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This supplement contains proofs of all results, other technical details, and complete simulation results.
Notation is kept mostly consistent with the main text, but this document is self-contained as all notation
is redefined and all necessary constructions, assumptions, and so forth, are restated. Throughout, clarity is
prized over brevity, and repetition is not avoided. The outline is as follows. Section S.1 gives a complete
formalization of the set up, inference procedures, and assumptions, exactly as in exactly as given in Section
2 of the main paper. Section S.2 gives the proofs for Theorem 1 and Corollaries 1 and 2 of the main
paper. Theorem 1 of the paper is restated identically as Theorem S.1 here, for referencing. The proof of
Theorem S.1 (Theorem 1 in the paper) is long and occupies several subsections. Section S.3 gives all details
and derivations relating to bias, including formulas omitted from the main text, for all estimators, points
of evaluation, and smoothness cases. Section S.4 discusses standard errors. Section S.5 gives notes on the
check function loss for asymmetric measurement of coverage error. Section S.6 presents complete simulations
results and computations. For reference a complete list of notation is given in Section S.7.
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S.1 Setup

We observe a random sample {(Y1, X1), ..., (Yn, X,,)} from the pair (Y, X), which are distributed
according to F', the data-generating process. F' is assumed to belong to a class .-%g, as defined by
Assumption S.1 below, and in particular the pair (Y, X) obeys the heteroskedastic nonparametric

regression model
Y =pur(X)+e,  ElX]=0  E[*X =z]=uvz). (S.1)

The parameter of interest is a derivative of the regression function, defined as

aVVIEF v | X=z] |, (S.2)

i = 1) = o

T=x
for a point x in the support of X and an nonnegative integer v < S, the latter defined in Assumption
S.1, and indexing the class .#g. As usual, we use the notation pp(x) = ,u%o) (x) =Ep]Y | X =x].
Expectations and probability statements, as well as parameters and functions, are always un-
derstood to depend on F', though for simplicity this will often be omitted when doing so causes no
confusion. Similarly, unless it is explicitly required, we will omit the point of evaluation x as an

argument. For example,

Our main technical contributions are novel Edgeworth expansions for local polynomial based
Wald-type t statistics of the form

e (S.3)

for a centering estimator 6 and scale estimator J. We establish this expansion uniformly in a class
of distributions that generated the data, that is, we characterize the leading terms Ep p(z) and

rate 77 r, both specific to a ¢ statistic and distribution, and prove that

lim sup 7,5 sup [Pp[T < z] — ®(2) — ETVF(Z)‘ = 0. (S.4)
n—=0 pegg 7 z2€R
This Edgeworth expansion is Theorem 1 of the paper and Theorem S.1 herein. We also study the

coverage error of commonly-used Wald-type confidence interval estimators given generically by
I=|0—2,9,0-z9|, (S.5)

for a pair of quantiles z; and z,. See Corollary 2 of the main paper.
Throughout, asymptotic orders and their in-probability versions always hold uniformly in Zg,
as required by our framework: for example, A, = op(a,) means suppc 7, Pr(|An/an| > €] = o(1)

for every € > 0. Limits are taken as n — oo unless stated otherwise.



S.1.1 Centering Estimators

We now define the centering estimators 6. These are based on local polynomial regressions. The
standard local polynomial (of degree p) point estimator is defined via the local regression
n

o 1 o
,[LI(D”) =vle, B, = —vle T7IQY, Bp = arg min Z(Yg —rp(X; —x)B)*K (Xpni),  (S.6)
nh” BeRerl i—1

where
e e is a conformable zero vector with a one in the (k + 1) position, for example e, is the
(p + 1)-vector with a one in the v*" position and zeros in the rest,
e h is a positive bandwidth sequence that vanishes as n diverges,
e p is an integer greater at least v, sometimes restricted such that p — v odd,
o rp(u) = (1,u,u?, ..., uP),
e X;; = (X; —x)/h, for a bandwidth h and point of interest x,

e to save space, products of functions will often be written together, with only one argument,

for example,

(Krpry) (Xn,i) = K (Xp)rp(Xni)rp(Xna) = K (Xih_ X) Ty (Xih_ X) " (Xih_ X>,’

e W =diag (h_lK(Xh’i) D= 1,...,n),
e H = diag (1,h, hQ,...,hp), where

e diag(a; : ¢ = 1,...,k) denote the k x k diagonal matrix constructed using the elements

a1,a2, -, 0,
o R=[ry(X1—x), - ,mp(Xn —x)]',
e R=RH ' =[rp(Xp1), - ,1p(Xnn)l',
I = 0 Y (Krprp) (Xn) = (RWR)/n,
o = b [(Kr)(Xin), (K1) (Xn2), - (K1) (X)) = RW, and
oY =(Yi,....Y,).

We will also use, for bias correction,

. ,épH which is defined exactly as in Equation (S.6) but with p+ 1 in place of p and b in place

of h in all instances.

For more details on local polynomial methods and related theoretical results, see Fan and Gijbels
(1996).



For computing the rate of convergence, and clarifying the appearance of (nh*)~! in Equation
(S.6), it is useful to spell out the form of B,, the solution to the minimization in Equation (S.6).

Standard least squares algebra yields
B,= (RWR) ' RWY
~ ([REH'H]'W [1—211—115{])71 [RH™'H|'WY
—H ' (RWR) 'H'HRWY
—H ' (RWR) 'RWY,
= H'r QY /n, (S.7)
and therefore, because e/, H~! = e/ h ™",

A 1
vle, B, = Wyle;F*IQY. (S.8)

The same applies to Bp-l—l with the necessary changes to the bandwidth and dimensions.
To conduct valid inference on p(*) the bias of the nonparametric estimator must be removed.
Assuming that the true p(*)(-) is smooth enough at x (formally, p + 1 < S, such as is required for

computing the mean square error optimal bandwidth), we find that the (conditional) bias of ﬂ}(,'/) is

(p+1)
E [ﬂgp X1, ,Xn} —uW) = e A P (), (S.9)
(p+1)!
where
!/
o AL=9 [Xff{k, . ,Xﬁff] /n, where, in particular A; was denoted A in the main text.

Throughout, asymptotic orders and their in-probability versions hold uniformly in .%g, as required
by our framework; e.g., A, = op(a,) means suppe 7, Pr[|An/an| > €] = o(1) for every € > 0. This
expression is valid for p — v odd or even, though in the latter case the leading term of will be zero
due to symmetry for interior points, i.e. e,I'"*A; = O(h), and thus the rate will actually be faster
(see Fan and Gijbels, 1996). (Recall that asymptotic orders and their in-probability versions are
always required to hold uniformly in .#g throughout.)

Sufficient smoothness for the validity of this calculation need not be available for many of
the results herein to apply, and the amount of smoothness assumed to exist is a key factor in
determining coverage error rates and optimality. See Section S.3 below for details and derivations
in all cases, in addition to the discussion in the main paper. For the present, Equation (S.9) serves
to motivate explicit bias correction by subtracting from [Lg/) an estimate of the leading bias term.

This estimate is formed as

1

p+l—v_ 1/ -1 / 2 . 3 .
h vie,I'" " Are, 1 8p+1, with Bp+1 = sy

r-‘ay,



where Bp+1 is exactly as in Equation (S.6), but with p+ 1 and b in place of p and h, respectively.
Calonico et al. (2018a,b) discuss more general methods of bias correction. It is sometimes convenient
to use the form above, but we will also use the more explicit notation for what this approach does:

estimating the unknown derivative ,u(p+1) and plugging it in directly

~(p+1)
—v - +1 ~(p+1 - 1 - 1=
W yle, TTIA, (pp+ ok M;(ﬁrl "=+ 1)) B = it 1)le, ,T~'QY,

again matching (S.6), but with p+ 1 in place of p and v and b in place of h. In particular, we have

defined the exact analogues for this new local regression:

o Xp; = (X; —x)/b, for a bandwidth b and point of interest x, exactly like X}, ; but with b in
place of h,

e Q=0b"Y(Krp1)(Xp1), (Krpt1)(Xp2), ..., (Krpi1)(Xpn)], exactly like  but with b in place
of h and p + 1 in place of p,

o I'= % Z?:1(Krp+1r;+1)(Xb,i)a exactly like T" but with b in place of A and p + 1 in place of
p, and
— — /

e AL=Q [Xf”lLHk, . ,Xf:Hk} /n, exactly like Ay but with b in place of h and p+1 in place
of p (implying Q in place of ).

We thus consider two types of centering estimators. Conventional nonparametric local poly-
nomial inference sets 6 = /11()”), which typically requires undersmoothing for valid inference, and
robust bias corrected centering, which incorporates the explicit bias correction. In sum, g of (S.5)

is one of

1
) = ——vle, I QY

nh?
ﬂ(p+11) 1 (S.10)
R A - - a B
Orve = A — PPV plel, T A (pp+ i nhyu!e;r 0. Y.

where in the latter form of érbc, which is useful for defining the scale estimators below, we define
e Qe =N — ppHAle;_Hf‘*lQ and
e p = h/b, the ratio of the two bandwidth sequences.

Comparing the two we see that only the matrix €2 premultiplying Y changes.

S.1.2 Scale Estimators

The next piece we define are the scaling estimators. As discussed in the paper, it is crucial for
coverage error to use fixed-n variance calculations, conditional in this case, to develop the Studen-

tization, and we will focus most of our attention on these. Discussion of other options can be found



in Section S.4, with some mention in Section S.2. The fixed-n variance of the centering is defined
as

92 =V [é|X1, . ,Xn} 2e/ T (Y, /n)T ey,

= Rt

where either 24 = @ or .1, depending on the centering and
o ¥ =diag(v(X;):i=1,...,n), with v(z) = V[Y|X = z].

The rateless portions of the variance is defined by o2 := (nh'T2")V [é‘Xl, . ,Xn] = (nh't2)92?,

with, in particular

or = v, T (hQXQ /n)T e, and
02 = v12e, T HhQm 20, /n)T e,

rbc

(S.11)

The only unknown piece of these is the conditional variance matrix 3, which we estimate using

either
o 3, =diag(6(X;):i=1,...,n), with 9(X;) = (Y; —rp(X; —x)'B,)? for B, defined in Equation
(S.6), or
o 3o = diag(d(X;) s i = 1,...,n), with 9(X;) = (V; — 7p1(Xi — x)/Bps1)? for By defined
exactly as in Equation (S.6) but with p + 1 in place of p and b in place of h.

The estimators 0(X;), using either p or p + 1, are not estimators of the function v(-) of (S.1) per
se, but rather are a convenient notation for predicted residuals.
The scale estimator 9 of I of (S.5) is thus one of

~2
~ a, N
P = 57 = v%e, T (hQ2,Q /n)T !
nhit2r’ A pi=ve, I p¥/n)l ey, or (5.12)
92 = 52, .= Ixbe 62 = 12/ D (Wb Srpe Vep. /n)T ey,

rbc nhl+2v’

Remark S.1. For notational, and more importantly, practical /computational simplicity, the stan-
dard errors use the same local polynomial regressions (same kernel, bandwidth, and order) as the
point estimates. Changing this results in changes to the constants and potentially (depending on
the choices of h, b, and p) the rates for the coverage error expansions. Further, the procedure as
defined here is simple to implement because the bases r,(X; — x) and 7,41(X; — x) and vectors
Bp and Bp-i—l are already available. Other standard errors are discussed in Section S.4 and, for

asymptotic versions, briefly in the main paper. J

S.1.3 Assumptions

The two following assumptions are sufficient for our results, both directly copied from the main
text. See discuss there. The first defines the class of distributions of the data, denoted Zg.



Assumption S.1. Let Zg be the set of distributions F for the pair (Y, X) which obey model (S.1)
and for which there exist constants S > v, s € (0,1], 0 < ¢ < C < o0, and a neighborhood of x
on the support of X, none of which depend on F, such that for all x,x’ in the neighborhood the
following hold.

(a) The Lebesgue density of (Y, X), fyz(-), the Lebesgue density of X, f(-), and v(z) := V]Y|X =
], are each continuous and lie inside [c,C], and E[|[Y[|*T¢|X =] < C.

(b) u(-) is S-times continuously differentiable and |p\%) (z) — p%)(2')] < Clz — 2'|*.
Throughout, {(Y1,X1),...,(Yn, Xpn)} is a random sample from (Y, X).

Second, the class of confidence intervals is governed by the following condition on the kernel

function K (-) and polynomial degree p. We impose the following throughout.

Assumption S.2. The kernel K is supported on [—1,1], positive, bounded, and even. Further,
K (u) is either constant (the uniform kernel) or (1, K(u)rspy1)(u)) is linearly independent on
[—1,0] and [0,1], where k = p if T is based on /l](,y) and 6p, and k =p+ 1 if T uses Orbe OT Orpe.

The order p is at least v.

S.2 Main Theoretical Results

S.2.1 Main Result (Theorem 1 in the Paper)

We now give the main technical result of the paper, a uniformly (in F' € Fg) valid Edgeworth
expansion of the distribution function of a generic local polynomial based t-statistic, from which
coverage error follows for any I. This result is the same as Theorem 1 in the main text.

The terms of the Edgeworth expansion are defined as

Erp(z) = w1,T,F(2) + V1 pwa 1 F(2) + A1, Fpws T r(2)

1
Vnh (S.13)

1 1
— U2 —0
+ nhw4,T,F(Z) + V7 pws 1, F(2) + N 7,Frwe,T,F (%),

where:

e 2z is the point of evaluation of the distribution,

e U7 p denotes the generic non-random (fixed-n) bias of the vnh!+2?”-scaled numerator of T,

detailed in all cases in Section S.3,

e A7 r denotes the mismatch between the variance of the numerator of the ¢-statistic and the

population standardization used, discussed in Section S.4, and

e the six terms wy 7 r(2), K =1,2,...,6, are non-random functions bounded uniformly in Fg,
and bounded away from zero for at least one F' € %g, whose exact forms are computed in
Section S.2.6.



The main result is now the following, which is identical to Theorem 1 in the main paper.
Let ®(z) is the standard Normal distribution function. (Recall that asymptotic orders and their

in-probability versions are always required to hold uniformly in .#g throughout.)

Theorem S.1. Let Assumptions S.1 and S.2 hold, and assume that
log(nh)**7 /nh = o(1), W rlog(nh)'™ =o(1), Arrp=o0(1), p=O0(1),
for any v bounded away from zero uniformly in Fg. Then,

lim sup r;% sup [Pp[T < 2] — ®(2) — Erp(z)| =0
N0 FeZg " 2€R

holds with Er p(z) of (S.13) and rrp = max{(nh)~!, \II%F, (nh)~V2Ur g, Ar P}

S.2.2 Proofs for Corollaries 1 and 2 in the Main Paper

Proof of Corollary 1 in the Main Paper. Define Cp p(z;,24) = Erp(zy) — ET.r(2) and let 7 be
such that Cr (21, z4) = O(rr). One can always take r; = suppe #, 77, for r7,p given in Theorem
S.1. Then, for any I dual to T,

rit osup Pp[p(x) € 1] — (1—a) = Crr(z, 2)

FeFg

= ’I“;l sup PF[T < Zu] — PF[T < Zl] — (1 — a) — CI,F(Zlvzu)
FeZg

< rl_l sup |P(zy) + Err(z1) — ®(21) — Erp(z) — (1 —a) — Cr.r(2, 2u)
FeZg

+r;! sup |PR[T < 2] —®(2) — Erp(z)| + 77t sup [Pp[T < 2] — ®(2) — Err(2)|
FeFg FeFg

The first line is zero by definition. Taking the limit as n — oo of the second and applying Theorem
S.1 yields the result. O

Proof of Corollary 2 in the Main Paper. Recall that Cy p(2;, 24) = Er p(24) — E7,r(2). The func-
tions wi and we are even functions of z while the remainder are odd. Therefore, the coverage
error of ¢ € ., with z; = —z, and A r = 0 vanishes faster than those without these properties.
Identifying the minimum possible worst-case coverage error requires minimizing the wy, ws, and wg
terms of Equation (S.13). For a fixed bandwidth sequence h, this amounts to comparing the rate
at which the bias W7 r = o(1). In every smoothness case, this rate can be found in Section S.3:
specifically, Tables S.2 and S.2 show the fastest attainable rate in every case. The result follows by

plugging the case-specific rate into

1 1
—Cy + V5 1 Co + ——

Y pC
nh m T,F 37



and minimizing with respect to h. The constants C7, Co, and C3, collecting the other portions of

the terms, are immaterial, as this calculation only requires rates. O

S.2.3 Proof of Theorem S.1 (Theorem 1 in the paper) without Bias Correction

The goal of this section is to prove that the Edgeworth expansion of Theorem S.1 is valid for
T, = T(/lgjr)l,ﬁg /(nh'*t?¥)). The proof for Ty is essentially the same from a conceptual and
technical point of view, just with more notation and a repetition of the same steps, and so only
a sketch is provided. See Section S.2.4. We also restrict to the fixed-n, HCO standard errors of
(S.12), which, in particular, render Ay p = 0. Other possibilities are discussed in Section S.4. The
terms of the expansion are computed, in a formal manner, in Section S.2.6.

For notational ease, we sometimes drop subscripts, along with the point of evaluation and/or

dependence on F. Also define
e s, = Vnh

Recall that asymptotic orders and their in-probability versions are always required to hold uniformly
in Zg throughout.

The proof consists of three main steps, which are tackled in the subsections below.
Step (I) — Section S.2.3.1

Show that
Py T, < 2] = Pr [T < z} +o ((nh)*l T () VU o+ \IszmF) , (S.14)

for a smooth function T := T'(s;* 21" | Z;), where Z; a random vector consisting of functions
of (V;, X, &;) that, among other requirements, obeys Cramér’s condition under our assump-

tions.

Step (II) — Section S.2.3.2
Prove that 3.7 | V[Z,]~'/?(Z; — E[Z,])/+/n obeys an Edgeworth expansion.

Step (III) — Section S.2.3.3

Prove that the expansion for 7}, holds and that it holds uniformly over F' € .Fg.

Numerous intermediate results relied upon in the proof are collected as lemmas that are stated and
proved in Section S.2.5.

Unless it is important to emphasize the dependence on F', this will be suppressed to save
notation; for example P = Pr. Throughout proofs C' shall be a generic conformable constant that
may take different values in different places. If more than one constant is needed, C1, Co, ..., will

be used. Also define



_ —2 2 —1 : hi
® 7, p = max{s, VT P Sn Ut r}, i.e. the slowest vanishing of the rates, and

e 7, as a generic sequence that obeys r, = O(TTW F)-

We will frequently use the elementary probability bounds that for random A and B and positive
fixed scalars a and b, P[|A + B| > a] < P[|A| > a/2] + P[|B| > a/2] and P[|AB| > a] < P[|4]| >
b] + P[|B| > a/b], also relying on the elementary bound |AB| < |A||B| for conformable vectors or

matrixes A and B.

S.2.3.1 Step (I)

We now prove Equation (S.14) holds for suitable choices of T and Z;. Notice that the “numerator”
portion, T71Q (Y — RB3,) /n is already a smooth function of well-behaved random variables, and
will thus be incorporated into 7. Our difficulty lies with the Studentization, and in particular,
the estimated residuals. We will start by expanding 63 (see Equation (S.15)). Substituting this
expansion into 7}, we will identify the leading terms, collected as appropriate into T (Equation
(S.17)) and Z; (Equation (S.18)), and the remainder terms, collected in U, := T}, — T (Equation
(S.16)). Step (I) is complete upon showing that U,, can be ignored in the expansion; this occupies
the latter half of the present subsection.

To begin, recall that 62 = v2e/ T~ (hQ3,Q /n)T'te,. The matrix T'"!, present in the nu-
merator as well, enters smoothly and is itself smooth in elements of s, >i1 Z;. Thus our focus is
on the center matrix, (h23,9/n), which contains the estimated residuals. Using RH = R (and
for each observation, r,(X; — x)H ™! = r,(X};)) and T' = QR/n we have

rp(Xi = x)' By = 7p(X; — ) H'TTIQY /n = 7,(X,,,)T71QY /n
and
rp(Xi — %) By = mp(Xi —x) H'T Y QR/n)HB, = r,(Xp,;) T 'QRA,/n.
We use these forms to expand as follows:

h

05,0 _nhz 211 (Xn,0)0(X5)

= E Z( Tpr Xhz Yi— ) Bp)
i=1

(
— % i( Tp1y) (Xn,i) (El + = 1p(Xi = %) By] + 7p(Xi =)’ [ﬂp B @])2

=nhZ 2ryr!) (Xn) (21 + [(X3) = 7p(Xi —x)'By] — (X0 ) T'Q[Y — RB,| /)"

10



The expansion of (}g is then
2 _ %! 1™ (‘/1—1—2‘/4—2‘/2—1—‘/3—2‘/})-1—‘/6)1_‘ e (S.15)

where

Vlznhz 2rpry) (Xn,i)e?

VQ:MZ p)(Xni)eiD QY — RB,| /n,

ngnhz Zryry ) (Xna) [(X0) = 7 (X5 = x)'By) 7,

v4=%2< 1) (Xn) {ei [1(X0) = 7p(Xi = %)'By] }
%znhz 2)(X03) [B(X5) = 7 (Xi = x)'B,| TT'QY = RBy| /n,
%:M;( rr) (Xn ) {7p(Xn)) T QY — BB, /n}”.

With these terms in hand, define

e s, =vnh
o 52 =% (Vl OV, 42V, —2Vi + %)I‘_leu, where, with [T~

element of I'"!, we define

L the {l; + 1, l; + 1}

V=3 [0, B [P () (X0 (0(X0) = mp(Xs = x)'8y)]
1;=0

1;=0 =

ih Z{ th)(Xh]) (Y' - rp(Xj _X),Bp) },

p p» p D
7 —1 -1 -1 Niq 4+
=3 Y ST, [T B AT ) (X () e
Ly =01, =01;, =0 1;, =0
n n
h)? K (Xp,)(Xn) (Y = (X5 —%)'Byp) K(Xn1)(Xnp) (Vi — 7p( X — x)'By) -
J=1k=1

Next, using Equation (S.35) to rewrite 1), canceling k¥, and adding and subtracting o, L write
1), as

T, = 6, Vah+2 (6, — ™))
=6, Vnhlt2ule, I 7'Q (Y — RB,) /(nh”)

11



6, s,e, T (Y — RB,) /n
g, lsale, IIQ(Y — RBy) /n+ (6,1 — 5, ") snrle, T7'Q (Y — RB,) /n
=T+ U,.

