 1.337 90.3
Plug-in, j =3
KIMSE 1 0.001 1.127 894 1 0.001 1.153 89.3
Rror 1 0002 0976  85.1 1 0.002 0.981 84.3
Rpp1 1 0001 1.116 89.3 1 0.001 1.140 89.3
Bootstrap, j =0
KIMSE 1 0.004 1.038 75.1 1 0.004 1.049 74.5
Rrot 1 0.007 0.871 63.4 1 0.008 0.875 61.2
Rpp1 1 0.004 1.025 73.9 1 0.004 1.036 72.9
Bootstrap, j =1
KIMSE 1 0.002 1.212 86.9 1 0.002 1.208 86.8
Rror 1 0.002 1.009 89.0 1 0.002 1.008 88.9
Fpp1 0.002 1.197 87.0 1 0.002 1.194 87.1
Bootstrap, j =2
KIMSE 1 0.002 1.304 86.9 1 0.002 1.304 86.3
RroT 1 0.002 1.070 88.3 1 0.002 1.071 88.3
Rpp1 1 0.002 1.287 87.1 1 0.002 1.287 86.5
Bootstrap, j =3
K1IMSE 1 0.002 1.089  85.7 1 0002 1114 85.6
Frot 1 0.003 0.951 81.8 1 0.003 0.956 80.7
FRpp1 0.002 1.078 85.6 1 0.002 1.102 85.7
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TABLE SA-22
Uniform Results, Model 6, Spline, n = 1000, 5000 Replications.
Evenly-spaced Quantile-spaced
CP ACE AW UCR CP ACE AW UCR
Plug-in, j =0
KIMSE 1.00 0.003 1.723 75.4 1.00 0.003 1.745 75.0
Rrot 0.95 0.010 1.227  38.8 0.95 0.010 1.236  39.3
App1 1.00 0.003 1.726 75.3 1.00 0.003 1.747  75.0
Plug-in, j =1
KIMSE 1.00 0.002 2.715 81.1 1.00 0.002 2.698 814
RroT 1.00 0.002 1.865 87.1 1.00 0.002 1.861 87.4
Rppr 1.00 0.002 2716  81.1 1.00 0.002 2.699 814
Plug-in, j =2
KIMSE 1.00 0.002 2860 84.1 1.00 0.002 2.851 84.1
Rrot 1.00 0.001 1.939 87.9 1.00 0.001 1.937 87.9
Rppt 1.00 0.002 2.861 84.1 1.00 0.002 2.853 84.0
Plug-in, j =3
KIMSE 1.00 0.001 2.172 89.3 1.00 0.001 2.225 89.1
Rrot 1.00 0.002 1.571 84.3 1.00 0.002 1.592 84.5
Rppt 1.00 0.001 2.579  89.3 1.00 0.001 2.387  89.1
Bootstrap, j =0
KINSE 1.00 0.005 1.618 63.9 1.00 0.005 1.639 64.4
Rrot 0.94 0.013 1.175 29.6 0.94 0.013 1.183 30.3
Rpp1 1.00 0.005 1.621 63.8 1.00 0.005 1.641 64.4
Bootstrap, j =1
KIMSE 1.00 0.004 2.503 66.6 1.00 0.004 2489 67.6
RroT 1.00 0.003 1.772 80.3 1.00 0.002 1.768  80.9
Rppt 1.00 0.004 2.504  66.6 1.00 0.004 2490 67.6
Bootstrap, j =2
KIMSE 1.00 0.003 2.645 72.1 1.00 0.003 2.637 722
Rror 1.00 0.002 1.836  81.8 1.00 0.002 1.835 81.4
Rpp1 1.00 0.003 2.647 72.1 1.00 0.003 2.639 72.2
Bootstrap, j =3
KIMSE 1.00 0.002 2.042 81.9 1.00 0.002 2.092 82.0
RRoT 1.00 0.003 1.504 77.8 1.00 0.003 1.525 78.0

Rpp1 1.00 0.002 2427  81.9 1.00 0.002 2.242 82.0




90

CATTANEO, FARRELL, AND FENG

TABLE SA-23

Uniform Results, Model 7, Spline, n = 1000, 5000 Replications.