Then, referring back to Equation (S.14), we have
P[T, < 2] :P[T+Un<z} ,

with
Upn=(6,"—05,") snrle,T7'Q (Y — RB,) /n (S.16)

and

T =¢5,"s,1e,T7'Q(Y — RB,) /n. (S.17)

As required, T := T(s; Yoy Z;) is a smooth function of the sample average of Z;, which is given
by

Z; = <{(K"’p)(Xh,i)(Y; - rp(Xi - X)//Bp)}lv

vech{(Krpr )(Xhz)},,
Vech{(K 1) (Xni )€} }/7

/ , (S.18)
vech{(K TpT )(Xhl)(Xhﬂ-)Ogi} ,vech{(K 1) (X 1)(Xh,i)15i} )

veeh { (I%ryr, )(Xhz)(Xh,i)2si}', o veeh { (K2ryr )(Xhz)(Xh,i)pei}',

vech{( T ) (Xni){ei[1(Xi) — rp(X —x)ﬁp]}}>.

In order of their listing above, these pieces come from (i) the “score” portion of the numerator,
(ii) the “Gram” matrix T, (iii) Vi, (iv) Vs, and (v) V4. Notice that Vi and Vg do not add any
additional elements to Z;.
Equation (S.14) now follows from Lemma S.1(a), which completes Step (I), if we can show
that
Pt Pl > 1] = o(1), (8.19)

where r7, p = max{s;z, ‘I’%},,R s;l\I/TINF} and r, = o(rr,,F).
We now establish that Equation (S.19) holds. First

—1/2 —-1/2
I £ N O A
— = | =5 =—|1+—— )
Op Op 127 Op D
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and hence a Taylor expansion gives

22 w9 ~2 w2\ 2 5
o1 13(% %) %
Gy Gy | 2 52 Taal s ’

for a point 62 € [52,67], and so
162 — 82 3(&2_&2)2
Al w1 P p P p
O'p — Up = —5 ug + g &5 (820)

J) (62— 57) s, T (Y — R3,) /n.

Therefore, if ‘&z - 612,| = op(1), the result in (S.19) will hold, and Step (I) will be complete, once

we have shown that

v # P (07 = 57) sale, DY = RB,) /n| > 1]
=P || (2Tt (Ve = 2V5 = VA 4 [V — Vi] ) T e, ) susle, DT'R(Y — RB,) /| > 1
=olb). (5.21)

Recall that rr, p = max{s, 2, \Il2Tp7F, s;llllprp} and r, = o(rr, r). This is what we now verify one
term at a time.

First, for the V3 term, we claim that

vyt pB [P D VAT ey, el T QY — RB,) fn] > 1]
< vt P [[2e, T (Vi — E[VE) T e, s, 1, DY = M) /0 > 1
g [P B wstelr 60 o] > )
g B [P0 (Vs —E[VA) T eysle, D2 (M — RB,) /n| > 1,
+ r;p{FP HV!Zelyr_1E[‘G]F_1eu3n’/!elr_lﬂ (M — Rpy) /n’ > r"}
— ofl). (S.22)

Tt is not necessary to retain higher order terms in the Taylor series, for example via

11 [1_1&5&3 13(&555)2 115 (&5&5)3“p
2

v o 7'7 o) - o1 o o) T7
o3 214 o; lop o

q

0p Op

El

3!'8

because &,2, is constructed exactly to retain all the important terms from &i. Put differently, because (&i -
52)sn1e, T 71 (Y — RB3,) /n will be shown to be ignorable in the process of verifying Equation (S.19), it is imme-
diate that terms from (&z - 62)2 can also be ignored, as they are higher order. A longer Taylor expansion can be

useful when computing the terms of the Edgeworth expansion.

13



For the first term, using the elementary bounds (note that |eq| = 1),

rgpP Hy!2e;r—1 (Vs — E[V;]) T le,s,01e, T71Q (Y — M) /n‘ > rn]
<rg, p3P [T > Cr]
+ry, FIP’ [sn (Y — M) /n| > 5log(sn)l/2]

n

ot | 3 () () 1) = (X )8,

=1

rq 12 1
—E [(KQrpr ) (Xni) [1(Xs) = mp(Xi — %)/ By } }’ > T"(|eq|q!Cp)3510g(sn)1/2

= o(1),

by Lemmas S.2, S.4, and S.6. In applying the last, take the constant to be (|e4|q!Cr)™35~! and

~1/2

note that r, = o(rz,,r) may be chosen such that r,log(s;) vanishes slower than (i.e. is larger

than) \If%p’ 75n21log(s,)?, making the probability in the penultimate line bounded by the one in the
Lemma. For example, take r,, = \Ipr,ps,jl log(sn)_l/Q_V and note that

2 2
5n n _ (Yzr log(sn)" | <"
\IITP,F log(sn)1/2+’7 Sn " \I/TP,F ’

where factor in square brackets diverges by assumption.

o (Y1, F
log (s, )1/2 Sn

)2 log(sn)"

The second term required for result (S.22) obeys

rplpP Hw%’r B[V le,s,1e, D10 (Y — M) /n‘ >rn}

<1z 3B [T > ]

2
1 1/2 Sn 1
+ g 50 RV = M) ol > Tog(s)/ {‘PT ¢ (ealalCr) og(s,) P H
D
= o(1),

using Lemmas S.2 and S.4, as the term in braces diverges (e.g. for r, = \I/%}NF log(s,)~/?) and
E[V3] = O(\If%p’st) as follows:

— ZE { rpr ) (Xni) [(Xi) — (X — %) Bp] }

—E [h_l(Kzrprp)(Xh,i) [1(X3) = rp(Xi = %)y }

B

n

Vi, r
:0<>

A K rpr),) (Xhy)

)

2
(1(Xi) = rp(Xi — X)'ﬂp)] ]

Vrp, r

14



The third term required for result (S.22) obeys

rgl P Huﬂe;r—l (Vs — E[V3]) T 'e, 1€, T1Q2 (M — RB,) /n‘ > rn]
<1, p3P [T > Cr]
+ 73 ¢ P [19(M = RB,) /n| > log(s,)"/?]

n

+ er, H Z {(KQTPT )(Xhi) [ (Xi) = rp(Xi —x) ﬂp]
=1
1

sn(|eqla!Cr)? log(sn)!/2

— B[ (K2} (Xna) [105) = (X = x)'By)] }\ >
= o(1),

by Lemmas S.2, S.5, and S.6. In applying the last, take § = (|eq|¢!Cr)~* and note that r, = o(rr, r)

—-1/2

may be chosen such that r, log(s;) vanishes slower than (i.e. is larger than) \II2TP, rsn2log(sn)?,

making the probability in the penultimate line bounded by the one in the Lemma. For example,

take r, = \IJTI”F,s;l log(s,)~ 7 and note that

T'n . \IITWF 210 (8 )"/ Sn, 2 T B \IITP,F 210 (8 )/y 1
5 o \IJTva Sn log(sn)l/z_‘_7 Sn Blon \I/prF log(sn)1/2+27 ’

sn log(sn)!/? n
where factor in square brackets diverges by assumption.

The fourth term follows the same pattern as the second, using Lemma S.5 in place of Lemma
S.4, the same way the third term followed the pattern of the first. This completes the proof of
result (S.22).

Turning to the V3 terms, first observe that, when all its components are considered, Vs is a

p+1) x (p+ 1) matrix (from (r r Xp,i)) multiplied by a scalar. We write out
P

T (Xn) T 'Y — RB,| /n = % Z {rh (Xn )T (Xn ) } K (Xng) (Y — (X5 — %) By)
=1

iy Z 570, (5 ()0 § K (Xg) (Y = (X, ~18,).
] 1 =01;=0
where [I‘*l}l_ ;. s the {l; + 1,1; + 1} element of I'"!, which is well-behaved by Lemma S.2. We
%]

make use of this in order to write

1 n
vi?e, I~ [VS}I‘ e, =vi’e, T h Z(KQTPT ) (Xn.i) [1(Xi) = 7p(Xi — %) By I 'Q[Y - RB,| /nT e,
=1

p p
=> > ver [, nh (nh)? ZZ{ #rp1) (Xni) K (Xn ) (Xn,)" (X )"

1;=01;=0 i=1 j=1

15



X [N(X ) —rp(Xi )/Bp] ( = p(X; _X)I/Bp) }Flev

Z Z V12! T~ {V5,1(li, 1) + Vaa(ls, zj)}r—ley, (S.23)

i=01;=0

where V51(1;,1;) and Vs 2(l;,1;) are the “own” and “cross” summands

Vsa(li, 1) == [T lz,l nh (nh)? Z{ ) (Xna) (X )l

<[00 (% 8] (4~ ol —8y)

Vsa(linly) = [0, (nz)z ZZ {(K 7pTp) (Xni) K (Xng) (Xni)" (X 5)"

< X0 = 10X =) 8] (Y = 5 —1B,) |

Recall that the goal is result (S.21). We will study one term of the double sum (S.23), i.e
Vs,1(l5,1) and Vs 2(ls,15) for a fixed pair {l;,1;}, as all terms are identically handled. If each term

is ignorable in the expansion, then it follows that
riiFIP’ H <V!26;/I‘_1 (—2[‘/}) - ‘75> I‘_lel,> spV1e, T (Y — RB,) /n’ > T’n:|

<(C max r. P
0<li,l;<p TPvF

(m%;rl (Vm(zi, 1) + Vo (li 1) — Vaa(ls, lj)> P*ley>

x svlel, D71 (Y — RB,) /n

> ]
= o(1), (S.24)
by Boole’s inequality and p fixed.

As hinted at in this display, Vi will be constructed from the pieces of V5,2(1, 1j) which contribute
to the expansion. We first show that the V5 1(l;,l;) terms may be ignored. Begin by splitting
(Y — rp(Xi —x)'Byp) = & + (u(X;) — rp(X_x)'B,) everywhere, as the “variance” and “bias” type
pieces have different rates, which must be accounted for:
ot pP [ (vPe, D7 (Vaa(li, ) T ley) savle, T 'Q(Y — RBy) /n| > )

<rp pP[| (WP, T (Vs (1 1) T rey) surle, D 1Q(Y — M) /n| > ]
+ r;p{FP [ (e, T (Vs 1(li, 1) T e,) spvle, I 7'Q (M — RB,) /n| > 1)

<y!2e§,1“1([ Ll nhzz{ Srpr)) )(Xpi)(Xp )il

< [u(X0) = (X5 —x)'By)” })r> s,/1e,07'Q (M — RB,) /n

-1
< er,FP[

> rn]

16



+r7 pP (m%;r—l ( T, <n2>2 2; {(K ) (Xpi) (X )it

X [M(X ) — rp(Xs —x) ,Bp]z })I‘_ley> s, T7IQ (Y — M) /n| > rn]
1 (V!Qe,’,I‘_l ( T, nh (nh)? Z { Sy (X,i) (Xn) 0

X [1(Xi) = 7p(Xi — %) Bp] Ez}) I‘lel,> snle, 710 (M — RB,) /n| > rn]
TP (u!Ze’Vrl ( - l“l nh (nh)? Z{ ) (Xna) (X )

< [u(X0) — Tp(Xi — %)y € })F) s, DI (Y — M) /n

>]

For the first (i.e. the first term on the right hand side of the last inequality)

r;p{FP[ (u!%ﬂ“l([ i nhQZ{ 1) (X i) (X))

X [1(X) = (X = x)'B,)” })F_leu> snle, T (M — RBp) /n
<rp! pAP [T > Cr]

> rn]

+ rTlF]P’ [[Q (M — RB,) /n| > log(sn)l/ﬂ

_ 1 —
* TTP{FPHM z_; {(K TpTy )(Xh z)(Xh z)l i+
nh
sn(leqlq!)3CLlog(sn)/?

< [H(X) = (X — %'y }]>
— o),

by Lemmas S.2 and S.5, the latter applied twice, and the fact that, for 7, = V1, ps,log(s,)™7,
with any v > 0

nh U, F 1 5
n = “ Nog(sy) /2 | —— 0
" (el d P ORIy~ sn B | ioglany e |

and the factor in square brackets diverges. The rest of the V5 1(;,1;) terms are handled by exactly
the same steps, but using Lemmas S.4, S.5, and S.7 as needed for the final convergence. This
establishes the V5 1(l;, ;) part of Equation (S.24).

Turning to the V52(l;,1;) part of Equation (S.24), we again begin by splitting (Y; — r,(X; —

17



x)'Bp) = € + (1(X;) — rp(X_-x)'Bp) everywhere, just like above,
rz P [| (e, (Voo 1)) T e,,) sule, T (Y — RB,) /n| > 1]
(V!Zelyrl < T, nh (nh)? ZZ { 2rp1p) (Xna) K (X ) (X )" (X )"

=1 j#i
. ]

(V!Qei’r_1<[ L nhZZZ{ #ry1p) (Xn,a) K (Xng) (Xna) (Xng)"

i=1 j#i

—1
< er’F]P’[

< [u(X) ~rp(Xi—x)By] (e >})r) s 1e, T (Y — M) /n

=+ riiFIP’[
X [M(Xi) - Tp( i—X) ﬁp] ( (X ) - Tp( j_X)I/Bp) })F_leu> sny!elyl"_lﬂ (Y - M) /n
(v!%’ur‘l ({ i e ZZ{ ) (X) K (X ) ()" (X )1

i=1 j#i
> rn]

(V!ZQLF_I ( [ B ll,l nh A RY) Z Z { ’I“p’f‘ Xh Z)K(Xh,j)(Xh,i)li (Xh:j)lj

i=1 j#i

- ]

+1"T1F}P’[

X [M(Xi) - Tp(Xi*X),ﬂp] (€5) }) F_leu> savle, T1Q (M — RBy) /n

+ ’I“;;FP [

> T‘n]

% [1(X0) = mp(Xi=x)'Bp] (1(X;) = (X, —%)'By) })r> s,/1e,07'Q (M — RB,) /n

For the first term, which has two “variance” terms and one bias-type term:

(V%;’FIQ Lid; nhzZZ{ #ro1) (Xn ) K (X, g) (Xn )" (X )"

-1
TT,,,FP[
i=1 j#i
. ]

X [(X5) — rp(X;—x)'By] (g5) }) I‘_le,,) sle, T (Y — M) /n

< TT1F4IP’ [T > Cr]
+ rTlpP [\Q (Y — M) /n| > C’lsgl log(sn)l/ﬂ

+rg) P[li{(KTT)(Xm)(Xhi)li [1(X3) = (X5 )B]}‘>rn S
Tl | nh & P ’ ? ? sn(|eqlq!)3CEC1Cy log(sn)
=o(1),

by Lemmas S.2, S.4 applied twice, and S.5. For the last, note that for 7, = ¥z, rs,log(s,)™7, with

18



v >0,
872’L - \IJTP1F

Sn(|€q|q!)30§0102 10g(5n) - Sn

and the term in square brackets diverges by assumption.
Turning to the second Vs 2 term (the third and fourth will be similar), which has one “variance”

terms and two bias-type terms:, observe that

TTPI,FP[ <V!2€/ur_1 ( =, L (nh)2 Z > { 2rpr)) (X0 ) K (Xn5) (Xn,i)" (X, )Y
1=1 j#i
X [1(X3) = rp(Xi=x)' By (1(X;) — 7p(X5—x%)'Bp) })F_1€u> sale, T (Y — M) /n| > 1y | # o(1),

because, compared to the above, Lemma S.4 is applied only once, while Lemma S.5 is needed twice,
instead of vice versa. The slower rate in the latter implies that this term can not be ignored. Thus
pieces of this will contribute to Vs. To see which, we will first center some bias terms. Just for

notational ease, define the shorthand
Va2 = (K1ym) (X3,0) (X3,) " [1(Xi) = 7p(Xi =)' By
and
Vsoj = K(Xn ;) (Xn; )" [1(X5) = 7p(X;—%)'By)] -
The term in question is then

(V!Qefjl"l ( 1 DE Z Z V5,27ZV5727]> ey> s, T7IQ(Y — M) /n

i=1 j#i

1 n
= <y!2e;r—1 ( [F_l]li,l,- E[h—%,gﬂ-]% Z V5,27j> r—ley> s, T7IQ (Y — M) /n

+ (u!Qe’Vr—1< 1. — Z Vsoi— %zz])E[h—%,wOr—le,,) s, T7IQ(Y — M) /n
(2]

+ (V!QQ;,I‘_l ( [P i nh 3 Z Z V5 24 — V5 2 1]) (V5,27j — E[V&QJ]) > F_ley> SnI/!e;jI‘_lﬂ (Y — M) /n

1=1 j#i

The first term here will be incorporated into ‘75, and thus into 7. Note that it is a smooth function
of the Z; from Equation (S.18), which is why we choose the centering the way we do, that is,
keeping the term with E[h™1V;2;] instead of E[h~ V54 ;]. Doing the reverse would force further

variables into the vector Z;, and require a stronger Cramér’s condition, which we seek to avoid.?

2Calonico et al. (2018a,b) use such an approach, requiring not only a strengthening of Cramér’s condition, but
also in the process, ruling out the uniform kernel.
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The next term obeys

'rTl IP’[

<7 pAP [[T7Y > Cr]

(m%;r—l( L, — Z Vsoi— V52Z])E[h—lvmj])r—l%) salel T7IQ(Y — M) /n

>4

+ TTlFP [|Q (Y — M) /n| > C’ls;l log(sn)l/ﬂ

1 S
-1 n
+ 7"Tp,FPth Z (V5,20 — E[Vs,2,1]) ‘ >Tn CUr sy log(s )1/2]
i=1 PO n

= o(1),

by Lemmas S.2, S.4, and S.6, the fact that E[h~1V5 2] < s 1\IlTp r (see Section S.3 or the compu-
tation for E[V3] above), and that for r, = ¥, ps, ' log(s,) ™7, with any v > 0,

T on o It log(sy)” 1
nC\I}TwFSn IOg(Sn)1/2 T sn Bl Y, F log(sn)1/2+27

the factor in square brackets diverges by assumption.

The final piece of the second V52 term similarly obeys

TEPI,FP[ (”lQelvr_l ( T, AL Z > (Vi —E[Vs2i]) (Vaoj — E[Vs ;) ) F‘ley)

1=1 j#i
>4

X s,rlel T71Q (Y — M) /n

<rp p4P [T > Cr]
+ 7l pP [m(y M) /n| > C1s7 log(s )1/2}

_ 1 F
+7,,iP th > (Vazs —ElVsa,)) ‘ > = log(sn)”} +o(1)
s n
1 « s
_1 n
bt > (¥~ ElVia) > S ]

= o(1),

by Lemmas S.2, S.4, and S.6 applied twice, and that for r,, = \IJTP,FS,_LI log(s,)~7, with any v > 0,

, Sn _ VY, log(s,)" 1
O, psilog(sa) 2T e 0 LW, plog(s,) 2

the factor in square brackets diverges by assumption. The o(1) factor in the third to last line

“ 99

accounts for the missing term in the sum over the index.

Comparing the first and second V52 terms, we see the the first was ignorable because it had
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[43

two “variance” type terms, while the second had only one. This generalizes to the third and fourth

V5,2 terms, the third being just like the second and the fourth having three bias-type terms. For
these, the same centering must be done as was done here. The bounding is then nearly identical.

Putting these pieces together, recall the definition of Vs 2(l;,1;):

Vsa(lisly) = L~ lz,l (nh)? ZZ{ 2rpry) (Xna) K (Xn5) (X )" (X 5)"

i=1 j#i

< U0 = X5 = )8 (1 065 %)) .

(1922

Following the logic above, always centering the “i” term first, we define
Vool lj) = 1Y), B [(K ) (Xns) (X )" (1(X) = 7(X; — %))

sty
nh Z{ (Xh.5) th) (Y' —rp(Xj — X)/ﬁp) }
Returning to Equations (S.23), Vs is defined via

v1?e/ 71 {‘75:| I'le, := Z Z vi%e/ 771 [I‘*l]li L E [(K TpT), )(X;”)(XM)IZ' (,u(XZ-) —rp(X; — x)’ﬁp)}

ot
1;=01,=0

ih Z{ th)(Xh ]) ' (Y‘ - rp(Xj - X)/Bp) }F_leu-

n
J=1

This completes the proof of Equation (S.24).
Lastly, we consider the Vg — Vi term of (S.21). Proving this is ignorable will complete Step
(I). Begin by expanding the inner product, just as was done for Vj:

1 n
V= 3 ) (X0 {r (X, T QLY — BB, fn)?

=1
1 & ?
=k (KQT:DT;;)(XM er Xpi) T~ Tp(XhJ)K(Xh,j) (YJ —rp(X; — X)/:Bp)
=1
1 & 2
~ nh (K2rpry)(Xn,i) oh Z Z Z Xpa) 7] Vs, (Xng) K (Xn5) (Y5 = 7p(Xj = %)'By)
i=1 j=11;=01;=0
P P P p 1 L -
= N -1 — ! . iy +i
=30 > > D T, o Do) (X ) (X ) e
11‘1:0 l¢2=0 lj1:0 lj2:0 =1
1 n n
X (nh)? K(Xp5)(Xn )" (Y = (X5 = %) Bp) K(Xnp) (Xng)2 (Vi — p(Xi — x)'By) -
=1 k=1
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p p

p 4
‘/6 = ZZO IZOZZO lz Ly _l]li27lj2 E [h_l(K2rpr )(Xn ’L)(Xh7i)li1+li2:|

n n

e Z K (Xn ) (Xn )5 (Y5 = rp(Xj —%)Bp) K(Xn k) (Xnp)2 (Vi — mp(Xi —x)'Bp) -
=1 k=1

Completely analogous steps to those above will show that
rplpP H (u!%;r—l <V6 - V6> r—ley> sale, T7IQ (Y — RS,) /n‘ > rn] —o(1).  (S.25)

The starting point will again be splitting (Y; —r,(X;—x)'8p) = ei+(u(X;)—rp(X_x)'8,) everywhere,
which now occurs in three places, giving eight total terms. The most difficult of these will be when
all three are bias terms. The rest of the terms will have at least one “variance” type term, and the
faster rates of Lemma S.4 can be brought to bear. Thus, we shall only demonstrate the former.