Evenly-spaced

Quantile-spaced

CP ACE AW UCR CP ACE AW UCR
Plug-in, j =0
K1usE 0.99 0.004 1.153 69.2 0.99 0.004 1.160  69.7
Fror 0.99 0.004 1.195 70.1 0.99 0.004 1.203 70.5
Rppr 1.00 0.003 1.721 78.6 1.00 0.003 1.741 78.9
Plug-in, j =1
KIMSE 1.00 0.001 1.766  88.6 1.00 0.001 1.763  88.5
RroT 1.00 0.001 1.836 88.4 1.00 0.001 1.832 88.3
Fppr 1.00 0.002 2714 81.2 1.00 0.002 2.697 81.1
Plug-in, j =2
KIMSE 1.00 0.001 1.831 88.6 1.00 0.001 1.830 88.6
Rrot 1.00 0.001 1.907 88.4 1.00 0.001 1.906 88.4
Rpp1 1.00 0.002 2.860 84.1 1.00 0.002 2.851 84.1
Plug-in, j =3
KIMSE 1.00 0.001 1.491 88.8 1.00 0.001 1.508  89.4
Rrot 1.00 0.001 1.541 89.2 1.00 0.001 1.560  89.6
Rppt 1.00 0.001 2199  89.7 1.00 0.001 2.227  89.7
Bootstrap, j =0
K1usE 0.99 0.005 1.108 62.0 0.99 0.005 1.115 62.8
Rrot 0.99 0.005 1.145 62.7 0.99 0.005 1.153 63.5
Rpp1 0.99 0.004 1.615 68.4 0.99 0.004 1.635 68.2
Bootstrap, j =1
KIMSE 1.00 0.002 1.685 82.8 1.00 0.002 1.683 82.9
FRror 1.00 0.002 1.746  81.9 1.00 0.002 1.743 82.1
Rpp1 1.00 0.004 2.503 66.9 1.00 0.004 2488 67.6
Bootstrap, j =2
KIMSE 1.00 0.002 1.741 83.0 1.00 0.002 1.741 83.0
RroT 1.00 0.002 1.808 82.3 1.00 0.002 1.807 82.1
Rpp1 1.00 0.003 2.646 72.1 1.00 0.003 2.638 72.1
Bootstrap, j =3
KIMSE 1.00 0.002 1433 84.6 1.00 0.002 1.449 85.0
RRoT 1.00 0.002 1478  84.8 1.00 0.002 1496 85.2
Rppr 1.00 0.002 2.066  82.9 1.00 0.002 2.093 829
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TABLE SA-24
Pointwise Results, Model 1, Wavelet, n = 1000, 5000 Replications
=02 z=0.5 z=0.8
K RMSE CR AL RMSE CR AL RMSE CR AL
ji=0
smse 3.0 0.003 94.3 0.339 0.002 94.2 0.476 0.022 92.7 0.203
4.0 0.002 94.3 0.365 0.003 94.1 0.662 0.002 94.3 0.592
5.0 0.001 94.3 0.563 0.002 93.7 0.911 0.001 94.3 0.698
6.0 0.003 92.8 1.140 0.004 92.5 1.240 0.001 94.4 0.742
Spor 2.0 0.003 94.3 0.339 0.002 94.2 0.476 0.022 92.7 0.203
Sppr 2.8 0.003 94.3 0.339 0.002 94.2 0.476 0.022 92.7 0.203
j=1
smse 3.0 0.002 95.0 0.370 0.036 93.6 0.449 0.034 90.5 0.230
4.0 0.002 94.0 0.534 0.001 94.1 0.664 0.002 94.6 0.312
5.0 0.003 93.8 0.595 0.003 93.9 0.933 0.001 94.2 0.569
6.0 0.001 93.1 0.938 0.003 92.7 1.300 0.001 93.2 1.000
Srot 2.0 0.002 95.0 0.370 0.036 93.6 0.449 0.034 90.5 0.230
Spp1 2.8 0.002 95.0 0.370 0.036 93.6 0.449 0.034 90.5 0.230
j =
smse 3.0 0.002 94.5 0.393 0.009 94.2 0.523 0.031 914 0.237
4.0 0.002 94.2 0.542 0.003 94.0 0.733 0.000 94.3 0.581
5.0 0.002 94.0 0.625 0.001 93.8 1.030 0.000 94.2 0.635
6.0 0.002 92,5 1.060 0.005 92.8 1.430 0.001 93.4 1.030
Spor 2.0 0.002 94.5 0.393 0.009 94.2 0.523 0.031 914 0.237
Sppr 2.8 0.002 94.5 0.393 0.009 94.2 0.523 0.031 914 0.237
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TABLE SA-25
Pointwise Results, Model 2, Wavelet, n = 1000, 5000 Replications
z=0.2 r=0.5 z=0.8
K RMSE CR AL RMSE CR AL RMSE CR AL
J =
Swmse 3 0.029 93.0 0.340 0.109 84.8 0.479 0.038 88.6 0.203
4 0.008 94.3 0.365 0.012 93.9 0.662 0.003 94.4 0.592
5 0.001 94.3 0.563 0.003 93.7 0.911 0.001 94.3 0.698
6 0.002 92.8 1.140 0.004 92,5 1.240 0.001 944 0.742
Srot 3 0.029 93.0 0.340 0.109 84.8 0.479 0.038 88.6 0.203
Spp1 3 0.029 93.1 0.340 0.106 85.0 0.484 0.037 88.6 0.213
j=1
Smse 3 0.030 93.7 0.370 0.250 42.6 0.454 0.116 50.2 0.231
4 0.005 94.1 0.534 0.039 93.3 0.664 0.004 94.8 0.312
5 0.002 939 0.595 0.003 93.8 0.933 0.001 94.2 0.569
6 0.001 93.1 0.938 0.002 92.7 1.300 0.001 93.2 1.000
Srot 3 0.030 93.7 0.370 0.250 42.6 0.454 0.116 50.2 0.231
Sppr 3 0.027 93.6 0.374 0.245 43.8 0.460 0.113 51.8 0.234
ji=2
Swmse 3 0.037 92.9 0.394 0.100 87.8 0.524 0.087 70.2 0.237
4 0.004 94.2 0.542 0.022 94.1 0.734 0.000 94.3 0.581
5 0.001 93.9 0.625 0.003 93.8 1.030 0.000 94.2 0.635
6 0.002 92.5 1.060 0.004 92.8 1.430 0.001 93.4 1.030
Srot 3 0.037 929 0.394 0.100 87.8 0.524 0.087 70.2 0.237
Spp1 3 0.035 92.7 0.398 0.098 87.9 0.529 0.084 71.0 0.246
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TABLE SA-26
Pointwise Results, Model 3, Wavelet, n = 1000, 5000 Replications
=02 z=0.5 z=0.8
K RMSE CR AL RMSE CR AL RMSE CR AL
ji=0
3.0 0.002 94.3 0.339 0.056 86.2 0.497 0.023 92.3 0.204
smse 4.0 0.001 94.3 0.365 0.218 73.6 0.669 0.000 94.3 0.592
5.0 0.002 94.3 0.563 0.109 90.8 0.914 0.001 94.3 0.698
6.0 0.003 92.8 1.140 0.026 924 1.240 0.001 94.4 0.742
Spor 2.0 0.002 94.3 0.339 0.056 86.2 0.497 0.023 92.3 0.204
Sppr 3.1 0.002 94.3 0.343 0.017 82.0 0.521 0.023 92.5 0.260
j=1
3.0 0.000 95.1 0.370 0.009 94.2 0.453 0.1563 26.5 0.232
smse 4.0 0.002 94.1 0.534 0.196 77.3 0.668 0.001 94.6 0.312
5.0 0.003 93.8 0.595 0.036 93.6 0.933 0.001 94.2 0.569
6.0 0.001 93.1 0.938 0.001 92.7 1.300 0.001 93.2 1.000
Srot 2.0 0.000 95.1 0.370 0.009 94.2 0.453 0.1563 26.5 0.232
Spp1 3.1 0.002 95.0 0.393 0.021 90.1 0.483 0.129 35.9 0.244
j =
3.0 0.006 94.5 0.393 0.115 85.5 0.525 0.135 39.8 0.238
smse 4.0 0.002 94.2 0.542 0.217 775 0.739 0.001 94.3 0.581
5.0 0.002 94.0 0.625 0.040 93.5 1.030 0.000 94.2 0.635
6.0 0.002 92,5 1.060 0.002 92.8 1.430 0.001 93.4 1.030
Spor 2.0 0.006 94.5 0.393 0.115 85.5 0.525 0.135 39.8 0.238