For a fixed set of the indexes l;,, l;,,1;,,1;,, let

Vo = (K2rpr) (Xn ) (Xp) iz,
Vo = K(Xp;)(Xn;) (u(Xs) = rp(X; —x)'B,),  and
Vo = K(Xnp)(Xnp)2 (1(X5) = rp(Xp —x)'Bp) -

The term in question, with three “bias” type terms”, is:

v1?e/ 71 <V6 - %) I le,s, e, T 'Q(M — RB,) /n

n n
2 -1 -1
=vl’e, T ([F ]lilaljl r- iy s, nhz Ve,i — E[Vs]) BE E[Vs,4]E Vék])
Jj=1k=
x T le,s,e,T7'Q (M — R3,) /n
n n
2 -1 -1
+v!1%e T <[I‘ ]lilvljl [ iy Iy, nhz Ve,i — E[Ve,4]) n)? E[Vs ;] VG,k—E[Vﬁ,k])>

7j=1 k=1

x T le,s,vle!, F_lﬂ(M— R3,) /n

+ V!2€LF_1 < [I‘_l]lipljl [ Ligilis 7’Lh Z ‘/6 ) Véz ) (n2)2 Z (‘/6,]' [‘/67]]) [‘/6 k])

x T le,s,ve,T7'Q (M — RB,) /n

A - 1§ -
+v%e, Tt ( L PR Sl P nh;(‘/&i —E[Vs,)) AE Z

x T le,s,ve,T71Q (M — RB,) /n
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The first term is bounded as

<rp AP [T > Cr]
+r7,) pP |2 (M — RBy) /n| > C1log(sn)]

hz ‘/61_ VGZ)

> Tp

1
+ TTP’ [ ClCIQV!3\eV]3E[h_1%,j]E[h_1%,k]sn log(an]

=o(1),

by Lemmas S.2, S.5, and S.3. In applying the last, we have used that E[h~1Vg ;] < E[h 1V ,] <
sp Wr g (see Section S.3 or the computation for E[V3] above) and r, = s, Wy plog(s,)™? for
~v > 0, leaving

1

— o1 1/2
= 1 n
Bl Ve Bl Waslon log(oa) o 800

Tn

1
sn'Ur log(sn)l/”%] .

The factor in square brackets diverges by assumption. The second term is

T
V!QeLI"l ( [Fil]lil 1, [Fil]lzé,ljz E g (Vﬁ,z - E[‘/G i 2 E E E VG] Vﬁ k— E[VES k]) )
=1

=1 k=1
x T le,s,ve, T71Q (M — RB3,) /n
<7, PSP [T > Cr]
+r PR (M — RB,) /n| > C log<snm

_ 1 «
+ TT;,,l,F]P [ % kz (‘/ﬁ,k - ]E[‘/G,k]) > CQ 5 log(sn)'Y]
=1
+ 77 pP L (Vo.i — E[Vs,4])| >
S | L ’ C1C2 03B ey PEIVe ;107 psnsn L log(sn)?

by nearly identical reasoning, additionally using Lemma S.6. The third term is the identical to this
one, and the fourth term is similar, requiring Lemma S.6 twice.

Referring back to the discussion following Equation (S.25), this completes the proof of that result
for the case where the bias portion of (Y; — rp(X; —x)'8,) = ;i + (u(X;) — mp(X_x)'B,) is retained
everywhere, which is the most difficult. All other pieces will follow by similar logic, applying Lemma
S.4 when needed. Because this Lemma delivers a faster rate, these other terms will not require
strong assumptions. Altogether, this establishes the convergence required by Equation (S.25).

Combining Equations (S.22), (S.24), and (S.25) establishes that |&]2) - 5’12)‘ = op(1) and (S.21)
holds, proving (S.19) and thus completing Step (I).
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S.2.3.2 Step (II)

We now prove that

n._zv 122, ~E[Z))/v/n

obeys an Edgeworth expansion by verifying the conditions of Theorem 3.4 of Skovgaard (1981).
Repeating the definition of Z; from Equation (S.18):

zi = ({(Krpxxh,z-)m (X —x)'8y)} |

vech {(Krpr )(Xhz)}/,
Vech{(K TpT) N Xni)es }/,
vech { (K?r,, )(Xhz)(Xh7i)05i},,vech{(K ! )(Xhl)(XhJ)lsi}/,
vech { (K r,, )(Xhl)(xh,i)%i}',...,vech{( — )(Xhz)(xh,i)%i}',
Vech{(K Tp7) (Xn,i) {ei[u(X;) — rp(X; )Bp]}}) .
First, define
B := hV[Z,],

which may be readily computed, but the constants are not needed here. All that matters at present

is that, under our assumptions, B is bounded and bounded away from zero. Write
n
Sn=Y_ B Y*(Z; - E[Z])/sn.
i=1

By construction, the mean of S, is zero and the variance is the identity matrix. That is, for any
t € RIM(Z) E[#'S,] =0 and V[t'S,] = |t|°.

To verify conditions (I) and (II) of Skovgaard (1981, Theorem 3.4) we first compute the third
and fourth moments of Z;, and use these to compute the required directional cumulants of S,,. For

a nonnegative integer [ and k € {3,4}, by a change of variables we find that

E[(K(Xh,ixXh, }—h [ K x- anjdu = 0w

under the conditions on the kernel function and the marginal density of X;, f(-). In exactly the

same way, for the remaining pieces of Z;, we find that:

B | (KX (X0 0 = (X = 28,) | = 0
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E [(K(Xh,i)(Xh,i)lafY} = O(h), and E [(K(Xh,i)(Xh,i)lgiﬂ = O(h),
B | (K (X0 (X0 2 0(X5) = (X = x)8y)) | = 00
using the assumed moment conditions on &;. Therefore, for a t € RE™(Z) with [¢| = 1
E -<t’B_1/2(Zi = E[Zi]))?)- — O(h).

and _ -
E|(¢B (2~ EZ) | = 0.

Using these, and the fact that the Z; are i.i.d. and the summands of S,, are mean zero, we have,
again for a t € RI™(Z:) with |t| = 1,

3
E[(¢'S,)*] *3215 [(tB 12(z; — E[Z})) ] = O(s;°nh) = O(s; ).
The third moment agrees with the third cumulant of S,,. The fourth cumulant is
E [(¢'S,)"] - 3E [(¢'S,)?]?

The first term of these two is

B [(£5,)" < )ZZE [(tB Y2(z, — E[Z])) }E [(t’BW(Zj —E[Zj])ﬂ

=1 j#i

+5,° ZE [(t’BW(Zi - E[Zm)ﬂ

=1

— 3h72[1 + o(1/n)]E [(t’Bl/Q(Z,- . IE[ZA))Q] Ty O(s72).

By direct computation, the second piece of the fourth cumulant is

E [(¢'8,)%]° = <s;2nE [(t’B_l/z(Zi - E[Zi])>2]>2.

This cancels with the corresponding term of E [(#'Sy,)?*], and thus the fourth cumulant is O(s,,2).
Thus, we find that, in the notation of Skovgaard (1981), psn(t) < s,
Skovgaard (1981) is satisfied by setting a,(t) = C's, for an appropriate constant C. Recall that

~1 and so condition (II) of
rn = o(rr, ), with ro, p = max{s; 2 \IIT > Sn \Ipr r}, i.e. the slowest vanishing of the rates.
Thus our 7y, is €, in the notation of Skovgaard (1981), and condition (I) therein is satisfied because
an(t)" 7Y = 5.7 = 0(s,%) = O(rn).

Next, we verify condition (III) of Skovgaard (1981, Theorem 3.4 and Remark 3.5). Let () be
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the characteristic function of S,, and z(t) that of Z;, where t € R4m(Z:) By the i.i.d. assumption,

3

&s(t) = Elexp{it'S,}] = [ | Elexp{it' B~'/*(Z; — E[Zi])/54}]
=1

©
I

Il
=

E [exp {i (t’B_1/2/5n> zH exp{—it' B"V/2E[Z])/sn}.
1

-.
Il

The second factor is bounded by one, leaving

&s(t) < [z (B2/50)] "

Recall that, in the notation of Skovgaard (1981), a,(t) = Cs, !, and so condition (II1/) of Theorem
3.4 (and Remark 3.5) is satisfied because

sup  [€s(t)] < sup
[t|>6Csyt [t|>6Csyt

< sup [§z(t)]"
[t1]>C1

= (1 - Coh)" = o(r, ),

¢y (t/Bfl/2/8n> ‘n

for any C3 > 0 by the assumption that log(nh)/(nh) = o(1). Thus condition (IIT) holds. The
penultimate equality holds by Lemma S.9, which verifies that Z; obeys the n-varying version of
Cramér’s condition: for h sufficiently small, for all C'; > 0 there is a Cy > 0 such that

sup [£z(t)] < (1 — C2h).
[t|>C1

Finally, we check condition (IV) of Skovgaard (1981, Theorem 3.4). We aim to prove that

5
amtoses ()
sup = = O(an(t)7?), (S.26)
0<s<1 dan(t)t
5! n

for some § > 0, with a,(t) = Cs,, defined by conditions (I) and (II). For the supremum, as s ranges
in (0,1), the quantity w = sda,(t) ranges in (0, da,(t)). Further, by the chain rule

d® San ()t d® wt
i oes (42 ) = dsroes

To see why, write log &g (sda,(t)t/|t]) as g(w(s)), where w(s) = sda,(t) and g(w) = log &g (wt/|t])

and then the chain rule gives

5
d7510g§5 <85an(t)t> g <dw>

dsd® It| ~duwd
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because all the other terms in the chain rule expansion involve higher derivatives of the linear

function w(s) = sda,(t) and hence are zero. Therefore

d® San(t)t d® wt 5 d® wt
—1 San(t —1 —
s (™) s o555 (f) om0 a5 (i)
5 = sup R = sup ‘ ,
0<s<1 | (5an(t)t 0<w<dan(t) 51 5an( )t O<w<5an( ) 5!
t| N

where we have canceled terms and used the fact that |(t/|t])] = 1.

With a,(t) = Cs,, proving Equation (S.26) is equivalent to showing that

d5
Lo (3) o1

sup
O<w<dan(t)

Let £5(t) be the characteristic function of (Z; — E[Z;]). (This is distinct from £z(¢), which is the
characteristic function of Z; itself. The two are related via {5 (t) = £4(t) exp{—it'E[Z;]}.) By the

i.i.d. assumption
wt wB~Y%t
1 1 | ———— | .
Oggs < ’t|> n OggZ ( |t‘8n )

As w varies in (0, da,(t)), the quantity « = wB~'/2s,! varies in (0, C6B~1/?), by the definition

of a,(t). Using the same chain rule logic as above,

& wB~/¢ @ at\\ (B2’
aws 87\ e ) T <du5 088z (|t>) o

Therefore

sup
0<w<dan(t)

d5 wt

dw <|t|>‘ 0<wS<u§I¢)zn(t) dw?
B~ /2 ° d® ut

:n< Sn ) 0<u<Scl‘t$pB—1/2 ﬁlogﬁg (W)'

We aim to show that the final quantity is O (5;3). As s, = V/nh and B is bounded above and
below, this will hold if

d® ut
T logé&; (|t|> ‘ = O(h). (S.27)

sup
O<u<CéB—1/2

for some § > 0.

By Corollary 8.2 of Bhattacharya and Rao (1976) for the first inequality and direct calculation

ut 1
logéy () 1< =
°g52<|t|> ’—2

Therefore, for h small enough there is a § > 0 such that C|u|h < 1/2 for all u such that 0 < u <

for the second,
ut

t]

E [yz,- - E[Zi]ﬂ < Clulh. (S.28)
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CSB~'/2. This allows us to apply Lemma 9.4 of Bhattacharya and Rao (1976), yielding the bound

dd ut
s | osgs (1 )| < oz |12 Bl

O<u<CéB—1/2

As the fifth moment of Z; is O(h), this establishes Equation (S.27) and therefore Equation (S.26),
verifying condition (IV) of Skovgaard (1981, Theorem 3.4). All of the conditions of this Theorem
are now verified, thus completing Step (II).

Remark S.2. For building intuition it is useful to compare the bound bound in Equation (S.28)
and the n-varying version of Cramér’s condition established in Lemma S.9. Both reflect the fact
that as h = o(1), K(X;) = o(1), and therefore in the limit Z; = 0 is a degenerate random
variable. In this case of (S.28), the bound shows that as h = o(1), the characteristic function

log &z (ut/|t|) — 1, uniformly. Lemma S.9 shows the same thing, as it is proven therein that

sup |€z(¢t)] < (1 — Cah).
[t|>C1
Notice that in the limit as h = o(1), the conventional Cramér’s condition fails. Equation (S.28)

and Lemma S.9 are in qualitative agreement in this sense. J

S.2.3.3 Step (III)

We now prove that the expansion for T}, holds and that it holds uniformly over F' € #g. First, by
Equation (S.14) and Lemma S.1(a), T,, will obey the desired expansion (computed formally as in
Section S.2.6) if T obeys an Edgeworth expansion. Now, T is given by

T (sgl > Zz-) =1 (VIZ]' S, + nE[Z] /s,
i=1

which is a smooth function of S, := Y"1, V[Zi]*l/z(Zi — E[Z;])/sn. Step (II) proved that S,
obeys an Edgeworth expansion, and therefore by Skovgaard (1986) we have that T does as well.
Equation (S.14) and Lemma S.1(a) deliver the result pointwise for 7).

To prove that the expansion holds uniformly, first notice that all our results hold pointwise
along a sequence F,, € Fg. That is, the results of Skovgaard (1981) and Skovgaard (1986) hold
along this sequence. We thus proceed by arguing as in Romano (2004). Recall that r7, p =
max{s;?, \If%p7 750 1\I/Tp7 r}, i.e. the slowest vanishing of the rates. Suppose the result failed. Then

we can extract a subsequence {F,,, € #g} such that
11,5 |PE, [Tp < 2] = ®(2) — Br, 1, (2)| # o(1).

But this contradicts the result above, because T}, obeys the expansion given on {F,, € Fg}.
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S.2.4 Proof of Theorem S.1 (Theorem 1 in the paper) with Bias Correction

Proving Theorem S.1 for Tyyc follows the exact same steps as for 7),. The reason being that both
are based such similar estimation procedures. To illustrate this point, recall that when p = 1, Typc
is the same as 7}, but based on a higher degree polynomial. In this special case, there is nothing
left to prove: simply apply Theorem S.1 with p replaced with p + 1. Or, alternatively, re-walk the
entire proof replacing p with p 4+ 1 everywhere.

The more general case, that is, with generic p, is not conceptually more difficult, just more
cumbersome. There are two chief changes. First, the bias rate changes due to the bias correction,
but this is automatically accounted for by the terms of the expansion and the conditions of the
theorem. For example, note that the rate ry,  automatically includes the new bias rate, as it is
defined in general in terms of ¥ r Second, there are additional kernel-weighted averages that enter
into Typ. and these will enter into the construction of Z; and the bounding of remainder terms.

Recall the definitions of the point estimators, standard errors, and t-statistics from Section S.1,
specifically Equations (S.10), (S.12), and (S.3):

vkt () — )

Op

Vil 2 (Bzpe — p)

1 R
A = Wy!e;r—lmc 52 = Ve, T (hQZ,Q /n)T ey,  T,=

1 _ .
= — e/ T Q. Y, &2

2 1 p—1 3 ! -1
rbc — nh? rbe — ! e]/F (hfzrbcZercfzrbc/n)I‘k €y, Troc =

Orbe
Comparing these, we see that the only differences in the change from ﬁ)p and Q to 2rbc and Quppe,
where (to repeat):
o Sipe = diag(d(X;) i =1,...,n), with 6(X;) = (V; — 7pe1(X; — x)/Bpr1)?,
o Qe =0 — pPHAe,  T7'Q,
e p="h/b,
Ay =[xtk ,X,fjﬁ]'/n,
Xpi = (Xi —x)/b,
T = % E?:l(KTpHT;/;H)(Xb,i)a and
Q = [(Krps1)(Xp1), (Krpi1)(Xp2), -, (K7ps1) (X))

Lin place of h and

Notice that these are the same as their counterparts for 7),, but with b = hp~
p+ 1 in place of p. With these comparisons in mind, we briefly discuss the three steps of Section
S.2.3, highlighting key pieces.

For Step (I), first observe that the “numerator”, or érbc, portion of the t-statistic is once
again already a smooth function of well-behaved random variables, albeit different ones that for 7;,.
Terms will be added to Z; to reflect this. In particular, A, T', and Q are present. Importantly,

1

Lemma S.2 applies to T' with b = hp~! in place of h and p + 1 in place of p.
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Turning to the Studentization, Equation (S.15) expands the quantity (h23,€/n) and this
needs to be adapted to account instead for (hrpeSrpc¥pe/n), which requires two changes. The
fundamental issue remains the estimated residuals and thus the terms represented by Vi — Vi will
remain conceptually the same. The first change, which is automatically accounted for by the rate
assumptions of the Theorem and the terms of the expansion, are that the bias is now lower because
the residuals are estimated with a p + 1 degree fit. This matches the numerator bias, and thus
the calculations are as above. Second, whereas the summands of each term of Vi — Vj include
(K 27’p’l“;)(Xh’i) stemming from the pre- and post-multiplying by €, now we multiply by Qpc,

which means the new versions of V7 — Vi have

(K7 (X0) = 07 Al T (Kr) (X0,0)) () (X00) = 02 Al T (K1) (X))

This is mostly a change in notation and increased complexity of all terms, which now will include
many more factors that much be accounted for. This does not affect the rates or the identity of
the important terms: in other words the expansion is not fundamentally changed. Notice that
in estimating the residuals 0(X;) = (Y; — rp1 (X — x)’,ép+1)2 is used, and not, as might also be
plausible, any further bias correction (such as 9(X;) = (Y; — 7p1(Xi — x)' T Q. Y /(nh))?. This
means no other terms appear.

We illustrate with one example. Consider the first term bounded in Equation (S.22). For V3
defined following Equation (S.15) it was shown following Equation (S.22) that

rl P Hy!%;r—l (Vs — E[V5]) T le,s,1e, T1Q (Y — M) /n) > rn} = o(1).
The corresponding bound required here is
P P [ [P2e T (Voo = B[Vaaue]) T eysoplel T Qune (Y — M) /n| > ra| = o(1). (5.29)

The analogue of V3 is given by applying the two changes above: the bias term and replacing

(K?rpr;,)(Xp,;) with the expression above, yielding what we will call V3 r.:

n

1
Varne = — S (K 2rpr) (Xn) [1(X5) = 7 (X — %) Bpia]?

i=1

—_ 1 « 2| =_
+pP P Aep, T {nh Z(KQTpHT;H)(Xb,i) [11(Xi) = rpr1(Xi — %) Bpy1] } T le,1A)
=1

+ P Ave, T {nlh D (K rpar) (Xp) (K7p) (Xn) [1(X0) = 7pa (X — %) ﬁpﬂ]z}
i=1
o {nlh > (Erp) (Xn ) (K1) ) (Xp) [1(X5) = rpa (X — x)’ﬁpﬂf} Tle,, AL

=1

Verifying Equation (S.29) now amounts to repeating the original logic (for the first term of Equation
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(S.22)) four times, once for each line here.

First, observe that all the conclusions of Lemma S.2 hold in exactly the same way for T' (sub-
stituting b and p + 1 for h and p respectively, as needed), and thus the same type of bounds can
be applied whenever necessary. Second, Lemma S.3 implies that we can bound and remove the Ay
everywhere as well, just as was originally done with I'"'. These two together imply that Lemma
S.4 holds for Q¢ in place of 2 (again with b and p + 1 where necessary).

For the first term listed of V3 1, the original logic now goes through almost as written, simply
with additional bounds for A; and T'. Lemma S.6 applies just the same, only p is replaced by p+ 1
but this is accounted for automatically by the generic rates.

For the remaining three terms listed of V3 ypc, the argument is much the same. The only
additional complexity is the bandwidth b (or p). However, because b does not vanish faster than h,
this will not cause a problem. Firstly, pre-multiplication by p to a positive power can only reduce
the asymptotic order because p 4 oo. Secondly, for the factors enclosed in braces in each of the
three terms, Lemma S.6 will still hold. Checking the proof of Lemma S.10(d), which gives Lemma
S.6, we can see that we simply must substitute the appropriate bias calculations of Section S.3.

For the second term listed of V3 ypc this is immediate, since the form is identical and we only
need to substitute b and p + 1 for h and p respectively, after re-writing so the averaging is done
according to nb instead of nh.

2p+1 rome1) 4 - 2 / ) ) / 2 p-1 /
pr Are, T {nb Z(K Tpi1Tp1) (Xpa) [1(X0) = Tpar (X — %) By } I epriAy.
i=1

For the third and fourth terms listed of V3 ric, the only potential further complication is that the
summand includes both X}, ; and X} ;. However, because Xj; = pXj, ;, all applications of changing

variables can proceed as usual, as typified by, for smooth functions m; and mg (c.f. Lemma S.10)

1
B ) (X0 (Km)(5,0] = [ (B ) a) (ma) () F(x-+ b
which is just as well behaved as usual.

Collecting all of these results establishes the convergence of Equation (S.29). This illustrates
that although the notational complexity is increased and there are more terms to keep track of,
there is nothing fundamentally different in Step (I) for Typc. We omit the rest of the details.

Moving to Step (II), the proof proceeds in almost exactly the same way as in Section S.2.3.2,
but now the quantity Z; is different. Collecting all the changes described above (the inclusion of
T, Lp;, and Q, the change in estimated residuals to ﬁlrbc, and the premultiplication by Qypc), the
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new Z; is now the collection (deleting duplicate entries)

Ziroe = (zm Zime (K ryr) (X |, 2 [ (K27 am)0) (X0,
, (S.30)
Zigen [(m)<Xh,i><Kr;+1><Xb,i>}) ,

where

Zwe" = <{(Krp)(Xh,i)(Yi —7rp+1(Xi — X)/Berl)}/»

{(Krp+1)(Xb,z‘)(Yi — rpr1 (X — X)/:Berl)}/a
vech { (Krpr;,) (Xhi) }/,

!
vech {(Krp+1T;+1)(Xb,i)} ,
/

vech { (Krp) (Xh,i) (Xh’i)p+1 } )

and for a matrix depending on (X}, ;, X ;), the function Z denom [m(Xh’i, bei)} is

2,rbc

/
Zgloom [H(Xh,qu,i)} = (Vech{H(Xh,iaXb,i)€?} ;

/ /
vech {K)(thi, Xb,i)(Xb,i)Oei} , vech {(K2'I'p’r‘;)(Xh’i)(Xb’i)l€i} ,

/ /
vech {K,(Xh,i, Xb,i)(xb,i)%i} ... vech {(K%pr;)(Xh,i)(X,,,i)pHgi} :

vech {R(Xh,i, Xb,i){&' [M(Xi) —rp1(Xi — X)/ﬂpﬂ] }}/) :

Z; v is notationally intimidating, but comparing this to the original Z; of Equation (S.18), we see
that nothing fundamentally different has been added: the additions are mostly just repetition to
account for the higher degree local polynomial. Notice that if p = 1, i.e. h = b, then many of the
elements are duplicated (or contained in others) and can be removed: examples include the first,
third, and fifth lines of ZP4e" and all of Zdenom [(Kzrpr;)(XhJ)] (Note also that in estimating

i,rbc i,rbc
the residuals (X;) = (V; — rpi1(X; — x)'Bpr1)? is used, and not, as might also be plausible, any
further bias correction (such as 9(X;) = (Vi —7p11(X; —x)'T QY /(nh))?. This means no other
terms appear.)

Because, by assumption, p /4 oo, the asymptotic orders do not change. Therefore, verifying
conditions (I), (II), and (IV) of Theorem 3.4 of Skovgaard (1981) are nearly identical for this new
Z; yvc. For condition (III) of Skovgaard (1981, Theorem 3.4 and Remark 3.5) the crucial ingredient
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is Lemma S.9, which continues to hold in exactly the same way.
Finally, Step (III) carries over essentially without change, completing the proof of Theorem

S.1 with bias correction.

S.2.5 Lemmas

Our proof of Theorem S.1 relies on the following lemmas. Consistent with the above, we give
mainly details for the T}, case, i.e. the proof in Section S.2.3. The details for Ty, Section S.2.4,
are entirely analogous. Indeed, though all the results below are stated for a bandwidth sequence h
and polynomial degree p, they generalize in the obvious way under the appropriate substitutions
and appropriate assumptions.

The first lemma collects high level results regarding the Delta method for Edgeworth expansions,

pertaining to Step (I), verifying Equation (S.14).
Lemma S.1.

(a) Let U, :=T,—T. If T:Fpl’FIP’HUn\ > rp] = o(1) for a sequence ry, such that r, = o(rr, ), then
PT,<z]=P [T—I—Un < z} =P [T< Z] +o(rz, F).

(b) If 11 = O(r}) and ro = O(rh), for sequences of positive numbers r1, 1}, ro, and % and if a
sequence of nonnegative random variables obeys (r1) 'P[U,, > ro] = 0(1)0 it also holds that
(r)) " P[U, > 5] = o(1). In particular, 7 "P[|Uy| > r,] = o(1) implies ri},F]P’HUn\ > 1| =
o(1), for r1 equal in order to any of s, 2, \IJ%%F, or s;llllTp’F, because rr, p is the largest of
these, and any v = o(rr, r). Thus, for different pieces of U, defined above, we may make

different choices for these two sequences, as convenient.

Proof. Part (a) is the Delta method for Edgeworth expansions, which essentially follows from the
fact that the Edgeworth expansion itself is a smooth function. See Hall (1992a, Chapter 2.7) or

Maesono (1997, Lemma 2 and Remark following). Part (b) follows from elementary inequalities. [J

The next set of results, Lemmas S.2-S.8, give rate bounds on the probability of deviations for
various kernel-weighted sample averages. These are used in establishing Equation (S.21) in Step

(I). The proofs for all these Lemmas are given in the subsubsection below.

Lemma S.2. Let the conditions of Theorem S.1 hold. For some § > 0, a positive integer k, and
Cr < oo, we have

(a) 7! pP[IT = T| > b7 log(sn)"/?] = o(1),

(b) Ti},FPHF_l - Z?:o (I‘_l(f‘ — I‘))jf‘_l‘ > 85, D log(s,)**+1/2| = o(1), and in particular
(i.e. k=0) rfpl,FIP’Hl"*1 — T > 65 log(sn)'/?] = 0(1), and
(c) 7“:6}71[,1?’[:[‘*1 > Cr| = o(1).
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Lemma S.3. Let the conditions of Theorem S.1 hold. Let A be a fized-dimension vector or matrix

of continuous functions of Xy ; that does not depend on n. For some § > 0,

3 {(KA)(X) — BI(KA) (X))}
i=1

-1 p|| L
g, 7 F o

Further, there is some constant C4 > 0 such that T}pl’FIP)[Z?ZI(KA)(thi)/(nh) > Cal=0(1). In

particular, r:FplFIP[]Al — Ay| > s log(s,) /2] = o(1). Lemma S.2(a) is also a special case.

> 05t log(sn)1/2] = o(1).

Lemma S.4. Let the conditions of Theorem S.1 hold. Let A be a fixed-dimension vector or matriz

of continuous functions of Xy ; that does not depend on n. For some § > 0,

n
1 1
T -
Ty, F n
=1

3 Z {(KA)(Xpi)ei}

> 65, ! log(sn)1/2] =o(1).

In particular, with A = rp(Xp;), T;plvFIP’ 1Y — M) /n| > ds;t log(sn)1/2].

Lemma S.5. Let the conditions of Theorem S.1 hold. Let A be a fized-dimension vector or matrixc
of continuous functions of Xy ; that does not depend on n. For any 6 > 0, v > 0, and positive

integer k,

n kfl

riteP || o { (KA (1)~ (X =) [ 32 log(s)7] = of1)

=1 Sn

In particular, with k =1 and A = rp(Xp;), rT FPQ (M — RB,) /n| > dlog(sn)?] = o(1).

Lemma S.6. Let the conditions of Theorem S.1 hold. Let A be a fized-dimension vector or matrix
of continuous functions of Xy ; that does not depend on n. For any 6 > 0, v > 0, and positive

integer k,

n

it | {0 [0 — 18]

i=1

B [(KA)(X00) [0(X0) = (X = x)'8,] ] }) > 52@ 1og(sn)7] — o(1).

'rL
Lemma S.7. Let the conditions of Theorem S.1 hold. Let A be a fixed-dimension vector or matriz
of continuous functions of Xy, ; that does not depend on n. For any 6 > 0 and v > 0,

1 n
—1
er’F]P’{

i SR (60 — 1y -5y

i=1

T
>0 —2=

1og(sn)’v] = o(1).

Sn
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Lemma S.8. Let the conditions of Theorem S.1 hold. For any d > 0 and v > 0,

n

_ 1
Tpl,FIP)|: o z; {(KTpT';)(Xh,i) (K(Xh,z') (1(X3) — rp(Xi —x)'Bp)
—E[K(Xns) (0(X:) = mp(Xi — x)'B,)] )e}‘ > San log(sn)"’] = o(1).
where set a, = sgl\IlTpF if T, = 52 an = 8,2 if T, F = \IIQTP,F; or a, = 5;3/2\11%3F if

—1
TTINF = Sn lIITP7F'

Next, we show that the random variable Z;, given in Equation (S.18), obeys the appropriate
n-varying version of Cramér’s condition. This is used in Step (II) to prove that the distribution
of the (properly centered and scaled) sample average of Z; has an Edgeworth expansion. This type

of Cramér’s condition was first (to our knowledge) used by Hall (1991).

Lemma S.9. Let the conditions of Theorem S.1 hold. Let £7(t) be the characteristic function of
the random variable Z;, given in Equation (S.18). For h sufficiently small, for all C1 > 0 there is
a Cy > 0 such that

sup [£2(t)] < (1 —Cah).

[t|>C1
Proof of Lemma S.9. Recall the definition of Z; in Equation (S.18). It is useful to consider Z; as
a function of (X ;,Y;) rather than (X;,Y;). We compute the characteristic function separately

depending on whether X; is local to x. Note that A is fixed. The characteristic function of Z; is
&z(t) = Elexp{it'Z;}] = E [exp{it'Z;}1 {| X} ;| > 1}] + E [exp{it'Z;}1 {|Xp;| < 1}].  (S.31)

We examine each piece in turn. For the first, begin by noticing that | X3 ;| > 1 (i.e. X; & {x £ h}),
then K(Xj,;) =0, in turn implying that Z; is the zero vector and exp{it'Z;} = 1. Therefore

E [exp{it' Z;}1 {| Xpi| > 1}] = P[X; & {x £ h}].

By assumption, the density of X is bounded and bounded away from zero in a fixed neighborhood
of x. For now consider interior x, we will return to the boundary case at the end. Assume that h

is small enough that this neighborhood contains {x & h}. Then this probability is bounded as

x—+h

PLX: ¢ et} =1 |

flz)de <1—h2 ( min f(ac)) :=1— Csh. (S.32)
x—h

ze{xth}

Next, consider the event that |Xp ;| < 1. Let fyy(z,y) denote the joint density of (X,Y’) and
explicitly write Z; = Z;(X};,Y;). Using the change of variables U = (X — x)/h,

x+h
B exp(it Z(Xa YOV (X0l < 1)) = [ [ expit Zu(o. )}y ) dody
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1
= h//l exp{it' Z;(u, y)} foy (X + uh, y)dudy.

Suppose that K is not the uniform kernel. The assumption that (1, Kr3p)(u)’ is linearly independent
implies that Z; is a set of linearly independent and continuously differentiable functions of (u,y)
on {[-1,1]} UR. Furthermore, by assumption, the density of (U,Y’), as random variables on
{[-1,1]}UY, for some Y C R, is strictly positive. Therefore, by (Bhattacharya, 1977, Lemma 1.4),
Z; = Z;(U,Y) obeys Cramér’s condition (as a function of random variables on {[—1,1]} UR), and
so (Bhattacharya and Rao, 1976, p. 207) there is some C' > 0 such that

1
sup // exp{it' Z;(u,y) } fuy (x + uh, y)dudy| < 1. (S.33)
-1

[t|>C

Collecting Equations (S.31), (S.32), and (S.33) yields the result when the kernel is not uniform.

If K is the uniform kernel, Equation (S.33) will still hold, as follows. Note that one element
of Z;(U,Y) is K(U). For notational ease, let this be the first element, and further write Z;(U,Y)
as Z;(U,Y) := 2(K(U), Z!) and t € RI™(Z) a5 t = (t(1),?'). Then, because K(U) = 1/2 for
Ue[-1,1],

sup
[t|>C

1
//_1 exp {it' Z;(u, y) } fay(x + uh, y)dudy‘

— sup / /_ 11 exp {it’ [2(K(U),Z;)']} fxy(x+uh,y)dudy'

[t|>C

— sup //_11 exp {it’ {(1,2{)'}}fxy(XvLuh,y)dudy}

[t|>C

1
— sup eitl// exp {i{’Zi}fxy(x+uh, y)dudy‘.
-1

[t|>C

Exactly as above, (Bhattacharya, 1977, Lemma 1.4) applies, but now to Z;, and 1] is bounded
by one, thus yielding Equation (S.33).

Finally, if x is a boundary point, then all that changes in the above proof are ranges of integra-
tion: replace x — h with zero and remove the factor of 2 in the definition of C3 in (S.32), and then

in the subsequent steps, integrate over [0, 1] instead of [—1, 1]. O

S.2.5.1 Proofs of Lemmas S.2-S.8

Before proving Lemmas S.2-S.7 we first state some generic results that serve as building blocks
for the main Lemmas above. Indeed, those results are often are almost immediate consequences of
these generic results. The versions of these results for I, are usually omitted, as they are entirely

analogous (replacing p and h by p+ 1 and b, as well as other obvious modifications).

Lemma S.10. Let the conditions of Theorem S.1 hold. Let g(-) and m(-) be generic continuous

scalar functions. For some d1 > 0, any 69 > 0, v > 0, and positive integer k, the following hold.
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(a) 527 [ 22 3 L) (X )a(X) — E[Km)(X )g(X]}| > disy! 1og<sn>1/2] — o(1).
=1
(b) siP [ $n2 Y {(KEm)(Xpi)g(X)ei}| > d1s,! 10g(8n)1/2] = o(1).
=1
Sn = \IJIIC"_%
(c) Ty FIP’ [ 5.2 Z(Km)(Xh,i)g(Xi) [,u(X ) — 1rp(Xi —x) ﬁp} > 525k7i’1 log(sn)7] =o(1).
3 i=1 n
(@ 2|52 S { () )9 (X X0 — 76— )8,
=1
k
B [(m) (X0, 00C6)(X) = ry(X; 08,1 }| > 2 (‘I’j:F) g5, = o(0).
(e) s2p [ 22 D (Km) (X9 (Xo)e: [1(X0) = (X — 2 B,]| > ™ 1og<sn>7] — o(1).
=1 n

(0 it 3 {06060 (K060 (106) = 06— B,
i=1

~E [K(Xi) (u(X) = (X =)'8y)] )i}

| ; — =2 _ w2 . —3/2,1/2
where set an, = s, "V, p if r7, F = 8,% an = 8,7 if 11, p = \I'T%F, or Gn = Sn T L

> day, log(sn)q =o(1),

_ 1
rr,F =S, Y, F.

Proof of Lemma S.10(a). Because the kernel function has compact support and g(-) and m(-) are

continuous, we have
[(Km)(Xp,i)g(Xs) — E[(Km)(Xp,i)g(Xi)]| < Ch.

Further, by a change of variables and using the assumptions on f, g and m:

V[(Km)(Xni)g(X;)] < E [(Km)(Xn:)?9(X;) / FOXG)(Em)(Xp.)%9(X,)2dX;

= h/f x + uh)g(x 4+ uh)(Km)(u)?du < Cyh.

Therefore, by Bernstein’s inequality

> 15, log(sn)1/2]

& D {(Em) (X3,0)9(X) ~ EI(Km) (X9 (X))

4 -1 1/212
2 e (D)5 o022
Cas2 + C152081 8, ' log(sn)t/2/3

621og(s,)/2 }
=2 21og(sp — L "
exp{ Og(s )}exp{ Cy+ 0151851 log(sn)1/2/3

= 2ex {10 (s)[2— 01/2 }}
N P osten Cy + C11857 log(sn)1/2/3] )’
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which vanishes for any &; large enough, as s, ' log(s,)"? = o(1). O
Proof of Lemma S.10(b). For a sequence a,, — 0o to be given later, define
H; = s, (Km)(Xp,1)g(X:) (ViL{Yi < an} — EYiL{Y; < an} | Xi)

and
T; = s, (Km)(Xn,i)g(Xi) (Yi1{Y; > an} — E[Y;1{Y; > a,} | X))

By the conditions on ¢(-) and ¢(-) and the kernel function,

‘Hz’ < Clsglan

VIH;] = s, °V[(Km)(Xp:)g(X) il{Y; < an}] < s, °E [(Km)(Xp,:)*9(X:)* Y 1{Y; < an}]
< 5K [(Km)(Xp)29(X,)*Y)]
— / (Km) (X229 (X0)0(X0) £ () dX;
= s, [ (Km) () (gof) x - wh)du
S Cg/n

Therefore, by Bernstein’s inequality

s2P [ji:fﬂ

i=1

621og(sn)/2 }
Cy + C155 ' a, 01 log(s,)1/2/3

621og(sn)/2
<2 exp{2 IOg(Sn)} exp {_ 02 + Clsﬁlanél log(sn)1/2/3

62/2
< 2exp{ log(sn) |2 — 1 )
Cs + C185  and1 log(s,)1/2/3

> 6 log(sn)1/2] < 252 exp {—

which vanishes for d; large enough as long as s, la, log(sn)l/ 2 does not diverge.
Next, let 7 > 2 be such that E[|Y || X = 2] is finite in the neighborhood of x, which is possible
under Assumption S.1, and then, by Markov’s inequality:

n n 2
Z 1
o i=1 bl =on 6% log(sn) i=1
1
<g2___~ pRE|[T?
- 8"5% log(sn)n [ ’]
1
2 -1
——nV K Xni)g( X)) Y;14Y; > a,
_Sn(;%log(Sn)n [Sn ( m)( h, )g( ) { a }]

38



< Snmnsg2E [(Km)(Xh,z')Qg(Xi) Y21{Y; > an}]

-2 2 2 2+ —m
E [(Km)(Xn)2g(X:)2|Yi |2 s
—Sn(s%log(sn)nsn [( m)( h,) g( ) ’ ’ a ]

ns, 2(Cha; ™)

Q
ml\D

< —_ . n
= 82 log(sn)ay’

which vanishes if s2 log(s,) ta,™ = o(1).
1/2

does not diverge and s2 log(s,) ta,™ =

It thus remains to choose a, such that s 'a,, log(s,) -

o(1). This can be accomplished by setting a,, = s2 for any 2/m < A < 1, which is possible as
> 2. O

Proof of Lemma S.10(c). By Markov’s inequality

\I];”F]P’ [ S’ Z(Km)<Xh,i)g(Xi) [1(Xi) — rp(X; — x)’ﬂp]k > Sa(sy, Uy p)h 10g(8n)7]
- i=1
Sn Sn A 1 _ , i
< Ur p <\pr7F> 5 IOg(sn)WE [h 1(Km)(Xh,i)9(X¢) [M(Xi) —7p(X; —x) Bp] }
1 _ Sn / k
< ml@ h 1(Km)(Xh,i)g(Xi) |:\I]TP,F (/L(XZ) —1p(X; —x) ﬁp):| ]

= O(log(sn)™7) = o(1).

This relies on the calculations in Section S.3, and the compact support of the kernel and continuity

of m(-) and g(-) to ensure that the expectation is otherwise bounded. O

Proof of Lemma S.10(d). Note that the summand is mean zero and apply Markov’s inequality to
find

n

522 S { (Bm) (Xn0)g (X)) (1(Xi) = (X — 2)'B,)"

i=1

B [(Km) (609X () = (X — 2 B,)] }| > o (WTFY g5, |

n

2k
<1 (g, ) s I L) e 75,

Sn

- (5% log(sn)
=o(1).

Vr, r

. . [h—l(Km) (X))0(X0) K ) (1(X;) — rp(Xi — ac)’ﬂp)] 2,1

The final line relies on the calculations in Section S.3. O
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Sn” Z(Km)(Xh,z‘)g(Xi)ﬁi [1(X3) — rp(Xi — ) By)

Proof of Lemma S.10(e). By Markov’s inequality, since ¢; is conditionally mean zero, we have
i=1

s2P [
9 1 1

< B gl B 2 (Em)(X0)a(X0)e)? [1(X) = ro(Xs =28y

> (52( \Ipr )log(sn)'yl

Sn

E [hl (Km)(Xn.i)g(X;)e)? [\I’T - (n(Xi) —rp(X; — X)'ﬁp)} ]

= Flog(on)®
— O(log(s) ") = o(1).

This relies on the calculations in Section S.3, and the compact support of the kernel and continuity

of m(-) and ¢(-) to ensure that the expectation is otherwise bounded. O
Proof of Lemma S.10(f). By Markov’s inequality, since ¢; is conditionally mean zero, we have

-1
et

% Z {(Km)(Xhz) <K<Xh,i) (1(X3) = 7p(Xi — %)/ Bp)
i=1

~ B [K(Xna) (X)) = ro(Xi = )By)] )ei

> day, log(sn)q

T'_l
< W;E l:hl(Km>2(Xh,i) (K(Xh,i) (1(Xi) — rp(Xs —x)'Bp)
- B[R (X0 (1) = 1y(X; = 8,)] ) 010

7”_1
) 1g<F>nlh{E 00K (00 (460 = 106 =) 8y) o)

—2E[h—1<Km>2<Xh,i>K<Xh,z-> (u(X) — 7y (Xi —x)'B) v(X ﬂE[K(Xh,i) (W) —mp(Xi —x)'By)]

+ E[h—%Km)Q(Xh,i)v(Xi)]E [K(Xn) (n(Xi) — 7p(Xi — x)'Bp)]” }

T, F 1 (Y, r 9
=0 . 1+h+h
a2 log(sn)?Y nh < Sn, > { tht }

—1
_ 'n,r 1 (VY F 2
T a2log(sp)? nh \| sy

Ifro, pr = 5_2 this vanishes for a, = s‘l\IlTp r- lrp, p= \IJ%WF, this vanishes for a, = s;z. If
—3/2.:1/2 . . . . .
T, F = I\IJTP F, this vanishes for a,, = s, / \I/Té - This relies on the calculations in Section S.3,

and the compact support of the kernel and continuity of m(-) to ensure that the expectation is

otherwise bounded. O
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Proof of Lemma S.2. A typical element of T' — T is, for some integer k € [0, 2p],

k
" Z{ (Xn)Xp, —E [K(Xh,i)Xh,z} },
which has the form treated in Lemma S.10(a). Therefore, by Boole’s inequality and p fixed,
rp! (PT =T > 65, log(sn )"/

< Orp'p max P [ — Z{ (Xni) XF; — B [K (X)X }

ke[0,2p]

> ds,, log(sn)1/2] = o(1),

by Lemma S.1(b). This establishes part (a).
To prove part (b), first note that for any fixed ¢, part (a) and the sub-multiplicativity of the

Frobenius norm imply
T;;FP [|I‘_1(1" — f‘)\ > 51} < Tii P [|(1" — f‘)| > 51‘[‘—1|—1} =o(1), (S.34)

because under the maintained assumptions

B =B [ (Kryry) (X0,0] =1 [ (K (X0 1 (XG5 = [ (et (@) f(x-+ ub)da

is bounded away from zero and infinity for n large enough.
Now, on the event G, = {|T"}(I' = I')| < 1}, we use the identity I' = T (I - (T - 1")) to
write I ™1 as
1 1/1 1oy . 1/71 J =4
r!— (I—r— (r—r)) I :Z(r— (r—r)) L
j=0
Write a,, = s, 70 log(s,)*+1)/2 Using results (S.34) with §; = 1, we find that T:FPIF(l —P[G,]) =
rr pP[TH(T — )| > 1] = o(1). Therefore

k
riiF}P’ r—! Z ]1"_ > day,
7=0

i k

< r;p{FIP { Z ]I“ > an p UGn| + r;p{F(l —P[G])
. ‘7:0
[ 00 k

<rpl P Z ( )] P =S (0 YE-D))E | > dan | +o(1)
L|i= Jj=0

= P || >0 (T ) T > dan | +o(1)

j=k+1
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Again using sub-multiplicativity and part (a), |(I~'(I' = I'))7| < |[T~'|T — T = o(1), and so by

dominated convergence and the partial sum formula, the above display is bounded as

- - e i s
<1yl pP zk: (r 1(1“—1“)) “r 1‘ > ban | + o(1)
Lj=k+1
r 1 k+1
L | EaEenf
<rp pP - )>5an +o(1).
P
1—)1‘71(1“—1‘)‘

Finally, using result (S.34) with some fixed d; < 1, this last display is bounded by

k+1

" LP [ S ’f_1‘—k—2 (1— 51)6%] + r;p{FIP’ Hr—l(f — 1“)‘ > 51} +0(1) = o(1),

where the final convergence follows by part (a).
For part (c), let Cr < oo be such that [T'~!| < Cr/2. Then

rpl pP[0 ™ > Cr] = r;lFIP)[(F*1 - 1“*1) +T7! > Oy
< rTlFIP’ Hl"_ _1‘ > 65,1 log(sn)l/ } + rTlFP HI‘ ‘ > Crp — ds,, " log(s )1/2 ;

which vanishes because the second term is zero for n large enough such that ds;, * log(s,)"/? < Cr/2
and the first is o(1) by part (a). O

Proof of Lemma S.3. The result follows from identical steps to proving Lemma S.2(a), because
Lemma S.10(a) also applies. The second conclusion follows from the first exactly the same way
Lemma S.2(c) follows from Lemma S.2(a). O

Proof of Lemma S.4. Let [A]; , be the {j, k} entry of A. By Boole’s inequality, since the dimension
of A is fixed, and Lemma S.1(b),

_ 1 _
r7, 7P [ h ; {(KA)(Xpi)ei}| > ds;," 10g(sn)1/2]

E3{(0a) (e

< Cer FmaXIP’ [

> 65,1 log(sn)'yl

< Cs? maxIP’ [ Z{( ) (Xhn,i)e } > 6sgllog(sn)7] ,
which vanishes by Lemma S.10(b). O
Proof of Lemma S.5. Exactly as above, but using Lemma S.10(c). O
Proof of Lemma S.6. Exactly as above, but using Lemma S.10(d). O
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Proof of Lemma S.7. Exactly as above, but using Lemma S.10(e). O

Proof of Lemma S.8. Exactly as above, but using Lemma S.10(f). O

S.2.6 Terms of the Expansion

We now give the precise forms of the terms in the Edgeworth expansion, Er r(z). We first define
them and then show their computation in a subsection below. To list them amounts to defining the
terms wg, k =1,2,...,6, U p, and Ay p. Forall T (or I), Y7 p is given in Section S.3 and explicitly
given in Equation (S.38). For the expansion, the special cases are not needed. For the variance
errors At r, we mention a few examples. First, as already discussed, the fixed-n standard errors
of Equation (S.12) yield Ay, = 0. When it is nonzero, typically Az r has the form App = [,,L,
for a rate [,, = o(1) and a constant (or at least, a sequence bounded and bounded away from zero)
L. The term L is exactly the difference between the variance of the numerator of the t-statistic
and the population standardization chosen. This has nothing to do with estimation error. Loosely
speaking,

v [\/W(é — ) )]

L= 3

7]_’
g

where o2 is the limit of Studentization whatever 6% has been chosen (c.f. Equation (S.3)). As
an example, consider traditional explicit bias correction, where the point estimate (or numerator
of T') is bias-corrected but it is assumed that o, provides valid standardization (this requires
p = o(1)), we find that A\rp = pP2(Ly + pPT2Ly), where L captures the (scaled) covariance
between i) and PtY) and Ly the variance of iPt1); see Calonico et al. (2018a,b) for the exact
expressions. For another example, for inference at the boundary when using the asymptotic variance
for standardization (i.e. the probability limit of the conditional variance of the numerator), one finds
lp, = h and L capturing the difference between the conditional variance and its limit, based on the
localization of the kernel; see Chen and Qin (2002) for the exact expression.