Sppr 3.1 0.004 94.7 0.414 0.129 84.3 0.555 0.113 472 0.288
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TABLE SA-27
Pointwise Results, Model 4, Wavelet, n = 1000, 5000 Replications
x = (0.5,0.5) x = (0.1,0.5) x = (0.1,0.1)
K RMSE CR AL RMSE CR AL RMSE CR AL
7=0
smse 3.0 0.252 89.9 1.88 0.167 90.3 1.79 0.051 90.6 1.72
4.0 0.056 87.1 4.06 0.064 88.0 3.01 0.013 88.0 2.19
Sror 1.9 0.252 89.9 1.88 0.167 90.3 1.79 0.061 90.6 1.72
Spp1 2.0 0.252 89.9 1.88 0.167 90.3 1.79 0.051 90.6 1.72
j=1
smse 3.0 0.202 90.5 1.66 0.148 91.3 131 0.015 92.8 1.05
4.0 0.017 88.9 4.16 0.001 90.0 4.04 0.030 88.8 5.08
Srot 1.9 0.202 90.5 1.66 0.148 91.3 1.31 0.015 928 1.05
Sppr 2.0 0.202 90.5 1.66 0.148 91.3 1.31 0.015 92.8 1.05
j=2
smse 3.0 0.020 93.5 2.17 0.066 924 1.78 0.005 92.0 1.46
4.0 0.025 89.5 5.01 0.002 89.7 4.40 0.026 88.7 5.07
SroT 1.9 0.020 93.5 217 0.066 924 1.78 0.005 92.0 1.46
Sppr 2.0 0.020 93.5 217 0.066 924 1.78 0.005 92.0 1.46




SUPPLEMENTAL: PARTITIONING-BASED SERIES ESTIMATORS 95

TABLE SA-28
Pointwise Results, Model 5, Wavelet, n = 1000, 5000 Replications
x = (0.5,0.5) x = (0.1,0.5) x = (0.1,0.1)
K RMSE CR AL RMSE CR AL RMSE CR AL
7=0
SmsE 3 0.034 93.3 1.87 0.015 91.8 1.79 0.007 90.6 1.72
4 0.021 87.0 4.06 0.011 88.2 3.01 0.015 88.1 2.19
Sror 2 0.034 93.3 1.87 0.015 91.8 1.79 0.007 90.6 1.72
Spp1 2 0.034 93.3 1.87 0.015 91.8 1.79 0.007 90.6 1.72
j=1
SwsE 3 0.099 92.6 1.65 0.017 93.8 1.30 0.014 92.8 1.05
4 0.018 889 4.16 0.001 90.0 4.04 0.029 88.9 5.08
Sror 2 0.099 926 1.65 0.017 93.8 1.30 0.014 92.8 1.05
Spp1 2 0.099 92.6 1.65 0.017 93.8 1.30 0.014 92.8 1.05
j =
SwmsE 3 0.009 93.6 2.16 0.016 92.3 1.78 0.009 92.0 1.46
4 0.026 89.5 5.01 0.002 89.7 4.40 0.025 88.7 5.07
Sror 2 0.009 936 2.16 0.016 92.3 1.78 0.009 92.0 1.46
Spp1 2 0.009 93.6 2.16 0.016 92.3 1.78 0.009 92.0 1.46
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TABLE SA-29
Tuning parameters, Wavelets, n = 1000, 5000 Replications