It remains to define wg, k = 1,2,...,6. More notation is required. As with the bias, all terms
must be nonrandom. We will maintain, as far as possible, fixed-n calculations. First, define the
following functions, which depend on F', n, h, b, v, p, and K, though this is mostly suppressed

notationally. These functions are all calculated in a fixed-n sense and are all bounded and rateless.

%, (X0) = Ve, 7 (Kry) (X0,
0 (X)) = 0 ( i) — " vle, T 1A1€p+1r (Krp+1)(Xb,i)§
0, (X3, X;) = vle, T (BI(Kryr)) (X)) = (Krpr)) (Xn,5)) D71 (Kry) (X0,0)
0, (X0, X;) = <X1,X ) = el B (BI(Kryr) (X)) = (Kryry) (X0,)) T Avel iy

o ((8m) (X ) X1 = LK) (X ) X1 €

FArep B (EI(Kryear) ) (X)) = (Krpear ) (X0,)) JE (Krpen) (X3,
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With this notation, define
57 = E[h™ 13 (X)?0(X))].

We can also rewrite the bias terms using this notation as

W, = Vil [V (X0 [(X) — (X — 2)' B,
and
Wrne,r = VRE [ (X0 [1(XG) = i (X — @) By
Now we can define the Edgeworth expansion polynomials wy, £ = 1,2,...,6. The standard

Normal density is ¢(z). The term wy is the most cumbersome. Beginning with the others:

wirp(2) = ¢(2)a7°E [h 3 (X)%e]] {(22° —1)/6}
warF(2) = —(2)o7",

wa,r,r(2) = —¢(2) {z/2},

ws,rF(2) = —4(2)57° {2/2},

we,r,F(2) = ¢(2)o, T E[h~ 1 09(X,)%e] {Z3/3}

For ws, it is not quite as simple to state a generic version. Let G stand in for T or I:‘, p stand in
for p or p+ 1, and d,, stand in for h or b, all depending on if T' = T, or Typc. Note however, that
h is still used in many places, in particular for stabilizing fixed-n expectations, for Typc. Indexes 7,
J, and k are always distinct (i.e. Xp; # Xpj # Xp ).

ouri(2) = 655 E 1O (28 4 7o/ 4 (62— 3)/4)
T(X)lr(Xi, Xi)e 2] {~2(z* - 3)/2}
2)5,:'E [h_1€O (X))t —v(X ] {z z* —3)/8}
(X, 2r~(deZ)(~¥ (Kr3)(Xa, ) }{z (=2 —1)/2}
(

+ O(E)TE [0y (X, ) G Bry) (X, )] {20~ 14}

)
Xi)rp(Xa, i) G| B [0 (Krp) (Xa, )64 (X0)e?] {2(22 = 1)}
)
)

G55 E [ (X)X, 5) G () (X ) (X)X, 5) G () (X, 1) (Xi)ee3

+ ¢(2)5,'E [h_IK%(XZ)Zlef}] {—2(22 —3)/24}

F 8(2)o7 E [ (X0 0(X) — E[E(X)P0(X0)]) (Xe)%22] {=(2 — 1)/4}
()57 E A2 (X0, X)) (X)X, 2<20(X)] {2(2% — 3))

()67 E [h2eh(Xs, X)) E(X0) (65 20(X;) — BIE(X)2u(X)]) 2] {2}



+ ¢(2)57°E [h—l (69(X:)2v(X;) — E[ﬂ%(xi)%(xi)]ﬂ {—2(>+1)/8}.

For computation, note that the seventh term can be rewritten by factoring the expectation,

after rearranging the terms using the fact that r5(Xg, ;) éilrﬁ(dei) is a scalar, as follows

E |36 (X)rp(Xa, ) G (Krp) (X, ) (X)rp(Xa, ) G (Km5) (X, ) (X e
:E[h (XK ) (X g, )G ] E[h Lps(Xa, )00 (X;) rp(an,])éfl}
x E [hi (K"'ﬁ)(an,k)gT(Xk)gk] .

This will greatly ease implementation.

S.2.6.1 Computing the Terms

Computing the terms of the Edgeworth expansion of Theorem S.1, listed above, is straightforward
but tedious. We give a short summary here, following the essential steps of (Hall, 1992a, Chapter
2). In what follows, will always discard higher order terms (those that will not appear in the
Theorem) and write A Z B to denote A = B + o((nh) ™' + (nh)~1/2U7 g + \II%F) Let G stand in
for T or f‘, p stand in for p or p+ 1, and d,, stand in for h or b, all depending on if T = T}, or Trp..
Note however, that h is still used in many places, in particular for stabilizing fixed-n expectations,
for Trpe.

The steps to compute the expansion are as follows. First, we compute a Taylor expansion of
T around nonrandom denominators. Then we compute the first four moments of this expansion.
These are then combined into cumulants, which determine the terms of the expansion.

The Taylor expansion is

o 1
T = {1 ~ 5z (Wra +Wro +Wrs)+ — Wr1 +Wra + WT,3)2}
T

Or
x 67 {Nr1+ Nra+ Nrs+ Bra},

where

Wry = Z {0(X)? (] —o(X; n2h2 Z Z {KO )*15(Xa,.) é_l(KTﬁ)(an,i)gigj}

i=1 j=1

T (X, G () (X, 0250 )
=1 j=1k=1

Wm:nhZ{ — E[¢(X )2} +2 QhQZZEQ (X3, X)) (Xi)v(X3),
= lj 1

Wrs = n3h3 SO (X, X5) 0 (X, X 3h3 ZZZzT Xi, X, Xi) 09 (X))o (X5),

i=1 j=1 k=1 i=1 j=1 k=1
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1 n
Bry = sn - ZE%(Xi)[u(Xz-) — 1p(Xi — ) Bgl,
Npjy = sp— ZET e

Npo = QZZET Xi, Xj)es,

’L].jl

Nps = BZZZKT (Xi, Xj, Xp)ei,

=1 j=1k=1

with the final line defining ¢%(X;, X;, X¢) in the obvious way following £%., i.e. taking account of
the next set of remainders. Terms involving KT(Xi, X, X},) are higher-order, which is why it is not

needed in the final terms of the expansion. To concretize the notation, note that Wp p = E[Br ],

and, for example for 7, we are defining,

Nr, 1 = s,ve, T QY M)/n,
Nr, 0 = splel T7H T — DT 'Q(Y M) /n,
Np, 3 = spvle, T~ - D)0 YT — )T 1Q(Y M) /n.

Straightforward moment calculations yield, where “E[T] 27 denotes moments of the Taylor

expansion above,

0 ~_ 1
E[T] £ 67'E [Bra] — ﬁE (Wr1Nra],
T

1
E[T?] < &TE [N2, 4+ N7.5 + 2N71Nra + 2N7 Nrjg)
T

1
— sk [(WriNZy + WraN7 g + Wr N7y + 2WraNr, Nro]
T

1 1 1
+ =5 [WT lNTl + WT N7 1] —E [BT 1] — = E[Wr1N71Bra],
UT UT or

3 3
—E [NT = 2&%15 [WTJN%J] + %E [N%JBTJ] ,

and

= —E [NT1 + 4NT1NT2 + 4NT \Nr3+ 6N7 1NTg]
T
2
— = E (WraiNg, + WraNgy + 4WroN3 N + Wrs Ny ]
T
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3

t =3 —<E [WZ, N7, + W7,N7, ]
or
4 8 6

+—E (N3, Br1] — —E [WpiN} Bra] + —E [Nf,BF,] .
or o o7

Computing each factor, we get the following results. For these terms below, indexes i, j, and k are
always distinct (i.e. Xp,; # Xpj # X))

E[Bra] =¥ p,
E[Wr1Nr1] = 71E[ UG (X)%e ?} ;
E [N?,] = &7,
E [N Nro] Z s, °E [R5 (X, Xa)09(X,)e]
E [N7o] £ s, 'E [h200(Xs, X;)%e]]
E [Nr2Nr3) = s, °E [h726(Xi, Xj, X)) (Xi)e?]

E [WriNE,| = 552{1@ [RH (X)) (eF — v(X5)?)]

— 263 [ G (Xi)Prp(Xa, o) G (Krg) (X, )€
— 4B | W (X0) (X, o) GTUR | E [ (Kr) (X, i) 6 (X0)<7]

+ 638 W20 (rp(Xa,) 6 () (X, ) ]
+ 2K [h-%’« 32 (B |07 (X, 5) G (Krp) (Xa, i) 61(X MX])T},

E [WraNg ) 2 572 {E [0 (6(X0)20(XG) — E[6-(X0)20(X0)]) (X))
+ 263 [Ah(Xi, X (Xo)o(X3)] |
E (W2 Nr Nra] £ 572 E [h72 (6(X;)%0(X;) — Elff

(X5)?0(X))]) €3 (X, X;) 00 (X;)e?]
+ E[h 3€T(XZ,X)€T(X;€, j)K%(

X0 (Xp)o(Xi)e3] |
h=2 (0 (X, X5)% 4 203( X3, X5, X)) v(X5)] }

E [WrsNZ, | E|
E [ (X0 (] = o(X0)?)] + 2B [0 (X))
E[ (

E[WZIQ“JNJQ“J] = 5,267

E[W2,N2,] £ 5,263 {E [ (61(X0)%0(X,) - Bl < >2v X))’
+4E [h72 (6.(0)?0(X2) — EIG(X0)20(X,)]) h(X, X0) 6 (X;)0(X;)]
+4E [h 3e%<xi,xj>fT<X@->v<X>e <Xk, DE(Xv(X0)] },

E [Wr1N71Br1] = E[Wr1Np1)E [Bral,
E [N3,] £ s, 'E [n 100 (Xs)%E)]

n

E [WTJN%J] ZE [NTJ} [Wr1N71],
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Z 367 + s, °E [hH9(X;) e}

E [N%,lNT,j = 5, 2667E (W 0p (X, X)00(X0)e7 ]

E [N71Nrg] = 5,°3078 [h2 00 (X3, X5, X)) (0 (Xo)e?]

E [N NEo] £ 5,2 {63 (200X, X;)2] + 2B [h705 (X, X5) 00 (X, X,) 6 (X0) 63 (Xp)e2e] },
E [WraNf ] 2 5,2 {E [0 (X)) B [ (X)) + 6E [N, ] E [Wr, N2, ] },

B [WraNf,] 25,2636 {E [h (6(X,)0(Xs) — Bl (X0)P0(X)]) 6(X)%?]

+ 2E [h20p (X5, X )00 (Xa) 03 (X;)?e50(Xs)| + B [h™ 00 (X, Xa) 69 (Xi)v(X)] }

E [Wr, 2NT \Nr2] £ 3E [N7.,] E[WroNriNro
E [WrsN7,] < 3E [Nf,| E [WrsNZ, ],
E [W7,N7,] = 3E [N7,] E [W#,NZ,],
E [W7,N7,] = 3E [N7,] E [W£,N7 ]

The so-called approximate cumulants of 7', denoted here by sty for the k™ cumulant, can
now be directly calculated from these approximate moments using standard formulas (Hall, 1992a,
Equation (2.6)). It is useful to list these and collect their asymptotic orders. For the first two, we

split them into two subterms each, by their different asymptotic order.

=E[T] :=rr11+ k112 =5, + VTP,
%T2—E[T2] E[T)? := 1+ k71 + K122 = 1+ 5,2+ 5, Urp,
= E[T3] — 3E[T?|E[T] + 2E[T]> £ s, !,
E[TY] — AE[T3|E[T] — 3E[T?]? + 12E[T?|E[T]? — 6E[T]* = 5.2

RT4 = n

Next, our equivalent of (Hall, 1992a, Equation (2.22)) would be the exponential of

) 1 . 1 .
K (it) + 5(”)2(KT,2 —-1)+ g(zt)?’mjg +

Hﬂk‘y—l

( ) kra

1 <1\ 2 2 2 1

+ 5(’“5) (K711 + 26110k 12671 9) + 5@(“5) HT,:«;
1 .

t3 3,(“)(“)3 (KT 11KT3 + KT1 28T 3) -

Then, the final computation is done by following (Hall, 1992a, p. 44f, Equations (2.17)). We

find that the Edgeworth expansion, with asymptotic order listed in parentheses at right, is given
by

3(2) —¢<z>{ s+ (= D (57
{FJTJ,Q] (Y7 F)
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(1 11

f,mZTl 1+ 7—2(24 —102% + 15)%&%3

-2 sty 2 3!2 ) _9
1.1 1 1 (52%)

+ §2§Z(22 — 3)/€T,1,1/€T,3 + §ZI€T7271 + IZ(ZQ — 3)/<.7T’4:|

1, 2

§Z’€T,1,2 (‘I’TF)

(1 1 1 1

522/‘5T,1,11‘<5T,1,2 + 5252(22 —3)kr12KT,3 + 225T7272:| } (57 0 p)

This is exactly the result of Theorem S.1 and these terms, in the order displayed, are exactly the
wi(T,2),k=1,2,3,4,5 above.

S.3 Bias and the Role of Smoothness

In this section we derive (and list) all the necessary bias terms, both in generic form and for
special cases. We will cover different centerings, different smoothness cases, as well as interior and
boundary points. We first give a generic derivation, followed by discussion of the bias of 6 = /1;1)1
and then 0.y, and in the final subsection, a complete list of all results and formulae.

The conditional bias defined above in Equation (S.9), and the similarly computed E[érbc |X Ly Xnl,
are useful for describing bias correction, first order asymptotics, and computing and implementing
optimal bandwidths. However, these can not be present in the Edgeworth and coverage error ex-
pansions because they are random quantities. Further, the leading term isolated in Equation (S.9)
presumes sufficient smoothness, which we avoid for general results. (The analogous calculation for
O,pe is shown below.)

The bias terms in the expansions are generic and nonrandom. In Theorem S.1 we denote the bias
contribution by Wz . This term, and its particular cases ¥p, p and Vyye p = ¥, in particular,
capture the entire bias, that is both the rate and the constant. These terms are defined both (i)
before a Taylor approximation is performed, and (ii) with T', T, and A; replaced with their fixed-n
expectations, denoted T, f‘, and A;. In both sense, these bias terms reflect the “fixed-n” approach.
(A tilde always denotes a fixed-n expectation, and all expectations are fixed-n calculations unless
explicitly denoted otherwise.)

For notation, we maintain the dependence on F' if it is useful to emphasize that for certain
F € %4 the bias may be lower or higher. For example, if it happens that ,ugfﬂ)(x) = 0, the leading
term of Equation (S.9) will be zero even if p — v is odd. Further, at present we explicitly write
these as functions of the t-statistic, as the expansions in Section S.2 are for the t-statistics, but it
would be equivalent to write them as functions of the corresponding interval: that is ¥; p = V7 p,

in terms of I and F. For example, Yy p = V7, F = V1, F-

S.3.1 Generic Bias Formulas

Define
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By (usually k = p or k= p+ 1) as the k + 1 vector with (j + 1) element equal to p0)(x)/j!

for j =0,1,...,k as long as j < S, and zero otherwise,

M = [H(Xl)a s ,M(Xn)],,

By, as the n-vector with i entry [pu(X;) — 71(X; — x)'Bi],

p = h/b, the ratio of the two bandwidth sequences, and
I = E[I], T = E[T], A1 = E[Ay], and so forth. A tilde always denotes a fixed-n expecta-

tion, and all expectations are fixed-n calculations unless explicitly denoted otherwise. The

dependence on F' and %g is suppressed. As a concrete example:
— pt+k p+k p+k
Ak_n[xhl,.. XP ]/n—nhZKrp (Xni)XEHE,

and so

Ky = B[A] = h'E [(5ry) (53,0 x7 1]

X; —x Xi —x\ [ X; —x\PTF
:h—l/ K< - >r ( . )< : > X;)dX;
supp{X} h : h h T

1
- / K (u)ry(u)a ¥ f (x4 uh)du.

The range of integration for integrals will generally be left implicit. The range will change
when the point of interest is on a boundary, but the notation will remain the same and it is
to be understood that moments and moments of the kernel be replaced by the appropriate
truncated version. For example, if supp{X} = [0, c0) and the point of interest is x = 0, then

by a change of variables
Ay = h_l/ (Krp)(Xh’i)Xﬁjkf(Xi)dXi = / (Krp)(w)uP T f(uh)du
supp{ X} ’ 0

whereas if supp{X } = (—o00, 0] and x = 0, then
B 0
Ay = / (Kry) (w)a? ™ f(—uh)du.
—00
For the remainder of this section, the notation is left generic.

),

To compute the terms ¥, p and Wrpe r, begin with the conditional mean of fip

E [ﬂ](o”)|X1,...,Xn} — Ve E [Bp‘Xl,...,Xn} _ #megrflnM

1 1 _
= Wy'e I''Q(M - RB,) + Wyle;jl" 'QORg,

1 1
= Wu!e;r—lﬂB,, + Wu!e;r—lnRﬁp.
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—eH ', R=RH', Q=RW,and T = RWR/n = QR/n, (the same

calculations used for (S.7) and (S.8)) the second term above is

Because h™"e],

v (e, H- )T (QR/n) HB, = v'e, B, = 1 (x), (S.35)

using the definition of 3, (the v + 1 element of the vector 3, will not be zero, as v < S holds by
Assumption S.1). Therefore

1
E [g}(;f)yXl, . ,Xn} — ) = —=vle,T7'0B,
n

= h_”y!e;jr_lﬁ Z(Krp)(thi) ((Xi) — mp(Xi —x)'Bp) . (S.36)
i=1

From here, a Taylor expansion of u(X;) around X = x immediately gives Equation (S.9),
provided that S > p + 1. Instead, the bias terms of the Edgeworth expansions use this form
directly, replacing the sample averages with population averages. The biases, U7 r in general and
Ur, 7 and Wype p in particular, must explicitly account for the rate scaling of Vnhl+2v , because
the Edgeworth expansions are proven directly for the t-statistics.

For 0 = W), for T, or I, we apply the rate scaling to the above display and then define
g, = Vb2 h e, TR (A (Kry) (Xni) (1(Xi) — (X — %) Bp)] -

Note that the h™" cancels, and thus the rate of decay of the scaled bias does not depend on the
level of derivative of interest. Because of the fixed-n nature of this calculation, the parity of p — v
does not matter. If a Taylor series were performed and the matrixes were allowed to converge to
their limit, the well-known symmetry cancellation would occur for p — v even at interior x (Fan and
Gijbels, 1996). The generic expansions are stated without being explicit on this, but for certain
derivations and specific cases the symmetry will be exploited. It holds that ¥r, p = O(vVnhh®)
uniformly in .%g where ( varies depending on smoothness, parity of p — v, and location of x. If p is
small relative to S, depending again on parity and location, we can isolate the leading term ¢, r
such that U, p = mhchp,F[l + o(1)] where 11, p = O(1) uniformly in .#¢ and is nonzero for
some F' € Zg. Results for every case are given in Section S.3.2 and summarized in Table S.1.

For Oype (i.e. for Type and Ippe),

E [fene] X1, Xa| =) = {B [a|X0,. ., X0] = )}
1
(p+1)!

_ {thrl_”y!e;,I‘_lAl E [/l(erl)‘Xl’ o ’X"} } '

The first term is given exactly in (S.36). For the second term, following exactly the same steps that

we used to arrive at (S.36), but with (p + 1) in place of v and p and b in place of h, we find that
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E |[77]X1, . Xa| = (04 1)lepy1Bpi
n

+h P (p+ 1)!e;+1f‘*1% Z(Krp+1)(Xb,i) (1(X3) = rp1(Xi — %) Bpt1)
i=1

Inserting this result and (S.36) into E [érbc‘Xl, . ,Xn} — 1), we find that

E [Bove| X1, ., Xn| =

(p+1)e,, 1 Bpi1

1 — 1
Yy -1 1-v -1
=h y!eﬁ,I‘ Tk ;(Krp)(Xh,i) (N(Xi) - Tp(Xi - X)/ﬁp) — hPt V!ef,F Alm

n

b7 (p+1)le) T x - D (Krps1)(Xoa) (X)) = ps1(Xi =)' Bpa)

— hPHlel TIA
(p+1)! nb <

n

_ a1 —v -
=h7"vle,T 1@ Z(Krp)(XhJ) (,u(XZ-) —rp(Xi — x)’ﬁp) — hWPTIplel T 1Ale;+1,6p+1

i=1
_ 1 —
h_ypp“y!eﬁ,r—lAle;HF—l b Z(Krp-i-l)(Xb,i) (M(X ) — rp+1(Xi ):Bp—i-l)
i=1
N
=h""vle,T 1% Z(KTP)(XM) (M(X ) = Tp+1(Xi —x) Bp+1)
i=1

_ _ o1
hr Pt ule, T Avel T x x — Z Krpi1)(Xp) (W(X) = rpi1(Xs — %) Bps1) . (S.37)
where the last equality combines the first two terms (in the penultimate line), by noticing that

_ _ _ a1
Wl T Avey, By = WPV ulel T IE > (Krp) (Xni)(Xni) P €)1 Bpi
=1

n

—v — 1 Y
= e DT Y (K (X )P (X = )" ey By,
=1

and that (X; —x)pHe; 118p+1 is exactly the difference between r,(X; —x)' 3, and rp41(X; —x)' Bp1.

As before, Wy, r is now defined replacing sample averages with population averages and apply-
ing the scaling of VnhI+2¥ from the t-statistic. Again the h~" cancels, and thus the rate of decay
of the scaled bias does not depend on the level of derivative of interest.

In sum, the generic formulas are

Ur p = Vnhvle,T'E [hH(Krp)(Xni) (1(X;) — mp(Xi —x)'Bp)]

~ ~ =—1
Uype = Vnh vle, T 'E {{h—l(mp)(xhvi) — T Ase, T b_l(Krp+1)(Xb7i)} (5.38)

X (1(Xi) = mpr1 (X — %) Bpra)
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or using Q and Q¢ as in Eqn. (S.10), and By,
U r=vVnh vle,T7'E[QB,)]

and
~ ~ =—1 —
Upper = Vnh vle, T (E[QBPH] — pPt'Ae), T E[QBPH]) :

For the generic results of coverage error or the generic Edgeworth expansions of Theorem S.1
below, these definitions are suitable and the Ur, r and Yppe p may appear directly. For T), parity
of p—v is not used, but can matter: the rate at which Wz, p vanishes is faster by one factor of h at
interior points (Fan and Gijbels, 1996). The validity of the Edgeworth expansions is not affected
by this; the statements are seamless.

However, it is also useful to separate the rate and leading constant term of these biases when
possible. When it is possible we will isolate both the rate and the constant term of the bias. It holds
that U, p = O(v/nhh®) uniformly in .#g and if p is small relative to S, depending again on parity
and location, we can isolate the leading term +r, r such that ¥r, p = \/Ehgqbnhp[l + o(1)] where
Yr, r = O(1) uniformly in .#g and is nonzero for some F' € .. Similarly, it is always possible
to show that W, p = O(Vnh t(h,b)) for a function ¢(-,-) and further, if p = h/b is bounded and
bounded away from zero then (-, -) can be simplified to hS. If p is small relative to S we can isolate
the leading terms via a Taylor expansion. If p is small and p is bounded and bounded away from
zero, we can write Wype = VnhhStrpe r[1 + o(1)].

For both V7, r and Vrpe r, ¢, t(h,b), Y1, r and Yrpe,r depend on smoothness, parity of p — v,
and location of x. Complete derivations for U, p and Wy p are given in Sections S.3.2 and S5.3.3
below and both are summarized in Tables S.1 and S.2 for lists of all cases.

The starting point of the derivations is a Taylor approximation. Recall the definitions of r,(u)
and 3,, where in particular elements of the latter beyond S + 1 are zero. A Taylor approximation,

for some Z, gives

H(X0) = 7y (Xi = x)'B, = 0 () + (X =% (49 (@) — )

k=SAp+1
S hk
= 2 ﬁ(Xh,i)ku(k) (x) + O(h5T9), (S.39)
k=SAp+1

where the first summation in the last two lines is taken to be zero if p > S, and we have applied
Assumption S.1 and restricted to X; € [x & h] (i.e. K(X}p;) > 0). Note that by assumption the
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order of the remainder, O(h°*), holds uniformly in .#g. We will use this expansion repeatedly

below, or analogous results for other bandwidths and polynomial degrees.

S.3.2 No Bias Correction: Specific Cases and Leading Terms

We now turn to specific cases for Uz, p. We will characterize the rate and leading constant terms in
all cases, depending on depending on the relationship of p and S, the parity of p — v, and whether x
is an interior point or on the boundary. Note that here, unlike Equation (S.9), we are working with
nonrandom quantities. The general case, from Equation (S.38), which appears in the Edgeworth

expansion is
Ut = vVnh Ve,T'E[QB,] = Vnh vle,T'E [h 7 (Krp)(Xn;) (u(Xi) — rp(Xi —x)'By)] -
It is always true that the rate is captured by the exponent ¢ in the form
Uz, r = O(Vnhht).
If p is small enough relative to .S, then we write
U, = VnhhSyr, p[1 + o(1)]

and call ¢7, r the leading constant. Recall that ¢1, F is not truly constant, but rather a nonrandom
sequence that is O(1) uniformly in .#g and is nonzero for some F' € .Z%g. Table S.1 is complete list
of the results, including ¢ and ¢, p. These cases are derived in the rest of this section.

As an aside, it is technically possible to obtain the representation ¥z, p = \/%hcw;r% rll4+0(1)]
in general, that is for any p, by letting ¢, p to capture the final term in the Taylor expansion,
(X;—x)3 [ (2) = ) (x)] /S, see the penultimate step of Equation (S.39), and taking the o(1) term
to be exactly zero. However, we do not use 7, r in this case because the representation is not useful
for practice nor is it more concrete than simply using Ur, F, since in this case ¥, p = \/@hchm F

amounts to little more than a redefinition of notation.

S.3.2.1 Boundary Point

Here parity plays no role.

Case 1: p < S. The leading bias term can be characterized, and we find (cf. Equation (S.9))

(p+1) - -
g \/Wh—yhpﬂhy!e;r—lm [1+o0(1)].

Note that this holds regardless of whether x is an interior or boundary point, with suitable changes

to the ranges of integration in T and A;.
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Location of x | Parity of p—v | Smoothness | Rate Exponent ¢ | 97, r
)
p<S p+1 e T71A B —
Boundary odd or even i (1!
p>S S+s N/A
1o/ ~—14 M(P‘Fl)
odd p<S p+1 vie,I'"" A T
p>S S+s N/A
Interior o e
/-1 14X I p+ ~ I p+
- p+2<S |p+2 vle, Tt (h 1Ay i + Kot
p+2>8 S+s N/A

Table S.1: Summary of Bias Terms in All Cases For Uncorrected Centering /léy). Rate exponent (

is such that ¥, p = O(v/nhhS). When possible, Y1, F is such that U, p = v/ nhhcl/JTmF[l +o(1)].

Case 2: p > S. All that is left in Equation (S.39) is this remainder term, and we therefore

have

Uy, p = Voh T2 RO (h) = O(Vnhh®*?),
and cannot say anything further regarding constants. This result applies any time p > S, regardless
of v, parity of p — v, and at interior and boundary points.
S.3.2.2 Interior Point: p — v odd

The results for p — v odd are identical to the boundary point case. This automatic boundary
carpentry is discussed briefly in the main text. It is one of the celebrated features of local polynomial
regression, known for point estimation since their inception, see Fan and Gijbels (1996) for review,

and proven for inference for the first time in Calonico et al. (2018a).

Case 1: p < S. The leading bias term can be characterized, and we find (cf. Equation (S.9))

(p+1) - -
Uy, p = Ww%pﬂhu!egr*m [1+o(1)].

Note that this holds regardless of whether x is an interior or boundary point, with suitable changes

to the ranges of integration in T and A;.
Case 2: p > S. All that is left in Equation (S.39) is this remainder term, and we therefore have
\I’TP,F = \/nhlJrZVh—VO(hS-i-S) — O(‘ ’nhh5+$),

and cannot say anything further regarding constants. This result applies any time p > S, regardless

of v, parity of p — v, and at interior and boundary points.
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S.3.2.3 Interior Point: p — v even

Here the parity of p will matter. It is worth spelling out three smoothness cases, though we will

find the same result for the latter two.
Case 1: p+ 2 < S. We begin by retaining two terms of Equation (S.39):

- - el - ppt2)
\I’Tp,F =V ’)’Lh1+2yh_l/hp+ll/!6;jr_1 (AIM + hAQﬁ
p : p :

) [1+o(1)] .

To find the leading term, we must appeal to the limits of (the fixed-n) expectations ! and Ay
where it holds that

e/ T7'A;, = A+ hB+o(h), with A=0if (p+ k —v) is odd and x is in the interior.  (S.40)

Note that at present we use this fact with £ = 1, and hence (p + k — v) is odd if p — v is even,
the more common way of referring to this cancellation. Rather than derive the precise form of A
and B in (S.40), we maintain the fixed-n approach by stabilizing e:,f‘_lzik for interior points when
needed. This has the dual the advantages of easy implementability (using the sample, non-tilde

versions) and capturing all terms. We will thus write

~ - et - t2)
Ur, p = Vahl T2 R prt2ylel T (h_1A1 (/; 1! + A2(/;+2>,> [1+o(1)].

Case 2: p+ 1 = 8. We can no longer retain the second term above, because P2 does not
exist. Instead we find that

- - D)
Uy, p = Vnh 2RV P lel T (Al(gﬂ), + O(h5)> [140(1)].

The same symmetry still applies to the first term however, and thus we have

Iu(p"l‘l)
(p+1)!

U p = Vhl+2p =V ppHitsy el D1 (hl—Sh—lfxl + O(l)> [1+0(1)],

but since s < 1, the second term is (part of) the leading form, and we therefore write
\I]Tp,F = \/Wh—VO(hp+1+8) — \/Wh—VO(hSJ,-S)’

with the final equality holding because, by assumption, p + 1 =S in this case.

Case 3: p > S. All that is left in Equation (S.39) is this remainder term, and we therefore have
Vg, p = VT2 h ™ O(R) = O(Vnhh™T*),
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and cannot say anything further regarding constants. This result applies any time p > S, regardless

of v, parity of p — v, and at interior and boundary points.

S.3.3 Post Bias Correction: Specific Cases and Leading Terms

The general case, from Equation (S.38), which appears in the Edgeworth expansion is
Wype p = Vnh vle, T <E [QB,11] — pPH A€, b E [QB,1] )
= Vnh vle,T7'E [{h—l(mp)(xh,i) — PP A€, +1fflb—l(1r(r,,+1)()(b7z-)}
X ((Xi) = rpi1 (X — X),ﬂp+1):| :
It is always true that the rate is captured by a function ¢(-,-) such that
oo, = O(Vh £(h,b)),
or if p is bounded and bounded away from zero, the rate is captured by the exponent ¢ such that
oo = O(VRhh®).
Additionally, if p is small enough relative to .S, then we write
Voibe F = mhcwrbc,F[l +o(1)],

and call ¢ F the leading constant. Recall that 1 r is not truly constant, but rather a nonran-
dom sequence that is O(1) uniformly in .#g and is nonzero for some F' € .Fg. Table S.2 is complete
list of the results, including ¢(h, b)), and where possible, ( and 1, . These cases are derived in

the rest of this section.

(p+2) ~ ~ ~ ~—1=
(Z n 2)!1/!e:,I‘*1{A2 — pflAle;HI‘ Al}, (S.41a)
M(p+2) PN
e 2)'1/!eyI‘ Ay, or (S.41b)
Proe,r in Table S.2 can be p ' (r42) )
V!e;f‘_l{ (g )1 [h_lAQ — p_Qb_lele;?_Hl_" j_Xl}
LoD i L , (S.41c)
\ o T Ay — p 2 Rae) T Ay }

The starting point of all the derivations is again a Taylor approximation. We use Equation
(S.39) with different choices for the bandwidth and polynomial degree. It will be useful at times
to consider the two terms of 1rpe r in Equation (S.38) separately, as the bandwidths h and b may
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p bounded above 0, below oo
Location of x | Parity of p—v | Smoothness | Rate t(h,b) ¢ Vrve.F
p+2<S8 | WE(1+p7 p+2 S.41a
Boundary odd or even ( ) ( )
p+2>8 | AT 14 ppH=57] | S5 N/A
p+2<S | A p+2 (S41b)
even
p+2>85 | ST [14 P58 | Sps N/A
Interior
p+3<S | WP (1+p72) p—+3 (S.41c)
odd p+2=>5 hPHEFS[1 4 p179] p+2+s=S+s | N/A
p+2>S8 ROFS [1 4 pPH1=5=5] | G+ 5 N/A

Table S.2: Summary of Bias Terms in All Cases For Bias-Corrected Centering érbc. Rate function
t(h,b) is such that Uy p = O(Vnh t(h,b)). If p is bounded and bounded away from zero then we
can take t(h,b) = h¢. When possible, Y1, F is such that Yoy p = V/ nhhStrpe r[1 + o(1)].

be different and even vanish at different rates. The two terms represent (i) the second bias term
of ,&Z()V), not targeted by bias correction, and (ii) the bias of the bias estimator. For discussion in
the context of kernel-based density estimation, see Hall (1992b) and Calonico et al. (2018a,b). See
the latter also for bias correction using a generic polynomial of degree ¢ > p + 1; here we maintain
degree p + 1 for bias correction throughout.

The two terms of ¢rpc  in Equation (S.38) are separated appropriately in Equation (S.37). We
will resume there and apply the Taylor expansion Equation (S.39) with p+ 1 in place of p and, for
the second term of (S.37), also with b in place of h. Doing this, assuming for the present sufficient
smoothness, and applying the definitions of Ay and Aj and their respective fixed-n expectations,

we have,

E [feoc| X1, X | = 0

= WD S () (Xi) (4(X0) — 7 (X — ) By
=1

h_”perly!e’VI‘_lAle;Hf‘_l Z KT‘p+1 Xb 4 ( (Xz) — Tp+1(XZ' — X)/Bp+1)

hVule! T-1 [ hPH2A ple RPH3A ple 1 1
e oo T Ay ) e

_ (p+2) _ u3)
VPl T Ave), T <bp+2A (“+2) + PT3A, (Z+3)!> [1+ op(1)].
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Collecting terms and replacing sample averages with expectations, we arrive at

~ (p+2) ~ ~ ~=—1=
= hPH'Vy!e’Vrl{ (;‘+ ) (A2 —p 'Ase, T A1>
(S.42)
/‘I’(p+3) - 1, % , ~—1=
—+ m <hA3 —pP bAlep+1].-‘ A2> [1 + OP(].)]

This final form will serve as the starting point for the special cases that follow.

S.3.3.1 Boundary Point

Here parity does not matter. Therefore we need only the first term of (S.42), containing P2 Tt

matters only if there is sufficient smoothness.

Case 1: p+ 2 < S. The first term of (S.42) exists and dominates others if they exist, and so

(p+2) - ~ ~ ~—1=
Voo = \/nh1+21’h_"hp+2hy!e’ur_l{Ag —p A\ T Al} 1+ o(1)].

Case 2: p+ 2 > S. In this case ,u(p+2) does not exist, and therefore

Wre,r = VAR (O(h5H) 4 1 O(05))
=0 (\/@hsﬂ[l i pP—H—S—S]) ‘

The final rate depends on p and p in three cases: (i) if p is bounded and bounded away from zero,
then pP*1=5=% < 1 and WUpper = O (\/%h5+3); (ii) the same rate is obtained if p = o(1) and
p+ 1 >S5, because, since p > S and 1 > s, the exponent on p is positive and, with p bounded,
Urpe,r = O (MhS“); (iii) if p = o(1) and p 4+ 1 = S, then the second term is p~° — oo, thus

Wrpep = O (VhhStop™).

S.3.3.2 Interior Point: p — v odd

Cancellations due to symmetry will occur here as well, even though the initial centering uses p — v
odd, because bias correction involves p+ 1 — v, which is even. Again we will have three smoothness
cases, though we will find the same result for the latter two.

The analogue of Equation (S.40) for the bias correction is

=—1= _ _ _
e,T Ap=A+bB+o(b), with A=0if (p+ 1+ k —v) is odd and x is in the interior. (S.43)

(v)

We will use this along with (S.40); both matter here because érbc involves both i, ’ and [L(p +1)

p+1 -
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Case 1: p+43 < S. Starting with the formula for Wy,  at the boundary given above, Equations
(S.40) and (S.43) yield e,T~'Ay = O(h) and e;HI:‘_l./:h = O(b). Therefore, these are the same
order as the appropriate “next” term in the expansion (S.42), i.e. one further derivative must be
retained. This is possible with p +3 < S.

Applying this to Wy r, we find that

+2 ~—1=~
Uppe = VnhhPH3 ple! T prt? [h 1Ay — p 20 As€. T Ix}
rbc, v (p+ 2)! p+1
u(p+3) - ~—1~
+ m [A —-p ’Aqe, +1F A2 } [1+o(1)].

~—1~
Notice that rather than spell out the limiting form of e/, - 1A2 and ep +1F A1, that is, the Cy

and Cy above, we keep with the fixed-n spirit and write h~'e/, T 1A, and b le 1I‘ A1, which
dual the advantages of easy implementability (using the sample, non-tilde versmns) and capturing

all terms.

Case 2: p+2 = S. The terms above involving 1P*3) must be replaced by the O(h5t%) (or b51%)
term of (S.39), which if p + 2 = S, leaves the exponent as p + 2 + s. This gives

~ ~ ~ =—1=
Upper = VRhhPT3 y!e;,I‘_l{ T { htAy — P_zb_1A1€;)+1F Al} }
0]

+0 (W hp+2+s) +

(;n+2
= V/nhh?*3 vlel, | A {
(p+2)!

L0 (mhp+2+s[1 n p—l—s]) '

+2)

)!
(m s bp+2+s)
)

{h 1A2 — p_Qb_1A16;+1f ./_X11| }

(Note that the order of second term is equivalently vnhh t5[1 + p=1=%].) Recall that s € (0,1].
Therefore the first term above is higher order unless s = 1 (which is not known) and p — p € (0, ),
in which case the two are of the same order. Otherwise, the second term dominates, and further,
if the p~!1=% portion is the dominant rate if p = h/b = o(1) regardless of s. Therefore in this case

it is more clear to suppress the constants of the higher order term and write

Uypep = O (\/nhhp”“[l + p*“S]) .

Case 3: p+ 2 > S. Now the symmetry does not apply (because only when the deriva-
tives exist do the Taylor series terms collapse to Ay and ./_Xk) and so we find that Vypc p =

0 (m [nS+s + pp+1bS+s]) -0 (mhs+s [1+ perlfos])‘
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S.3.3.3 Interior Point: p — v even

Case 1: p+ 3 < S. The conditions for A = 0 and A = 0 in Equations (S.40) and (S.43) reduce
to whether or not k is odd, because p — v is even for the former and the latter is always applied
with ¥ = p+ 1. Using this to add the stabilization needed to Equation (S.42) yields

E [feve| X1, X | — )

p+2)

~ =—1=
(A2 —p 'hh ' Aybb e, T A1>

- (
— hp+27ljl/!e/ 1-\71 1%
v (p+2)!

pPt) ik 1% 0 Bl
gy (07 R =7 W DA T s ) L on(1)

p+2—v 1o/ 71 '“(p+2) A 2| -1%x -1 &%
=h V.eVI‘ (p+ 2)‘ AQ —b* |h Alb epHI‘ A1
(p+3) - ~ ~—1=
o _ _
+ (p T 3)' <h2 [h 1A3} — b2 |:h 1Ale;+1r A2:|> }[1 + O]p(l)].

Therefore

o2 BT s

\IlrbC,F = nhhp leeyr AQ[]. + 0(1)]
~ ~(p+1)

To build intuition for why this result is correct, recall that if p = 1 then fyp. = ﬂg’) —hPHIvple! T—1A, %fﬁ)! =

/11(9:)1, that is, Orpe is equivalent to fitting a p + 1 degree local polynomial rather than p. Here we

are working under p — v even and so p + 1 — v is odd, and so naturally we recover the standard

result for odd degree local polynomials.

Case 2: p+2 = S. The terms above involving 1P must be replaced by the O(h°#) (or b5+9)
term of (S.39), which if p+2 = S, leaves the exponent as p + 2 4+ s. Thus the leading term on the
right of Equation (S.42) becomes

/.L(p+2)
(p+2)!

~ ~ ~ =—1=
hp+2—”u!e;r—1{ <A2 —p A€, T A1> + O(h® + p—le)}.

The same symmetry applies as in the previous case, and therefore we still have

Upper =V 2 M R R T 4 o1
rbe,F n (p+2)'1/.ey 2[1 4+ o(1)].

Case 3: p+ 2 > S. Now the symmetry does not apply (because only when the deriva-

tives exist do the Taylor series terms collapse to Ay and f&k) and so we find that Vypc p =

O (Vih IS5 + prH1654] ) = O (VnhhS+ [1 4 pp 175751 ).
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S.4 Notes on Alternative Standard Errors

The proofs above are based on specific standard errors. In particular, we use the fixed-n form of

the variance from Equation (S.11), namely
012) = 2/ T H(hQZQ /n)T e,

and estimate X using regression residuals, 3, = diag(t(X;) : i = 1,...,n), with 9(X;) = (Y; —
r,(X; —x)'Bp)? for B, defined in Equation (S.6). This is the HCO variance estimator. We discuss
two types of alternatives here: (i) different estimators of essentially the same fixed-n object and
(ii) different population standardizations altogether. If other standard errors are used, the results
may change. The type and severity of the change will depend on the choice of standard error. In
particular, the coverage error rate can be slower, but not faster. This is because the Studentization
and standardization do not affect the rate of any term besides the A\; pws 1 r term, and thus A\ p =0
is the most that can be accomplished through variance estimation.

Within the fixed-n form, we consider two alternative estimators of (essentially) the conditional
variances of Equation (S.11): the HCE class estimators and nearest-neighbor based estimators.

First, motivated by the fact that the least-squares residuals are on average too small, we could
implement one of the HCk class of heteroskedasticity-consistent standard errors (MacKinnon, 2013)
beyond HCO. In particular, HCO, HC1, HC2, and HC3 are allowed in the nprobust package
(Calonico et al., 2019). These are defined as follows. First, 62 (and 62%,.) defined above and treated
in the proofs is the HCO estimator, employing the estimated residuals unweighted: €2 = 9(X;) =
(Y — rp(Xi — x)’f}p)Q. Then, for £ = 1,2,3, the &g-HCk; estimator is obtained by dividing &7
by, respectively, (n — 2trace(Q)) + trace(Q,Qp))/n, (1 — Qpii), and (1 — Qy.ii)%, where Q,; is
the i-th diagonal element of the projection matrix Q, := R'(RWR)'R'W = RT'Q/n. The
corresponding estimators 62, .-HCk are the same way, substituting the appropriate pieces.