Min. 1st qu. Median Mean 3rd qu. Max. Std. dev.

Model 1, SIMSE = 2.4

Sror 2 2 2 200 2 3 0.05

Sppr 2 3 3 281 3 3 0.39
Model 2, smsg = 3.5

SroT 3 3 3 3.00 3 3 0.00

Sppr 3 3 3 3.03 3 4 0.16
Model 3, smsg = 4.2

Spor 2 2 2 200 2 2 0.00

Sppr 3 3 3 315 3 4 0.35
Model 4, smse = 2.7

Sror 1 2 2 1.85 2 2 0.35

Sppr 2 2 2 200 2 2 0.00
Model 5, smsg = 2.6

Spor 1 2 2 1.99 2 2 0.09

Sppr 2 2 2 200 2 2 0.00
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TABLE SA-30
Uniform Results, Model 1, Wavelet, n = 1000, 5000 Replications.

Evenly-spaced
CP ACE AW UCR

Plug-in, j =0

SIMSE 1 0.005 0.509 91.1

Sror 1 0.005 0.509 91.1

Spp1 1 0.005 0.509 91.1
Plug-in, j =1

SIMSE 1 0.006 0.504  89.9

Sror 1 0.006 0.504 89.9

Spp1 1 0.006 0.504 89.9
Plug-in, j =2

SIMSE 1 0.004 0.576 91.4

Sror 1 0.004 0.576 91.4

Spp1 1 0.004 0.576 91.4
Bootstrap, j =0

SIMSE 1 0.005 0.505 90.6

Srot 1 0.005 0.505 90.6

Spp1 1 0.005 0.505 90.6
Bootstrap, j =1

SIMSE 1 0.006 0.500 894

Sror 1 0.006 0.500 894

Spp1 1 0.006 0.500 894
Bootstrap, j =2

SIMSE 1 0.005 0.569 90.4

Srot 1 0.005 0.569 90.4

Sppr 1 0.005 0.569 90.4
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TABLE SA-31
Uniform Results, Model 2, Wavelet, n = 1000, 5000 Replications.

Evenly-spaced
CP ACE AW UCR

Plug-in, j =0

SINSE 0.77 0.054 0.511 4.1

Sror 0.77 0.054 0.511 4.1

Spp1 0.77 0.053 0.518 6.0
Plug-in, j =1

STMSE 0.69 0.095 0.507 0.5

Sror 0.69 0.095 0.507 0.5

Spp1 0.70  0.093 0.513 2.5
Plug-in, j =2

SINSE 0.97 0.012 0.576  71.2

Sror 0.97 0.012 0.576  71.2

Sppr 0.97 0.012 0.584  71.7
Bootstrap, j =0

SINSE 0.77  0.056  0.507 34

Sror 0.77 0.056  0.507 34

Sppr 0.77 0.054 0.513 5.3
Bootstrap, j =1

SINSE 0.67 0.098 0.502 0.3

Sror 0.67 0.098 0.502 0.3

Sppr 0.69 0.095 0.508 2.3
Bootstrap, j = 2

SINSE 0.96 0.013 0.569  69.3

Sror 0.96 0.013 0.569  69.3

Sppr 0.96 0.013 0.576  69.7
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TABLE SA-32
Uniform Results, Model 3, Wavelet, n = 1000, 5000 Replications.