These estimators may perform better in small samples, a conjecture backed by simulation studies
elsewhere. Adapting the proofs to allow for HC1, HC2, and HC3 would be notationally extremely
cumbersome, but is conceptually straightforward. The building block of each is the matrix Q,,
which is almost already a function of Z; from (S.18); it is not difficult to see that Cramér’s condition
is plausible for this object. It is important to note that the rates in the expansion would not change,
only the constants (through the terms of (S.15)).

A second option, still using the fixed-n form and also designed to improve upon the least squares
residuals, is to use a nearest-neighbor-based estimator with a fixed number of neighbors (Muller and
Stadtmuller, 1987). This is also allowed in our software (Calonico et al., 2019). For a fixed, positive
integer J, let Xj(;) denote the j-th closest observation to X;, j =1,...,J. Set 9(X;) = JLH(YI' —
ijl Yj(;)/J)?. This estimate is unbiased for v(X;), and although 4(-) is inconsistent, the resulting
67 = V2! T (hQE vy /n)T e, provides valid Studentization (as would the analogous 62%,,).
This approach, however, falls outside our proofs. Lemma S.9 would not verify Cramér’s condition

for this estimator. A modified approach to verifying condition (ITI”) of Skovgaard (1981) would be
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required and Assumption S.2 would not be sufficient.

Finally, as discussed above, on may use a different form of standardization altogether. As argued
in the main text and above, using variance forms other than (S.11) can be detrimental to coverage
by injecting terms with A7z # 0. Examples were given in Section S5.2.6 and discussed further in

the main paper. The most common option would be to employ the asymptotic approximation to

v(x)
f)
where f(-) is the marginal density of X and V is a known constant depending only on the equiv-
alent kernel (and thus V), and Vy,c would be different); see Fan and Gijbels (1996, Theorem 3.1).

Estimating this quantity requires estimating the conditional variance function and the (inverse of

the conditional variance:

0‘2 —p

v,

the) density at a single point, the point of interest x. If both of these are based on kernel methods
using the same kernel and bandwidth A, then Theorem S.1 allows for this choice. It is clear that the
expansion of the Studentization, Equation (S.15), will change dramatically, as will the elements of
Z;. However, the latter change will be relatively innocuous as far as the proof is concerned, because
Lemma S.9 covers the objects already. But the change to Equation (S.15) will result in additional
terms, with potentially slower rates, appearing the Edgeworth expansion. See the discussion in
Section S.2.6.

There are certainly many other options for (first-order) valid Studentization. Other population
choices include (i) using 6(X;) = (Y; —m(x))?; (ii) using local or assuming global heteroskedasticity;
(iii) using other nonparametric estimators for v(X;), relying on new tuning parameters. None of
these can be recommended based on our results. As above, some can be accommodated into our

proof more or less directly, depending on the implementation details.

S.5 Check Function Loss

In the main text, it was pointed out that coverage error can be measured by the check function
loss:
sup E(Pp[u(”) ell—(1- a)), L(e)=L:(e) =e(r—1{e < 0})

FeZg

Using the check function loss allows the researcher, through their choice of 7, to evaluate inference
procedures according to their preferences against over- and under-coverage. Setting 7 = 1/2 re-
covers the above, symmetric measure of coverage error. Guarding more against undercoverage (a
preference for conservative intervals) requires choosing a 7 < 1/2. For example, setting 7 = 1/3
encodes the belief that undercoverage is twice as bad as the same amount of overcoverage.

Using this loss will affect the constants of the optimal bandwidths and kernels (dependent on
how these are optimized, such as for length, coverage error, or trading these off) but the rates will
not be impacted. This is due to standard properties of the check function, which, for completeness,

we spell out in the following result.

Lemma S.11. L(e) = e (7 — 1{e < 0}) obeys:
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(a) L(ae) =aL(e) fora >0,
(b) L(e) < (7+1)
(c) L(e1+ez) <

le|, and

L(e1) + L(e2) for a > 0.

Proof. The first property follows because L(ae) = (ae) (1 — 1{(ae) < 0}) and, as a > 0, 1{(ae) <
0} = 1{e < 0}. The second uses the obvious bounds. The third, the triangle inequality, holds as

follows.

L’(el + 62) = (61 + 62) (7’ — ]l{(61 + 62) < 0})
=e (T — ]1{61 < O}) +eo (17— ]1{62 < O})
+ elﬂ{el < 0} + 62]1{62 < 0} — (61 + 62)]1{(61 + 62) < 0}.

In the second equality, the first line is exactly £(e1)+L(e2). The second line is nonpositive. To this,
consider four cases. (1) If e; > 0 and ez > 0, then all the indicators are zero and the second line is
zero. (2) If e; < 0 and ey < 0, then all the indicators are one and the second line is e1 +e3— (e1+€2)
and is again zero. (3) If e; > 0, e2 < 0, and e; > |ea|, then 1{e; < 0} = I{(e; + e2) <0} =0, and
the second lineis es < 0. (4) Ife; > 0, e3 < 0, and e1 < |ez|, then 1{ey < 0} = 1{(e1+e2) < 0} =1,
and the second line is ea — (€1 + e3) = —e; < 0. O

S.6 Simulation Results and Numerical Details

S.6.1 Simulation Study

In this section we present the complete results from our simulation study addressing the finite-
sample performance of the methods described in the main paper. All results are qualitatively
consistent with the main theoretical results of our paper.

We study model (S.1) with X; uniformly distributed on [—1,1], & distributed independently

standard normal, and
sin(3mwz/2)
1+ 18z2(sgn(z) + 1)’

where sgn(z) — 1,0 or —1 according to = > 0, z = 0 or = < 0, respectively.

p(x) =

We consider 5,000 simulation replications, where for each replication we generate data as i.i.d.
draws of size n = {100, 250, 500, 750, 1000, 2000}. The point of evaluation is one of six equally
spaced evaluation points x € {—1,—0.6,—0.2,0.2,0.6, 1} using the Epanechnikov and Uniform ker-
nel, setting p = 1 (for v = 0) and p = 2 (for v = 1). Finally, we evaluate the performance of the
confidence intervals using several bandwidth choices. First, we use izrbc, a data-driven version of
the inference-optimal bandwidth hp,.. We also consider the analogous version for undersmooth-

ing confidence intervals, iLus, and the standard choice in practice, hyse. In all cases, robust bias

correction is implemented using p = p*.
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We report empirical coverage probabilities and average interval length of nominal 95% confi-
dence interval for ;(x) and p()(x) based on robust bias correction and undersmoothing.

First, in Figures S.1, S.3, and S.5 we present empirical coverage probabilities for v = 0 using
the Epanechnikov kernel for each evaluation point and choice of bandwidth selector, as a function
on the different sample sizes considered. Overall, we can see that robust bias correction yields
close to accurate coverage, improving over undersmoothing in almost every case. Performance is
highly superior at points where the functions present high curvature and also at the boundary.
Performance is never worse even when the function is quite linear. We obtain similar findings when
looking at the results for v = 1 in Figure S.2, S.4, and S.6, where robust bias correction outperforms
undersmoothing even more.

We compare confidence interval performance in terms of length, taking coverage into account
by looking at RBC and US confidence intervals implemented with their corresponding coverage
error optimal bandwidth choices (ﬁrbc and ﬁus, respectively), which is when they perform best
in terms of coverage. We also include other valid, but non optimal choices Irbc(izmse), Irbc(izus).
Figures S.13 and S.14 present the results for v = 0 and v = 1, respectively, using the Epanechnikov
kernel. We find that, in most cases, RBC confidence intervals are, on average, not larger than US,
and sometimes even shorter. Finally, we report the average (over simulations) of the estimated
bandwidths in Figures S.17 and S.18.

All the information used to generate the plots can be found in Tables S.3 and S.4 (for coverage
probabilities), and S.5 and S.6 (for average length). We find similar results for the performance of
RBC and US confidence intervals when using the Uniform kernel, as shown in the remaining figures

and tables, corresponding exactly to those for the Epanechnikov kernel.
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Figure S.1: Empirical Coverage for 9A5% Confidence Intervals
Epanechnikov Kernel, Appe, v =0
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Figure S.2: Empirical Coverage for 9A5% Confidence Intervals
Epanechnikov Kernel, hype, v =1
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Figure S.3: Empirical Coverage for 9?% Confidence Intervals
Epanechnikov Kernel, hys, v =0
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Figure S.4: Empirical Coverage for 9?% Confidence Intervals
Epanechnikov Kernel, hys, v =1
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Notes: ==Robust Bias Correction, ='=' Undersmoothing

Figure S.5: Empirical Coverage for 9A5% Confidence Intervals
Epanechnikov Kernel, hyse, v = 0
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Figure S.6: Empirical Coverage for 9A5% Confidence Intervals
Epanechnikov Kernel, hpse, v = 1
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Figure S.7: Empirical Coverage for 95% Confidence Intervals
Uniform Kernel, Ay, v =0
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Figure S.8:

Empirical Coverage for 95% Confidence Intervals

Uniform Kernel, ilrbc, vr=1
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Figure S.9: Empirical Coverage for 95% Confidence Intervals
Uniform Kernel, hys, v =0
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Figure S.10:

Empirical Coverage for 95% Confidence Intervals
Uniform Kernel, hys, v =1
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Figure S.11: Empirical Coverage for 95% Confidence Intervals
Uniform Kernel, hyge, v =0
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Figure S.12: Empirical Coverage for 95% Confidence Intervals
Uniform Kernel, hyge, v = 1
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Figure S.13: Average Interval Length for 95% Confidence Intervals
Epanechnikov Kernel, v =0
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Figure S.14: Average Interval Length for 95% Confidence Intervals
Epanechnikov Kernel, v = 1
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Figure S.15: Average Interval Length for 95% Confidence Intervals
Uniform Kernel, v =0
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Figure S.16: Average Interval Length for 95% Confidence Intervals

Uniform Kernel, v =1
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Figure S.17: Average Estimated Bandwidths, Epanechnikov Kernel, v =0
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Figure S.18: Average Estimated Bandwidths, Epanechnikov Kernel, v = 1
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Figure S.19: Average Estimated Bandwidths, Uniform Kernel, v =0
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Figure S.20: Average Estimated Bandwidths, Uniform Kernel, v = 1
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Table S.3: Empirical Coverage Probabilities, 95% Confidence Intervals, v = 0, Epanechnikov Kernel

hrec hys huse

h RBC US h RBC US h RBC US

100 0.436 0.881 0.877 0.320 0.873 0.889 0.507 0.899 0.875
250 0.368 0.906 0.892 0.115 0.879 0.893 0.462 0.912 0.862
500 0.321 0.925 0.902 0.116 0.879 0.893 0.438 0.930 0.828
750 0.295 0.935 0.915 0.168 0.881 0.880 0.420 0.934 0.797
1000 0.280 0.941 0.908 0.205 0.887 0.860 0.404 0.930 0.769
2000 0.255 0.941 0.902 0.143 0.920 0.902 0.356 0.924 0.696

100 0.335 0.922 0.898 0.255 0.919 0.909 0.356  0.929 0.897
250 0.262 0.935 0.922 0.145 0.927 0.931 0.342 0.940 0.874
500 0.221 0.941 0.927 0.104 0.942 0.941 0.316 0.944 0.869
750 0.200 0.948 0.941 0.090 0.938 0.942 0.291 0.947 0.867
1000 0.186 0.949 0.942 0.081 0.946 0.950 0.274 0.950 0.870
2000 0.158 0.947 0.936 0.063 0.946 0.941 0.235 0.944 0.868

100 0.564 0.800 0.388 0.242 0910 0.873 0.512 0.858 0.446
250 0.490 0.794 0.286 0.169 0.924 0.911 0.441 0.874 0.316
500 0.446 0.791 0.220 0.127 0.941 0.935 0.386  0.890 0.234
750 0.423 0.786 0.182 0.107 0.936 0.932 0.357 0.905 0.207
1000 0.402 0.785 0.164 0.095 0.936 0.934 0.337 0.908 0.189
2000 0.368 0.785 0.139 0.071 0.948 0.945 0.293 0.933 0.153

100 0.468 0.890 0.645 0.326 0.888 0.760 0.647 0.821 0.231
250 0.379 0.928 0.647 0.211 0917 0.843 0.645 0.642 0.026
500 0.328 0.935 0.666 0.144 0.930 0.903 0.635 0.403 0.009
750 0.302 0.941 0.658 0.116 0.944 0.932 0.623 0.259 0.005
1000 0.284 0949 0.672 0.100 0.943 0.941 0.611 0.212 0.004
2000 0.244 0945 0.708 0.074 0.943 0.945 0.575 0.150 0.003

100 0.407 0.922 0.926 0.381 0.928 0.926 0.479 0.932 0.929
250 0.338 0.934 0.936 0.291 0.938 0.937 0.535 0.931 0.927
500 0.284 0.937 0.936 0.253 0.944 0.940 0.551 0.900 0.909
750 0.258 0.943 0.944 0.234 0948 0.939 0.538 0.881 0.903
1000 0.246 0.940 0.937 0.218 0.945 0.933 0.529 0.853 0.888
2000 0.211 0.943 0.940 0.174 0944 0.931 0.498 0.760 0.832

100 0.378 0.897 0.902 0.253 0.887 0.906 0.484 0.905 0.901
250 0.269 0.898 0.911 0.084 0.877 0.900 0.401 0.926 0.922
500 0.204 0.906 0.917 0.043 0.879 0.895 0.374 0.929 0.928
750 0.179 0.928 0.930 0.035  0.881 0.898 0.361 0.944 0.931
1000 0.165 0.925 0.938 0.03§6 0.880 0.892 0.350 0.948 0.942
2000 0.136  0.939 0.939 0.048 0.894 0.907 0.322 0.942 0.935




Table S.4: Empirical Coverage Probabilities, 95% Confidence Intervals, v = 1, Epanechnikov Kernel

hrec hys huse

h RBC US h RBC US h RBC US

100 1.041 0.689 0.337 0.436 0.926 0.891 0.556 0.923 0.864
250 0.861 0.774 0.399 0.368 0.924 0.910 0.484 0.937 0.890
500 0.718 0.872 0.488 0.321 0.930 0.920 0.451 0.949 0.901
750 0.635 0.915 0.561 0.295 0.935 0.929 0.434 0.950 0.900
1000 0.582 0931 0.625 0.280 0.937 0.932 0.420 0.949 0.908
2000 0.475 0.942 0.760 0.255 0.938 0.941 0.392 0.955 0.904

100 0.482 0.874 0.621 0.335 0911 0.809 0.486 0.918 0.571
250 0.360 0.936 0.654 0.262 0.940 0.876 0.475 0.933 0.229
500 0.298 0943 0.774 0.221 0.942 0.910 0.446 0.943 0.072
750 0.268 0.948 0.815 0.200 0.943 0.925 0.424 0.942 0.043
1000 0.250 0.944 0.850 0.186 0.949 0.933 0.408 0.942 0.041
2000 0.214 0.948 0.884 0.158 0.947 0.937 0.373 0.943 0.024

100 0.732  0.660 0.097 0.564 0.819 0.388 0.548 0.906 0.277
250 0.642 0.677 0.072 0.490 0.850 0.400 0.488 0.937 0.204
500 0.590 0.713 0.056 0.446 0.858 0.431 0.443 0.939 0.177
750 0.563 0.727 0.048 0.423 0.851 0.441 0.420 0.942 0.163
1000 0.539 0.743 0.049 0.402 0.864 0.459 0.403 0.942 0.167
2000 0.488 0.783 0.050 0.368 0.858 0.493 0.365 0.934 0.175

100 0.575 0.626 0.193 0.468 0.782 0.422 0.575 0.691 0.035
250 0.446 0.743 0.161 0.379 0.862 0.400 0.514 0.598 0.002
500 0.377 0.823 0.143 0.328 0.894 0.373 0.467 0.524 0.000
750 0.345 0.861 0.135 0.302 0.916 0.389 0.442 0.514 0.000
1000 0.323 0.875 0.141 0.284 0921 0.402 0.425 0.483 0.000
2000 0.277 0917 0.190 0.244 0.941 0.483 0.385 0.490 0.000

100 0.601 0915 0.925 0.407 0.926 0.926 0.515 0.939 0.934
250 0.537 0.920 0.930 0.338 0.933 0.937 0.508 0.945 0.936
500 0.496 0.904 0.941 0.284 0.938 0.942 0.500 0.945 0.952
750 0.461 0.907 0.941 0.258 0.938 0.946 0.482 0.948 0.950
1000 0.431 0.904 0.944 0.246 0.945 0.949 0.468 0.942 0.945
2000 0.362 0911 0.946 0.211 0.942 0.946 0.434 0.941 0.945

100 1.084 0.882 0.878 0.378 0.927 0.919 0.659 0.945 0.930
250 0.922 0.895 0.890 0.269 0.921 0.918 0.617 0.946 0.940
500 0.784 0.922 0.915 0.204 0.932 0.929 0.577 0.947 0.941
750 0.707 0.933 0.933 0.179_0.926 0.929 0.551 0.946 0.949
1000 0.663 0.939 0.942 0.16§7 0.932 0.929 0.528 0.950 0.947
2000 0.546 0.943 0.942 0.136 0.940 0.946 0.469 0.949 0.941




Table S.5: Average Interval Length, 95% Confidence Intervals, v = 0, Epanechnikov Kernel

hrsc hys hyse
h RBC US h RBC US h RBC US
r =-1
100 0.436 2.442 1.674 0.320 2.761 1.793 0.507 2.330 1.656
250 0.368 1.713 1.239 0.115 2.781 1.795 0.462 1.492 1.089
500 0.321 1.282 0.940 0.116 2.585 1.697 0.438 1.084 0.796
750 0.295 1.090 0.801 0.168 2.210 1.474 0.420 0.907 0.667
1000 0.280 0.966 0.710 0.205 1.799 1.240 0.404 0.801 0.589
2000 0.255 0.711 0.524 0.143 1.222 0.891 0.356 0.605 0.446
r =-0.6
100 0.335 1.020 0.762 0.255 1.173 0.863 0.356 0.983 0.734
250 0.262 0.715 0.537 0.145 0.985 0.739 0.342 0.633 0.473
500 0.221 0.547 0411 0.104 0.812 0.611 0.316 0.461 0.346
750 0.200 0.467 0.352 0.090 0.706 0.531 0.291 0.390 0.293
1000 0.186 0.419 0.315 0.081 0.646 0.487 0.274 0.349 0.262
2000 0.158 0.322 0.242 0.063 0.513 0.386 0.235 0.266 0.200
r =-0.2
100 0.564 0.786 0.592 0.242 1.171 0.864 0.512 0.799 0.601
250 0.490 0.533 0.401 0.169 0.890 0.671 0.441 0.543 0.409
500 0.446 0.396 0.298 0.127 0.724 0.545 0.386 0.411 0.309
750 0.423 0.334 0.251 0.107 0.644 0.485 0.357 0.349 0.263
1000 0.402 0.297 0.223 0.095 0.592 0.446 0.337 0.312 0.234
2000 0.368 0.221 0.166 0.071 0.481 0.362 0.293 0.236 0.178
r =0.2
100 0.468 0.844 0.632 0.326 1.050 0.778 0.647 0.711 0.532
250 0.379 0.589 0.443 0.211 0.822 0.619 0.645 0.451 0.338
500 0.328 0.447 0.336 0.144 0.692 0.520 0.635 0.321 0.241
750 0.302 0.379 0.286 0.116 0.619 0.466 0.623 0.265 0.200
1000 0.284 0.339 0.255 0.100 0.575 0.433 0.611 0.232 0.174
2000 0.244 0.258 0.194 0.074 0.471 0.355 0.575 0.169 0.127
xr =0.6
100 0.407 0.942 0.706 0.381 0.994 0.749 0.479 0.864 0.643
250 0.338 0.647 0.489 0.291 0.718 0.542 0.535 0.525 0.399
500 0.284 0.495 0.373 0.253 0.544 0.410 0.551 0.367 0.282
750 0.258 0.422 0.318 0.234 0.463 0.348 0.538 0.304 0.234
1000 0.246 0.375 0.283 0.218 0.414 0.311 0.529 0.266 0.205
2000 0.211 0.285 0.215 0.174 0.328 0.247 0.498 0.196 0.150
z =1
100 0.378 2.547 1.725 0.253 2.847 1.832 0.484 2.397 1.704
250 0.269 2.034 1.440 0.084 2.893 1.850 0.401 1.625 1.182
500 0.204 1.609 1.169 0.043 2.825 1.828 0.374 1.172 0.861
750 0.179 1.391 1.018 0.035 2.760 1.806 0.361 0971 0.715
1000 0.165 1.250 0.917 0.03g8 2.670 1.767 0.350 0.856 0.630
2000 0.136 0.966 0.710 0.048 2.069 1.458 0.322 0.627 0.462




Table S.6: Average Interval Length, 95% Confidence Intervals, v = 1, Epanechnikov Kernel

hrac hys hyse
h RBC US h RBC US h RBC US
r =-1
100 1.041 19.701 9.445 0.436 69.744 28.528 0.556 48.016 22.617
250 0.861 16.338 8.028 0.368 61.142 28.904 0.484 34.436 16.763
500 0.718 14.947 7.391 0.321 49.275 24.059 0.451 26.558 13.049
750 0.635 14.553 7.190 0.295 44.292 21.675 0.434 22.961 11.300
1000 0.582 14.242 7.042 0.280 40.630 19.944 0.420 20.849 10.271
2000 0.475 13.336 6.587 0.255 32.206 15.851 0.392 16.238 8.016
r =-0.6
100 0.482 6.098 3.158 0.335 9.635 4.835 0.486 5.571 2.846
250 0.360 5.109 2.557 0.262  8.041 4.096 0475 3.562 1.750
500 0.298 4.512  2.289 0.221 7.088 3.612 0.446 2.666 1.273
750 0.268 4.255  2.165 0.200  6.681 3.405 0.424 2.287 1.096
1000 0.250 4.084 2.079 0.186  6.358 3.243 0.408  2.055 0.997
2000 0.214 3.627 1.846 0.158 5.737 2.921 0.373 1.597 0.804
r =-0.2
100 0.732 3.023 1.531 0.564  4.600 2.343 0.548 4.033 2.033
250 0.642 2.216 1.127 0.490  3.476 1.775 0.488 2.994 1.513
500 0.590 1.757 0.896 0.446 2.832 1.443 0.443 2.428 1.231
750 0.563 1.535 0.781 0.423 2.541 1.294 0.420 2.153 1.091
1000 0.539 1.407 0.716 0.402 2.364 1.204 0.403 1.977 1.004
2000 0.488 1.156 0.588 0.368 1.971 1.004 0.365 1.617  0.822
xz =0.2
100 0.575 3.998 2.031 0.468 5.462 2.765 0.575  3.747 1.885
250 0.446 3.521 1.783 0.379  4.477 2.277 0.514 2.765 1.396
500 0377 3.133 1.591 0.328  3.853 1.962 0.467 2.244 1.137
750 0.345 2.909 1.478 0.302  3.554 1.813 0.442 1.988 1.009
1000 0.323 2.770 1.408 0.284  3.362 1.713 0.425 1.827  0.929
2000 0.277 2.456 1.250 0.244 2973 1.515 0.385 1.493 0.760
z =0.6
100 0.601 4.652 2.707 0.407  7.736 3.930 0.515 5.184  2.714
250 0.537 3.328 1.792 0.338  6.157 3.165 0.508 3.305 1.709
500 0.496 2.585 1.354 0.284  5.415 2.762 0.500 2.348 1.187
750 0.461 2.313 1.196 0.258  4.969 2.534 0.482 2.000 0.994
1000 0.431 2.179 1.124 0.246  4.692 2.396 0.468 1.791 0.883
2000 0.362 1.953 1.001 0.211 4.095 2.087 0.434 1.377 0.680
z =1
100 1.084 18.377 &8.838 0.378 77.836 31.082 0.659 36.723 17.371
250 0.922 14.556 7.134 0.269 102.575 46.277 0.617 24.053 11.744
500 0.784 12.866 6.341 0.204 99.887 47.579 0.577 18.347 9.047
750 0.707 12.195 6.022 0.179 96.458 46.670 0.551 15.971 7.885
1000 0.663 11.490 5.680 0.165 91.635 44.564 0.528 14.687 7.261
2000 0.546 10.592 5.232 0.136  82.575  40.567 0.469 12.323 6.085
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Table S.7: Empirical Coverage Probabilities, 95% Confidence Intervals, v = 0, Uniform Kernel

hrsc hys hyse
h RBC US h RBC US h RBC US
r =-1
100 0.372 0.901 0.876 0.286 0.893 0.888 0.462 0.903 0.877
250 0.319 0.910 0.899 0.122 0.888 0.909 0.397 0.919 0.881
500 0.277 0.925 0.905 0.105 0.889 0.901 0.372 0.934 0.852
750 0.256 0.930 0.917 0.117 0.897 0.892 0.352 0.940 0.827
1000 0.242 0.938 0.906 0.126 0.893 0.873 0.326 0.945 0.812
2000 0.221 0.941 0.900 0.156 0.894 0.809 0.247 0.942 0.854
r =-0.6
100 0.297 0.925 0.890 0.175 0.919 0.918 0.364 0.930 0.841
250 0.224 0.937 0.910 0.106 0.921 0.927 0.319 0.936 0.794
500 0.184 0.947 0.924 0.080 0.932 0.940 0.278 0.942 0.778
750 0.167 0.949 0.932 0.069 0.938 0.942 0.256 0.951 0.768
1000 0.155 0.947 0.936 0.062 0.939 0.944 0.240 0.949 0.779
2000 0.131 0.946 0.934 0.050 0.948 0.941 0.207 0945 0.770
r =-0.2
100 0.466 0.863 0.330 0.205 0.920 0.841 0.455 0.894 0.287
250 0.411 0.852 0.237 0.140 0.924 0.903 0.396 0.899 0.153
500 0.377 0.846 0.180 0.103 0.939 0.933 0.348 0.912 0.094
750 0.355 0.841 0.155 0.087 0.937 0.935 0.322 0.927 0.066
1000 0.339 0.843 0.144 0.076 0.938 0.934 0.303 0.931 0.066
2000 0.309 0.836 0.128 0.057 0.945 0.946 0.263 0.941 0.050
r =0.2
100 0.381 0.910 0.606 0.281 0.904 0.743 0.477 0.933 0.271
250 0.302 0.938 0.623 0.188 0.928 0.831 0.428 0.940 0.090
500 0.255 0.939 0.671 0.132 0.932 0.892 0.388 0.939 0.042
750 0.232 0.942 0.669 0.105 0.937 0.922 0.365 0.940 0.028
1000 0.217 0.948 0.703 0.089 0.942 0.933 0.348 0.941 0.026
2000 0.185 0.945 0.748 0.063 0.943 0.944 0.313 0.926 0.019
xr =0.6
100 0.348 0.928 0.923 0.271 0.932 0.931 0.427 0.937 0.925
250 0.304 0.934 0.935 0.206 0.939 0.937 0.391 0.945 0.924
500 0.273 0.935 0.935 0.179 0.946 0.942 0.352 0.945 0.920
750 0.256 0.938 0.933 0.173 0.951 0.949 0.330 0.949 0.912
1000 0.244 0.935 0.934 0.166 0.946 0.944 0.315 0.944 0.911
2000 0.209 0.935 0.927 0.150 0.950 0.932 0.279 0.948 0.880
z =1
100 0.323 0.907 0.917 0.266 0.907 0.919 0.464 0.909 0.918
250 0.230 0.901 0.919 0.089 0.894 0.919 0.393 0.922 0.930
500 0.175 0.910 0.922 0.0561 0.893 0.907 0.357 0.934 0.940
750 0.154 0.921 0.937 0.041 0.897 0.915 0.334 0.940 0.939
1000 0.139 0.922 0.939 0.03§0 0.894 0.918 0.316 0.948 0.944
2000 0.115 0.938 0.935 0.045 0.900 0.918 0.287 0.937 0.937




Table S.8: Empirical Coverage Probabilities, 95% Confidence Intervals, v = 1, Uniform Kernel

hrsc hys hyse
h RBC US h RBC US h RBC US
r =-1
100 0.878 0.835 0.413 0.372 0.928 0.907 0.525 0.924 0.856
250 0.720 0.883 0.476 0.319 0.934 0.917 0.449 0.936 0.878
500 0.588 0.930 0.605 0.277 0.937 0.923 0.409 0.940 0.900
750 0.517 0.935 0.677 0.256 0.939 0.935 0.393 0.946 0.899
1000 0.473 0.943 0.739 0.242 0.941 0.934 0.382 0.947 0.910
2000 0.382 0.942 0.851 0.221 0.943 0.941 0.357 0.948 0.898
r =-0.6
100 0.418 0.899 0.592 0.297 0.919 0.792 0.458 0.927 0.420
250 0.305 0.935 0.680 0.224 0.932 0.873 0.426 0.937 0.129
500 0.251 0.946 0.797 0.184 0.944 0.915 0.394 0.947 0.064
750 0.227 0.948 0.831 0.167 0.943 0.926 0.375 0.943 0.044
1000 0.212 0.948 0.867 0.155 0.947 0.933 0.361 0.949 0.042
2000 0.181 0.950 0.891 0.131 0.944 0.945 0.331 0.947 0.027
r =-0.2
100 0.630 0.782 0.100 0.466 0.879 0.437 0.512 0.921 0.135
250 0.558 0.809 0.064 0.411 0.883 0.470 0.457 0.946 0.067
500 0.512 0.829 0.049 0.377 0.886 0.506 0.414 0.941 0.052
750 0.485 0.849 0.046 0.355 0.882 0.516 0.392 0.947 0.036
1000 0.467 0.843 0.048 0.339 0.886 0.535 0.376 0.941 0.038
2000 0.420 0.869 0.054 0.309 0.884 0.562 0.341 0.944 0.041
r =0.2
100 0.491 0.785 0.200 0.381 0.866 0.502 0.513 0.818 0.048
250 0.379 0.875 0.172 0.302 0.923 0.526 0.456 0.785 0.004
500 0.321 0.907 0.150 0.255 0.938 0.552 0.414 0.759 0.000
750 0.294 0.928 0.150 0.232 0.947 0.600 0.392 0.773 0.000
1000 0.274 0.933 0.154 0.217 0.947 0.623 0.376 0.758 0.000
2000 0.234 0.948 0.218 0.185 0.948 0.713 0.340 0.778 0.000
xr =0.6
100 0.516 0.928 0.928 0.348 0.932 0.917 0.470 0.935 0.935
250 0.446 0.934 0.925 0.304 0.929 0.933 0.442 0.943 0.934
500 0.393 0.932 0.936 0.273 0.927 0.944 0.415 0.948 0.949
750 0.356 0.931 0.939 0.256 0.938 0.946 0.399 0.952 0.950
1000 0.338 0.934 0.943 0.244 0.938 0.946 0.388 0.950 0.945
2000 0.287 0.928 0.937 0.209 0.934 0.950 0.359 0.950 0.943
z =1
100 0.901 0.922 0.886 0.323 0.932 0.926 0.555 0.935 0.932
250 0.757 0.926 0.903 0.230 0.926 0.918 0.502 0.933 0.937
500 0.633 0.938 0.920 0.175 0.930 0.931 0.454 0.940 0.941
750 0.569 0.943 0.943 0.154 0.932 0.935 0.429 0.945 0.950
1000 0.532 0.948 0.944 0.1381 0.935 0.935 0.413 0.950 0.948
2000 0.442 0.944 0.941 0.115 0.941 0.940 0.384 0.945 0.943




Table S.9: Average Interval Length, 95% Confidence Intervals, v = 0, Uniform Kernel

hrsc hys hyse
h RBC US h RBC US h RBC US
r =-1
100 0.372 2.561 1.638 0.286 2.649 1.688 0.462 2.566 1.636
250 0.319 1.948 1.274 0.122 2.593 1.656 0.397 1.694 1.116
500 0.277 1.457 0.965 0.105 2.453 1.573 0.372 1.230 0.816
750 0.256 1.231 0.818 0.117 2.266 1.453 0.352 1.034 0.688
1000 0.242 1.092 0.725 0.126 2.106 1.347 0.326 0.931 0.620
2000 0.221 0.798 0.532 0.156 1.507 0.982 0.247 0.753 0.502
r =-0.6
100 0.297 1.107 0.741 0.175 1.260 0.844 0.364 1.026 0.690
250 0.224 0.802 0.535 0.106 1.169 0.779 0.319 0.682 0.455
500 0.184 0.619 0.413 0.080 0.964 0.643 0.278 0.513 0.342
750 0.167 0.528 0.352 0.069 0.836 0.557 0.256 0.434 0.290
1000 0.155 0.474 0.316 0.062 0.762 0.509 0.240 0.389 0.259
2000 0.131 0.364 0.243 0.050 0.597 0.398 0.207 0.296 0.197
r =-0.2
100 0.466 0.894 0.598 0.205 1.234 0.822 0.455 0.879 0.585
250 0.411 0.604 0.404 0.140 1.020 0.682 0.396 0.594 0.395
500 0.377 0.449 0.300 0.103 0.836 0.558 0.348 0.447 0.298
750 0.355 0.380 0.254 0.087 0.744 0.495 0.322 0.381 0.254
1000 0.339 0.338 0.225 0.076 0.683 0.457 0.303 0.340 0.226
2000 0.309 0.252 0.168 0.057 0.555 0.370 0.263 0.258 0.172
r =0.2
100 0.381 0.972 0.646 0.281 1.132 0.754 0.477 0.863 0.572
250 0.302 0.684 0.457 0.188 0.914 0.611 0.428 0.573 0.381
500 0.255 0.524 0.349 0.132 0.762 0.508 0.388 0.425 0.283
750 0.232 0.446 0.298 0.105 0.684 0.456 0.365 0.358 0.239
1000 0.217 0.401 0.267 0.089 0.637 0.426 0.348 0.318 0.212
2000 0.185 0.306 0.204 0.063 0.529 0.353 0.313 0.238 0.159
xr =0.6
100 0.348 1.045 0.702 0.271 1.150 0.772 0.427 0.936 0.635
250 0.304 0.710 0.477 0.206 0.879 0.590 0.391 0.611 0.411
500 0.273 0.527 0.354 0.179 0.668 0.447 0.352 0.454 0.304
750 0.256 0.446 0.299 0.173 0.561 0.374 0.330 0.383 0.256
1000 0.244 0.395 0.265 0.166 0.492 0.329 0.315 0.339 0.227
2000 0.209 0.301 0.201 0.150 0.368 0.245 0.279 0.257 0.171
z =1
100 0.323 2.608 1.664 0.266 2.666 1.696 0.464 2.555 1.631
250 0.230 2.307 1.477 0.089 2.702 1.707 0.393 1.733 1.136
500 0.175 1.838 1.206 0.0561 2.632 1.679 0.357 1.263 0.838
750 0.154 1.578 1.044 0.041 2.568 1.656 0.334 1.059 0.705
1000 0.139 1.427 0.946 O.()Bé?2 2.547 1.636 0.316 0.943 0.628
2000 0.115 1.101 0.733 0.045 2.171 1.410 0.287 0.694 0.463




Table S.10: Average Interval Length, 95% Confidence Intervals, v = 1, Uniform Kernel

hrec hys huse
h RBC US h RBC US h RBC US
r =-1
100 0.878 28.499 11.007 0.372 74.089 26.860 0.525 58.507 21.792
250 0.720 23.646 9.391 0.319 85.698 32.415 0.449 42941 16.854
500 0.588 22.170 8.862 0.277 69.500 27.253 0.409 33.847 13.454
750 0.517 21.707 8.686 0.256 61.629 24.361 0.393 29.132 11.609
1000 0.473 21.202 8.489 0.242 56.624 22.424 0.382 26.357 10.515
2000 0.382 20.050 8.033 0.221 44.037 17.519 0.357 20.483 8.194
r =-0.6
100 0.418 7.793  3.196 0.297 11.921 4.762 0.458 6.335 2.673
250 0.305 6.840 2.707 0.224 11.095 4.415 0.426  4.159 1.683
500 0.251 6.225 2.472 0.184 10.016  4.010 0.394 3.181 1.265
750 0.227 5.844 2.334 0.167  9.395 3.760 0.375 2.752 1.095
1000 0.212 5.596  2.236 0.155  8.965 3.589 0.361 2.509  0.998
2000 0.181 4.983 1.991 0.131 8.115 3.242 0.331 2.022 0.807
r =-0.2
100 0.630 3.974 1.598 0.466  6.568 2.636 0.512 4.846 1.878
250 0.558  2.909 1.166 0.411 4.975 1.994 0.457 3.552 1.399
500 0.512 2.315 0.930 0.377  4.070 1.629 0.414 2.876 1.144
750 0.485 2.045 0.818 0.355  3.667 1.469 0.392 2.543 1.011
1000 0.467 1.873  0.750 0.339 3.431 1.373 0.376  2.336  0.931
2000 0.420 1.551 0.621 0.309  2.908 1.162 0.341 1.910 0.763
xr =0.2
100 0.491 5.462 2.151 0.381 8.147 3.229 0.513 4.813 1.859
250 0.379 4.802 1.897 0.302  6.861 2.742 0.456  3.550 1.395
500 0.321 4.238 1.686 0.255  6.070 2.417 0.414 2.874 1.141
750 0.294 3.947 1.572 0.232  5.664 2.267 0.392 2.548 1.014
1000 0.274 3.766 1.502 0.217  5.400 2.160 0.376 2.342 0.934
2000 0.234 3.362 1.342 0.185  4.837 1.935 0.340 1.914 0.766
z =0.6
100 0.516 5.937  2.723 0.348 10.278  4.159 0.470 6.156  2.648
250 0.446 4.422 1.876 0.304  8.031 3.244 0.442 4.028 1.669
500 0.393 3.684 1.516 0.273  6.540 2.629 0.415 3.008 1.218
750 0.356  3.405 1.382 0.256  5.857 2.359 0.399 2.565 1.034
1000 0.338 3.188 1.292 0.244  5.466 2.202 0.388 2.313  0.933
2000 0.287 2.833 1.137 0.209 4.776 1.918 0.359 1.842 0.740
=1
100 0.901 27.285 10.546 0.323 77.275  28.086 0.555 53.679 20.014
250 0.757 21.694 8.600 0.230 136.702 50.383 0.502 36.186 14.246
500 0.633 19.479 7.765 0.175 139.797 53.718 0.454 28.845 11.503
750 0.569 18470 7.391 0.154 132.358 51.889 0.429 25.410 10.147
1000 0.532 17.516 7.020 0.139 129.817 50.990 0.413 23.265 9.305
2000 0.442 15.794 6.319 0.115 117.431 46.691 0.384 18.243 7.290
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S.6.2 Numerical Computations

In the main text we discussed the optimization of p by minimizing the Lo distance to the known
optimal kernel shape in various contexts. These optimal kernel shapes are shown in the figures
below for both the Triangular and Epanechnikov kernels, at interior and boundary points, for
levels and derivatives. In each case the black line shows K ., (u) while the dash-dotted red line is
Kroe(u; K, p*,v).
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Figure S.21: K7, 1 (u) vs. Krpe(u; K, p*,v), v =0

(a) Triangular Kernel, Boundary Point
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Figure S.22: K 1(u) vs. Kppe(u; K, p*,v), v =1

(a) Triangular Kernel, Boundary Point
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S.7 List of Notation

Below is a (hopefully) complete list of the notation used in this Part, group by Section, roughly in

order of introduction. This is intended only as a reference. Each object is redefined below when it

is needed.

Asymptotic orders and their in-probability versions hold uniformly in .%g, as required by our

framework; e.g., A, = op(a,) means suppe g, Pr([An/an| > €] = o(1) for every € > 0.

Local Polynomial Regression, t-Statistics, and Confidence Intervals

{1, X1),...,(Yn, X,,)} is a random sample distributed according to F', the data-generating

process. F' is assumed to belong to a class Fg

p) = ,ugj) (x) :== 8‘?; Er[Y | X::UH:L:X, where v < S, where u(-) possess at least S deriva-
tives.
0
ur(x) = ) () = EF[Y | X =x
Where it causes no confusion the point of evaluation x will be omitted as an argument, so
that for a function g(-) we will write g := g(x)
) =vle,B, = Lule, I-'QY
:ép = argmingepp+1 Y ;i (Yi — rp(Xi — x)'B)* K (Xp)
Bpi1 = arg mingep i1 Yy (Yi — mp1(Xi — x)'B)?K (Xp,;)

ej is a conformable zero vector with a one in the (k + 1) position, for example e, is the

(p + 1)-vector with a one in the v*" position and zeros in the rest
h is a bandwidth sequence that vanishes as n diverges

p is an integer greater than v, with p — v odd

rp(u) = (Lu,u?, ... uP)

Xh,i = (X; —x)/h, for a bandwidth h and point of interest x

to save space, products of functions will often be written together, with only one argument,

for example

(Krpry)(Xn) o= K (Xpi)rp(Xni)rp(Xna) = K <Xih_ X> v (Xih_ X) v (Xih_ X>/’

T — 0 (Kt (Xini) = (RWR) /n

@ = [(Krp)(Xn1) (K7p)(Xn2), ., (K7) (X)) = RW
Y =(Y1,....Y,)

R = [rp(X1 =), (X — %))

W =diag (h'K(Xp;):i=1,...,n)
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H = diag (1,h, k%, ... hP)
R RH™ ! [rp(Xh 1) o 7Tp(Xh,n)]/

diag(a; : ¢ = 1,...,k) denote the k x k diagonal matrix constructed using the elements
a1,02, ;0

!/
AL =9 X,’Ztk, . ,X,Z;J;k] /n, where, in particular A; was denoted A in the main text

b is a bandwidth sequence that vanishes as n diverges

Xpi = (X3 —x)/b, for a bandwidth b and point of interest x, exactly like X} ; but with b in
place of h

Q= [(Krpt1)(Xp1), (Krps1)(Xp2)s - -+, (KTps1)(Xpn)], exactly like € but with b in place of
h and p+ 1 in place of p

r==, iy (Krpyary, ) (Xe,), exactly like T but with b in place of h and p + 1 in place of
p, and

— — /
A= [Xg”lLHk, e ,Xf:;prﬂ /n, exactly like Ay but with b in place of h and p+1 in place
of p (implying € in place of )

v = 2ovlel, I-1QY
érbc - /-AL(V) thrl Vl/'e | A 1A1
Qrbc =0 - Per A1€;+1F719

#(erl)

s nhl,l/ le, T~ 10 Y

p = h/b, the ratio of the two bandwidth sequences
Y =diag(v(X;) :i=1,...,n), with v(z) = V[Y|X = z]

o2 =vi?e, I 1 (hQZQ /n) e,
0% =%/ T 1 (hQum 2., . /n)T e,

62 = v1%e, T H(hQE,Q /n)T e,
(3'2 - V!2e;/ril(hﬂrbcirbcﬂébc/n)rile”

rbc
3, = diag(9(X;) i = 1,...,n), with 0(X;) = (Y; —7,(X; —x)'B,)? for B, defined in Equation
(S.6), and

Spe = diag(6(X;) i = 1,...,n), with 9(X;) = (Vi — 7ps1(X; — x)'Bpy1)? for Byi1 defined
exactly as in Equation (S.6) but with p + 1 in place of p and b in place of h.

VR () — )

T p—
p a.p

T _ (érbc - ,u(y)) v nh1+2u(érbc - M(V))
Tbe ﬁrbc a'rbc

I, = [ﬂgj) — 2up/ V1T M — 216p/V nhHQV}
Iy = [érbc - Zuérbc ) érbc - Zl@rbc] = [érbc - Zua'rbc/ Vnh!t2v ) érbc - Zl&rbc/ Vv nh1+2yj|
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Main Results and Proofs

See Section S.2.6 for definitions of all terms in the Edgeworth expansion.
®(z) is the Normal distribution function.

C shall be a generic conformable constant that may take different values in different places.
Note that C' may be a vector or matrix but will generally not be denoted by a bold symbol.

If more than one constant is needed, Ci, Co, ..., will be used.

Norms. Unless explicitly noted otherwise, | - | will be the Euclidean/Frobenius norm: for

a scalar ¢ € R!, |c| is the absolute value; for a vector ¢, |c| = Vv cc; for a matrix C,
|C| = /trace(C'C).

Sp = Vnh.

rr g = max{s,>, \II%F, sy 1Wr g}, ie. the slowest vanishing of the rates, and

Tn as a generic sequence that obeys ry, = o(rr ).

Bias and the Role of Smoothness
B (usually k = p or k = p+1) as the k + 1 vector with (j + 1) element equal to p9)(x)/j!
for 7 =0,1,...,k as long as j < 5, and zero otherwise
By, as the n-vector with i entry [u(X;) — 71(X; — x)/ 8]
M = [u(X), .., p(X,)]
p = h/b, the ratio of the two bandwidth sequences
I = E[I], T = E[T], Ay, = E[A4], ka = E[A}], and so forth. A tilde always denotes a fixed-n

expectation, and all expectations are fixed-n calculations unless explicitly denoted otherwise.

The dependence on .%g is suppressed notationally.

Vp p = Uy, the fixed-n bias for interval I or t-statistic 7. They are identical for all I and
F,eg, Vier =Vr,. r=VYr,. r. See Equation (S.38)

Y1 = Y1,F, the constant portion of the fixed-n bias for interval I or t-statistic 7. They are
identical for all I and F', e.g., Yroe,F = VI,p.,F = YTy, F- See Tables 5.1 and S.2
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