Evenly-spaced
CP ACE AW UCR

Plug-in, j =0

SINSE 0.96 0.019 0.781 13.9

Sror 0.72 0.175 0.517 0.0

Spp1 0.73  0.150 0.555 2.6
Plug-in, j =1

SINSE 0.99 0.006 0.777 704

Sror 0.66 0.122  0.507 0.0

Spp1 0.67 0.102 0.546 8.9
Plug-in, j =2

SIMSE 0.99 0.004 0.868  80.1

Sror 0.70  0.052 0.577  11.0

Sppr 0.73 0.042 0.619 21.2
Bootstrap, j =0

SINSE 0.95 0.021 0.765 11.6

Sror 0.71  0.176  0.513 0.0

Sppr 0.73  0.152  0.549 2.3
Bootstrap, j =1

SINSE 0.99 0.007 0.761 67.0

Sror 0.65 0.125 0.502 0.0

Sppr 0.67 0.105 0.540 8.5
Bootstrap, j = 2

SINSE 0.99 0.006 0.846  77.3

Sror 0.69 0.055 0.570 9.8

Sppr 0.71 0.045 0.610 19.5
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TABLE SA-33
Uniform Results, Model 4, Wavelet, n = 1000, 5000 Replications.

Evenly-spaced
CP ACE AW UCR

Plug-in, j =0

SINSE 0.93 0.032 1.499 2.0

Sror 0.93 0.032 1.499 2.0

Spp1 0.93 0.032 1.499 2.0
Plug-in, j =1

STMSE 0.92 0.019 1.392 17.1

Sror 0.92 0.019 1.392 17.1

Spp1 0.92 0.019 1.392 17.1
Plug-in, j =2

SINSE 0.98 0.006 1.726  60.4

Sror 0.98 0.006 1.726  60.4

Sppr 0.98 0.006 1.726  60.4
Bootstrap, j =0

SINSE 0.91 0.040 1.394 0.6

Sror 0.91 0.040 1.394 0.6

Sppr 0.91 0.040 1.394 0.6
Bootstrap, j =1

SINSE 0.91 0.024 1.320 9.8

Sror 0.91 0.024 1.320 9.8

Sppr 0.91 0.024 1.320 9.8
Bootstrap, j = 2

SINSE 0.96 0.009 1.612 44.3

Sror 0.96 0.009 1.612 44.3

Sppr 0.96 0.009 1.612 44.3
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TABLE SA-34
Uniform Results, Model 5, Wavelet, n = 1000, 5000 Replications.

Evenly-spaced
CP ACE AW UCR

Plug-in, j =0

SINSE 0.97 0.009 1.491  50.5

Sror 0.97 0.009 1.491  50.5

Spp1 0.97 0.009 1.491  50.5
Plug-in, j =1

SINSE 0.99 0.006 1.387  69.2

Sror 0.99 0.006 1.387  69.2

Spp1 0.99 0.006 1.387  69.2
Plug-in, j =2

SINSE 1.00 0.003 1.725  75.8

Sror 1.00 0.003 1.725  75.8

Sppr 1.00 0.003 1.725  75.8
Bootstrap, j =0

SINSE 0.95 0.013 1.387  35.7

Sror 0.95 0.013 1.387  35.7

Sppr 0.95 0.013 1.387  35.7
Bootstrap, j =1

SINSE 0.98 0.007 1.315 59.1

Sror 0.98 0.007 1.315  59.1

Sppr 0.98 0.007 1.315 59.1
Bootstrap, j = 2

SINSE 1.00 0.005 1.610 62.3

Sror 1.00 0.005 1.610 62.3

Sppr 1.00 0.005 1.610 62.3
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Fig SA-1: Confidence Bands, Model 1, Spline
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Note: “P.;7” denotes the confidence band based on plug-in approximation using the
7th estimator, and “W.j” based on wild bootstrap. j = 0: the classical estimator;
j = 1: higher-order bias correction; j = 2: least-squares bias correction; j = 3:
plug-in bias correction.
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